












PROCEEDINGS 


OF THE 


INDIAN ACADEMY OF SCIENCES 


VOL. I 


SECTION A 


BANGALORE CITY: 
PRINTED AT THE BANGALORE PRESS, MYSORE ROAD 


1935 


CONTENTS 


SECTION A—Vol. I 
No. 1—July, 1934 


The Origin of the Colours in the Plumage of Birds. By C. V. 
RAMAN, Kt., F.R.S., N.U. a aie “e 

Hyperfine Structure of some Hg Ii Lines. By B. VENKATESACHAR, 
M.A., F.Inst.P., and L. Stpatya, M.Soe., A.Inst.P., F.R.A.S. 

The Effect of the Solvent in Dipole Moment Measurements: The 
Moment of Ethylene Bromide. By M. A. GOVINDA RAU, M.A., PH.D., 
and B. N. NARAYANASWAMY, B.Sc., A.I.1.Sc. 


Some Multiplets in the Ag III ee By B. V. RAGHAVENDRA 
Rao, M.Sc. oe “a a 
The Refractivity of Liquid | Mixtures. By G. NARASIMHIAH, M.Sc. 


The Spectrum of Trebly Ionised parece ee T. S. SUBBARAYA, M.Sc., 
A.INST.P. 


On the Plotnikow Effect or negated Light Sentering in | Tigi 
By R. 8S. KRISHNAN, B.A. (HONS.) 


Chemistry of 8-Aryl Glutaconic Acids.—Part I. By G. R. Geert, M.Sc. 


On the Validity of the Raman-Banerjee Analysis of the Pianoforte 
Hammer Problem. By K. VENKATACHALA IYENGAR, M.Sc. 


No. 2—August, 1934 
A Fundamental Property of Hart Systems of Circles. By R. 
VAIDYANATHASWAMY, D.Sc. 


Heilbronn’s Class-Number Theorem. By S. CHOWLA.. » ve 
Diamagnetism of Organic Liquid Mixtures at Different Temperatures. 
By 8. RAMACHANDRA RAO, D.Sc., and P. 8. VARADACHARI 
A New Type of Phase Advancer. By J. J. Rupra, M.A., PH.D., 
A.M.LE.E. : +. - es ar se 
On the Theory of Liquids. —il. By T. S. Waeerer, Pa.D., F.LC., 
F.Inst.P., M.1.CHEM.E. os oe - . 
On the Scattering of Light by — sine ~ Ss. pints 
B.Sc. (HONS.) ae ; 
Raman Speetrum of Sulphur in the Solid and Liquid States. By C. 8. 
VENKATESWARAN, M.A., M.Sc. , a ce 











Page 


14 


28 
34 


39 


44 
48 


67 
74 


98 
105 
115 


120 








iv 
No. 3—September, 1934 


Magnetism of Tin. By S. RAMACHANDRA RAO, PuH.D. 


Pu.D: 


DATTATRAYA BALKRISHNA LIMAYE, M.A., M.Sc. .. 


No. 4—October, 1934 


RAO and K. 8S. SUBRAMANIAN .. ‘is ; 
Photoelectric Photometry of Light Scattering in 
ANANTHAKRISHNAN 


B.A. (HONS.) 


A.M.I.E.E. 


tUHA, M.Sc. 


By N. S. NAGENDRA NATH 


No. 5—November, 1934 


The Greatest Prime Factor of x*—1. By S. CHowLa .. 
The Greatest Prime Factor of x?+1. By 8. CHOWLA .. 
Rotational Raman Effect in Liquids. By A. V. Rao .. 


By M. RAMANADHAM . 


Basic Theory of the General Expedor Phase Advancer. 
M.A., PH.p., A.M.1LE.E. 


The Occurrence of Furan Derivatives in Volatile Oils. 


An Extension of Heilbronn’s Class-Number Theorem. By 8. CHOWLA .. 

Heilbronn’s Class-Number Theorem (II). By 8S. CHowLa i 

The Seattering of Light by Particles Suspended in a Medium of Higher 
Refractive Index. By R. 8. KRISHNAN, B.A. (HONs.) 

Raman Effect in Selenic Acid and Some Selenates. By A. S. GANESAN, 


Synthesis of the Dimethylether of y-Resorcylic Aldehyde. By 


On the Band Systems of Mercury. By T. S. SuBBARAYA, M.Sc., A.INStT.P. 


The Indian Musical Drums. By C. V. RAMAN, KT., F.R.S., N.L. 


By B. SANJIVA 


Fluids. By R. 


Optical Evidence for Molecular Clustering in Fluids. By R. S. KRISHNAN, 

The Dipole Moment of Chloro-Methyl Ether. By M.A. GovinpA Rau, 
M.A., Pu.D., and B. N. NARAYANASWAMY, B.Sc., A.I.1.Sc. 

On the Voltage Amplification by Electric Wave-Filters terminated in 


Negative Resistances. By S. P. CHAKRAVARTI, M.Sc. (ENG.), D.I.C., 


The Absorption Spectra of Nitrates and Nitrites in Relation to their 
Photodissociation. By K. S. KrisHnan, D.Sec., and A. C, 


The Normal Vibrations of Molecules having Octahedral Symmetry. 


Examination of. Molecularly Scattered Light with a Fabry-Perot Etalon. 
Part I. Liquid Benzene. By B. V. RAGHAVENDRA RAO, M.Sc. .. 


Anisotropy of the Optical Polarisation Field in Liquids. 


By J. J. RUDRA, 


























Page 


123 


143 


145 


147 


156 


163 


166 


179 


189 


201 


211 


217 

















Vv 


The Transparency of the Atmosphere in the Ultra-Violet and a Possible 
Means of Extending the Solar Spectrum in the Regions 2200-20004. 
By K. R. RAMANATHAN, D.Sc., and L. A. RAmpAS, M.A., PH.D. 

The Apolar Invariant of Bilinear Forms. By R. VAIDYANATHASWAMY, 
D.So. ; i me ae = % he 

Hyperfine Structure of the Are Lines of Molybdenum and Copper. By 
L. Srparya, M.Se., A.Inst.P., F.R.A.S. : = ae 

A Hydrodynamical Investigation of the Sub-Soil “low from Canal Beds 
by Means of Models. By V. I. VAIDHIANATHAN, M.A., D.Sc., 
F.Inst.P., HANS Rag LuTHRA, M.Sc., and N. K. Bose, M.Sc., Pa.D. 

The Dynamical Theory of the Diamond Lattice. I. By N. S. 
NAGENDRA NATH 


No. 6—December, 1934 

The Seattering of Light by Thin Metallic Films. By S. RAMA Swamy, 
B.So., PH.D. ve es ss a ne 

Dielectric Constants of Liquids and Liquid Mixtures. By D. S. 
SUBBARAMAIYA = a a * xa 

Elliptic Function Formule and Plane Cubic Curves. By B.S. MADHAVA 
RAo, M.Sc., F.R.AS. or os i : 

Potentiometric Studies in the Formation and Stability of Colloidal 
Solutions. Part I. Ferric Oxide Sols. By M. P. VENKATARAMA 
IYER, M.Sc. 

Congruences with Binomial Coefficients. By RIcHARD OBLATH 

The Class-Number of Binary ea Forms. By 8. CHow.a, PH.D. 

A Valve Potentiometer. By D. N. Menta and S. K. K. JATKAR 

Absorption Spectra of the aaa and Sulphate Ions. By S. MuUJTABA 
KARIM and R. SAMUEL ei bs 

Rotatory Power and Chemical Constitution. Part I. The Preparation 
and Resolution of a-Benzyl-n-Caproic Acid and some Derivatives. 
By H. R. BurJORJEE, KAMAKSHI (Miss), B. K. MENON and 
D. H. PEacock ‘a ee i“ a ‘ 

Rotatory Power and Chemical Constitution. Part Il. The Preparation 
and Resolution of a-Benzyl-8-p-brom-phenyl Propionic Acid and 
Similar Compounds. By H. R. BurJoRJEE, B. K. MENON and 
D. H. PEAcock 


No. 7—January, 1935 
Distribution of Intensity in the Rotational Raman Spectra of Gases. 
By S. BHAGAVANTAM and A, VEERABHADRA RAO 


The Principal Optical Polarisabilities of the Naphthalene Molecule. By 
M. RAMANADHAM P - ror ox id 


Page 


363 
372 
383 
387 


390 


398 


407 


412 




























vi 
Page 

Synthesis of Phenylacetic Acids from Gallic Acid and its Methyl Ethers. 
By THE LaTE A. N. MELDRUM and P. H. PARIKH os -» 431 


Synthesis of m-Hemipinic Acid. By THE LATE A. N. MELDRUM and 
P. H. PARIKH ies < oe a si ~- oar 


The Condensation of Aldehydes with Malonic Acid in the Presence of 
Organic Bases. Part II. The Condensation of Salicylaldehyde. 
By AzHAR ALI KHAN, M.Sc., P. N. Kurten, M.Sc., and K. C. 


Panpya, M.A., Pa.D., D.L.C... re nae eas .. 440 
The Method of Finding the Class-Number and the Structure of the Class 
Group of any Algebraic Field. By K. VENKATACHALIENGAR Sees, 


The Representation of a Positive Integer as a Sum of Squares of Primes. 

By I. CHOWLA its a re ae eae a SEE 
Effect of Radiation on the Transmission of Temperature Discontinuity. 

By S. L. MALURKAR .. ar mc ue 3 .. 454 


Linear Complexes related to a Rational Norm Curve. By B. 
RAMAMURTI .. me ae we “ oe -. 457 


No. 8—February, 1935 


Examination of Molecularly Seattered Light with a Fabry-Perot Etalon. 
Part II. Liquids: Toluene and Carbon Tetrachloride. By B. V. 
RAGHAVENDRA RAO .. x ve ja a cio Elba 


On the Analysis of the Band Spectrum of Cadmium. By T. 8. 
SUBBARAYA, M.Sc., A.INST.P. .. — me oy .. 484 

Effect of Solvent in Dipole Moment Measurements: Polarisation and 
Moment of Nitrobenzene. By M. A. GoviInDA Rau, M.A., PuH.D., 


and B. N. NARAYANASWAMY, B.Sc., A.I.1.Sc. na . 
Theory of the Solvent Effect in Dipole Moment Measurements. By 
M. A. GovInDA Rav, M.A., PH.D. 498 


Synthesis of Substances Related to Cochinillic and Carminic Acids. By 
(tHE LATE) A. N. MELDRUM and (THE LATE) K.S. VAIDYANATHAN .. 510 


On Sums of Powers. By 8S. CHOwLA ws es én .. 528 
Some Infinite Series. By S. CHowLa ae - = .» 531 
On Sums of Powers. By 8S. CHow1a and 8S. Sastry .. oh .. 534 


Chemical Studies on Coal. By P. K. SESHAN wr ». 536 
On the Absorption Spectra of Some Organo-Metallic Compounds. By 
R. K. AsunpI, C. M. BHASKER RAO and R. SAMUEL .. 542 
n 
On the Form 2 p, dqy’—Hdt. By K. NAGABHUSHANAM i .. 
r=1 


The Lattice Points in a Hypersphere. By S. CHOoWLA 





No. 9—March, 1935 
By C. V. RAMAN 
Colours of Laminar Diffraction. 


On Iridescent Shells. 
On Iridescent Shells. 


Introductory. 


By 8. Suiee a 
Note on Hypothesis K of Hardy and Littlewood. By 8 


On Sums of Powers (II). 


A Regularity Observed in the Second Spark Spectrum of Iodine. 


The Weiss Constant of Paramagnetie Ions in the 
Aqueous Solutions of Manganous Salts. By AKSHAYANANDA Boss, 

Bromination of Substances containing Two Aromatie Nuclei. 
Bromination of Phenyl and Cresyl Esters of m- and p-Nitro-Benzoic 

By G. V. JADHAV and Y. I. RANGWALA .. 

By HANSRAJ GUPTA 


On the p-Potency of G (n, r). ; 
By H. LESSHEIM and R. SAMUEL 


On the Pair Bond Theory of Valency. 


No. 10—April, 1935 


Analy od - the Band Spectrum of Zinc. By T. S. SuBBARAYA, M.Sc., 


iin Solutions of Simultaneous Ordinary Differential Equations. 

SRINIVASIENGAR, D.Se. ne md 

Some Problems of Waring’s Type. By INDER CHOWLA, B.A. 

A Theorem on Sums of Powers with — 
Theory of Numbers. By 8S. CHOWLA .. 

A Theorem on Sums of Powers with 
Theory of Numbers (II). 


Mediidiiis to the Additive 
By 8. CHOWLA 


By T. SURYANARAYANA MURTY 


On the Depolarisation of Tyndall mesg. in Colloids. 
SUBBARAMAIYA 


Note on Dirichlet’s L-Functions. 


On the en of yal Scattering in Colloids. 

Note on the poreonwers Spectrum of Cal. SAMUEL AND 
Mound. ZAKI-UD-DIN .. ae 

Theory of Microseisms. By S. K. — ‘ 

The Weiss Constant of Paramagnetic Ions in the S-State. 


Aqueous Solutions of Ferrie Salts. By AKSHAYANANDA Boss, M.Sc. 


No. 11—May, 1935 
The Doppler Effect in Light Scattered by Liquids. 
By B. V, RAGHAVENDRA RAO 


Part I. Variation 
with Temperature. 











574 
590 


592 


593 


605 


616 
620 
623 


663 


668 


698 


701 
707 


709 


717 


723 
727 


754 


765 








Viii 

Some Properties of the k-Function with Non-Integral Index. By 
N. A. SHASTRI, M.Sc. ae 

On a Certain Arithmetical Function. By 8. wr 


The Condensation of Aldehydes with Malonic Acid in the Satine of 
Organic Bases. Part III. The Condensation of Salicylaldehyde with 
Ethyl Malonate. By P. N. Kurien, M.Sc., C. J. Perer, M.Sc., 
and K. C. PanpDyA, M.A., PH.D., D.1.C. 


Some Problems of Waring’s Type (II). By INDER CHOWLA 

The Reciprocity Theorem in Colloid Optics. By R.S. KrisHnan 

Decompositions into Squares of Primes. By HANSRAJ GUPTA 

On the Theory of Liquids—III. By T. S. WHEELER oe ae 

Heat Radiation from the Clear Atmosphere at Night. By P. K. RAMAN ,, 

Derivation of Angstrom’s Formula for Atmospheric Radiation and Some 
General Considerations regarding Nocturnal Cooling of Air-Layers 
near the Ground. By K. R. RAMANATHAN and L. A. RAMDAS 

The Band Systems and Structure of CaCl. By R. K. AsunprI 

The Dynamical Theory of the Diamond Lattice. Part II. The Elastic 
Constants of Diamond. By N. 8. NAGENDRA NATH 

The Raman Spectra of Some Metallic Halides. By C. S. 
VENKATESWARAN 

No. 12—June, 1935 


On Iridescent Shells. Part III. Body-Colours and Diffusion-Haloes. 


By C. V. RAMAN nee =i ae as hie 
X-Ray Analysis of the Structure of Iridescent Shells. By S. Rama 
Swamy ne wi oe ‘ a5 : 
Dielectric Properties of some Vegetable Oils. By G. R. PARANJPE and 
P. Y. DESHPANDE me a i 
Pigments of Cotton Flowers. Part I. Cambodia (Gossypium hirsutum). 
By K. NEELAKANTAM, R. H. RAMACHANDRA RAO and T. R. SESHADRI 
High Frequency Spectrum of Mercury Vapour. By N. B. BHatr 
The Electrostatic Potential of a Crystal of the Cuprite Type. By T. 8. 
WHEELER ae ni ign 
Molecular Clustering in _— Liquid Wishes. By R. 8S. KRISHNAN 
On Sums of Powers. By 8. SASTRY 
A Theorem on Sums of Powers with Applications to the Additive Theory 
of Numbers (III). By S. CHOWLA 
The Theory of Normals to a Quadric in Hesnieanen. By K. Ranaa- 
SWAMI, B.A. (HONS.) . os a ae 
Homogeneous Metrics. By D. D. Kosasnt i “ is oa 
Platinum Isotopes and Their Nuclear Spin. By B. VENKATESACHAR 
and L. SIBAIYA a =e os ae ws ee 






Page 


768 


Away) 


4a 


~] 
Co -] 
eo ou 


ie.9) 
o 


“3 23 «Q 23 
Go 
bo 


S—) 
or 


815 


841 


850 


859 


871 


880 


887 
891 


905 
915 
928 
930 


931 











THE ORIGIN OF THE COLOURS IN THE 
PLUMAGE OF BIRDS. 


By Sr C. V. Raman, Kt., F.R.S., N.I. 


Indian Institute of Science, Bangalore. 


Received May 28, 1934. 
1. Introduction. 


GREAT interest naturally attaches to the investigation of the colours that 
form a striking feature of the plumage of numerous species of birds. Even 
a cursory examination, as for instance the observation of the feathers under 
a microscope, shows that the distribution of colour in the material and its 
optical characters are very different in different cases, indicating that no 
single explanation will suffice to cover the variety of phenomena met with 
in practice. It is usual to distinguish between those cases in which the colour 
is chemical in origin and those in which it is physical or structural. It 
must not be overlooked, however, that in any particular instance both 
physical and chemical colouration may be jointly operative. Then again, 
it is usual to divide the structural colours of feathers into two classes : those 
of the iridescent type in which the colour changes very obviously with the 
angles of incidence and observation, and the non-iridescent class in which 
such change, if any, is not very patent. In the feathers of the tail of the 
peacock and in the gorgeous plumage which covers the head and neck of the 
Himalayan pheasant we have striking examples of iridescent colours. The 
non-iridescent type of colouration is also common and is shown by the 
feathers of certain birds, such as the jay, the kingfisher, the parrot and so on. 
It is proposed to describe in the present paper the results of a detailed study 
of the coloured plumage of the bird Coracias Indica. This is a species of jay, 
very common in Southern India, which furnishes readily accessible material 
for the investigation of this type of colouration of birds. 


2. Some Preliminary Observations. 


Seen sitting with its wings folded up, Coracias Indica is not a parti- 
cularly striking bird, though even in this posture its head, sides and tail show 
vivid colouration. It is when in flight that the gorgeous plumage of this 
bird is most strikingly seen, and museum specimens of the bird are therefore 
best mounted with the wings outstretched. The wings then exhibit a 
succession of bands of colours alternately a deep indigo-blue and a light 
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greenish-blue ; the tips of the wings show a delicate mixture of both colours. 
A remarkable feature is the striking variation in the appearance of the wings 
with their position relatively to the source of light and the observer. Held 
between the observer and the source of light, such as an open door or window, 
the wings appear dark and dull, while when observed with the light behind 
the observer, they have a brilliant sheen, and at some angles an enamel- 
like lustre. There is also a distinct difference in the colours exhibited in 
the two positions. With the light behind the observer, the predominant 
colours are deep blue and a light greenish-blue, while with the light facing 
the observer, the same regions exhibit respectively a dark indigo colour and 
a light blue tint. 


Very noticeable changes in colour take place when the feathers are 
immersed in water and after some soaking the superfluous water is 
shaken off. The indigo-blue por.ions of the feather then appear green in 
colour, while the greenish-blue portions appear pinkish red. At the same 
time, the variation of colour with the position of the feathers relatively to 
the source of light and the observer becomes very conspicuous. The por- 
tions originally indigo-blue appear green in the damp feather only when the 
light is behind the observer. They change over to a dark blue and even a 
deep violet (depending on the angle of observation) when the feathers are 
held between the observer and the source of light. In the same way, the 
lighter regions appear pinkish red with the light behind the observer, but 
a light blue when viewed with the light facing the observer. 


The foregoing observations indicate very clearly that the cause of the 
colouration is mainly physical. It should be remarked, however, that when 
the feathers are held against a bright source of light and viewed by transmit- 
ted light, the dark blue portions appear a deep brown, while the light blue 
portions are translucent and almost perfectly white. The presence of a dark 
pigment (melanin) is thus suggested in the darker portions of the feather 
and to a much less extent, if at all, in the lighter portions. It would not, 
however, be justifiable to infer from this that a difference in the amount of 
the melanin is directly responsible for the difference in colour between the 
dark blue and the light blue portions of the feather when viewed by reflected 
light. 


3. Observations with the ‘‘ Ulira-opak’’ Microscope. 

Further insight into the nature of the colours is obtained when the 
feathers are examined microscopically. It is noticed at once that the charac- 
teristic colouration is confined entirely to the barbs of the feather. The 
usual method of microscopic lighting from below the stage is obviously 
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unsuitable in the present case, and it is necessary to illuminate the barbs 
from above the stage. For a critical examination, a strong beam of light, as 
for instance from a pointolite lamp, may be projected on to the feather at a 
suitable angle. Some useful observations may be made in this way with an 
ordinary microscope or better still, with a binocular microscope. It has, 
however, been found that a much more interesting way of examining the 
feathers is to use the ‘‘ Ultra-opak’’ microscope recently introduced by 
the firm of Leitz. In this microscope, the illumination of the object is 
secured by an incandescent lamp placed in a side tube attached to the 
microscope, the light from which is reflected down towards the object under 
study by suitable optical arrangements. The special feature of the 
instrument is that light does not pass down directly through the objective 
as in an ordinary metallographic microscope. Instead, it is reflected down 
through a ring-shaped aperture surrounding the objective and then through 
a cone of glass, polished flat at the lower end, which intervenes between the 
objective and the stage. In this way, an illumination of the objective itself 
is avoided, while the illuminated field can be made as bright as desired by 
controlling the lamp with a rheostat. The microscope itself is mounted on 
a cross slide fitted with ball bearings, so that it can be readily moved about 
and fixed in any position. The stage of the instrument is of considerable 
size, so that large objects such as the entire wing of a bird can be placed. 
on it and any desired part may be conveniently examined under the very 
powerful illumination provided by the instrument. 


The observations made with the “‘ Ultra-opak’’ microscope are very 
significant. It is found that the colour of the barbs is by no means uniform 
even in the portions which appear ordinarily as dark blue or light blue 
respectively. The layer of colour in the barb appears divided up into a series 
of cells, polygonal in shape, and the colour varies individually from cell to 
cell. The appearances are particularly striking when the microscope is 
directed to a portion of the feather on the boundary between the dark blue 
and the light blue regions or, to a portion near the tips of the wings where 
the two colours intermix. The individual cells may then be seen showing 
a surprising range of colours. Some cells are violet in colour, some a deep 
blue or indigo, some lighter blue, some a bright green, some yellowish green, 
and here and there cells may be observed which are yellow or even orange 
in colour. Under the highest powers with which the ‘ Ultra-opak ”’ 
microscope is provided, it can be seen that the individual cell has a 
granular structure and that the different granules in a cell are usually of 
the same colour, though, occasionally, distinct differences in colour 
between the different granules in a cell may also be noticed, 
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The study of the wetted barbs under the ‘“‘ Ultra-opak ’’ microscope is 
exceedingly interesting. When the barb is fully damp, the portions origi- 
nally dark blue now show up as a bright green, while the portions originally 
light blue now become a light red. The variations in the colour of the 
individual cells are then much more striking, particularly so as the drying of 
the barb proceeds. In an individual barb, it is then possible to observe cells 
with colours ranging over practically the whole spectrum from a deep violet 
to a bright red, and the cellular structure of the barb is much more conspi- 
cuous than ordinarily. As each cell dries up, its colour changes and 
ultimately goes back to the original. During the process of drying, the cell 
boundaries may momentarily possess a different colour from the interior ; 
for instance they may be picked out in red while the interior of the cell is 
a greenish yellow. The whole appearance is then very picturesque. 


4. Is the Blue of Feathers a Tyndall Effect ? 

Bancroft and others, including especially C. W. Mason! have put 
forward the theory that the non-iridescent blue colour exhibited by the 
feathers of numerous birds is a Tyndall effect due to the scattering of light 
by very fine air-bubbles or cavities contained in the substance of the barbs. 
Mason includes Coracias Indica in the list of birds examined by him in the 
investigations which are claimed to support the theory. The observations 
described in the preceding paragraphs, however, throw doubt on the correct- 
ness of this theory, at least so far as this particular bird is concerned. The 
surprising variety of colours exhibited by the individual cells which under 
suitable conditions cover the whole range of the spectrum cannot be re- 
conciled with the idea of asimple scattering in accordance with the Rayleigh 
law (X*) for small particles. We may of course attempt to evade the difficulty 
by postulating that we have to deal with scattering particles which are not 
sufficiently small for the Rayleigh law to be valid, or by assuming that the 
Tyndall blue is modified by the absorbing action of melanin or other pigment. 
The latter suggestion is negatived in the present case by the evident absence 
of pigment in the lighter parts of the feather which nevertheless show green, 
yellow or orange tints by reflected light and also red when wetted. As 
regards the former possibility, it may be mentioned that numerous experi- 
mental and theoretical investigations have been made on the subject of light- 
scattering by particles which are not small enough for the Rayleigh inverse 
fourth-power law of wave-length to be operative. We may for instance cite 
the experimental observations and the calculations based on the electro- 
magnetic theory of light made by B. B. Ray for the case of small droplets of 





1 C. W. Mason, J. Phys. Chem., 27, 201, 1923. 
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water suspended in air,? and small spheres of sulphur suspended in water. 
These observations and calculations cannot be regarded as applicable without 
modification to the present case in which we are dealing with cavities having 
a lower refractive index than the surrounding medium. In the cases of parti- 
cles having a higher refractive index than the surrounding medium, the most 
striking results of an increase of size which accompany a break-down of the 
inverse fourth-power law are: (a) a large increase in the forward scattering 
relatively to that in a backward direction, (b) disappearance of colour in the 
forward scattering, (c) the appearance of colour varying with the angle of 
observation in other directions, these being most pronounced in the back- 
ward scattering, and (d) a large dependence of the intensity of the scattered 
light on the plane of polarisation except in the forward and adjacent direc- 
tions. In the case of the colours exhibited by Coracias Indica, none of these 
features is observed. Actually, the layer of colour in the feathers appears 
much less luminous when viewed with the light facing the observer than in 
the opposite direction ; immersing the feathers in a cell of benzene aboiishes 
the surface reflexion at the exterior of the barbs without altering this parti- 
cular feature of the internal colour. 


Then again the colour in the forward direction though of low inten- 
sity is saturated in hue. Polarisation effects are hardly noticeable with 
Coracias Indica. Thus the observations seem unfavourable to the general. 
idea that the colours are due to diffraction by spherical cavities, though 
in view of the strict inapplicability of the theoretical investigations to the 
present case, some reservation of opinion would be justifiable. It is not 
improbable, for example, that theoretical investigations for the case of a 
hollow cavity in a medium of much higher refractive index may actually 
indicate the backward scattering to be more intense than the forward one, 
as actually observed with Coracias Indica. 


5. A Possible Alternative Theory. 


The highly saturated nature of the colours, the fact that they change, 
though only slowly, with the angle of observation and the change of colour 
produced by the penetration of water into the barbs, all conspire to indicate 
that the phenomena, while undoubtedly due to the presence of cavities in the 
material of the barb, should be classed as interference rather than as diffrac- 
tion effects. The succession of colours observed correspond to the colours of 
Newton’s Rings in the second or third order and not to those of the first order. 
This may perhaps be regarded as a difficulty, since if very thin films are 


2 Proc. Ind. Assoc. Science, 8, 23, 1923. 
3 Proc. Ind. Assoc. Science, 7, 1, 1921. 
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present, one would expect that colours of the first order should also be capable 
of being observed in individual cases. It is clear that further investigation 
of the problem of light-scattering by a spherical hollow cavity in a medium 
of higher refractive index is necessary, before we can definitely decide between 
the scattering and the interference theories of the colours of Coracias Indica. 
That these colours are not a simple Tyndall blue is evident enough. The 
difference between the diffraction and interference theories resolves itself 
into a question of knowing the exact form of the cavities responsible for the 
return of the light from within the barb. Only in the case of simple spherical 
cavities would we be justified in regarding the colours as a diffraction effect. 
With elongated or flattened cavities, the phenomena should be assimilated 
with those of interference. 


It is obvious that elongated or highly flattened cavities would scatter 
light very differently indeed from simple spherical cavities. A cylindrical 
cavity, for example, would concentrate most of the light scattered by it along 
with the surface of a cone co-axial with itself and having its generating lines 
inclined to the axis at the same angle as the incident ray, but on the 
opposite of the normal. Then again, a flattened cavity would concentrate 
most of the scattered light in a single direction, namely, that of 
regular reflection. A simple spherical cavity, on the other hand, would 
distribute the scattered light impartially in all directions if it were 
sufficiently small. 


Some insight into the form of the cavities responsible for the colours 
in Coracias Indica may be obtained by placing a feather on the rotating stage 
of an ordinary microscope and illuminating the same by a strong beam of 
light at a suitable angle. As the feather is rotated, positions are obtained 
in which the exterior surface of the barbs reflects light strongly and shows a 
brilliant white line superposed on the interior coloured background. The 
brightness of the colours is found to vary very strikingly at the same time, 
as the stageis rotated. This effect cannot be explained as due to a screening 
of the surface of the barbs by the barbules, inasmuch as the light is incident 
at a suitable angle to the surface of the barb and the latter is fully illumin- 
ated. Nor can it be ascribed to surface reflection depleting the intensity of 
the light entering the barb. The latter effect can completely be avoided 
by immersing the feather in a cell containing a suitable liquid placed on the 
stage of the microscope. It seems unlikely that such immersion would make 
any difference to the observed effects. We are thus forced to the conclu- 
sion that the cavities responsible for the colour reflection are extended 
structures capable of giving rise to interference effects rather than simple 
spherical cavities scattering equally in all directions. 
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6. Effect of Penetration by Liquids. 


In the preceding paragraphs we have already described the changes 
of colour produced by damping the feathers with water. Apart from the 
change of colour, such damping undoubtedly reduces the intensity of the 
colours. This is readily explained by the weakened reflections at the 
surface of the cavities when filled with water. If, instead of water, we usea 
liquid such as benzene of higher refractive index, the penetration is much 
slower but is ultimately more or less complete. On a rough inspection, it 
then appears as if the colours have disappeared. Placing the feathers under 
the ‘“‘ Ultra-opak ’’ microscope, however, it is seen that the layer responsible 
for the colours, though only feebly luminous, can still be seen, the dark blue 
portions now appearing green and the light blue, dark red. In the absence 
of knowledge as to the exact extent to which the absorption of fluid might 
result in an enlargement of the cavities, it is not possible to definitely 
correlate the change of colour with the refractive index of the penetrating 
liquid. In a general way, however, it can be seen that the displacement of 
the colours towards the red end of the spectrum is what we should expect 
theoretically. 


7. Summary. 

Observations are described with the feathers of Coracias Indica which 
throw doubt on the correctness of the theory that the blue of these feathers 
is a simple Tyndall effect due to the scattering of light by minute air cavi- 
ties within the substance of the barb. Observations with the ‘‘ Ultra-opak’’ 
microscope show that the coloured layers may exhibit tints ranging over the 
whole spectrum. A simple Tyndall effect is thus definitely insufficient to 
explain the observed phenomena. Further studies indicate that the cavi- 
ties responsible for the colours are extended structures. The two alternative 
possibilities, namely, diffraction by cavities not small compared with the 
wave-length and interferences from the surfaces of minute films are 
considered and discussed, without a final decision being reached. 
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HYPERFINE STRUCTURE OF SOME Hg II LINES. 
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AND 
L. SrBaryva, M.Sc., A.Inst.P., F.R.A.S. 


Department of Physics, University of Mysore. 
Received May 28, 1934. 
Introductory. 


Wue& the hyperfine structure of the arc spectrum of mercury has been 
satisfactorily interpreted on the basis of nuclear spin and isotope shift, 
analysis of the spark lines has not progressed possibly because most of the 
significant lines lie in the ultra-violet region. Schiiler and his collabo- 
rators! and Murakawa? have computed the even isotope shift in the level 
5d® 6s 2D5)2, and the latter author has given a tentative level scheme for 
A 3984 A. In the cases of thallium and lead it has been found that the spark 
line analysis gives g(I) values agreeing with those obtained from a study 
of the arc lines. The present paper is concerned with the hyperfine structure 
study of some prominent mercury spark lines in the ultra-violet. 


Experimental. 


The source employed for the study of A 3984 A is a low density long 
column arc about 70 cms. long with a current density of about 2 amps. per 
sq.cm. The axial radiation from the lamp gives the line A 3984 A intensely, 
and neither its structure nor the relative intensity of the components is 
affected in the long column radiation due to the possible complications 
arising from self-reversal: this fact has been specially established by a study 
of the photograms of the structure patterns of the line emitted from both 
the long column and the thin layer arcs. The lines A 2847 A and A 2262 A 
are examined in a hollow cathode of molybdenum with a discharge current 
of 100 ma. at 1000 v. in an atmosphere of helium at a pressure of about 
2 mms. of mercury. Under these conditions, the hyperfine components of 
HgI A 4078 A come out sharp with correct relative intensities; this test 
ensures the absence of self-reversal and widening of the satellites in the 
source. The Hilger El Quartz spectrograph is used for the preliminary 
dispersion. A Fabry-Perot etalon (made by Herr Lesche of Potsdam) with 
interchangeable invar distance pieces is employed in the study of A 39844; a 





' Ergebn. exak. Naturwiss, XI,-p. 167, 1932. 
2 Sc. Pap. I.P.C.R., 18, 302, 1982. 
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final photograph is also obtained using a quartz Lummer plate 3-45 mms. 
thick and 20 cms. long. This Iummer plate is the only high resolving 
power instrument at our disposal suitable for the examination of A 2262 A 
while in the case of A 2847 A, two other quartz I,ummer plates of thickness 
7-44 mms. and 11 mms. are employed in addition. 

Results. 


The lines exhibit the following structure in cm™! and the eye-estimates 
of relative intensity are included in brackets. 


A 3983-96 A (5d’ 6s* *D.., —6p *P,,) 





| 
| 





Murakawa Authors 
~ +1-950 (1) en 

+ 0:°958 (19) +0:°956 (15) 
pata + 0-879 (10) 

+ 0-500 (24) + 0-505 (25) 

+0:372 (7 + 0-380 (5) 
ecg ite + 0-327 (6) (diffuse) 
0-000 (34) 0-000 (30) 

— 0°502 (7) — 0-501 (7) 








A 2847-67 A (6p *P,,,—7s °S, ,) 
~ + 0-100 (4) (Appears only as a wing of 0-000) 
0-000 (20) 
—0-168 (1) 


A 2262-33 A (5d° 6s" *D,, — 5d° 6s6p *D,,)* 
+-0:180 (3) 
0-000 (10) 
—0-193 (12) 
—0:400 (8) (Exhibits a wing towards the shorter wave- 
length side.) 


Theoretical. 


Goudsmit (Phys. Rev., 43, 636, 1933) has developed the following 
approximate formule for the calculation of nuclear magnetic moments from 
the observed hyperfine structure interval factors ; for s-electrons : 

3a n,* 1838 


8) = SRat * ZZ, * KZ)" 








* Venkatesachar and Subbaraya, Zeits. f. Physik, 73, 413, 1931. 
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and for non-s-electrons : 
aZi j(J+1) (1+) - A(l, Z) 





ae ten ee 
where 
- g.) — G+) G+V sp? == (7+ 4)? — (ad? 
k (J; Zi) nee (4 p’—1) p ’ where Pp sect (j + ) (aZi) ’ and 
Vv (+1)? = (aZ,)? -1— VP— (0%) 





A (j, Z;) = 21(1+1) ai 


The interval factors of 7s °S}, 6p 2P3j2 and 5d9 6s? 2D5)2 in the spark 
spectrum calculated from the above formule assuming the g(I) values of 
Hgigg and Hgso; as 1-1 and —0-41 respectively are given in the following 
table : 














Interval Factor Total Separation 
Level | —— 
Hgio9 | Hge01 Hgio9 Hg201 
73S, i 0-300 0.112 0-300 0-224 
6p , as 0-025 0-009 0-050 0-056 
5d° 6s?*D,, ..| ~0-038 ~0-014 ~0-114 ~0+127 

















In the case of 5d? 6s6p *D5)2, the experimental results suggest that 
its interval factor is probably small. It must, however, be remembered that 
the 2D,5)2 term has been examined only in connection with the analysis of 
A 2262 A; and because of the fact that in this region 0-001 A =0-019 
cm.!, even a considerable separation of the level may lie beyond the resolving 
power of the apparatus used. Assuming the interval factors obtained 
above, the calculated structure of the lines agrees as well as could be 
expected with the observed values. 


Discussion. 

(1) A 2847 A: The resolution of this line is incomplete. The 
satellite —0-168 cm.! is due to Hgjg9 and arises from an ff-transition 0-1 
(4-11 per cent.) ; the transitions 11, 2 (12-34 per cent.) give rise to the 
wing of the main line estimated to extend to about +0-100 cm.!. Hgoo 
contributes about 5-13 per cent. more to this wing in the transitions 
1—0,1,2, and it is to be assumed that the components 2—1, 2, 3 lie close to 
the main line on the longer wavelength side. Thus the wing with a total 
intensity of 17-47 per cent. is nearly four times brighter than the satellite 
—0-168 cm.! (4-11 per cent.) ; and this agrees with the observed ratio of 
the intensities. 
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(2) A 3984 A: Previous investigators, who have analysed this line, 
conclude that the satellite at +0-956 cm.! is single. Our analysis has 
revealed a close doublet character in this satellite; we have therefore 
resolved the two components completely and measured them separately. 
Assuming the calculated interval factors, we obtain the following scheme of 
levels which gives a structure pattern agreeing with the observed one. 


3 2 
A3983-96A (sdes* D6 Py). 
































F Hg 199 (Ie $). F Hg201 (1-3) 
2 ee a Ce eae 
‘ 2. Lo cere pre-e =F rx £ 
; = *§ 2 
aT ae 2 ee 
ee. 8 te ¢ no § 
Pee gees | 
' a. fat 4 a 
boat anh seb | 
A |B {c atbic del fi gihi y; 
s B&B BUS IF Ves at 
> |e eo Or Old OPA Of OH VF 
PEP ERE ees 
. 2 SO ee 
3 1 --+-5.4..4-44--4-4--b, 
“— iniatcemaaion pM SO OR 
127 sdes ‘Dy Biovicenanmsasdueae 
2 (Rl cusicotgcicaechiaitenteitae 1060 
Hg202 
29-27 
Hg 200 
77 
198+C 
Me ieis 
— oe A 
s vi | 
bs 
| | wtf 8 
501 0000 +327 +380 R79 +986 
Rey +1505 £ #006 
| 501 | 505 453 | 
y 157 4s 
Hg201 Hg 199 
Fie. 2. 


Thus theory and experiment agree in giving the total spin separa- 
tions as 0-050 cm.! and 0-120 cm."! for the two levels 6 2P3)2. and 7Ds5;2 
respectively ; but Murakawa gives such large separations as 1-578 cm.! and 
0-992 cm.! respectively which lead to abnormal values of the g(I) factors. 
This difference arises partly from the fact that Murakawa has observed a 
satellite at about +1-950 cm.! which we have not been able to confirm. 


(3) A2262 A: The observed structure of this line is mainly due 
to the even isotope shift. But as the intensity relations do not agree with 
the relative abundance of the even isotopes, the influence of the odd isotopes 
also has to be considered in the interpretation of the structure of the line. 
The wing of the satellite — 0-400 cm.! has to be interpreted as a close 
satellite belonging to Hgjy and as a consequence —0-193 cm.! though 
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more intense than 0-000 has been ascribed to Hgog2, the intensity excess 
being assumed to have been caused by the superposition of the close 
satellites of Hgyp,. This allocation of the satellites gives for 25). an even 
isotope displacement of about 0-680 cm.! ‘The structure of the line can 
then be explained by the following scheme of levels: 


ms mp sd°es*  sd°csep 


. 

















204— 
jo-6n, 
= 202 
GJ 2 “ 
a Dre, 
Oess 
198 
. a a S q 
or 9449 
Yo, 























z 204 
oso: 

202 

2 °-505 

Ds. 200 
O451 

198 


Fig. 3. 








es 


The following alternative interpretation of the structure of A 2262 A, which 
at first sight seems to be more direct, cannot be reconciled with the greater 
intensity of —0-400 cm.! as compared with —0-180 cm.!. 


Theoretical Intensity of Observed 


even isotopes only Intensity 
+0-180 Ho 9-98 3 
0-000 Hig... 23°77 10 
— 0-193 Hg... 29-27 12 
— 0-400 Hg.,,, 6-85 8 


The observed wing on the shorter wavelength side of —0-400 cm.! cannot 
be explained by attributing it to the odd isotopes, because it lies near —0- 400 
cem.! ascribed to Hg, and is the only extra satellite observed. The 
intensity anomaly will be further enhanced if Hgig9 and Hg2, are consi- 
dered as being superposed on Hgjigs and Hgz9 respectively. 

The present theory of the even isotope displacement is not adequate 
to enable us to account for the variation in the displacements on passing 
from 5d9 6s 6p D5). to 5d® 6s 2D5)2. While the levels 7s 7S,/2 and 6p *P3/2 
exhibit little isotope displacement, the levels 2D5)2 and 2D5)2 show large dis- 
placements. Another fact of importance that emerges out of the analysis 
of A 3984 A is that the even isotope separations are not exactly equal for a 


given level. Though Hgo, Hgoo2 and Hgag are nearly equally separated 





























Venkatesachar and Sibatya. Proc. Ind. Acad. Sci., A, vol. 1, Pl. /. 


em"! 3984 em?! 
0-000 
0-327 
0-956 


0-879 0-380 
0-505 0-505 
0-50] 

0-000 
— 0-501 0-879 
0-956 
0-000 





A 2262 





cm! 


<4 


Fie. 1.—A 3984 A: Left—Pattern obtained by a Fabry- 
Perot etalon with an air gap 
of 2-5 mms. 

Right—P attern obtained by a Lummer- 

Gehreke plate of thickness 

3-45 mms. and length 20 cms. 

A 2262 A: Pattern obtained by the above 
Lummer-Gehrcke plate, 
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by about 0-500 cm.!, Hgooo9 and Hgjgg are separated by only 9-451 cm.! 
in *D5j.. Even the ground level 6 'So of the arc spectrum of mercury 
shows such varying differences between successive even isotopes. The 
analysis of A 3984 A reveals yet another interesting fact that the separa- 
tion between the centres of gravity of Hgjgy and Hg is greater than the 
even isotope displacement ; this is seen to be true even in some mercury arc 
lines such as A 2536 A. 

The isotope displacements in Zn II, CuI, WI, Pb I and Pb II are 
positive, 7.e., the heaviest isotope lies deepest. In Cd II, Hg I and Hg II the 
isotope displacement is negative. The nuclei of these elements contain no 
proton and consist only of a—particles and neutrons. According to the 
following table, elements whose nuclei contain an odd number of a—particles 
exhibit positive isotope shift and those with even number a negative 
displacement. 











ee oe 
Zn 15a 
Cd ne 24a 
WwW 37a 
Hg | 40a 
Pb fla | 








Molybdenum has been omitted from the above table, since Grace and 
More (Phys. Rev., 45, p. 168, 1934) who have analysed the Mo I lines consider 
their ‘‘ interpretation of the results somewhat uncertain”. The nuclei of 
Cu as well as Tl contain one proton and the arc spectra of these elements 
exhibit a positive isotope displacement. The Tl II spectrum shows a 
negative shift and it would therefore be of interest to investigate whether 
Cu II also behaves similarly. 
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RECENT measurements have shown that solvents exercise an appreciable 
effect on the resultant moment of the solute molecule. A special case where 
the effect is very marked is found for molecules such, for example, as 
ethylene bromide, which may contain two or more polar groups capable of 
rotating about each other. It was therefore decided that in order to under- 
stand the influence of the solvent in general it may be helpful to begin with 
a study of the moment of ethylene bromide in different solvents particularly 
as the influence of the solvent on the potential energy between the rotating 
parts of the molecule could be followed. Incidentally, the existing data on 
the ethvlene halide molecules are not sufficiently concordant to draw any 


definite conclusions. 
Experimental. 


The polarisations of ethylene bromide at infinite dilution for the 
temperatures 10°, 20°, 30° and 40°C. were measured in the four solvents, 
benzene, toluene, carbon tetrachloride, and cyclohexane. Samples of the 
above substances which were available “‘ pure’’ were further purified and 
their physical constants are presented for comparison with the published 
values in Table I. Ethylene bromide was treated respectively with cold 
concentrated sulphuric acid, saturated solution of sodium carbonate, and 
distilled water, and then finally dried and distilled over freshly fused 
calcium chloride. Benzene and toluene were submitted to the same treatment 
as that recommended by Richards and Shipley' for benzene with the 
modification that toluene was refluxed over mercury for a few hours. 
They were finally dried and distilled over phosphorus pentoxide. Cvyclo- 
hexane and carbon tetrachloride (free from carbon disulphide) were also 
dried and distilled over phosphorus pentoxide, the former after a preliminary 
purification by recrystallisation. All final distiilations were carried out 
slowly in an all-glass apparatus with an efficient Widmer fractionating 
column, and the required fraction of the distillate boiling steadily within 
0-2° was collected for use. 


cc 








1 T. W. Richards and J, W. Shipley, J. Am. Chem. Soc., 36, 1825, 1914. 
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Dielectric 
en B.P.? Other ame Other . Other 
Substance 760 mm. Observers Density"4o | Observers a Observers 
Ethylene : 
Bromide 131-7 (-048) | 131-2 S,K. 
131-4-132-0 R. 
131-7 T,M. 
Benzene 80-0 (+043) 79-6 I.C.T. 0-8779 0-8778 G,L.. | 2-282 (2-1)} 2-283 H,O. 
80-1 H,O. (10-8) 0-878 L,N. 
80-2 T,M. 0-8782 F. 
0-8788 Mu. 
0-8790 I.C.T 
0-8792 F,S. 
Toluene 110-7 (+042) | 110-2-110-3 N 0 +8657 0-8640 W,K.| 2-389 (2-2)| 2-335 R,S. 
110-5 I.C.T. (9-3) 0-8657 1.C.T. 2-387 I.C.T. 
110-6-110-8 W,K. 0-8661 R. 2-389 W,K. 
110-65-110-7 Ma. 0-8661 Ma. 
110-7 Y. 0-8670 T,M. 
110-8 T,M. 
Carbon 
tetrachloride| 76+8 (-044) 76-4 S,E. 1 -5933 1-5931 S,A. | 2-237 (1-9)| 2-235 F. 
76-45-76-52 W,K.| (19-4) 1-5932 G,H. 2-236 S. 
76°75 T,M. 1-5932 W,K. 2-236 Mu. 
76-8 I.C.T. 1-5933 F. 2-236 U,H,N. 
76-8 S,A. 1-5939 Mu. 2-237 F,S. 
1-5941 F,S. 2-240 S,A. 
1-5941 TM. 2-240 W,K. 
1-5942 I.C.T. 
1-5943 8, 
Cyclohexane 80-6 (+045) 80-8 T,M. 0-7784 0-7780 F. 2-023 (1-6)) 2-019 F. 
81-3-81-5 R,S. (9-4) 0-7784 S,S. 2-022 Mu. 
81-4 LC.T. 0-7785 T,M. 2-027 S,S. 
0-7787 Mu. 2-055 R,S. 
0-7791 R,S. 
0-7791 I.C.T. 
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I.C.T.—International Critical Tables. 
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2? All the boiling points have been reduced to 760 mm. with the coefficients 
(per mm.) given within brackets. 
3 All the density and dielectric constant values have been reduced to 20°C, 


with our values for the coefficients (per degree) given within brackets. 
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The dielectric constants and densities were determined in the apparatus 


and by the method described in our previous paper.‘ From a and 


coefficients of change of dielectric constant and density with the 


concentration (expressed as mol. fraction) the molar polarisation at infinite 


dilution P2., has been calculated according to the method of Hedestrandé 


and Ej), d, and M, represent the dielectric constant, density and molecular 
weight of the solvent, and Mz the molecular weight of the solute. The 
constants A’, B’, C’ and all other experimental data and calculations are 
given in Tables II to V. 








E,-1 1 M 3M 
s Po =A’(M2—B’ >a where A’= —1— , — ‘= —+-, C= | 
as Po. (Mz B)+c’a where A By2° a” B a,” € (Hi, + 2), 


TABLE II. 


Ethylene bromide in benzene. 

















I 
a a Dielectric Constants 
mol. fraction : l 
10 | 20° | 30° 40° 

0 2-303 2.282 | 2-961 2-240 
0- 00766 2-317 2-297 2°277 2-257 
0-01571 2-335 2-314 2-293 2-272 
0-02048 2-349 2°327 2-306 2-285 
0-03481 2-382 2-359 2-337 2-314 
0:04817 2-410 2-387 2-364 2-341 








* M. A. Govinda Rau and B. N. Narayanaswamy, Z. Physikal Ch. (B), 1984 
5 G. Hedestrand, Z. Physikal Ch. (B), 2, 428, 1929. 
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II 
Concentration C, in nae 
mo]. fraction Pees ea ipee I pugs <9 ve aoe Sh 
10° 20° 30° 10' 
0 0-8887 08779 08671 0-8563 
0- 00766 0-8977 0-8868 0-8760 0- 8650 
001571 0-9081 0-8972 0-8863 0-8754 
0°02048 0-9136 09027 0-8918 0+ 8808 
0-03481 0-9325 | 0-9212 0+ 9099 0-8986 
0+04817 0-9499 | 0-9385 | 0-9271 0-9157 
4 III 
1/T a B | A’ B’ C’ | Poo +0+16* 
: ” 
0-003535 2-22 | 1-260 | 0-3407 | 87-86 14-23 57-87 
; 0: 003414 2-17 | 1-240 | 0-3411 | 88-94 14-55 58-06 
0-003301 2-14 | 1-226 | 0-3413 | 90-03 | 14-88 58-28 
0003196 2-11 1-218 | 0-3414 | 91-16 15-21 58-34 
TABLE III. 
Ethylene bromide in toluene. 
I 
aa ‘ Dielectric Constants 
Conceniration C, in 
mol. iraction 
= | - | = 30° 40° 
0 |} 2-491 2-389 2-367 | 2-345 
0.01244 2+427 2-405 2-383 | 2-360 
0-02945 2-452 2-429 2-407 =| 2-385 
0+ 04257 | 2-470 2-448 2-426 | 2-404 
| 











(2) 74-010, 74.3309, 72.9509, 


J. Am. Chem. Soc., 53, 2988, 1931. 
9 


= 











* (1) 6825°, J, W. Williams, Z. Physikal Ch. (B), 138, 75, 1928. 
70-7799, CG. P. Smyth and S. 


FE. Kamerling, 
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Il 
pee en: | ae a 
Concentration C, in | a 
mol. fraction | 7 
Le | 20° 30° | 40° 
TE T= SCE ode | : = 
0 0.8750 0-8657 | 0-8564 | 00-8472 
0- 01244 0-8882 0-8788 0- 8694 | +8600 
0-02945 0-9068 | 0-8972 0-8876 | 0-8780 
0+ 04257 0-9181 0+ 9085 0+ 8988 | 0+ 8892 
itl 
1/T a | B A’ B’ C’ | Po +0-17 
cee mores ? . ait 
0- 003535 1-38 1-078 | 0-3656 105-3 16-24 49-65 
0- 003414 1-38 1-066 | 0-3653 106-4 16-57 50-08 
0-003301 1-38 1-053 | 00-3655 107-5 16-91 50-64 
0- 003196 1-38 1-045 | 0-3654 | 108-7 17-28 51-10 
TaBLe IV. 
Ethylene bromide in carbon tetrachloride. 
I 
Concentration C, in Dielectric Constants 
mol. fraction aT aa 
10° 20° 30° | 40 
0 2-257 2-237 | 2-218 2+199 
0-01714 2-281 2°261 2-242 2-222 
0-03599 | 2+305 2-285 2-265 2-245 
0-05055 2-324 2-305 2-286 2-267 
II 
Concentration C, in Densitses 
mol. fraction | 
10° 20° 30° | 40° 
sil : : 
0 1:6126 | 1-5933 | 1-57388 =| = 1-5544 
0-01714 1-6217 1-6022 | 1-5826 | 1-5630 
0-03599 1-6313 | 1-6119 1-5924 | 1-5729 
0-05055 1-6392 1-6197 | 1-6001 | 1-5806 
| 
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III 
1/T = B | A’ B’ | ’ P,0+0-18 
| 
| | 
0-003535 1:33 | 0-528 | 0-1831 | 95-43 | 15-80 46-19 
0-003414 | 1-34 | 0-525 | 0-1833 | 96-63 | 16-15 46-79 
0-003301 | 1-34 | 0-524 | 0-1834 97-79 | 16-49 47-17 
0-003196 1-34 0-515 | 0-1838 99-06 | 16-86 47-75 
















TABLE V. 


Ethylene bromide in cyclohexane. 





































































I 
Concentration C, in | Dislectric Constants 
mol. fraction | 
10° | 20° 30° 40° 
0 2-039 | 2-023 2-007 1-992 
0- 02006 2-061 | 2-047 2-032 2-017 
0.03084 2-075 | 2-060 2-044 2-029 
0-04394 2-090 | 2-075 2-059 2-044 
II 
| bas 
Concentration C, in | cnannnes 
mol. fraction a 
10° | 20° «=| «Ss 0° 40° 
0 0-7878 0-7784 | 0-7690 0-7595 
0-02006 0-8100 0-8004 | — 0-7907 0-7810 
0-03084 0-8221 0-8124 | 0-8026 0-7928 
0-04394 0+ 8366 | 0+ 8267 | 0-8168 0+38069 
III 
| | 
1/T a ae ea ei P,.9+0-21 
0-003535 1-16 1-114 | 0:3265 | 106-8 | 19-63 45-29 
0.003414 1-19 1-103 | 0-3268 | 108-1 | 20-04 46-29 
0-003301 1-19 1-090 | 0-3268 | 109-4 | 20-48 46-77 
0-003196 1- 1-077 | 0- | 47-26 
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It will be seen that there is a considerable difference between our 
values for the polarisation in benzene, and those reported by others. 
While Williams does not support his value with any further experimental 
figures, the data given by Smyth and Kamerling are incomplete as the 
dielectric constant and density of the pure solvent are not included. If 
these values are, however, checked by extrapolating from the data for 
solutions, the dielectric constant comes out much higher than the accepted 
value for pure benzene, (e.g., 2-322 at 10° instead of 2-302) although the 
density figures agree. Further it is possible that their Poo are consider- 
ably in error on account of the uncertainty in extrapolating from data 
for practically only two concentrations. 

Discussion. 

Polarisation values-—-When our values for the polarisation are 
plotted against the reciprocal of absolute temperature, it is observed that 
in each case the points fall very nearly on a straight line which has a 
small negative slope. Meyer’ has worked out in detail the shape of the 
curve expressing change in polarisation P with 1/T for the case of a molecule 
whose moment increases from zero with increasing temperature. This curve 
at first rises rapidly from the value representing the induced polarisation 
at 1/T=0, reaches a maximum, and then falls gradually again to the value 
of the induced polarisation. This shape can be visualised also by study- 


ing the Debye’s equation P= A+B-E for the case when p decreases with 


| 
1/T. Here A= = 


5 Ny and pa, and N, K, y and yp represent the 
Avogadro number, the Boltzmann’s constant, polarisability, and the moment 
respectively. On differentiation, 
dP r dy." 1 
d(1/T) alien” (1/7): r 

Initially when 1/T~0 the value of the expression on the right is 
positive, but with increasing values of 1/TT it becomes zero, and then finally 
negative. It is obvious that our values for P will fit in on such a curve 
after it has passed the maximum. 

Dipole moments :—The moments were calculated from the _polarisa- 
tion values by the usual Debye’s fromula p = 0-01273 y/ (P2co— Pr+a)T- 108 
where Py, 4=30-0 represents the total induced polarisation and is estimated 
according to the standard practice’ as the electronic polarisation Px at infinite 


wavelength lus 15 per cent. of the same. The refractive index at A= © 


6 EK. H. L. Meyer, Z. Physikal Ch. (B), 8, 27, 1930. 
7 O. Fuchs and H. L. Donle, Z. Physikal Ch. (B), 22, 1, 1933. 
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was obtained by extrapolating the data given in the Imternational Critical 
Tables, Vol. VI. The ‘‘observed moments’’® are listed in Table VI. It 
will be seen that the moment increases by about 0-08 over the range 10° 
to 40°C. and that it differs considerably from solvent to solvent. 

TABLE VI. 


Moment of ethylene bromide in solvents. 























| Benzene | Toluene | PE ne Cyclohexane 
Temp. | Moment | Moment Moment Moment 

| Ob- | Caleu- | Ob- | Caleu- | Ob- | Caleu- Ob- Caicu- 

| served | lated | served lated served | lated | served lated 
10° | 1-13 | 1-13 0-95 | 0-96 0-86 | 0-87 | 0-84 0-86 
20° | 1-15 1-15 0-98 | 0-98 0-89 0-89 0-88 0-88 
go | aes | 1-17 1-01 | 1-00 0-92 | 0-91 | 0-91 0-90 
40 | 1-20 | 1-19 1-03 | 1-02 0-95 | 0-93 | 0-93 0-92 











This rise in moment with temperature is essentially due to the fact 
that the two identical polar groups CH2Br combined by a single bond 
in the ethylene bromide molecule tend to set themselves in the trans 
position so that the mutual potential energy is a minimum and the moment 
zero, but cannot do so on account of the thermal agitation. As the 
temperature increases the two halves oscillate more and more about the 
stable trans position, and the moment increases. [For the case of the 
analogous molecule ethylene chloride Erhardt® has given an _ excellent 
review of the different possible explanations which have been forwarded 
from time to time to explain this increase in moment, such as, for example, 
a change in the equilibrium between the two metastable forms cis and 
trans, and has shown definitely from X-ray interference measurements that 
in the ethylene chloride molecule the two halves oscillate about a trans 
position with respect to the two chlorine atoms. This picture of the ethylene 
chloride molecule is also confirmed by other evidences such as Raman 
spectra!® and specific heats.!! If m is the resultant group moment of either 
of the two oscillating parts of the molecule, and the potential energy U 


8 All moment values are given units of 10-18 e.s.u. 5 
9 F. Erhardt, Physik. Z., 38, 605, 1932. 

10 K. W. F. Kohlrausch, Z. Physikal Ch. (B), 18, 61, 1932. 

11 ©, Wagner, Z. Physikal Ch. (B), 14, 166, 1931. 

L, Ebert, Leip. Vortrage, 1929, p. 44, 
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between these moments at any angle of rotation ¢ from trans position is 
governed by the simple relation U = (1—cosd) where 8 corresponds to 
the so-called quasi-elastic constant, then the relation between the mean 
moment of the molecule as a whole, and the temperature is given according 
to the calculation of Erhardt!? and Mizushima and Higashi! by the formula 
yo cezoa!, , li) 

p? = 2m? sin? 8} 1 + - : 





Jol4 fr) 

where k is the Boltzmann’s constant, and @ the angle between the group 
moment m and the axis of rotation. With this equation the value of B 
can be derived from the observed moment pw at any one temperature, and 
then the moments at all other temperatures can be calculated. Mizushima 
and Higashi have carried out such calculations, and find for the ethylene 
chloride molecule a very good agreement between the observed and calcu- 
lated values. The significance of the constant B is extremely interesting 
as it represents half the potential energy between the two oscillating 
moments in their cis position. This same potential energy can also be 
directly calculated from the laws of electrostatics if the exact location of 
the dipoles in each group and the distance between them are known. Smyth, 
Dornte and Wilson!* have calculated the potential energy in the ethylene 
chloride molecule on each of the two plausible assumptions, v7z., that the 
C-Cl dipole is located nearer to the chlorine nucleus, at } of the distance 
between chlorine and carbon or alternatively at the imaginary surface of 
the carbon atom. The values thus obtained for the potential energy in the 
cis position are respectively 12-35x 10-4 and 73-2x 10-4 ergs. But the 
value obtained with Erhardt’s equation from the experimental data of Zahn! 
for ethylene chloride in the vapour state—with the assumptions, explained 
later, that m=1-85x 10"8 e.s.u. and 6=60°—is 18-5x 10-4 ergs, a value 
which is between those for the two limiting cases calculated by Smyth and 
others, though much nearer to the first of them. 

Potential energy values and solvent.—In order that the potential 
energy calculated by means of Erhardt’s equation be as near to real as 
possible, it is desirable that correct values for m and @ should be determined. 
Meyer'!6 neglected in his calculations the moments of the two C-H groups, 


12 Loe. cit. 
13 §. Mizushima and K. Higashi, Proc. Imp. Acad., 8, 482, 1932. 


14 C. P. Smyth, R. W. Dornte and E. B. Wilson, J. Am. Chem. Soc., 53, 4242, 
1931. : 


15 CC, T. Zahn, Phys. Rev., 38, 521, 1931. 
16 L. Meyer, loc. cit. 
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and considered only the C-Cl moments attached at the tetrahedral angle 
to the C-C bond. Greene and Williams!? appear also to consider the C-H 
moments negligible, as they regard it satisfactory to find that the value 
of the oscillating partial moment derived from their observations agrees 
with the accepted values for C-Cl moment. Smyth, Dornte and Wilson!® 
have taken into account the C-H moments also, but had of necessity to 
neglect the inductive effects of the moments attached to the same carbon 
atom upon one another. Mizushima and Higashi!® regard it a _ better 
approximation to assume that the group moment of CH2Cl is directed to- 
wards the Cl atom, and is equal in magnitude to that of the CH3Cl mole- 
cule. Probably the most direct values for the magnitude and direction 
of the group moment can be obtained from a consideration of the moments 
of para substituted benzyl chlorides. DeBruyne, Davis and Gross”? have 
recently calculated these values from the moments of the substituted 
benzyl chlorides measured by them, and also by Smyth and Walls,?! and 
conclude that the magnitude of the vector is 1-85, and its direction 
submits an angle of very nearly 60° to the C-C axis. As the vector moments 
C-Cl and C-Br are almost identical,?? the above values calculated for the 
—CH.Cl group must also hold for the CH2Br group. Accordingly with 
these values for m and 0, we have calculated from our observed moments 
for ethylene bromide at 20°C., the value of B in each of the four solvents 
with the aid of Erhardt’s equation. When from this value of f, the 
moments at the other temperatures are calculated, they compare well with 
the observed moments, as shown in Table VI. 

The different values of 8 and therefore of potential energy in different 
solvents afford a highly interesting method of studying the influence of 
the solvent. We have therefore calculated from all the measurements 
hitherto reported not only for ethylene bromide, but also for ethylene 
chloride and ethylene chlorobromide, the intramolecular potential energy 
between the two halves for the czs position both for the vapour state and 
in the various solvents. In order to obtain comparable results, the majority 
of moment values had to be recalculated from the reported polarisation 
data, with the uniform values for Pry, of 30-0, 27-5 and 23-9 c.c. respec- 
tively for ethylene bromide, ethylene chlorobromide and ethylene chloride. 





17 KE. W. Greene and J. W. Williams, Phys. Rev., 42, 119, 1932. 

18 C. P. Smyth, R. W. Dornte and E. B. Wilson, loc. cit. 

19 S. Mizushima and K. Higashi, loc. cit. 

20 J. M. A. DeBruyne, R. M. Davis and P. M. Gross, J. Am. Chem. Soc., 55, 
3936, 1933. 

21 C. P. Smyth and W. S. Walls, J. Am. Chem. Soc., 54, 1854, 1932. 

22 uw of CeH,. CH2Br=1-85-10-18 e.s.u. 
p of CgH,;. CH,Cl=1-85-10-18 e,s,u, 
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Table VII presents these potential energy values along with the moment 
and temperature from which each of them was calculated. These values 
for the potential energy may still be different from the real inasmuch as 
they have been derived on the assumption of only an approximate law 


connecting the potential energy and angle of rotation and further the 
moments have been calculated with an arbitrary value for P,. A study 
of the Table shows no apparent relation between the potential energy and 
either the dielectric constant?* of the solvent, or its viscosity.24 The values 
of different authors for the potential energy in ethylene chloride in one and 
the same solvent do not always agree, but the general sense may be taken 
to be that the potential energy is constant in the non-polar solvents from 





carbon tetrachloride to carbon disulphide (see Table VII), 
dielectric constant of the latter, 2-64 is considerably higher than that of 
Benzene and its derivatives on the other hand stand out 
In no case is the potential energy in a solvent 


hexane 


is Sh. 


in a class by themselves. 
higher than that in the vapour state. 


TABLE VII. 


Potential Energy in Solvents. 


although the 






































. es ‘ . | ‘ ‘ . | ‘ 1 
Dielectrie| Viscosity |  ¢,H,Bre | GHcBr | C,H, Cl 
Solvent co astant + CGS. | 3 aa | P. Bt PS Bs 
at 20°C. units |<10%4 ‘°° x 10% 1x 1044) le di 
| ergs ergs ergs 
Nl Nl l 
Vacuum 1-000 30-4 | 0-9456° (Z)| 24-6 |1119s°-2(7,)| 18-5 | 1452840 (Z) 
Benzene 2-282 -00652 | 18-6 | 1-152°° | 10-7 | 1-5225° (H | 7-7 }1-7120° (H) 
11-7 | 1-4839° (S) | | 7-411-7320° (A) 
13-8 | 1-3625° (H) | 6-1 | 1-8825° (G) 
| 7-5 |1+7225° (W) 
6-9 | 1-767°° (Mu) 
Toluene 2-389 -00556 | 24-5 | 0-9820° | 
Mesitylene | 11-9 | 1+452°° (A) 
Carbon tetra- 
chloride 2-237 -00969 | 28-9 | 0-8920° 13-3 | 1-3926° (Me) 
14-6 | 1+3120° (A) 
14-6 | 1-312°° (Mu) 
Cyclohexane 2-023 | -00867 | 29-4 | 0-882°° 13-3 | 1-3926° (Me) 
12-3 | 1-4320° (A) 
13-6 | 1-362°° (Mu) 
Heptane | 1-9] -00409 | 26-3 | 0-921°° (S, )| 19-3 | 1-05-29°(S,)} 13-9 | 1-16-°°° (Sz) 
Hexane | 1-91 00298 | 18-1 | 1-1725° (B)} 14-1 | 1-342°° (Mu) 
| 11-8 | 1-34-11° (Me) 
Ether | 4:37 | -oo197 | | | 11-2 | 1-39-20° (M,H) 
Amylene |} 2-06 | | 13-3'| 1-3379° (H) 
Dekalin | 2-16 | -0240 | 13-2 | 1-402°° (Mu) 
Carbon | 
disulphide . | 2-64 | -00363 | | | 13-4 | 1-372°° (Mu) 
| | | | 
23 A, R. Olson, Trans. Farad, Soc., 28, 69, 1931, 


a6 LL, 





Ebert, loc, cit, 
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It is interesting to find that the potential energy in ethylene chloro- 
bromide for the vapour state is almost exactly the mean of the values for 
ethylene chloride and ethylene bromide. This is not, however, the case in 
the only two complete sets of measurements available in benzene and 
heptane as solvents. In heptane, while the potential energy is reduced 
to 0-75 and 0-78 of the value in the vapour state for ethylene chloride and 
ethylene chlorobromide, in the case of ethylene bromide the reduction is only 
to 0-87 of the vapour value. The reducing effect of benzene is also similarly 
different for the different molecules, being least for ethylene bromide (if our 
value for the potential energy is taken as the correct one). It would thus 
seem that the effect of the solvent is smaller, the greater the potential energy. 
Probably the greater polarisability of the bromine atoms is also a contribut- 
ing cause. 

Nature of the solvent effect-——The exact nature of the solvent effect 
in reducing the potential energy is not yet completely understood. One 
can for obvious reasons expect that this is related to the external electric 
field of the solvent molecules. In an analogous réle of the solvent where 
it characteristically influences the velocity of a reaction taking place in it, 
it is supposed that the strong local electric fields of force due to the solvent 
molecules exert a weakening effect on the internal molecular forces of the 
solute.25 Meyer? and Zahn?’ have also suggested that the inner 
molecular forces in the liquid state affect the potential energy, but all the 
same a correct measure for these forces is yet unknown. 

The peculiar behaviour of benzene and its derivatives presents an 
interesting aspect of the problem. Compared with toluene and mesitylene 


25 R. G. W. Norrish, J. Chem. Soc., 123, 3006, 1928. 

R. G. W. Norrish and F. F. P. Smith, J. Chem. Soc., p. 129, 1928. 

H. McCombie, H. A. Searborough and F. F. P. Smith, .J. Chem. Soe., p. 802, 
1927. 

E. A. Moelwyn-Hughes and C. N. Hinshelwood, Prec. Roy. Soc, (A), 131, 
177, 1931. 
26 ¥,. Meyer, loc. cit. 
27 ©, T, Zahn, loc. cit. 
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the effect of benzene is much more pronounced. Van Arkel and Snoek”8 
have ascertained from molecular weight determinations by the freezing point 
method that there is no associating effect of benzene on the solute ethylene 
chloride. From an investigation on the polarisation of the non-polar 
molecule carbon disulphide in different solvents, Briegleb?® has made the 
interesting observation that the infra-red polarisation or P, is much higher 
in benzene than in carbon tetrachioride or heptane. If this be a real 
general effect, then it is likely that the moment values calculated in benzene 
are too high on account of the assumption of a uniformly constant Pry. 
in all the solvents. But, at present, there is no method of estimating P, 
alone in different solvents for such molecules as ethylene chloride. Van 
Arkel and Snoek believe that the high moment in benzene is due to the 
presence of double bonds in the molecule, as a result of which the molecular 
field in the immediate neighbourhood is very much stronger than is the 
case with hexane or carbon tetrachloride, and that the substituent methyl 
groups as in mesitylene exercise a screening effect on the double bonds and 
thus weaken the specific action of benzene. If thisisso, then it has to be 
explained why amylene with one double bond and carbon disulphide with 
two double bonds should behave as “‘normal”’ solvents. It may be that 
the oscillation of the double bonds in the benzene ring might be the cause 
for its characteristic behaviour. E. Mack?° has suggested from strong 
empirical evidences that the unsaturation of the benzene ring manifests 
itself in the form of a protuberance extending out perpendicularly from 
each face of the flat ring, in the shape of hemispherical domes of radius 
2-45 A, and that this dome will be distorted by the presence of substituents. 
Very probably the strong effect of benzene and the milder effects of the 
derivatives can be explained on this basis. Recently Miiller?! has advanced 
the explanation that the high moment is due to the tendency for the ethylene 
chloride to set in the czs position on account of an attraction between the 
halogen atoms and a pair of hydrogen atoms in the ortho-positions in the 
benzene ring. This cannot, however, explain why the effect of toluene should 
be so different to that of benzene. Further any pair of hydrogen atoms 
on two carbon atoms connected by a double bond, as in amylene, should 
behave likewise in increasing the moment. It is also extremely doubtful 
if the halogen atoms can at all be fixed in the c7s position, since strong 
steric hindrance effects will come into play, as explained by Stuart.*? 


28 A. EK. Van Arkel and J. L. Snoek, loc. cit. 

29 G. Briegleb, Z. Physikal Ch. (B), 16, 276, 1932. 
30 EK. Mack Jr., J. Am. Chem. Soc., 54, 2141, 1932. 
31 H. Miiller, loc. cit. 

82H. A. Stuart, Physikal Z., 32, 793, 1931, 
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Further investigations are in progress to elucidate this special nature 
of the influence of benzene. ‘The authors wish to express their best thanks 
to Sir C. V. Raman and to Professor H. E. Watson for their kind interest 
in the progress of the work. 

Summary. 

1. The polarisations of ethylene bromide have been measured in 
four solvents, benzene, toluene, carbon tetrachloride and cyclohexane at 
infinite dilution and over the temperature range 10° to 40°C. 

2. The moments calculated from the polarisation values differ 
considerably from solvent to solvent, and show an increase of about 
0-08x 10-8 e.s.u. over the temperature range investigated. 

3. With the help of recent data for the magnitude and direction 
of the group momert—CH) Br, the potential energies between the rotating 
parts of the ethylene bromide in the different solvents have been calculated, 
and compared with the values obtained by recalculating from the measure- 
ments hitherto reported for ethylene bromide and also for ethylene chloride 
and ethylene chlorobromide. 

4. The characteristic effect of benzene on the moment of ethylene 
bromide is probably best explained on the basis of the hemispherical domes 
of influence around the benzene ring postulated by E. Mack Jr. and having 
their origin in the oscillation of the double bonds in the benzene molecule. 














SOME MULTIPLETS IN THE Ag III SPECTRUM.* 


By B. V. RAGHAVENDRA Rao, M.Sc., 


Department of Physics, Central College, Bangalore. 


Received May 28, 1934. 
(Communicated by Prof. B. Venkatesachar, M.A., F.Inst.P.) 


THE present paper deals with the identification of the fundamental multiplets 
of the Ag III spectrum with the aid of the Moseley diagrams for the terms 
of the isoelectronic sequence Rh I, Pd II and Ag III. An investigation 
on similar lines has enabled the author to identify the fundamental multiplets 
of the Cu III spectrum.! The spark spectrum of Silver in the extreme 
Ultra-violet has been photographed and wave-lengths determined by 
Handke,? Eder,* Shenstone,* and lL. & E. Bloch.5 ‘The method of excita- 
tion adopted by [L,. & E. Bloch is particularly favourable for the photo- 
graphing of the second and higher spark spectra of Silver. Accordingly 
their data have been mainly utilised in the present work. Sommer® has 
analysed the spectrum of Rh I and Shenstone? the spectrum of Pd II. In 
the construction of the Moseley diagrams their data for RhI and Pd II 
have been utilised. 

Table I gives the spectral terms corresponding to the configurations 
4d9, 4d85s, and 4d%5p of Ag III together with their limits. 

TABLE I. 








Contiguration Spectral terms Limits 

= im | } 
4d? | *(D) aa. 

(| (T°) *(F) } 3h 

| ‘'(P) *(P) | sp 

{dds | °*(G) | 1G 

| | 2(D) | pn 

(8S) | 1S 

|| “(GFD)(GFD) | 2p 

| *(DPS) *(DPS) ap 

1d"5p | *(HGF) | 1G 

| | *(FDP) | 1p 

| ?(PS) Ig 


[ 


* A short abstract of a paper by Gibbs and White [Phys. Rev., 32, p. 318, 1928, 
(A)], read before the American Physical Society, has recently come to the notice of 
the author, but a careful search in the Science Abstracts and Physkalische Berichte failed 
to show whether the work had been completed and published, 
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Of these only the terms 4d8(?F)5s 4F & 2F and 4d8(3F)5p 4F’ & 2F’ 
have been identified since lines resulting from the combination of these two 
sets of terms are the strongest while those resulting from intercombinations 
are relatively weak. 


TABLE II. 











Rh I Pd I Ag III 
| | 
| 
(‘*F.., | 0-0 | 0-0 0-0 
| | 1530-0 | 2013-3 | 2317-0 
'4F, | 1530-0 | 2013-3 | 2317-0 
| | 1068-1 | 1832:7 | 2641-0 
\‘F,), | 2598-1 | 3846-0 | 4958-0 
id°(?F)5s 4 | 874-6 | 1018-6 | 1004-0 
14R | 3472-7 4864+6 | 5962-0 
| “Fr 5690-0 7196-9 | 8452-0 
2100°3 2144-1 | 1632-0 
(°F, | 7791-2 9341-0 | 10084-0 ? 
| 
(*F’, | 294311 14797 +4 | 59053-0 
| 435+4 1366-3 | 753+ 0 
| 4F’., | 29866-5 | 46163-7 | 61806-0 
*| 1608-3 | 1867-7 | ~ 2800-0 
| *F’., | 31474-8 | 48031-4  59006-0 
4d° (°F) 5p{ | 802°8 | ~ 764-4 | 1687-0 
| F'sre | 32277 -6 | 47267-0 | 60693-0 
|?F’, | 320041 | 48246-5 | 63484-0 
| 1942-4 | 2426-1 | 2074-0 
(°E’,,, | 33946-5 | 50672°6 | 655580 





The term values of the multiplets of Rh I, 
their multiplet separations are given in Table II. The term 4d8(3F)5s 4F9/2 
is taken as zero. As is to be expected it is found that the multiplet separa- 
tions increase on moving from Rh I to Pd II and then from Pd II to 
Ag III. 


Pd II and Ag III with 
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TABLE III. 








4d*5s 


4d*5p we 
Term values} 59053-0 


sy’ 5 
| 61806 -0 


| 
| 
| 


5/2 3/2 
59006-0 | 60693-0 


bal (ad | 


2a 


| 


2" 


72 | 5/2 
634840 | 6558-0 
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7, 
4 F. 
‘F, 


“F 2 


2 F = 


0-0 


2317 > 
1958- 
5962- 


8452: 


0 


10084-0 ? 


59054: 1 
(6) 
567344 
(2) 





50600°1 | 53¢ 


| 
| (1) 
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19.2) 
~ 
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7? ‘F’. 2 
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56685-2 
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54051°-1 
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ws 53044°8 
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63480: 
(1) 


61169-: 


(1) 
58523- 


(3) 


55032: 


(4) 
53403- 


figurations 4d85s and 4d’5p of Ag III is given in Table III. 
that the intensity rules are satisfied and the super-multiplets are formed 


in the right manner. 
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bo 





63243°! 
(0) 
60598 - 
(2) 
59594° 4 
(3) 
57105- 
(6) 
55477-9 
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The multiplet scheme for the quartets and the doublets of the con- 


It is found 


It is only in the case of lines arising from intercombina- 


tions that three lines are missing and these lines are expected to be compara- 


tively of low intensity according to theory. 
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Fig. 1.—Moseley-diagram of the isoelectronic sequence Rh I, Pd II and Ag III. 
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The Moseley diagrams for the terms of the RhI, Pd II and Ag III 
sequence given in Fig. 1 confirms the present identification of the terms of 
Ag III. Since the absolute value of the lowest state for Rh I is about 
623700-0 cm:! and that for Pd II about 160600-0 cm, both of them 
with respect to the term 4d8 3F of the next ion’ the absolute value of the 
4d85s 4F 9). term of Ag III comes out as 237000-0 cm’! corresponding 
to an ionisation potential of about 29-25 volts. 


Table IV gives the /% values for the terms of the members Rh I, 


Pd II and Ag III isoelectronic sequence, with their differences which are 
found to be regular throughout the sequence. 


TABLE IV. 























Terms Rh I Difference} PdII | Difference} Ag III 
| ‘F,, | 0-754 | (0-357) | 1-111 (0-358) | 1-469 
| ! | 
|| *F,, | 0.745 | (0-358) | 1-103 (0-358) | 1-461 
| | 
it 0-738 | (0-362) | 1-100 (0-353) | 1+453 
4d* (*F) 5s -! | 
| ‘F,, | 0-733 | (0-358) | 1-091 (0-359) | 1-450 
|| "Bre | @-719 (0-362) | 1-081 (0-361) | 1:442 
| | 
YT 0-705 (0° 367) 1-072 | (0-365) 1-437 
‘F’,. | 0-548 (0-361) | 0-909 | (0-363) | 1-272 
‘Fy, | 0-544 (0-359) | 0-903 | (0-359) | 1-262 
‘FY, | 0°531 (0-372) | 0-903 (0:369) | 1-272 
4d° (°F) 5p 
‘FY. | 0-524 (0-373) | 0-897 (0-369) | 1-266 
*F’., | 0-526 (0-366) | 0-892 (0-364) | 1:256 
°F’, | 0-509 (0-370) | 0-879 (0-370) | 1-249 
ee | 











The list of lines classified in the present investigation is given in 
Table V. 
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TABLE V. 








| 





Bisa. Inten-| Wave- 

Observer sity length 
Eder 1 1976-28 
Shenstone 1932-88 


L. & E. Bloch 2 1885- 


Eder 1 1874-19 
L. & E. Bloch 4 1872-55 
. 4 1850-10 
ss 3 1826-91 
” t | 1817-12 
’ 4 1802-52 
: 4 1794-20 
” 2 1764-13 
Handke 2 1762-60 
L. & E. Bloch 0 1758-89 
99 6 1751-14 


1678: 


” 2 1650: 22 
” 1 1634-81 
” 0 1618-05 








5+30 


Wavenumber 








Observed | Caleulated 


Designation 





50600-1 50601 -0 
51719-1 91722-0 


53044°8 53044 
53356 > 4 
53403-+1 
54051-1 


54730- 


55032-2 | 55032- 


53354: 


53400- 


“0 


0 


0 


55477°9 | 55474-0 
55735 +2 55735-0 
56685-2 56689 -0 


56734°4 56736 
56854-0 | 56848- 
d7105-7 | 57106: 
58523°3 | 58526: 


59054-1 
59494°4 


59594-4 





60598 - 0 60600: 
61169-2 | 61167: 
61802-8 | 61806: 


63243°5 


63480-0 


59053 - 
59489- 


59596 - 


63241: 


63484: 
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‘PF, — 5p °F’, 
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Summary. 


By a consideration of the isoelectronic sequence Rh I, Pd II and 
Ag III, the terms 4d8(3F)5s 4F & 2F and 4d8(3F)5p 4F’ & 2F’ of Ag III 
have been identified. The Moseley diagram for the corresponding terms 
of the members of the sequence is also given in the paper. The absolute 
value of the term 4d8(3F)5s *Fyg)2 comes out as equal to 237000-0 cm: 
corresponding to an ionisation potential of about 29-25 volts. 
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1. Introduction. 

ee 1 constant, 
n*+2 p 
have been traced in recent years to the fact that the molecules are neither 
optically isotropic nor spherically symmetric. The L,orentz expression 


for the polarisation field, namely, “, is applicable in the special case 


where the distribution of the surrounding molecules may be considered as 
spherically symmetrical, and in the case of a medium composed of optically 
anisotropic molecules, in addition to the above condition, the surrounding 
molecules must be randomly orientated. 

Taking into consideration the optical anisotropy and geometric 
asymmetry of molecules, Raman and Krishnan! have given a theory of 
the optical and electrical properties of liquids. In a subsequent paper, 
Krishnan? has verified the formule obtained, in the case of benzene, where 
accurate data are available. 

In this paper the above theory has been exteSded to the case of binary 
liquid mixtures. 


THE deviations from the I,orentz formula of refractivity 





2. Theoretical. 


We will first calculate the average moment induced in a type A 
molecule in the liquid mixture by unit incident field. 

Let us choose two systems of co-ordinate axes; (i) the x, y, z axes 
fixed in space, and (ii) the optic axes of the molecule under consideration, 
(é, n, € axes), the relative orientations of the two systems being given 
by the Eulerian angles 6, ¢ andy. Let 0d), b2, bs be the principal polaris- 
abilities of the molecule in the vapour state and /), p12, p13, the factors which 
determine the polarisation field acting along the &, », ¢ axes when the 
external field acts along the € axis ; p2), p22, p23 and p31, ps2 p33 are similar 
factors when the external field is along the 7 and ¢ axes respectively. 





1 C. V. Raman and K. S. Krishnan, Proc. Roy. Soc. (A), 117, p. 589. 
* K. S. Krishnan, Proc. Roy. Soc. (A), 126, p. 155. 
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(That is, if P is the moment induced per unit volume of the liquid mixture 
by the external field in the € direction, $,,P, pi2P, and )3P are the 
components of the polarisation field along the é, yn, ¢ axes respectively, 
and so on.|] 

Suppose now the field of the incident light wave, E, lies along the 
z-axis. The moments induced in the molecule under consideration along 
its €, yn, ¢ axes are 

b, [a, +x (p,, @, + P., 4 + Ps, 2;)] E. 
b, fa, + x (P,, 2, + Poo 2, + Pz. %3)] EB. 
b, [a, +x (Py, 01 + Pas a, + Py, a 3 )] E. 


respectively. a), a2, a3 are the direction cosines of E with respect to the 
I ) 1 
€,, ¢ axes, and x is the mean moment induced in unit volume of the 


4a 
Resolving these moments along the direction of E, and summing up 
and averaging over all orientations, we get [because a,*=a,?=a,?=4: 
a,a,a,a,-=a,a,=0], the average moment induced in a type A molecule by 
unit incident field as 
ms =$ [bi (1+p,,x) +0, (1+p,.x)+, (1+p,,x)]. 
Similarly, for a type B molecule in the mixture, the average induced moment 
per unit field is 
ms=$1b's (p'ux +1) +6", (p',.x +1) +6’, (v’,,x +1)]. 
If there are v molecules of type A and v’ molecules of type B per 
unit volume of the mixture, we get 


liquid mixture by unit incident field ; [x = “ais? |. 


n*—] 
feels te M,+v’'mMs. 


Putting Pu= tor, etc., we have 





4 r , , , 
yavb2 = y vx 2 - ty Em aad oon TZ x D4 ee 
, #1 ot oh 8 w b,’ , #°—1 b,’o,’ 

‘O73 ve aid aay ree 142 es rei 3 


My - —1¥2,—1. 

mt+2 n,7?+2 n7+2 athe 
correction terms on the right hand side, where m, and m, are the 
refractive indices of component A and component B, respectively, when their 


molecular densities are vy and v’ eee then 
n°—1 _ n,*—1 , n,—1 , n,—1 , 


aoe a8 A Ny? io bo, 
n?+2 = n,? "gta 73" 272” rege et ee +2” : 2k (1) 


If as a first approximation we put 
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3. Evaluation of the constants in the above formula. 
From the value of the depolarisation factor, 7, of the fluid it is 
possible to calculate the molecular anisotropy factor 
52 b1? +b,?+b,*—b,b,—b.b, bby 
(6, +6,+5,)? 


65° 


— + 78? 





by means of the relation 


T= 





Assuming a symmetry axis in i molecule we put 5.=b3, and hence 
_ (b, — },)? 


~ (6, + 2b," 


_ , 1428 
"ob, 1-8 
The principal polarisabilities of a molecule in the Kquid state are 
connected with those in the vapour state by means of the relations 


’ 7—] 
A = b, (1 ob p,,4—*) 

, 2—1 
Bp’ = b, (1 + ae es 


’ 2—] 
C’ = b, (1 +P,“ —) 


Dashed letters refer to the liquid state. yw is the refractive index of the 
liquid. 


p?—1 
Ab ita, 
rs * Se 
1+P 22 dn 
e=3 
] : 
1+ 28vap. Pu — 14 25tiq. 
— til 7 1- dtig. 
4a 





1+P,, 


Pi, and poo = p33 can be calculated with the help of this equation by means 
of the additional relation py, + 2po2 = 4m. 
The p’s may also be calculated from X-ray data.3 
To calculate the b’s, use is made of the relations 
b, 142 8vap. 
b, 1-- a 7 


Pyvap.—1 = 20 Nap. * La 





3 K. S. Krishnan and S. R. Rao, Ind. Jour. Phys., 4, p. 46. 
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yap, is the number of molecules per c.c. of the vapour and yp,,, is the 
refractive index. 
The values of the constants for acetone, methyl-alcohol and water 
are given in Table I. ' 
TABLE I. 





Light-scattering data X-ray data | 





bit —— ap lin b, i) 
Substance | . 0. x16241x10 
Substance | = a | ‘ b | Vv 11079 x 102 24 Ge 
x 10°) x10} Pu | Pee lin Alin A| ma | Pes 


| 
| 
| 
| 





Water .. | 16-6 | 5-53 | 2- sale a 2-708 | 1-862 
i | 


| 
4-62 whe 3-54 | 4-51 2-708 | 7-934 


| 552 thas! eaad 


| 


Acetone - | 15-3 | 8-6 |3- 122} 4-72 











| 
| 
| 
a 
Methyl- | | | "| 
alcohol. | 14-3 | 3-9 |2-074)5-24 | | 6-7 | 








3°46 | 2-26 | 5-16 





4. Verification of the formula. 


The above formula (1) has been verified in the cases of acetone-water 
and methyl-alcohol-water mixtures. Data for refractive indices have been 
taken from Paul Drude.* It is seen from Figs. 1 and 2 that the formula 
yields values in better ‘agreement with experimental values than the simple 
law of additivity. 
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Fig. 1. 





* Paul Drude, Zs. Phys. Chem., 23, p. 267, 
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Fic. 2. 
5. Summary. 

The Raman-Krishnan theory of the optical and electrical properties 
of liquids based on the idea of an anisotropic polarisation field is extended 
to the case of binary liquid mixtures. The average moments induced in 
a type A and a type B molecule in the liquid mixture by unit incident 
field are calculated separately and summed up giving them weights corres- 
ponding to the concentration of the liquid mixture. The formula obtained 
has been verified in the cases of acetone-water and methyl alcohol-water 
mixtures. 





The author begs to express his respectful thanks to Prof. Sir C. V. 
Raman for his keen interest and encouragement. He also wishes to thank 
Mr. S. Parthasarathy with whom he discussed the problem. 
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THE analysis of the higher spark spectra of the elements has received a 
fresh impetus from the recent advances in the technique of accurate wave- 
length determination in the extreme ultra-violet region bordering on soft 
X-rays. Some of the complicated spectra of the heavy elements and of the 
rare earths have also been successfully attacked in recent times. The Os-Ir- 
Pt group is an example; the arc spectra of these elements have now been 
analysed,! but the spark spectra which are even richer in lines have not yet 
been investigated. Since IrI, Pt II, Au ITI and Hg IV form an isoelectronic 
sequence, the spectrum of Hg IV has been taken up in this work with the 
hope of analysing PtII and AulIII subsequently. A complete analysis 
of these rich spectra may throw light on any modifications that may be 
required in Hund’s theory. 

The wavelength data have been taken from Carroll (Phil. Trans. Roy. 
Soc., A, 225, 396, 1926), L. & E. Bloch (Journ. de Physique, 4, 332, 1923), 
G. Déjardin (Annales de Physique, 8, 424, 1927) and R. Ricard (Comptes 
Rendus, 192, 618, 1931). All these authors excepting Carroll have classified 
the lines into four classes corresponding to HgI, II, III and IV. Since the 
fundamental lines of Hg IV are to be expected in the extreme ultra-violet 
region covered by Carroll, from whose list Hg IV lines cannot be easily picked 
up, constant wave-number differences equal to those between prominent 
Hg IV lines in the visible and near ultra-violet regions were looked for amongst 
Carroll’s lines, and the fundamental multiplets of Hg IV were thus discovered. 
These are given in Table II. The expected terms according to Hund’s theory 
are given in Table I. Many other terms have been found and all the term 
values fixed to within 1 or 2 wave-numbers by means of combinations in 
the region above 2000 A. All the terms so found, together with their 
J-values are given in Table III. The fundamental low terms are 4F terms 
from the configurations d’s and d’s? and 2D terms from d®% The other 





1 Pt. Livingood, Phys. Rev., 34, 185, 1929. 
Ir. W. Albertson, Phys. Rev., 42, 443, 1932. 
Os. W. Albertson, Phys. Rev., 45, 394, 1934. 
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even and odd terms are denoted by numerals since it is difficult and almost 
meaningless to give their I, and S values. It is also interesting to find 
that the d® 2D-separation comes out to be 8184cm! while from a Rydberg 
formula applied to two series of two terms each discovered by the author 
in Hg III (M.Sc. Thesis) this interval was expected to be about 8800 cm", 
Considering the accuracy to be expected from such an extrapolation, the 
agreement is good. In all 23 low even terms and 31 middle odd terms have 
been found, thus accounting for about 200 lines. Table IV gives a list of 
all the classified lines. With regard to the agreement between calculated 
and observed wave-numbers, even such a difference as 15 cm:! has to be 
tolerated in the case of Carroll’s lines which are given only to one decimal 
place and in which there may sometimes be an error of 0-2 to 0-34. In 
the region above 2000 A the agreement is within 1 cm! but sometimes 2 
or 3cm:! have had to be allowed since the term values themselves are not 
accurate to more than 1 or 2 cm". 


TABLE I. 








Configuration Expected Terms 








4(PF), 2(PF), 7(SDG) 
4(PF), 2(PDFGH),?D 
2p 


'(DFG), 2(DFG), (SPD), 2(SPD), 2(FGH), 2(PDF), 2(SP) 





TABLE II. 





| 
MEE & 


*Foj2 2 | “Fo | *Fsj2 








Poe | *F 7/2 


| | 

| | 
7 

4B sj. 


} | 





(3) 70567 | (0) 63000 ee = (2) 64914 | (0) 62665 
5087 5087 5085 5090 


(1) 75654 | ( 2) 68087 | (0) 63565 oe (0) 69999 | (2) 67755 | (1) 66181 
4042 4039 4027 4024 


(0) 72129 | (1) 67604 | (0) 64259 oe (1) 71782 | (1) 70205 | (1) 69085 
3193 3186 3195 3206 





(0) 70797 | (0) 67445 ee ee (0) 73400 | (1) 72291 





























F 











Spectrum of Trebly Lonised Mercury 


TABLE III. 
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Even Levels 


Odd Levels 





| 















































eS J Term Value Remarks || 3 | J | Term Value | Remarks 
Qa» | i Lew 
, Sees | eee i Le es 
| | | 
l 4% 0 d§s *Fy/2 yg 4% | 70567 d8 p*F°./2 
2 2% 2192 |d® 2Dz)2|} 2° 5% «| 74419 d®p*G°, 1/2 
3 4% 5653 d7s? 4F,,,. | 3° 3% | 74702 
4 3% 7557 ads *F,,.|| 4° 3% COS 75388 
5 3% 7897 dis? 4B, )5 5° 3% 75655 d8p 4F°,., 
6 2! 9476 d?s?4F,.| 6 | 2% = | 15772 
7 1% 10376 d® 2Dz,21 7° | 3% | 77045 
8 1% 10592 | dis? 3% | 78556 
9 2% 12084 d's 2%. 79688 d8p *F°, jo 
10 1% 15438 d’s 3% si 79919 
il 2% 21011 | d8s 4% 81039 d®p *G°g-o 
12 1% 23270 d’s 1% | 82884 d§p 4F°s 0 
13 2% 24054 dis? 3% | 85056 d®p *#D°7/2 
14 % 24564 d§s | 2% 85091 
15 1% 25001 d7s? #P,. {1 15° | 3% 86380 
16 % 25802 d7s2 4#P,,. || 16° |1%0r2% 87185 
7 4% 42131 17° | 3% 87825 d§p4G°z/o 
18 |2%or3! 44599 | 18° | 2% 88216 dp 4D°,)5 
19 3% 53342 19° 1% 89513 d§p4#D°3/4 
20 3% 55664 20° Yn 90327 d§p*#b°% 
21 2% 57122 21° 2% | 91752 
22 3% 57270 | 22° 2% 92237 d®p *G°s 2 
2 3% 59490 23° |1%0r2% 101826 
24° 2% 102255 
i| 25° 2% 102353 
26° 11% or2% | 106210 
27° 2% 106385 
28° 1% 106748 
29° |1%0r2% 108798 
30° 2% 113648 
31° | 2% 114508 
TABLE IV. 
| | | 
Int. | p | v | Comb. pets Ins. | A v | Comb. Pa 
0 | 7517-8 | 13298-1 23-- 1° 297 1 4206-10 | 23768 | 22-11° 769 
l 6709-5 | 14900-1 20- 1° 903 2 4161-65 | 24022-2 20- 9° 024 
0 | 6288-6 | 15896-7 23- 4° 898 2 3964-83 | 25214-7 19- 8° 214 
1 | 5804-3 | 17224 19- 1° 225 1 3880-90 | 25759-9 21-12° 762 
1 | 5001-3 | 19989-2 20- 5° 991 3 3578-75 | 27934-8 21-13° 934 
2 4949-53 | 20198-3 23- 9° 198 2 3528-32 | 28334 23-17° 335 
1 4676-0 ) 21380 20- 7° 381 2 3515-7 | 28435-7 17- 1° 436 
l 4664-2 | 21434 21- 8° 434 1 3416-86 | 29258 21-15° 258 
l 4639-3 | 21549 23-11° 549 2 2401-35 | 29391-7 20-13° 392 
1 4534-49 | 22047 19- 4° 046 4 3321-01 | 30102-7 18— 3° 103 
1 4480-49 | 22313 19- 5° 313 l 3271-9 | 30555 22-17° 555 
3 4459-18 | 22419 22- 9° 418 21} 3256-05 | 30703-2 21-17° 703 
1 4413-83 | 22650 22-10° 649 2 3230-7 | 30944 22-18° 946 
l 4385-57 | 22796 21-10° 797 2 3219-0 | 31057 18- 5° 056 
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Vv 
calc. 


Comb. | Int. | , 2 oni 





3215-1 31094 | 21-18° 094 || 2 | 1468: 68087 6 098 
3152-4 31713 | 19-13° 74 || 3 | 1465- 68222 215 
3148-8 31749 | 19-14° 749 1454+ 68766 766 
3096-22 | 32988 | 17- 2° 288 049 | 
3086-2 32390 | 21-19° 391 1448: 69046 049 | 
3081-0 32448 18- 7° 446 z, 096 | 
3070-96 | 325537] 20-18° 552 1447+ 69085 080 | 
3052-8 32747 | 23-22° 747 1442. 69314 312 
sason | (22-21° | 482) 1435-4 69643 653 
2899 34485 | | 19-17° 483 1434- 69725 : 735 
2886- 34629 | 21-21° 630 1130-2 69920 909 
2863 - 34912-¢] 17- 7° | 914 1428- 69999 5° | 70002 
2859 34967 | 22-22° 967 1424. 702.5 212 
2849. 35087-8| 18- 9° 089 1417: 70567 567 
2570+ 38893 | 19-22° | 895 1415+ 70671 5 659 
2569+ 3911 | 17-11° 908 1413- 70736 741 
2392- 41780-4| 18-15° 781 1412. 70797 800 
2312. 43225.8) 18-17° | 296 1400- 71398 392 
2098-5 47637 | 18-22° | 638 1393- 71741 77 
2043- 48913 | 19-24° | 913 1393- 71782 5- 9° 791 
1904- 52502 | 12- 6° 502 1386- 72129 4- 9° 131 
1658: 60308 | 19-30° 306 1383- 72291 8-12° 292 
1657- 60346 | 10- 6° 334 nes 2 3° 510) 
1639- 60998 | 13-13° | 61002 1379- 72514 7-12° 508 | 
1638- 61039 | 13-14° 027 1371- 72897 3- 8° 903 
1617- 61820 | 12-14° 821 1370- 72987 9-13° 972 
1595- 62665 5- 1° 670 1367: 73142 5-11° 143 
1587+! 63000 |!" 4— 1° 010 1362+ 73400 6 12° 408 
1581- 63215. | j 15-18° 215 1361- 73454 Q- 5° 463 
1573+: 63565 9- 5° 571 1361- 73475 4-11° 482 
1570: 63682 9- 6° 688 1350- 74058 | 10-199? | 075 
1569- 63711 | 16-19° 711 1346- 74261 3-10° 266 
1561 «: 64041 | 11-13° 045 1345- 74300 9-15° 296 
1560- 64078 | 11-14° 080 || 25] 1343. 74421 1- 2° 419 
1558-6 64160 | 13-18° 162 | 1342- 74499 8-149 499 
1556+! 64259 | 10- 9° 250 || 2 | 1338. 74699 1- 3° 702 
" ae ve 512) || 3 | 1335- 74862 2- 7° 853 
1549- 64524 | | 16~-20° 525) ||M: 1335- 74895 | 10-20° 889 
1540+: 64914 3- 1° 914 1331- 75086 9-16°? | 101 
pa Wit 14-19° 949 2 1- 4° 388 | 
1539- 64939 | | 12-18° 946 1326- 75386 3-11° 386 | 
1533: 65193 8- 6° 180 |mM3 | 1323. 75569 6-13° 580 
1533+: 65218 6- 3° 296 | 1321 75654 1- 5° 655 
1530+¢ 65321 15-20° 326 | 1320 75735 9-17° 741 
1527+5 65466 | 13-19° 459 1313 76132 9-18° 132 
1520- 65772 | 14-20° 763 1310- 76313 | 10-21° 314 
1516- 65924 6- 4° 912 1305+ 76593 8-16° 593 
1511- 66181 6- 5° 179 , ; ( 7-16° 809 } 
1509-5 66247 | 12-19° 243 1302- 76799 | | 10-29° 799 | 
1491-2 67060 | 12-20° 057 1297 77053 1- 7° 045 
1488+! 67191 | 11-189? | 205 1296: 77155 5-13° 159 
1482- 67445 | 10-12° 446 1295+ 7196 5-14° 194 
1479+¢ 67572 6- 7° 569 1294. 77244 | 15-24° 254 
1479-5 g- 9° 6u4 1292: 77346 | 15-25° 352 
1475- 5- 5° 758 1291: 77429 9-19° 429 
1473- 67870 5- 6° 875 1290: 77483 9- 9° 496 
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* B denotes a line given by L. & FE. Bloch, Journ. de Physique, 2, 249. 1921. 
+ M indicates blend with Hg III line classified by McLennan, McLay & Crawford, 
Trans, Roy, Soc. Canada, 22, 248, 1928, 
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A v Comb. ain | Int. A v Comb. ia 
1290-1 77513 4-13° 499 || o | 1145- 87336 2-19° 321 
1288-3 77622 8-18° 624 1 | 1139- 87781 | 11-29° 787 
1284-8 77833 7 18° 840 1 | 1138. 87820 1-17° 825 
1277-2 78296 | 13-25° 299 3 | 114: 89742 9-23° 742 
1272-9 78561 1- 8° 556 ||M1 1105: 90449 | 13-31° 454 
1269-8 718753 6-18° 740 || 2 | 1101: 90777 | 10-26° 772 
1266+1 78983 | 12-24° 985 1 | 1099- 90942 | 10-27° 947 
1264-7 79070 | 12-25 083 ( 8-23° 234 } 
1263-7 79133 7-19° 137 || © | 1096- 91241 | | 19-310 238 | 
1959-5 79397 3-13° 403 || o | 1095-2 91308 | 10-28° 310 
1254-0 79745 8-20° 735 || 3 | 1093-5 91449 7-23° 450 
: eR ( 1-10° 919) || 1 | 1091-0 91659 8-24° 663 
1251-1 79930 5-17° 928 1 | 1089-9 91752 8-25° 761 
| 1249-2 80051 6-19° 037 || 4 | 1082-8 92353 6-23° 350 
5| 1247-6 80154 g-22° 153 || o | 1071-2 93353 | 10-29° 360 
1245-7 80276 4-17° 268 || 1 | 1058-9 94438 5-25° 456 
1239-8 80658 4-18° 659 || 25] 1045-8 95621 8-26° 618 
1238-8 80723 3-15° 727 || 3 | 1043-8 95804 8-27° 793 
1935-4 80945 | 16-28° 946 || 2 | 1039-8 96172 8-28° 156 
1233-9 81044 1-11° 039 | 0 | 1037-7 96367 7-28° 372 
1231-9 81175 8-21° 160 || 1 | 1031-8 96918 6-27° 909 
) | 1993-3 81746 | 15-28° 747 ; , | 829° 206 } 
1216-8 82183 3-17° ize | 2 | BOte2 98213 | | 10-30° 210 | 
1206-6 82878 2-13° 864 || o | 1015-4 98483 5-27° 488 
| 1192-4 83864 5-21° 855 || 2 | 1009-4 99069 | 10-31° 070 
a : ( 2-15° 188) | 1 976-2 | 102438 9-31° 424 
9 | 1187-8 84189 || 4-91° 195) || 18| 970-4 | 103050 8-30° 056 
1180-8 84688 4-29° 680 || 1 968-4 | 103263 7-30° 272 
1175-7 85056 1-13° 056 || 0 962-2 | 103929 8-31° 916 
1173-9 85186 | 11-26° i99 | 1 961-4 | 104015 2-26° 018 
1162-6 86014 2-18° 024 || 1 956-6 | 104537 2-98° 556 
aa ou (f Pe 380) || 3 942-7 | 106078 4-30° 091 
sabia m | 10-23° 388) || 5 938-0 1066190 |{ 2-29° 606 | 
1151-9 86813 1u-24° 817 = | 5-31° 611 | 
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1. Introduction.  & 


Ir has been observed by Plotnikow and his collaborators! that when a 
narrow beam of light is passed through a column of liquid, such as alcohol, 
acetic acid, petrol-ether, water, castor-oil, ethylene glycol, etc., and is 
received on a photographic plate, there appears on the plate besides the 
central spot given by the undeviated pencil, a circular halo surrounding 
it. This halo is bright enough to be seen by the naked eye. According to 
Plotnikow, this longitudinal light-scattering (Plotnikow effect) is a universal 
phenomenon exhibited by almost all liquids and liquid mixtures. He 
further postulates the presence of huge molecular aggregates of size compar- 
able with the wavelength of light to account for this effect. The longer 
the wavelength of the light used, the more intense is the longitudinal 
scattering. It is also observed that the effect is most intense in the case 
of viscous liquids, such as castor-oil, ethylene glycol, transformer oil, etc. 

It is a well-known fact that dust particles in a liquid give rise to 
an enormous amount of light scattering. In all experiments on the scatter- 
ing of light, the removal of dust particles from the fluid is one of the most 
important precautions to be taken. Surprisingly enough in none of 
Plotnikow’s papers is any reference found to this important question. 
Experimentally as well as theoretically from the fundamental equations 
of electro-magnetic theory, it has been shown? that when large suspended 
particles are present, the scattering in the forward direction, 7.e., in the 
direction of the primary beam, is greatly enhanced. Moreover, the 





1 J. Plotnikow and L. Splait, Physikal Z., 31, 369, 1930. 
J. Plotnikow and S. Nishigishi, Physikal Z., 32, 434, 1931. 
J. Plotnikow, Strahlenther, 49, 339, 1934. 
2 ¢. V. Raman, Molecular Scattering of Light, 1922. 
K. R. Ramanathan, Phil. Mag., 46, 543, 1923. 
B. mag eee of the Indian Association for the Cultivation of Science, 
, 221, 1928. 


W. Shoulejkin, Phil, Mag., 48, 307, 1924, 
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spectroscopic character of the scattered light is different in different 
directions. ‘The light scattered in the forward direction contains more of the 
red portion of the spectrum than that in the transverse direction. 

It seems very difficult to accept Plotnikow’s suggestion that, in 
ordinary liquids, large aggregates of molecules are present, the size of which 
is comparable with the wavelength of light, in order to explain the halation 
observed by him in directions adjacent to the primary beam. Such huge 
ageregates can hardly exist in ordinary liquids, though of course, they are 
known to be present in liquid crystals. The present investigation was 
undertaken to examine whether ordinary liquids exhibit the Plotnikow 
phenomenon to the same extent after being freed from dust. 


2. Observations with Liquids not free from Dust. 


The light from a 20-ampere carbon arc was rendered parallel and 
was allowed to pass through a narrow tube, 15 cm. in lengthand 6 mm. 
in diameter, provided with a screen at one end. ‘The light after passing 
through another circular aperture of diameter about 3 mm. entered the 


~ 


column of liquid contained in a glass cell (8 cm.x5 cm.x5 cm.). The 
direct light was cut off by a piece of carbon rod held axially. The cell was 
carefully cleaned and was then filled with various liquids, one after another : 
acetic acid, ethyl alcohol, methyl alcohol, water, petrol-ether, ethylene glycol 
and castor-oil were used in succession. The observations were made in 
a dark room. When the transmitted light was received on a ground glass 
plate, a general halation was observed surrounding the centre which was 
most intense in the case of viscous liquids such as castor-oil and ethylene 
glycol. 

When the track of the beam inside the liquid was viewed through 
a microscope in a direction slightly inclined to the transmitted beam, 
numerous dust particles were seen moving about and acting as scattering 
centres. The spectroscopic character of the scattered light was found 
to be different in different directions. When the direction of observation 
was nearly against the direction of the incident beam, the suspended dust 
particles were much more conspicuous and the colour was much less blue 
than along a transverse direction. On the other hand, in directions back- 
ward to that of propagation of the incident light, the particles were less 
conspicuous and the blue colour of the scattered light was more saturated 
than in transverse directions. 

From these observations, it became clear that the: major part of the 
halation was due to dust. Usually, viscous liquids contain more of sus- 
pended dust and colloidal particles. Consequently, the scattering in the 
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forward direction should be more intense and less blue in such cases, as was 
actually found. 


3. Experiments with Dust-free Liquids. 


Two flat pyrex discs were fused on to the flat and parallel ends of 
a cylindrical pyrex tube 10cm. in length and 3cm. in diameter. This 
was connected to a larger bulb through a side tube and carefully cleaned 
and dried. The bulb was filled with pure ethylene glycol and the whole 
system evacuated and sealed off. The liquid was then distilled from the 
bulb to the observation tube. After the first distillation, this tube contain- 
ing the liquid was placed in the path of the beam of light in place of the 
rectangular cell. The flat ends were carefully cleaned outside. On examin- 
ing the transmitted light it was found that the brightness of the halation 
was distinctly less than in the case of the liquid before distillation. The 
process of slow distillation and washing the liquid back to the bulb was then 
carried out a large number of times till the liquid in the observation tube 
was completely free from dust. After each distillation, a test was made, 
and it was found that the forward scattering diminished as the amount 
of dust decreased and that the spectroscopic character of the light scattered 
in the forward direction approached closer and closer to that of the trans- 
versely scattered light. Finally, when all the dust was removed, the general 
halation in the forward direction completely disappeared, and the colour 
of the scattered light was not visibly different in different directions. The 
introduction of a coloured filter, e.g., a red glass or a green glass placed 
in the path of the incident light weakened the scattered light to the same 
extent in all directions. 1t should be mentioned that the slight imperfec- 
tions of the ends of the observation tube gave rise to a certain amount of 
diffused light. This could easily be distinguished, however, from the effect 
arising within the liquid, and its magnitude and distribution could be ascer- 
tained by repeating the experiment with the tube empty after careful clean- 
ing and drying. 


The experiments were repeated with acetic acid, ethyl alcohol and 
petrol-ether as scattering substances. No effect was observed in any of 
the cases, except that due to the imperfections of the ends of the vessel, 
provided the liquids were absolutely free from dust. The track of the beam 
inside the liquid was seen only with difficulty in the vicinity of the primary 
beam in these cases. Attempts were made to distil castor-oil with the aid 
of Hickmann’s vacuum still so as to get it pure and dust-free for observation 
of longitudinal scattering but without success. Further experimental 
investigations with highly viscous liquids of high boiling point are in progress. 
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In conclusion, the author wishes to thank Sir C. V. Raman, Kt., 
F.R.S., N.L., for suggesting the problem and for his valuable help and 
guidance during the course of this investigation. 


4. Summary. 

Experiments on the “Plotnikow”’ effect or the longitudinal light 
scattering in liquids were carried out with liquids not free from dust and also 
with liquids free from dust. The effect was observed conspicuously in the 
case of dusty liquids. The effect completely disappeared in the liquids 
so far examined when they were freed from dust by repeated distillation 
in vacuo. It thus seems clear that the Plotnikow effect is not a molecular 
phenomenon but is due to the presence of dust. 
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It is well known that in By unsaturated acids, the double bond wanders 
to the a 8 position, thus producing a stable system of conjugated double- 
bonds. In glutaconic acid, however, owing to the presence of activating 
carboxylic groups at both the ends of the three carbon system, the double- 
bond is not fixed, and this results in the mobility of a hydrogen atom in 
the methylene group, 
COoH -CH=CH—CHg: COzH. 
cnsteniaaniiell 

This gives rise to a number of isomerides of peculiar properties in the various 
substitution products of glutaconic acid, and has attracted the attention 
of workers like Perkin, Thorpe, Feist, Ingold, Kon, etc., since the beginning 
of this century. Glutaconic acids where only the f-position has been substi- 
tuted, possess a special interest, in that the mobility of the mobile hydrogen 
atom in the methylene group, is unhampered by any substitution. Only 
two such f substituted glutaconic acids are known—f-methyl and f-phenyl, 
but the investigators were handicapped by their very poor yields; very 
little work having been done especially in the latter case (Rogerson and 
Thorpe, J. C.S., 1905, 1691; Bland and Thorpe, J. C. S., 1912, 856). Owing 
to, as Prof. Kon says in his recent publication (Gidwani and Kon, J.C. S., 
1932, 24) “the difficulties attending the preparation of B-phenylated glutaconic 
acid derivatives,” there was no method of general application for synthesis 
of these important group of compounds. This paper deals with a new 
method, by which it has been found possible to introduce a variety of 
aromatic groups in the f-position of glutaconic acid. 

Limaye and Bhave have recently shown (J. Ind. C. S., 8, 137, 
1931) that B-4-methoxy-phenyl glutaconic acid could be obtained by the 
condensation of anisole with acetone-dicarboxylic acid, the nuclear carbon 
atom occupying the para position to the methoxy group. The present 
author in extending Limaye and Bhave’s method to meta- and para-cresol- 
methyl ethers, found that their condensation with acetone-dicarboxylic 
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acid proceeded comparatively smoothly, but the acetone-dicarboxylic acid 
residue was observed to go to the ortho position to the methoxy group, which 
in the case of the resulting glutaconic acid from p-cresol-methyl-ether 7.¢., 
B-(2-methoxy-5-methyl-phenyl) glutaconic acid was proved by its trans- 
formation by means of concentrated sulphuric acid into the corresponding 
§-methyl-coumarin-4-acetic acid, a known compound (Dey, J.C. S., 1915, 
1606). 


O 
eo H,SO, (Neo 
CH-COOH =§ ————_ > | + MeOH 


% 
|/ a ‘H 
4 Non COOH We 


( 
CH,-COOH 


ff 


a 


. 
The action of sulphuric acid in this case could be supposed to consist in the 
demethylation of the methoxy group in the glutaconic acid and subsequent 
closing of the coumarin ring by elimination of a molecule of water between 
the newly generated phenolic hydroxyl and one of the carboxylic groups 
of the glutaconic acid. Consequently, it was thought that the reversion of 
this process may be employed for the synthesis of such B-methoxy-phenyl 
glutaconic acids of the ortho series from the corresponding coumaryl-4-acetic 
acids, the opening of the coumarin ring of these latter compounds being the 
first step to be achieved. 

This ring opening is known to happen in the case of simple coumarins, 
by the action of strong alkalis, the products being either coumarinic or 
coumaric acids, according to conditions (Fries and Klostermann, Annalen 
1908, 362, 1-29; Fries and Volk, Annalen, 1911, 379, 90-110). Previous 
attempts to apply this reaction in the case of coumaryl-4-acetic acids failed, 
the compounds precipitating unchanged, on acidification after the treatment 
with alkali. (Dey, J. C. S., 1915, 1606; Fries and Volk, Annalen, 1911, 
379, 1617-18.) In some cases, however, it was found possible to isolate the 
disilver salts of the expected glutaconic acids, but these when decomposed 
by hydrogen sulphide, were found to give the original coumaryl-4-acetic 
acids unchanged. This shows that alkalis do open the coumarin ring in 
the coumaryl-4-acetic acids, but this again gets closed during acidification. 
To prevent this, treating the strongly alkaline solution, obtained after 
boiling the coumaryl-4-acetic acids with alkalis, with dimethyl sulphate before 
acidification, was thought would be the most suitable method; the phenolic 
hydroxy group would then be methylated first and thus be protected from 
taking part in the ring closure. 

This expectation was amply fulfilled in the case of the coumarin-4-acetic 
acid from #-cresol, i.e. 6-methyl-coumarin-4-acetic acid, the expected B (2- 
4 
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methoxy-5-methyl-phenyl) glutaconic acid having been obtained, as a result 
of the application of the above process, along with some unchanged 6-methyl 
coumarin-4-acetic acid. 

O 


A“\/\co 


Hydrolysis 
> 
CH CH 


\/\4 ~~ 


C-CH.,.-COOH 


6-methyl-coumarin-4- 
: i a \ocn, 


acetic acid. Methylation 
Yeas 
cil, 


ONa 


CH-COONa 
cf 





CH.-COONa 





————{> 
and acidification C 
3 4 

CH.-COOH 


B-( 2-methoxy-5-methyl-pheny]) 
glutaconic acid. 


The solubilities of the coumarin acid and the glutaconic acid were so near 
each other that it was found impossible to separate them by ordinary methods 
such as fractional crystallisation, fractional precipitation, etc. By treating the 
mixture with acetic anhydride, only the glutaconic acid was transformed 
into its hydroxy-anhydride, the coumarin acid remaining unchanged. These 
two substances, having widely different properties, were easily separated by 
ordinary methods. In similar manner the f (2-methoxy-4-methyl-pheny]) 
glutaconic acid was synthesised from 7-methyl-coumarin-4-acetic acid 
(m-cresyl-coumarin-4-acetic acid), and was found to be identical with that 
obtained by condensing the methyl-ether of meta-cresol with acetone 
dicarboxylic acid. 


On application of this method of hydrolysis and methylation to the 
coumaryl-4-acetic acid from a-naphthol, a mixture of the expected glutaconic 
acid and the unchanged coumarin acid was obtained as usual. These two 
compounds differed very much as regards their solubilities and were easily 
separated. The methyl-ether of a-naphthol, unlike the methyl-ethers of m and 
p cresols, however, when condensed with acetone-dicarboxylic acid at low 
temperatures, was found to give a different glutaconic acid, evidently of 
the para series. Here the para position of the acetone-dicarboxylic acid 
residue with respect to the methoxy group in the naphthol ring, was proved 
by oxidation of this glutaconic acid to the corresponding naphthyl carboxylic 
acid, a known compound (Gattermann, Annalen, 244, 72). These reactions 
are represented as: 
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co 
of \cu 
C-CH,-COOH Pe cess OCHs ~cH-COOH 
(1) Sa a Methylation i ge 
| | | | | \\cH,-CcooH 
er et” Ww ® 
OCH; OCH, OCH, 


SS a ee 


CO 
HOOC-CH,-—C=CH-COOH _ 


When the reaction was extended to the coumaryl—4—acetic acid from 
p-naphthol, it was discovered that on careful fractional crystallisation of 
the reaction product, two isomeric glutaconic acids could be separated, the 
less soluble melting at 186°C. (decomp.), and the other at 162°C. (decomp.). 
That these two acids were stereoisomeric and not structurally isomeric 
followed from the fact that both of them, when treated with equi-molecular 
proportions of aniline at a temperature slightly above their melting points, 
gave the same hydroxy-anil (I) by loss of two molecules of water. Further, 
both the forms when decomposed in a paraffin bath at their melting points, 
lost a molecule of water, and were converted into the same hydroxy-anhydride 
(III) m.p. 135°, and a new substance m.p. 172°C. isomeric with the anhydride. 


Acid m.p. 186°C. Remy we Acid m.p. 162°C. 
SS 10n 
Aniline)Z at 180°C. “— > Thermal NDecomposition 
CH —CO CH — CO 
R- of sph Jou CONHPh = ait "Ns 
CH =C R-C N\ cH =c& 
ie CH, — COOH ‘No 
(1) (IT) (ITT) 
-—_———. <—— 
Thermal decomposition. Aniline in benzene. 


(R =B-naphthol-ether radical) 


It has been observed that these two substances are interconvertible simply 
by the action of different solvents and appear to be tautomeric. However 
they have distinctly different physical and chemical properties, and are quite 
stable as such, and hence this appears to be a new kind of tautomerism. 
An account of detailed study of this tautomerism as well as of the 
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determination of the structure of the product m.p. 172°C. has been reserved 
for a future communication. That the compound m.p. 135°C. represents the 
true hydroxy-anhydride is, however, supported by the formation from it of a 
semianilide (II), when treated in benzene solution with equivalent amount 
of aniline. This semianilide, when decomposed at its melting point, gave a 
hydroxy-anil identical with that produced from the glutaconic acid and 
aniline, as described above. 

The two isomers, however, are differentiated by the action of 
acetic anhydride on them, the acid m.p. 162°C. being readily transformed 
into the hydroxy-anhydride described above, whereas the acid m.p. 186°C, 
remains unchanged when boiled with a slight excess of the reagent. 
This showed that the acid m.p. 162°C. isthe cis variety and the other melting 
at 186°C. the trans one, and is further supported by the fact that, only the 
form melting at 162°C. is obtained by hydration of the hydroxy-anhydride 
under mild conditions. To explain the formation of the same hydroxy 
anhydride or the same hydroxy-anil from both these glutaconic acids, it has 
to be assumed that at the temperature of its melting point, the trans is first 
converted into the cis variety, before further action. Reference to 
literature showed that whereas cis and trans forms of very few substituted 
glutaconic acids have been isolated, no glutaconic acid of the “‘B-aryl” 
series has heen shown to exist in any such geometrical isomers, the present 
B (8-methoxy-naphthyl) glutaconic acid being the first to be separated into 

CH 
cO.H cu.c7% co 


CH-CO.H 
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two such forms. A further detailed study about the isomerism, the 
determination of the condition of interconversion of the isomers etc., is in 
progress, an account of which is reserved for a future communication. 
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The original B-naphtha-coumarin-4-acetic acid may be represented 
by two structures (IV) and (V), according as the acetone dicarboxylic acid 
residue occupies the a or y position in the f-naphthol, and consequently 
the present f (8-methoxy-naphthyl) glutaconic acids, which are derived 
from it might have either of the constitution (VI) or (VII): To settle this 
point, both the czs and trans forms of the f (B-methoxy-naphthyl) glutaconic 
acid were subjected to the action of various oxidising agents but in no case 
any definite oxidation product could be isolated, the molecule as a whole 
being decomposed. This is quite in conformity with Dey’s inability to 
oxidise the parent f-naphthyl-coumarin-4-acetic acid to any naphthol 
carboxylic acid (Dey, J. C. S., 1915, 1615). The author is, however, led to 
believe the constitutions (V) and (VII) for the B-naphthyl-coumarin-4-acetic 
acid and 8 (8-methoxy-naphthyl) glutaconic acid respectively, especially as 
a result of oxidation of the internal condensation product of the latter, 
which will be reported in due course. 


Quite contrary to expectations, the methyl-ether of f-naphthol was 
not found to condense with acetone-dicarboxylic acid at all under any 
temperature, every time the substance being recovered unchanged. 


Experimental. 

Preparation of B (2-methoxy-5-methyl-phenyl) glutaconic acid from 6- 
methyl-coumarin-4-acetic acid :— 

6-methyl-coumarin-4-acetic acid (10 gm.) was dissolved in 50 c.c. of 
20 per cent. aqueous sodium hydroxide, and the solution refluxed for about 
an hour. After cooling and filtering, dimethyl sulphate (20 c.c.) was gradually 
added and the whole heated in a water-bath at 80-90°C. As the reaction 
started, the contents began to boil, which came to an end in about half an 
hour. To decompose any ester formed, more alkali was added and the 
solution again refluxed for about fifteen minutes. On cooling and filtering, 
the solution was carefully acidified, when a semi-solid mass gradually 
separated, and solidified to a crystalline mass on rubbing and keeping for 
a couple of hours. After filtering and drying, this was mixed with 15 c.c. 
of acetic anhydride, and the mixture heated to boiling until the whole just 
went in solution. ‘The excess of acetic anhydride was evaporated on a boil- 
ing water-bath and then in a vacuum desiccator over solid potash, and the 
tesidue extracted with boiling benzene. On evaporating away the benzene 
from the benzene extract, the anhydride of the glutaconic acid was obtained 
alomst pure. It was recrystallised from a mixture of petrol and benzene. 
Colourless needles m.p. 117°C. (Found: C, 67-12 %; H, 5-08 %; 
Equivalent 234. C,3H 204 requires C, 67-24 %; H, 5-17 % ; Equivalent 
232.) 
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The glutaconic acid was obtained from the above anhydride by 
hydrolysis with dilute alkalis or water—rectangular prisms from dilute acetic 
acid, m.p. 169°C. (decomp.). This was found identical with the one obtained 
by directly condensing the methyl-ether of p-cresol with acetone-dicarboxylic 
acid. (Found: C, 62-27 %; H, 5-52 %; Equivalent 125. (Cj,3H,,0; 
requires C, 62-4 %; H, 5-6 %; Equivalent 125.) 

Synthesis of B (2-methoxy-4-methyl-phenyl) glutaconic acid from 7-methyl- 
coumarin-4-acetic acid :— 

7-methyl-coumarin-4-acetic acid (10 gm.) was boiled with 75 c.c. of 30%, 
solution of potassium hydroxide for an hour under reflux. Dimethyl 
sulphate (20 c.c.) was then gradually added, keeping the alkali solution 
at a temperature between 80-90°C. in a water-bath during the addition. 
The rest of the method followed was exactly as above. The anhydride of 
the 8 (2-methoxy-4-methyl-pheny]) glutaconic acid, crystallises from alcohol 
or benzene as colourless short needles, m.p. 147°C. (Found: C, 67-17 %; 
H, 5-12 %; Equivalent 235. C)3H,204 requires C, 67-24 %; H, 5-17%; 
Equivalent 232.) 

The corresponding glutaconic acid obtained from this hydroxy 
anhydride crystallised from water in prisms, m.p. 174°C. (decomp.). (Found : 
C, 62-32 % ; H, 5-49 %; Equivalent 125. (Cj,3H)4O; requires C, 62-4 % ; 
H, 5-6 % ; Equivalent 125.) 

Hydrolysis and methylation of  a-naphtha-coumarin-4-acetic acid. 
Formation of B (1-methoxy-naphthyl-2-) glutacontc acid :— 


O CH, 
8 1 . 
CH-CO.H 
i’ \“ \o— cf 
| CH.-CO.H 
3 


an 


a-naphtha-coumarin-4-acetic acid (10 gm.) was dissolved in 75 c.c. of 
30% sodium hydroxide solution, and boiled under reflux for two hours. On 
cooling, it was kept in a water-bath maintained at a temperature between 
80-90°C., and dimethyl sulphate (40 c.c.) was gradually run in under 
continuous mechanical stirring. After the addition of dimethyl sulphate 
was over, after about half an hour, 15 c.c. more of 30 per cent. sodium 
hydroxide solution were added, and the whole again boiled for further 
half an hour. On cooling, the sodium sulphate which separated was 
filtered out, and the filtrate washed with ether. It was then cooled in 
ice and carefully acidified with dilute hydrochloric acid, under constant 
stirring, when a yellow oil gradually separated, which, .on rubbing 




















rece aw 








Chemistry of B-Aryl Glutaconic Acids 55 
and keeping overnight, solidified to a crystalline cake. It was filtered, dried 
and rubbed in a mortar with about 70 c.c. of cold alcohol, when most of the 
unchanged a-naphtha-coumarin-4-acetic acid remained undissolved. This was 
filtered out, and the alcoholic solution concentrated to 30c.c. This was 
cooled in ice and 100 c.c. of ice water added slowly under continuous stirring 
when the glutaconic acid.separated first as an oil which soon solidified to 
a yellow crystalline mass, on rubbing and keeping. This was recrystallised 
from 30 per cent. methyl alcohol or 5 per cent. acetic acid, using animal 
charcoal—colourless plates, m.p. 161°C. (decomp.). (Found: C, 66 9%; H, 
4-7 %; Equivalent 145. C,gH,4,O; requires C, 67-1 %; H, 4-9 %; Equi- 
valent 143.) 

Hydroxy-anhydride of B-(1-methoxy-naphthyl-2-) glutaconic acid :— 

This is obtained by boiling the glutaconic acid with acetic anhydride for 
a few minutes. The hydroxy-anhydride separated on cooling the acetic 
anhydride solution in ice and scratching, as grey needles. It was filtered, 
washed with ether and crystallised from benzene or acetic acid (using animal 
charcoal)-—yellowish needles, m.p. 158°C. More of this hydroxy-anhydride 
could be recovered from the acetic anhydride filtrate, on removing the acetic 
anhydride in a vacuum desiccator over potash ; and crystallising the residue 
from benzene. 

The hydroxy-anhydride dissolves readily in cold dilute alkalis but 
gives a coloured solution and hence could not be titrated. It could be 
recovered unchanged from its cold alkali solution, even after standing for 
an hour. The sodium salt of the hydroxy-anhydride separates when strong 
alkali is added to its solution in dilute alkali. The hydroxy-anhydride gives 
the characteristic phenolic colouration with ferric chloride, in cold alcoholic 
solution. (Found: C, 71-39%; H, 4-38%. CygHj2O, requires C, 71-6% ; 
H, 4-47%.) 

Semianilide.—-The hydroxy-anhydride was dissloved in warm benzene, 
the equivalent amount of aniline added, and the solution heated to boiling 
for a few minutes. On cooling and scratching, the semianilide separated 
from the benzene solution as a white precipitate. It was crystallised from 
dilute alcohol—colourless needles m.p. 180°C. (decomp.). It titrates as a 
monocarboxylic acid. (Found: C, 72-5% ; H, 5-1%. Cs2HjgO4N requires 
C, 73-19%; H, 5-25%.) 

Hydroxy-anil_—The glutaconic acid was finely powdered and heated 
with a slight excess over the equivalent amount of aniline, in an oil-bath 
at a temperature between 150-160°C. The reaction started with vigorous 
decomposition and evolution of water vapour. After an hour’s heating the 
temperature was increased to 180°C, for a short time. On cooling, the red 
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sticky reaction mixture was rubbed first with dilute hydrochloric acid and 
then with alcohol, when it turned into a yellowish powder. This was filtered 
and rapidly crystallised from glacial acetic acid—short needles, m.p. 
199-200°C. The hydroxy-anil is very sparingly soluble in ordinary 
organic solvents. It dissolves in cold dilute alkalis. (Found: C, 76-5%; 
H, 4-91%. Cs2H)703N requires C, 76-9°% ; H, 5-0%,.) 

Condensation of a-naphthol-methyl-ether with acetone-dicarboxylic acid ; 
formation of B (1-methoxy-naphthyl-4-) glutacontc acid :— 

Citric acid (25 gm.) was finely powdered and heated with concentrated 
sulphuric acid (40 c.c. of sp. gr. 1.84) at a temperature of 70°C. for 15 
minutes with repeated shaking. The clear orange solution thus obtained was 
cooled in a packing of ice and salt, and a-naphthol-methyl-ether (13 gm.) was 
gradually introduced, shaking vigorously the mixture during each addition. 
The mixture was kept at a temperature not exceeding 5°C., for 24 hours and 
then poured in large amount of ice water. A red sticky mass separated 
which turned into a yellow precipitate on standing overnight. This was 
filtered, washed with water and taken up in 10% cold sodium carbonate 
solution. This sodium carbonate solution was washed with ether, and care- 
fully acidified, when the glutaconic acid came out as granular mass. It 
was filtered, washed and crystallised from alcohol (animal charcoal) ;—paral- 
lelogramic colourless plates. It softens at 193°C. and decomposes with 
blackening at 199°C. This glutaconic acid unlike the other members of this 
series, is sparingly soluble in alcohol or acetic acid, but dissolves readily in 
acetone. It gives an insoluble barium salt in cold. Yield 13 gm. (Found: 
C, 66-8%; H, 4-749%; Equivalent 143. CjgH),O; requires C, 67-1%; 
H. 4-9% ; Equivalent 143.) 

Hydroxy-anhydride.—This is obtained as usual by heating the gluta- 
conic acid with acetic anhydride; crystallisation from benzene and then 
from acetic acid yields prismatic needles m.p. 156°C. The sodium salt 
of this hydroxy-anhydride is insoluble in cold water or alkalis, but 
dissolves on boiling. It thus separates as colourless plates when a hot 
solution of the hydroxy-anhydride in dilute sodium hydroxide or sodium 
carbonate is cooled. ‘The hydroxy-anhydride is comparatively more stable 
towards alkalis; and could be recovered unchanged on acidification of its 
solution in hot alkalis. The hydroxy-anhydride gives the characteristic 
colouration with ferric chloride in cold alcoholic solution. (Found : C, 71-1%; 
H, 4-33%. CigH)204 requires C, 71-6%; H, 4-47%.) 

Semianilide.—Prepared as usual from the hydroxy-anhydride and 
aniline in benzene solution—colourless needles from alcohol, m.p. 176-177°C. 
(decomp). This titrates as a monobasic acid. (Found: C, 72-6% ; 
H, 5-149%. Co2HjgO4N requires C, 73-1% ; H, 5-25%.) 
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Hydroxy-anil.—Obtained as usual by heating the glutaconic acid with 
equivalent amount of aniline at 160°C., or decomposing the above semi- 
anilide at its melting point: crystallised from glacial acetic acid: short 
prismatic needles, m.p. 223-224°C. It readily dissolves in cold dilute 
alkalis. (Found: C,76-6%; H,4-84%. Co2H)7O3N requires C, 76-9% ; 
H, 5-0%.) 

Oxidation of B (1-methoxy-naphthyl-4-) glutacontc acid :— 

The glutaconic acid (5 gm.) was dissolved in 40 c.c. of 10%. sodium 
carbonate solution, the solution cooled in a mixture of ice and salt, and a 
4% aqueous solution of potassium permanganate was gradually 
run in under continuous mechanical stirring, until the pink colour of a test 
portion persisted. A current of carbon-dioxide was continuously passed 
through the solution during the whole operation. On keeping overnight 
the manganese dioxide which separated, was filtered out under suction 
and washed with small amounts of distilled water, the washings being added 
to the filtrate. The filtrate was evaporated under reduced pressure to 
a small bulk, cooled in ice and acidified with dilute hydrochloric acid. The 
naphthyl carboxylic acid which separated, was twice crystallised from alcohol 
using animal charcoal: fine needles, m.p. 232—234°C. (Found: C, 71-1%; 
H, 4:82%. CysHyO3 requires C, 71.3% ; H, 4-95%.) 


Hydrolysis and methylation of B-naphtha-coumarin-4-acetic acid, forma- 
tion of B (2-methoxy-naphthyl-3-) glutaconic acid :— 


The coumarin acid (20 gm.) was heated under reflux with 150 c.c. of 
30°, sodium hydroxide solution for two hours. The deep-orange solution 
was kept at a temperature of 80-90°C. in a water-bath, and dimethyl sulphate 
(80 c.c.) was gradually run in under continuous mechanical stirring. After 
the addition was over in about half an hour, the solution turned faint yellow, 
and a considerable amount of salt separated. This was filtered out, more 
sodium hydroxide (5 gm.) was added and the whole refluxed for about 15 
minutes. Still some more salt separated which was again filtered out, the 
filtrate washed with ether, cooled in ice, and acidified with dilute hydrochloric 
acid. A yellow viscous mass separated, but this did not solidify completely 
even on rubbing and keeping overnight. The supernatant liquid was drawn 
off and the mass was rubbed with small quantities of distilled water 
repeatedly, when it turned into a yellow granular precipitate. It was 
filtered and treated with 400 c.c of boiling 5% aqueous acetic acid 
when major part of the unchanged B-naphtha-coumarin-4-acetic acid remained 
undissolved (3 gm.). The product which crystallised out on cooling the 
acetic acid filtrate, was fractionally crystallised from 20% aqueous 
methyl alcohol, and separated into two pure acids :—(I) the more insoluble 














58 G. R. Gogte 















hexagonal colourless plates, m.p. 186°C. (decomp.): Yzeld 4 gm. (II) 
Rectangular prisms, m.p. 162°C. (decomp.): Yzeld 70 gm. (I) Found: C, 
66-79%; H, 4.8%; Equivalent 146. C\gH,40; requires C, 67-19%; H, 4-9%; 
Fquivalent 143. (II) Found: C, 66-9%; H, 4-9%; Equivalent 144. 
C\gH,4O; requires C, 67-1% ; H, 4-9°% ; Equivalent 1453. 

Thermal decomposition of the above glutaconic acids :— 

Decomposition of acid m.p. 162°C.:—The glutaconic acid (10 gm.) 
was heated in a hard glass tube in an oil-bath at 170°C. when the decomposi- 
tion started with vigorous evolution of water vapour. In about an hour 
the decomposition came to an end, and the dark red liquid in the tube solidified 
to a brittle red mass on cooling. On breaking the tube, this .brittle mass was 
ground in a mortar with cold benzene (70 c.c.), when a light yellow precipitate 
came out. ‘This was filtered and washed with small amounts of benzene, 
these washings being added to the original filtrate. Yield 5 gm. Crystal- 
lised from a mixture of acetone and benzene (1: 4), with animal charcoal: 
short prismatic needles, m.p. 172°C. with slight decomp. 

The combined benzene filtrates were evaporated to 10 c.c. and cooled 
in ice, when the hydroxy-anhydride separated out as a crystaliine mass, 
on scratching the sides of the container. It was filtered under a strong 
suction, washed with small amounts of ice-cold benzene, ard crystallised 
rapidly from alcohol or benzene (animal charcoal). Colourless light needles 
from alcohol; colourless plates from benzene, m.p. 135°C. Yield 3 gm. 
(Found: C, 71-490; H, 4:4%. CygH 204 requires C, 71-6% ; H, 4-47%.) 

Both the compounds titrate as monobasic acids giving the same 
equivalent, and could be recovered unchanged on acidification of their 
alkali solution. The solution of the hydroxy-anhydride in cold alcohol 
or acetone gives the characteristic colouration with ferric chloride, which is 
not given by the solution of the compound m.p. 172°C. in cold acetone. The 
hydroxy-anhydride is very easily soluble in benzene while the compound 
m.p. 172°C. is practically insoluble in benzene. 

Decomposition of the acid m.p. 186°C. :—-The glutaconic acid (5 gm.) 
was decomposed at a temperature of 190°C., and the decomposition product 
treated with cold benzene exactly as above, when the same compound m.p. 
172°C. and the hydroxy-anhydride m.p. 135°C. were separated in yields of 
0-7 gm. and 2 gm. respectively. After the hydroxy-anhydride crystallised 
out, the benzene filtrate on evaporating off the benzene, gave a consider- 
able amount of dark red viscous substance from which nothing crystalline 
could be separated. 

Action of acetic anhydride on the B (B-methoxy-naphthyl) glutaconic acids :- 

The glutaconic acid m.p. 162°C. (5 gm.) was boiled with acetic anhydride 
(6 c.c.) for a short time when a homogeneous green solution was obtained, 
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from which no hydroxy-anhydride crystallised out even on cooling and scratch- 
ing. The hydroxy-anhydride only crystallised out on cooling in ice and salt, 
and seeding with a pure sample of the same. Yield 2 gm. On remoy- 
ing the acetic anhydride from the filtrate over potash, more of the hydroxy- 
anhydride was obtained. The glutaconic acid m.p. 186°C. similarly went 
in solution in boiling acetic anhydride but even on cooling the solution in 
ice and salt and seeding with pure hydroxy-anhydride, no hydroxy-anhydride 
crystallised out. On removing the hydroxy-anhydride over potash from 
the solution, and treating the residue with benzene the original glutaconic 
acid was obtained unchanged, being insoluble in benzene. Warming the 


hydroxy-anhydride with ; sodium hydroxide solution in a steam-bath for 


14 hours, gave only the glutaconic acid m.p. 162°C. 

Semianilide of B (2-methoxy-naphthyl-3-) glutaconic acid :— 

Obtained as usual from the hydroxy-anhydride m.p. 135° and equivalent 
amount of aniline in benzene solution. Colourless needles from alcohol, 
m.p. 172°C. It titrates as a monobasic acid. (Found: C, 72-7%; 
H, 5-1%. Co2Hj9O4N requires C, 73-1 % ; H, 5-25%.) 

Hydroxy-anil.—This is obtained by three methods :— 

(a) By the thermal decomposition of the semianilide at 170°C. 

(6) By heating the glutaconic acid m.p. 162°C. with a slight excess 
over the equivalent amount of aniline 155-160°C. for half an hour. 

(c) By heating the glutaconic acid m.p. 186°C. with aniline as above 
at 170-180°C. for half an hour. 

In all the above methods the hydroxy-anil was separated as follows: 
when the frothing of the reaction mixture and the evolution of water vapour 
stopped, the containing tube was cooled and broken, and the red resinous 
mass was first ground in a mortar with dilute hydrochloric acid and then 
with cold alcohol, when the hydroxy-anil separated as a light yellow precipi- 
tate. It was filtered, washed with alcohol and crystallised from a large 
amount of the same solvent. Light colourless plates m.p. 196-197°C. The 
hydroxy-anil is soluble in cold dilute alkalis. (Found: C, 76-7% ; 
H, 4-8%. Cs2H)7O3N requires C, 76-9% ; H, 5%.) 

The author wishes to express his thanks to Dr. P. C. Guha, D.Sc., for 
the encouragement he has given and the facilities provided, in carrying 
out the present investigation; and to Mr. P. Ramaswami Ayyar, M.A., 
A.I.L.Se., for some helpful criticisms. 
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1. Introduction. 

THE problem of determining the duration of contact of a hard hammer and 
a pianoforte string struck by it was first solved by Raman and Banerjee.! 
They considered the problem as that of a loaded string and solved it by 
the aid of a theorem given by the late Lord Rayleigh.2 Later on Das? 
also solved the problem by the functional method. Both the methods gave 
results which have stood the test of experiment. Kar* raised objections 
against the earlier method. In his paper Kar claims to have proved that 
the series used by Raman and Banerjee for the acceleration of the hammer 
does not converge. He has also raised other objections. Kar’s objections 
have gained currency in current literature. Backhaus® refers to Kar’s objec- 
tions and does not give the Raman-Banerjee method in his book. Ghosh® 
also gives reference to Kar and says that the Raman-Banerjee method 
is incorrect. In this paper it is shown that Kar is certainly wrong in his 
opinion that the method is incorrect and that the series is non-convergent. 
‘The series actually converges and exhibits discontinuities, the magnitude 
and position of which is shown to be in complete accordance with physical 
reasoning. The graphical method used by Raman and Banerjee in summing 
up the series is also shewn to be valid. 


2. Statement of the Problem. 


The pressure exerted by the hammer on the string is given by 
d? - A, sin ¢ A, t 
nm. —-3° =2 mve-d — * “ 


—TF = - 
dt Ti+ f. (a cosec* A, a+b cosec® A, b) 





m denotes the mass of the hammer, p the linear density of the string, a and } 





Proceedings of the Royal Society, 97, p. 100. 

Theory of Sound, I, Art. 133. 

Proc. Ind. Ass. Cult. Sci., IX, p. 297. 

Phil. Mag., 7th Series, VI. 

Handbuch der Experimental Physik., Band 17, Dritter teil, 
Phil. May., 7th Series, 17, p. 521, 
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the lengths of the parts into which the string is divided by the hammer, v 
the initial velocity of the hammer, c the velocity of wave-propagation on 
the string, and fy denotes the displacement of the hammer at time ¢. 

Now first of all it will be shewn that the series obtained by them for 


{> and we converge absolutely and uniformly. Now the A,’s are 
obtained as the roots of the equation 
sin A (a+b)=™" (sin Aa sin Ad). 


A 

or (1) cot Aa-+ cot N= 

Let us denote roots in ascending order as follows :—aAj, Ao,...., Ay... 
From elementary considerations it is clear that A, > ky where & is a 
suitably chosen positive constant. Now by equation (1) we obtain that 
either 


, 


dt ’ 





m m js : 
cot A,a> 4-—A,, or cot A, b>4-— d,. Therefore the series for 
yu be 


v12., 


cos cA,t 





mv. & 
1+ f (a cosec” A,a + b cosec” A,b) 


converges absolutely and uniformly for all finite values of ¢, as the terms of 
‘ : 1 sabe . 
this series are of the same order as —. A fortiori, the series for fo also 
pr 
converges. 


Hence, if we prove that the series for converges at all points 


d*{, 
dt? 
and that the series exhibits the discontinuities obtained by physical 


reasoning, the validity is established. ‘The proof consists in shewing that 

sin n@ 
n 

and another series which converges absolutely and uniforinly in any finite 


interval of time. 


we can consider the series as the sum of two series of the type 2 


3. Proof of a Lemma. 


Let @ be an irrational number. {6} denotes the fractional part of 
n§, where n is a positive integer. Let m, m2, m3.... M,,.... be those 
positive integers in ascending order which satisfy the inequality 


(a) {nO}< +. where & is any constant. 
V 


Then 1,>ar3/2 where a is a constant depending on k. 
Proof :—L,et us develop 6 in continued fractions and denote the successive 
convergents by 


Po Pr Pe Pn 
Go q, q.’ “9 qn? eoee 
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wa ; ; m ™%. . 
Now consider all possible fractions —, where » <q2, and — being < @ and 
n n 


nearest to it among fractions with denominator ». Then by elementary 
theorems on continued fractions we obtain 


ag. ee 


n° Gy 
or {n0}> Par M2. 9 
Q2r 


Now all values of <q, which satisfy inequality (a) also satisfy the 
inequality 

P kq2y 

(b) O<npo,—mqxy < pr 
m being chosen in the manner indicated previously. Now consider all values 
of n> k?/3 q23. Then the values of » which satisfy inequality (b) and 
which are greater than k?/3 q3/, also satisfy the inequality 

= Agar = k2/3 g2/3 
Ris q' 2r 

Now by the choice of m it is evident that np2,—mg2, is the remainder 
obtained by dividing mp2, by q2,. Therefore the numbers nfo,—mq2, are 
all different from one another. Therefore all values of n> k?/3 33 and 
which satisfy inequality (c) are <hk?/3g7/°. Hence all values of m satisfying 


(c) 0 < npy—mqy < 


oO 
r 


inequality (a) are <2hk?/3 93’. 
‘. by elementary reasoning we obtain that n,>ar3/?, where n, is supposed 
to be >,.; and a is a suitably chosen constant. 
In a similar manner we can prove that if m, mz,...., m,,....be 
the values of m, arranged in ascending order and satisfying the inequality 
(d) 1—{(n6} <—~ 


then »,>r3/2 where 8 is another suitable constant. Combining the 
two we obtain that if ), m2,....mn,,....denote the values of m arranged 
in ascending order of magnitude and which satisfy either the inequality 
(a) or (d), then n,>r3/2 where # is another suitably chosen constant. 
4. Proof of Convergency of the Raman-Banerjee Series. 

Let Aj, Az, Az,...-A,,....be the roots of the equation (1) arranged in 
order of magnitude. We know that A,> &r, and that as either cot A,a 
: A, each term in our series, v7z., 


A, sin cA,t 


° W 
or cot A,bis > , 


~ 





1+ e (a cosec? A,a + b cosec? ,b) 
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can be broken up into two terms a, and b,, where Z | b,| is convergent and 
m A, sin cA,t 

ip i cot? A,a + b cot? A,b | 

we will shew that 2a, will converge and that it exhibits discontinuities 

in the required manner. 





a, = 


Das . ; 
We assume now that a8 irrational. (The proof of convergence in the 


rational case can also be constructed in the same way and we do not at all 
need the lemma for the proof.) We also assume for definiteness b>a. Let 


aes ror 
us mark the points — and Zon the X-axis 





b 
| | | | | | | 
° . _ —_ £ = 
b b b ‘ n 
Now & thew te [o, ua Ny Hes in [z. +L se Ay lies in EE 4 


and so on from equation (1). 


Now let us divide these roots into two groups, one of the groups 
denoting those roots which lie in intervals whose left-hand end points are 


points of the form “ 


also break up the original series into two series correspondingly. From 
elementary knowledge about infinite series it is clear by the way in which 
we have divided the series, that if we prove the convergence of the two 


, the other obtained by taking a instead of b. We 


series, then the original series will represent the sum of the two series. 


Let a), a2, ....a,,....be those roots which belong to the first group 
arranged in order of magnitude. Then a, lies in 


KE nee| gE sir 
oo - b? a 


ce oe ; 
according as whether a point = does not or lies in the first of these intervals, 


. 87 . , 7 ‘ : 

and in the latter case =" that multiple of - which is nearest to, and 
nr i se , 

>>: Next we make use of an artifice. First of all consider only 


. . nt 
those values of ”, which are such that the distance between ; and the 


; 87. 1 ‘ 
nearest to it among : is <—.. If we arrange these values of » in ascend- 
d \ 
ing order as , Mo, M3, ...., M,,.... Wwe obtain from our lemma that 1, > q- r 3/? 
where g is a suitably chosen constant. From this it follows that if we take 
the terms corresponding to these values of » out of our original series, they 
form an absolutely and uniformly convergent series. 
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Now take a root a, where m is supposed to be different from all the 


; : ; anr . a ; 
n,s and let us consider the two cases, v7z., cot —_— is positive or negative 


' ant : : : ; 
separately. (When cot > = we can consider it as belonging to either 


of the cases.) 


Suppose cot — positive. Then the equation for determining a, takes 


b 
the form 
cot a (y + hy) + cot by = ™ ("s + ha | 
where &, + ~ = G., = is that multiple of which is nearest to and 
<™ y.™ st 
a ig Ga meer y 


As k, > 0, we obtain that for sufficiently large values of » and as we 
know the interval in which the root should lie, 

0 < cot a(v+k,) < cot ay < ki Vn- 
as m does not belong to the ,’s. 


mT 
.. cot ba, = cot bk, = — n+ B, 
pb 


where | 8B, | < k Vn, where fis a suitably chosen constant. 
We also get that 
cot bk, > am, a being suitably chosen. Therefore by elementary 
trigonometry 
kn < E where f is another suitably chosen constant 
and 
cot ada, = cota (y+k,) <rvn 
where y is also a suitably chosen positive constant. Therefore the term 
of our series corresponding to a, can be written in the form 
- = 
nT 
ky) sin et ("" +k 
m\(o . + n >" n 
pe | mm? 3? 
pb 
where | f’, | is bounded. For large values of m this can be written in the 
form 


n? + +. nn - 


e net 
be | | , 
(2) » i" _b |. |, where 2 |r, | converges uniformly. 
"| — Tt Ya | 
st 
Now consider the case where cot “7 oe is negative. Let - be that 
; eee nt sa NT 
multiple of = which is nearest to and > 7 Let y= Sue 
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The equation for determining a, in this case becomes 





cot bk,—cot a (y—k,) = 7 (F+ kn); by hypothesis y> and 
n 
cot a(y—k,) is positive. 
*. cot bk, > panded 
pb 


:. for sufficiently large values of » we obtain that kb, <6 as in the first 


case. We also have 


Se eae 


y—k, > —= a 
Vin 0 vn 


for sufficiently large values of m and a suitably chosen f’. From this we 
obtain that 

cot a (y—k,) < k Wn, where k is another suitably chosen constant. 
Hence in this case also the terms corresponding to our series can be 
written in the form (2). We can apply the same analysis to the other 
group of terms and obtain that the series corresponding to these terms is 
of the form 

~~») ae | ; 

= IZ — na 455, where 2 | 5, | is a uniformly convergent 


series. 

Now we have excluded a number of terms in the series corresponding 
to the n,’s, but as n,>kr/2, those terms corresponding to the n,’s 
in (2) and (3) form an absolutely and uniformly convergent series. Hence 
we can write the expression for the acceleration of the hammer in the form 





- 
2 - nT 7 ct 
al,  2pve| sin a ae << "7 
-s— = 2 2 *. , om 
di sass n +; n +4 
where 2' | k, | converges uniformly. 
5. Magnitude and Position of the Discontinutties. 
. : : sines@ ... 
Elementary known results regarding the series 2 a. indicate 


7c 
b 
integer. In other words, the discontinuities occur at the points, 


: ° ae TC ° 
that discontinuities occur at — t = 2rm7 and t = 2rm where r is any 
a 


2a 4a 6a 


ce? Cc? c? ee 


2b 4b 6b 
and ¢ 5 “—o “hace tewes 
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9° 
ve 
r= 2uvc. These results are 


The magnitude of the discontinuity is ~ = 


in accordance with the results obtained by physical reasoning. 


It is also apparent that the method used by Raman and Banerjee 
in obtaining the graph of the function is entirely correct. They have taken 
the values obtained by summing up the series in intervals where there are 
no singularities and, in small intervals around the points of discontinuity, 
they have taken the arithmetical mean of the ordinates situated symmetric- 
ally with respect to the point of discontinuity, and then they have added 
or subtracted the amount of discontinuity obtained by physical reasoning. 
The series obviously exhibits Gibb’s phenomena at the discontinuous points 
and their artifice is employed to overcome this difficulty. 

In conclusion, it can be said that there is no objection against the 
Raman-Banerjee analysis of the problem. Moreover, the method developed 
by them opens up further possibilities of generalisation such as a membrane 
hit by a hammer, etc. In this case the immediate possibility of applying the 
functional method is out of the question. However the mathematical investi- 
gation in these cases is not so simple as in the previous case. 
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Two sets of four circles in a plane such that each circle of either set is touched 
by all the four circles of the other set, are said to form two complementary 
Hart Systems, in the case in which neither set admits a common orthogonal 
circle. The configuration of two such Hart Systems is fairly complicated 
and has been extensively studied ; an account of the theory may be found 
in Baker’s Principles of Geometry, Vol. IV, and in Coolidge’s Treatise on the 
Circle and Sphere. 

The purpose of this communication is to draw attention to a very signi- 
ficant and hitherto unnoticed property of two complementary Hart Systems 
and to discuss some of its implications. The property in question is: 

THEOREM I.—The eight circles of two complementary Hart Systems belong 
to a one-parameter cubic family of circles. 

I. It is well known that the plane geometry of circles under the 
Inversion-group is equivalent to a projective Non-Euclidean geometry of three 
dimensions, with a hyperbolic metric determined by a real closed quadric 
Q. This is seen by establishing a correspondence between the points (or 
planes) of a three-space S3 and the circles of the plane ; the locus of points 
in Ss which correspond to the point-circles of the plane is then a real closed 
quadric Q. The points in S$; which are without Q correspond to real circles 
and the points within Q to imginary circles (meaning circles with a real centre, 
the square of whose radius is a negative number). The angle between two 
intersecting circles is the projective separation (with Q as absolute quadric) 
of the corresponding points in S3. We shall here follow the usual practice and 
use the language of three-dimensional geometry, so that our symbols denote 
both points in S3, and the corresponding circles of the plane. 

Let A, B, C be three points in S3, and O the pole of the plane ABC with 
tespect toQ. Let q be the conic of intersection of Q with the plane ABC, and let 
A’B'C’ be the polar triangle of ABC with respect to g. The conics in the plane 
ABC which are outpolar to g and have A’B’C’ as self-polar triangle must pass 
through four fixed points a, 8, y, 5. It is well known that the four lines Oa, 
OB, Oy, O08 correspond to the four coaxial systems of circles which cut the 


67 








68 R. Vaidyanathaswamy 


given circles A,B,C at equal angles. The eight circles c, c,’ Cz C2’ C3 C3’ C4 cy! 
which touch A, B,C, must accordingly be found in these four coaxial systems. 
It is well known that they are distributed in pairs c,c,’, CeCe’, C3C3', cycq’ 
lying respectively on the four lines Oa, OB, Oy, 08. It is also known that, 
to form a Hert System (1.¢., a set of four of these eight circles, which are touch- 
ed by a fourth circle in addition to A, B, C), we must choose one circle from 
each of the four pairs. Since there are eight ways of choosing a Hart System 
from the 8 circles, it follows that three circles c, cx. cz; chosen in any manner 
one from each of three pairs, can be associated with one and only one circle 
c, of the fourth pair, so as to form a Hart System. 


We now see that our theorem (Theorem I) furnishes the selective principle 
which determines cy when c, C2 C3 are given. For, in the language of three- 
dimensional geometry, Theorem I amounts to the statement that the seven 
points A, B, C, cj, ce, cz, cg lie on a twisted cubic. Since a twisted cubic is 
determined by six points, we see that the twisted cubic which passes through 
A, B, C and through three points chosen in any manner, one from each of 
three pairs, necessarily passes (by Theorem I) through a definite point of the 
fourth pair, which is precisely the point which completes the Hart System. 


II. We now proceed to prove (or rather verify) the truth of Theorem I. 


Let A, B, C be three circles and O their common orthogonal circle. If 
in S3 we choose the corresponding points O, A, B,C as the vertices of the 
tetrahedron of reference, the tangential equation of the Absolute Quadric is 

aL? + bM? + cN* + 2fMN + 2gNL + 2hkLM = T”. 
Four of the circles which touch A B C and form a Hart System are then given 
by :! 

[at cos (s—A), bt cos (s—p), ct cos (s—v), —1] 


[at cos (s—v), bt cos s, ct cos (s—A); —1] 
[at cos (s—), bt cos (s—A), ct cos s, —1] 
[a* cos s, bt cos (s—v), ct cos (s—p), —1]; 


where s = 4(A-+ 4 + v), cos A = (be) #/; ete. 
We have therefore to shew that the points A, B, C, whose co-ordinates are 
(1,0,0,0), (0,1,0,0), (0,0,1,0) and the four points whose co-ordinates are written 
above, lie on a twisted cubic. It is clear that for our purpose, we can omit 
the factors a?, 6, ct in the above co-ordinates. Further, if we prove that 
the projections from A on any plane, of the remaining six points lie on a conic, 
the same will follow by symmetry for the projections from B and C, and it 
will result that the seven points in question, and by symmetry the eighth 
point which with A B C completes the Hart System, lie on a twisted cubic. 





1 Baker, Principles of Geometry, Cambridge University Press, 1925, Vol. IV, p. 73, 74- 
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Now the projections from A on the plane OBC, of the remaining six points 
have the co-ordinates 


1, 0, 0 

0, 3. 0 
cos (sp), cos (#—v), —1 
COs 8, cos (s—A), —1 
cos (s--A), cos 8, —1 


cos (s—v), cos (s—p), —1. 
It is obvious that these six points lie on a conic. For, the cross ratios of the 
pencils subtended at the first and second points by the remaining four are 
{cos (s—v), cos (s—A), cos 8, cos (s—)} and 
{cos (s—p), cos 8, cos (s—A), cos (s—v)}. 
These cross ratios are equal, since either of them is derived from the 
other by reversal of order. The theorem is thus proved. 

III. The twisted cubic of Theorem I may be called a Hart cable with 
respect to the given absolute quadric Q. To study the relation of a Hart cubic 
H to the absolute quadric Q, consider the correspondence I’ between pairs 
of points ~, g on H such that pq touches Q (so that the circles corresponding 
to p,q touch each other). This correspondence is obviously a symmetric (4, 4) 
correspondence, which (remembering that the twisted cubic is a rational 
curve) is expressed by a relation of degree (4, 4) between the binary para- 
meters of ~, g. But from the definition of the Hart cubic, it contains two 
tetrads, such that any two points chosen one from each tetrad correspond in 
I. Hence I must be sub-rational, that is, it is determined by a relation of 
the form f(x) f(y) + $(x) d(y)=0, where f,¢ are quartics and- x, y the 
parameters of corresponding points. It also follows that [ must admit 
an infinity of pairs of tetrads of the same type. Calling the family of circles 
corresponding to a Hart cubic, a Hart family, we have therefore: 


THEOREM II.—A Hart family of circles (that is, a family of the type given 
by Theorem I) contains an infinity of pairs of complementary Hart tetrads of 
circles. All these Hart tetrads belong to a pencil, i.e., the linear family f(x) 4+ 
Ap(x). 

We next proceed to shew that the pencil /(x)-+Ad(x) associated with 
the sub-rational correspondence [ on the Hart cubic is a syzygetic pencil. 
To see this consider the six intersections a, a2 a3 44 a5 ag of the Hart cubic 
H with the absolute quadric Q. Let the tangent plane at a; to Q cut H again 
in p; q). It will follow then that the pencil f(x)+Ad(x) contains six perfect 
Squares of the type (x—-p)* (x—q))?.. This.is impossible as the maximum 
number of perfect squares that can be contained in a pencil of quarties is 
three. It follows that more than one a must give rise to the same f, 4). 


ee 
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Since, however, not more than two tangent planes to Q can pass through a 
given line , g;, not more than two a’s can give rise to the same p, q;._ It 
follows that the six intersections fall exactly into three pairs in such a way 
that the tangent planes at the points of each pair intersect in a chord f, q, 
of H. Thus the pencil /(x)+A¢(x) contains three perfect squares and is 
therefore a syzygetic pencil. We have thus: 


THEOREM ITI.—The Hart tetrads of circles contained in a Hart family 
belong to a syzygetic pencil. 


An enumerative argument? shews that Theorems II and III are complete, 
in the sense that there are no further limitations on the projective relation 
of a Hart cubic to the Absolute Quadric. In other words, if H is any twist- 
ed cubic, and 4), 42, 43, 44 any four members of any pencil of syzygetic 
tetrads on H, then 


(1) there are oo! quadrics which touch the 16 joins of the vertices of 
4, with those of 42; 

(2) among these oo! there is precisely one, say Q, which touches in 
addition the 16 joins of the vertices of 43 with those of 4,; 

(3) H is a Hart cubic in respect of Q. 


We may verify directly one particular aspect of these statements. Among 
the Hart tetrads on a Hart cubic, there would be two which coalesce with their 
complementary Hart tetrads. A tetrad of this kind corresponds to four 
mutually tangent circles. If 4 ts a tetrahedron inscribed in a twisted cubic, 
we may shew that there are just oo! quadrics which touch the six edges of A and 
the four tangents to the curve at the vertices of 4. For take 4 as the tetra- 
hedron of reference. The equation of a quadric touching its six edges is of 
the form: 

a,74,° + a,7a,? + @,°a,* + @,7",?—2a,0,54,2, —254,0,¢,2,= 0. 

The tangent-cone to this from x» is seen to be: 

ror ee ye 
a0, G02, 4@,%, 

Now, if the tangents to the twisted cubic cut the opposite faces in 

(0, ay, a2, a3), (B,, 9, B2, Bs), (v2, v1, 9, v3), (8,, 51, 52, 0), the rank of the matrix 





2 The number of cubic curves which are Hart cubics of a given quadric is co9-! =0o'. 
There are co? quadrics and co!? cubic curves in 83. If each cubic curve is a Hart 
cubic of co” quadrics, it follows that 12+r=8+9 or r=5. But the number of 
syzygetic pencils on the cubic curve is co*, and the number of involutions between 
tetrads of a syzygetic pencil is therefore 00% x co?=0o5. Thus each quadric of which 
the curve is a Hart cubic is to be associated with an arbitrary involution between 
tetrads of a syzygetic pencil on the curve. 
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is just 2. Hence out of the four conditions of the type 
ak ae 
4,2, 4a, 4a, 





= 0, 


3 

which the quadric has to satisfy for touching the four tangents, only two 
are independent. Hence there are oo! quadrics satisfying the given condi- 
tions. Since the twisted cubic is a Hart cubic of each of these oo! quadrics, 
we infer that : 

If 4, 42 are two syzygetic tetrads on a twisted cubic H, there is a unique 
quadric Q which touches the 12 edges of 4, 42 and the eight tangents to the curve 
at their vertices. H ts a Hart cubic of Q. 

Application to the theory of the Pedal and Contact circles of a triangle. 

IV. The most familiar example of complementary Hart tetrads of 
circles is furnished by the sides and Feuerbach circle (N.P. circle) of a triangle 
ABC, and the tetrad of its in- and ex-circles. Accordingly, by Theorem I, 
there is.a cubic family H of circles comprising as members, the sides, the 
Feuerbach circle and the in- and ex-circles. By Theorem II, H contains 
an infinity of pairs of complementary Hart tetrads of circles, and by Theorem 
III, all these Hart tetrads form a syzygetic family in H. These results have 
a close bearing on two theories of triangle-geometry, the theory of the pedal 
circle, and the theory of the contact circle. 


If P P’ are a pair of isogonal conjugate points of ABC, the six feet of 
the perpendiculars from P, P’ on the sides of the triangle lie on a circle which 
is usually called the pedal circle of P (or P’). We shall, however, find it more 
appropriate to call it the pedal circle of the line PP’ ; this alteration in nomen- 
clature will cause no inconvenience as there is a unique pair of isogonally 
conjugate points on every line other than the bisectors of the angles A, B, C. 


It mMay be shewn that the totality of pedal circles is a two-dimensional 
quadrinodal cubic manifold in circle-space, the in- and ex-circles 7,, 1), 12, 43 
being in fact the nodal circles. Now a quadrinodal cubic surface contains 
(1) the six joins of the nodes, two and two, (2) three other straight lines, and 
(3) co? twisted cubics passing through the nodes, Thus the coaxial systems 
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determined by any two circles i are composed entirely of pedal circles. Cor- 
responding to (2) we observe that the three coaxial systems determined by 
the circles on BC, CA, AB as diameters, are composed entirely of pedal 
circles. It is easy to identify the cubic families of circles which correspond 
to (3) ; they are in fact the families of pedal circles of lines which pass through 
a fixed point. All these families contain the four circles 1. Our cubic family 
H is one of these families, and indeed, the only one among them, which 1s a Hart 
family. For, if O’ is the reflection of the orthocentre O in the circumcentre 
S of ABC, it is easily seen that BC is the pedal circle of the perpendicular 
from O’ on BC, and that the Feuerbach circle is the pedal circle of O’ S. Hence: 

THEOREM IV.—The cubic family H is the family of pedal circles of lines 
through O’. 

Since H is a Hart family we can conclude that the pedal circle of any 
line O’I, is touched by the pedal circles of four other lines O’M), O'My, 
O’Ms;, O'My and that the latter four circles are all touched also by the 
pedal circles of three other lines O’I,2, O's, O’14. Here the two tetrads of 
lines (O’1,;, O’L2, O’I.3, O’L,4), (O’M), O’Me2, O’M, O'My) are syzygetic tetrads 
of (O’I,, O’T;, O’Tz, O’I3), where the I’s are the in- and ex-centres. The tetrad 
(O’S, O’a, O’B, O’y), where O’a, O’B, O’y are perpendicular to BC, CA, AB 
also belongs to the same syzygetic family. 

If P, P’ are isogonally conjugate points, the six points of contact with 
the sides, of the two inscribed conics whose centres are P, P’ lie on a circle, 
which is the contact circle of the line PP’. The totality of contact-circles forms 
also a quadrinodal cubic manifold, with the circles 7 as nodal circles. The 
three coaxial systems of contact-circles are lines through the mid-points of 
BC, CA, AB. Asin the case of the pedal circle, the cubic families of contact- 
circles containing the circles 7, are the contact-circles of lines through a fixed 
point. Among these families our Hart family H is included. For, if G 
be the centroid of ABC, the contact-circle of GA is BC, and the contact-circle 
of GS is the Feuerbach circle. Hence: 

THEOREM V.—The family H 1s also the family of contact-circles of lines 
through G. 

As before we may express the implications of the fact that H is a Hart 
family. 





3 Mr. M. Bhimasena Rao has noticed the existence of an infinity of pairs of com- 
plementary Hart tetrads in the system of pedal circles of lines through O’. In the 
postscript to his paper ‘ An Extension of Feuerbach’s Theorem’ (Jour. Ind. Math. Soc., 
Dec. 1919, page 219), he says ‘Of the system of pedal-contact circles, each circle 
touch¢gs four circles, which latter are touched by three more circles of the system’, and 
adds that his proof is incomplete. He does not appear to have published any proof 
subsequently. 
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The complete intersection of two quadrinodal cubic surfaces with the 
same nodes consists of the six joins of the nodes, and a twisted cubic through 
the nodes. Hence the pedal circles which are also contact-circles must 
either belong to a coaxial system determined by two of the circles 7, or to the 
Hart family H. 

From the two-fold character of the family H, it follows that the pedal 
circle of any line O’X is the contact-circle of a line GX. Clearly the rays 
GX, 0’X are homographically related, and therefore the locus of their inter- 
section X isa conic R. The pedal circle as well as the contact-circle of any 
line through an in-centre I is evidently the corresponding in-circle. Hence 
the conic R passes through the in- and ex-centres and through G and O’. 
Thus finally, the rectangular hyperbola through the in- and ex-centres and the 
centroid G passes through the point O’; and if P be any point on it, the 
contact-circle of GP is identical with the pedal circle of O’P. 
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1. Let h(d) denote the number of non-equivalent forms of the type 
(1) Q(X, YY) = aX? + dXVY + cY’, (a, b,c) =1l,a>0O 
of the discriminant 
(2) d = b*—4dae. 
Heilbronn! has recently proved the beautiful result (which includes a 
classical conjecture of Gauss) : 
Theorem.—tf d runs over all negative fundamental discriminants, then 
h(d) > oo 
for d— —co. 
2. I shall now introduce the problem discussed in this paper. 
There are examples of negative discriminants (e.g.,2 d=—232 and d= 
—1848) with the following property: all non-equivalent reduced primitive 
forms of negative discriminant —d have their middle coefficients equal to zero. 
In such cases, we shall say, briefly, that ‘‘d (or —d) has the property P”’. It 
seems natural to inquire whether the number of negative discriminants d 
with the property P is finite or not. It will be proved here by the methods 
developed by Heilbronn in K that: 


Theorem 1.—There ts only a finite number of negative discriminants d, 
with 1d quadratfret, having the property P. 
It is clear that if d has the property P, then 
(3) Ad) =H=2''! 


: : : : eT, 
where / is the number of different prime factors contained in rt 


In what follows we shall assume that d has the property P, and then 
prove that this assumption leads to a contradiction for all large—d. 


* “On the class-number in imaginary quadratic fields”’’, hereafter referred to as 


K. The success of Heilbronn’s argument rests essentially on— 
(i) a theorem of Hecke (see Landau, Géit. Nachr., 1918); 
(ii) a generalization of some recent work of Deuring (Math. Ztschr., 1933). 
[I am indebted to Dr. Heilbronn for a copy of his manuscript. 
? The numbers 232 and 1848 are ‘‘idoneal’’. See Dickson’s History of the Theory 
of Numbers, I, 361-65, 


74 














Hetlbvonn’s Class-Number Theorem 


Notation. 


The following notation is almost identical with that used in K. 
All roman letters except 0, O, s, L, Q (P and K) denote rational integers. 
x(n) denotes a real character mod m (m> °) such that 
L,(s) = L (8, x) = z x (n) n~* 
n=] 


vanishes? for at least one pin the halfplane o > 4; m, x and p are fixed 
throughout the paper ; 
(4) p=O+id (0>4, 20). 
We introduce the following Dirichlet series : 


(5) Sep=— 2 a, 


n=1 


(6) L,(s) = z im n—®, 
(7) L(s) = z <)a* 
(8) L,(s) = xin) (*) i 


a). 
where (<) is the Kronecker symbol. 


The constants implied in the signs O and o depend only on m, s, p, but 
they are independent of d, Q and (here we differ from K) H. 


Proof of Theorem 1. 


Lemma 1: If 1<lo<m and if for o>1l 


pb (s) = & (8, m, L, l,, Q) = Pe Eo Q-* (%,. Bh 
Y=l,(m) X=1,(m) 
then 
y (s) is regular, and 
(9) ¥@)=O(1a|* 4 al” 
for d > — co ifa > 3, 81. 
Proof: ‘This result is contained in the proof of lemma 9 of K. 





3 If this assumption were not true for any m>0 it would follow, from a 
theorem of Hecke (in a paper by Landau previously cited), that 
ot—a 
= og (—d)’ 
so that (3) would be false for sufficiently large —d., 


h(d)> 
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Lemma 2: Fort o > },s#1, 


(10) Ly (8) L, (s) =f (28) IT (l-p -*) 2x (aba * + 


pim 





oO (H|da|*-*) + o (HI a| ~*). 
Proof: ‘This follows from (9) above and the proof of lemma 10 in K, 
Lemma 3: Ifo >}, 


(11) |Z x(a)a “| >1H 7*+0(H| 4] —wy, 
a 







Proof: Since d has the property P, 






(12)> d=—4ae, a/ s, 0<a<i| vd|. 
Hence 
(13) Zx(aja "= TT (1+ x(p)p *) -— Z x(r)r 
a piid oo» Le 
i eo 


r/jd, pr) 0 
As in K it is easy to see that 
(4) | HT a+x~p )| >t 


= 


~ 


p/id 
Further, from (12), 
(15) Zz xMr*=02'|a|~*”). 
r>| Vd| , 
r/id, B(r) = 0 


(11) follows from (13), (14), (15) and (3). 
Proof of Theorem 1: We put s=p=0@+i7¢ in lemma 2 and we 
let d tend to —co. Then we get 
(16) O= Lim. £(2p) TW —p P)Zx(a)a P+ 
d =: —oo p/m a 
oc |a}!!% + 0carya} 4, 
and from lemma 3, 


(17) |Zx(a)a "| >¢H 2 +0 (H[a| ~?9. 
a 


since 0 > 4 we see that, if 
(18) H<|d|‘* 
for every « = « (0) > O, then (16) and (17) contradict each other for 
—d > dg(@). Hence there is an « = « (6) > O such that 
(19) H>|d| ‘ for—d > d,(6). 
Now (19) contradicts (3) since 2' < | d| t¢ for all —d > do (e). 
Hence (3) is false for large —d and our theorem is proved. 





* a runs through the minima of the H quadratic forms belonging to d, 
5 p/q means ‘‘p is a divisor of g’’, 
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Abstract. 


THE diamagnetic susceptibilities of mixtures of benzene-acetone, chloroform- 
acetone and nitrobenzene-acetone have been studied at different tempera- 
tures ranging from 15°C to 50°C, using the Quincke method with very large 
magnetic fields. The factors influencing the measurements made by such 
a method are critically considered and natural explanations are offered to 
the anomalous results obtained by different investigators. The suscepti- 
bilities of these mixtures obey the additive law in this range of temperature. 
Further the pure liquids do not show any variation in their susceptibility 
values between 15°C and 50°C. A large amount of evidence is presented to 
show that association in organic liquids does not produce any change in the 
specific susceptibility and that the additive law of mixtures is true unless 
chemical combination in the mixture changes entirely the nature of the bonds 
linked to the carbon atom. 


1. Introduction. 


The diamagnetism of organic liquid mixtures has been extensively 
studied in recent years by Smith and Smith,! Trifonov,? Trew and Spencer,? 
Farquharson,* Buchner,’ Ranganadham,* Ramachandra Rao and Sivarama- 
krishnan,? Kido,’ Sibaiya and Venkataramiah® and Ramachandra Rao.! 
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Nature, 1932, 129, 95. 

Nature, 1932, 129, 25. 
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Ind. Jour. Phys., 1932, 6, 509. 
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The results are far from confirmatory in character and differ widely even 
qualitatively. A typical mixture which has been investigated by most of 
these investigators is acetone-chloroform. ‘Trew’ and Spencer, Farquharson, 
Buchner, Ranganadham, and Sibaiya and Venkataramiah report a deviation 
from the additive law of mixtures while Rao and Sivaramakrishnan and later 
Rao have noted no such deviation for the same mixture. Further, while 
Trifonov and Buchner obtain an increase in the diamagnetic susceptibility, 
the other workers who report a deviation get a decrease at exactly the same 
concentration, about 32 per cent.* of acetone in the mixture. Besides 
it is found that some of the physical properties also show maximum 
deviation from the additive law at this particular concentration. The 
suggestion has therefore been put forward that such deviations are due to 
the formation of a chemical compound, dimethyl trichloromethyl carbinol, 
(CH3)2.C(OH)- CCls. 


The conflicting results observed by the different investigators seem to 
indicate that these may merely be due to the different conditions imposed 
on the experiments. If, however, a compound formation influences the 
susceptibility value, then it should be possible to accelerate or retard it by 
the manipulation of temperature conditions and thus different variations from 
the additive law should be observable at different temperatures. A syste- 
matic study of the susceptibility of the mixture under different conditions of 
temperature and purity was undertaken. 


Another important mixture that has been studied is acetone-nitro- 
benzene. It has been reported by Garssen,!! that thete is an increase of 17 
per cent. in the specific susceptibility of this mixture at equimolecular pro- 
portions of the constituents. Besides it is of interest to see how a molecule 
having a dipole moment affects another also carrying a high dipole moment. 
It is easy to see that if at all any influence can be detected due to such 
conditions, it should be prominent in this mixture. The fact that nitro- 
benzene is associated in the pure state lends additional interest to the study 
of this mixture. 


The third mixture which has been investigated is acetone-benzene. It 
is a case of a solution of a polar liquid in a non-polar liquid, the shapes of the 
molecules also being different. The magnetic birefringence!? of this 
mixture shows a marked deviation from the additive law at intermediate 





* Per cent. in this paper means percentage by weight in the mixture. 
11 Comp. Rend., 1933, 1296, 541. 
12 Ind. Jour. Phys., 1933, 7, 491, 
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concentrations. © However, no such deviation has been observed in 
susceptibility values in the present investigation. 


The question of the deviation of the specific susceptibility of the 
mixtures from the additive law is fundamentally related with the problem of 
the variation of the susceptibility of a compound with temperature ; because 
they both deal with the same problem, namely, whether a molecule can affect 
another magnetically when it is very close to it. If it does, it is natural to 
expect a deviation from the additive law of mixtures and a progressive varia- 
tion in susceptibility of a liquid as the temperature is varied continuously 
from the freezing point to the boiling point. 


The variation of the susceptibility of pure liquids has also been inciden- 
tally studied. Not much work has been done in this direction. Water is 
the only liquid which has been studied in detail. Recently Bhatnagar and his 
collaborators,!3 Fahlenbrach,'4* and Cabrera and Fahlenbrach! have studied 
some important liquids and in certain cases contrary results have been 
obtained. Rao and Sriraman!® studied nitrobenzene and obtained some 
anomalies. This problem has been studied here by the Quincke method 
adopting certain modifications which remove many uncertainties present in 
the practice of this method. 


2. Experimental Method. 


The experimental method used was very similar to that of Rao and 
Sriraman with certain important improvements. Fig. 1 gives diagrammati- 
cally the tube used. W _ is a reservoir of diameter 2 cm. N is the narrow 
tube which is introduced between the pole pieces of the magnet and of 
diameter 3mm. The limb AB makes an angle less than 90° with BC (to faci- 
litate the condensed liquid to run into W) while AD and BC are exactly 
parallel. Ty, T; and Ts are three tubes to facilitate sealing off the tube. 


The portion CC’ is surrounded by a jacket made of copper. It is 
covered by asbestos and wound with suitable resistance wire. This is again 
covered by asbestos. ‘The jacket has a narrow inlet tube at the top through 
which it could be filled with a suitable liquid. It has also a narrow exit tube 
at the bottom by which the level of the liquid inside can be easily manipu- 
lated without disturbing the tube. The jacket has outside it a double-walled 
hollow cylinder which is supported externally. Glycerine is used inside the 
jacket so that there may not be much evaporation at higher temperatures. 





18 Ind. Jour. Phys., 1931, 6, 207; Phil. Mag., 1930, 10, 101 ; 1933, 16, 580. 
14 Ann. d. Phys., 1932, 18, 270; 1932, 14, 521. 

15 Zeits. f. Phys., 1933, 85, 568. 
16 Ind. Jour. Phys., 1934, 8, 315. 
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The heating is effected by sending a current through the coil. This current 


was got from a separate battery and hence fluctuations in the voltage of the 
main battery due to differences in load when switching on the magnetic field 
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might not affect the current and hence cause a cooling. In the initial stages 
such a difficulty was noticed and the substitution of a separate battery 
enabled the temperature to be kept sensibly constant as indicated by the level 
of meniscus in the tube. The heating current could be varied suitably by 
means of rheostats. For cooling, iced water was used inside the jacket and 
a mixture of ice and water outside the jacket. By suitable manipulation, 
the temperature inside was kept constant at values ranging from 15° to 25°C. 
The glycerine was kept well stirred by a stirrer and the temperatures were 
read on a thermometer. 

The reservoir was clamped to a stand and by means of a fine screw the 
tube could be moved up or down. The actual depression of the meniscus 
due to the magnetic field was observed by a microscope with a micrometer 
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eyepiece. A filament lamp with red bulb was fixed at a distance from the 
narrow tube and slightly lower than the horizontal level so that 1 or 2 
fringes were distinctly visible. ‘This made settings considerably easy. For 
every reading the meniscus was brought back to the same position by 
working the screw. 


The electromagnet used was a large one of the Pye’s type capable of 
carrying a current. of 16 amperes. In these experiments currents only up 
to 9 amperes were used and most of the readings were taken at 7 amperes. 
The heating was not appreciable and the changes in the magnetic. field for 
small variations of the current which could not be noted in the ammeter 
affected the readings inconsiderably.. Conical polepieces. with faces 1 cm. 
diameter were used with a gap of 4.5mm. ‘The measurements were made 
usually at a field strength of 25,000 gauss. 


As will be discussed later, it is necessary for the success of the experiment 
to have the narrow tube of uniform bore. This was checked by observing 
the depression of pure distilled water by adjusting the level at various 
positions along the length of the tube. ~The variation was never more than 
one division on the eyepiece scale which may be taken to be the accuracy of 
setting. 


The tube was thoroughly cleaned first with benzene which was pumped 
out and then successively with a solution of sodium hydroxide, hot distilled 
water, concentrated nitric acid and finally with hot distilled water. It was 
finally exhausted and warmed: and-before the liquid under examination ‘was 
poured in, it was rinsed several times with the same liquid. 


The liquids investigated were all taken from freshly opened bottles 
obtained from Kahlbaum or Merck. ‘They were purified by repeated distilla- 
tion at their-boiling points and dried by anhydrous sodium sulphate. The 
density and susceptibility values given in Table I show that they were 
quite pure. 


The procedure adopted to set up for an experiment is as follows. The 
freshly distilled liquid is poured into the tube and one of the T-tubes 
connected to the pump, the other two being sealed. After the pump is started, 
the liquid boils for some time and to facilitate the evolution of the dissolved 
gases the tube is slightly shaken and tapped. After some time the boiling 
ceases and tapping does not produce any more bubbles. The tube is now 
sealed. In the case of mixtures, the mixing is done in a narrow-mouthed 
stoppered glass flask and the liquid is introduced into the tube.- After the 
magnetic measurements are completed, the tube is opened and the density 
is determined by the hydrostatic method using a clean glass sinker. The 
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actual composition is determined from the density reading, the density- 
composition curve having been already drawn for the mixture concerned. 
Much accuracy in the composition is not necessary as will be noticed from 
the section on results. 


After the tube is filled with the liquid, it is placed with the narrow part 
of the tube exactly midway between the polefaces and the microscope then 
focussed on the surface as detailed above. The microscope was fixed in this 
position and the tube was always arranged to have the surface into focus. ‘Thus 
any shift in the position of the tube of the order likely to affect the results 
could be easily detected and avoided. The depression of the surface due to 
the magnetic field was noted several times for each temperature and 
the mean value was adopted. Usually the readings for every temperature 
extended over 20 minutes. Measurements were made both with increasing and 
decreasing temperatures. The standard chosen was water and the specific 
susceptibility at 30°C was taken as 0-720.17 

If 5 is the depression of the surface of a liquid in a magnetic field of 
intensity H,* we obtain for the specific susceptibility y, the expression, 


_ 289 , ky 
a it bar ee e ee (1) 


where k, is the volume susceptibility of the vapour above the liquid, p the 
density of the liquid and g the acceleration due to gravity. 


The second factor is extremely small and has been omitted from these 
calculations. If therefore X, and 8, are the specific susceptibility and 
the depression due to water, we obtain 

ee D 

a vb ea ait (2) 
The calculations and the results given below are based on this equation. It 
may here be mentioned that at the laboratory temperature (where the 
temperature conditions are steady) the values of y are correct to within 1/5 


per cent. 





17 All values of x in this paper are to be multiplied by 16-°. 
* The obvious assumption is that the magnetic field at the lower end of the 
vertical column of liquid is negligible when compared with the field at the meniscus. 
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(a) Values for the pure liquids. 
A collection of the results for the pure liquids is given below :—- 
TABLE I. 
7 - | Density 
Electric pereyet f 
Liquid moment +a : 
V. {per c.c.) Authors L.C.T. R. | S:P.R. Others 
| 
Benzene 0-06 | 0-874 0-7042 0-712 705 | 0-704 
(+0-0014) 
Acetone 2-70 | 0-790 0-5789f 
0-786 0-5806 0-577 
0-5820 0-581 592 | 0-597 0-58* 
(40-0012) 
Chloroform 1-05 | 1-486 0- 4986 0-488 -495 | 0-485 0-485* 
(+0-0010) 0-46 
Nitrobenzene} 3-9 1-200 0.4992 0-499 505 0-5090§ 
(£0-0010) (40-0016) 


























V—Van Vleck, Theory of Electric und Magnetic Susceptibilities, p. 


1.C.T.—International Critical Tables, VI, 361-364. 
R—Ramachandra Rao, under publication in the Ind. Jour. Phys. 


S.P.R.—Ranganadham, ref. 6. 


66. 


It will be noted that the susceptibility values agree closely with the stan- 
dard measurements. 


(0) 


Temperature effect on pure liquids. 


Tables II, III, IV and V give the effect of temperature on the pure 
In Table V are shown the values obtained on three different 
days with different specimens of nitrobenzene. 


liquids used. 


—_—_—_—— 


* Buchner, ref. 5. 


+ Sibaiya and Venkataramiah, ref. 9. 


t Three bottles of acetone were used for the different mixtures and these three 
values were obtained for the three specimens. 


§ Cabrera and Fahlenbrach, Zeits. f. Phys., 1933. 85, 584. 
) 
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TABLE II. TABLE ITI. 
Benzene. Acetone.* 
Temp. (°C) | x i/X.9 || Temp. (°C) | x X,/X,, 
ee | ! | 
29.2 0-7042 1-0000 27-0 0-5789 1-0000 
37-7 0- 7032 00-9986 34-3 0.5792 1-0005 
39-0 0- 7029 0-9982 38-0 0-5794 1-0008 
41.2 0-7028 0.9980 40-5 0-5783 0.9988 
43-1] 0- 7042 1-0000 
15-7 0.7044 1-0003 | 
TABLE IV. 
Chloroform. 
Temp. (°C) x | X,/X 5, Temp. (°C) x X,/X,, 
| 
“ 
17-0 0.5007 1-0042 29-0 0-4986 1-0000 
18-0 0-5007 1-0042 31.8T 0.4969 0- 9966 
20.5 0.5002 | 1-0032 34-0 0.4971 0.9970 
22.2 0-4997 1-0022 34-0 0: 4980 0-9988 
23-0 0.4991 1-0010 35° 2T 0.4974 0-9976 
25-0 00-4986 1-0000 37°8 00-4976 0-9980 
27-5 0-4991. 1-0010 40-0 0-4976 0.9980 
26-5 0-4986 1-0000 
TABLE V. 
Nitrobenzene. 
SPECIMEN l. 
{Depression | Depression 
Temp. (°C) | divisions x X;/X,, Temp.(°C)} divisions x X,/ X50 
on scale | on scale 
35-5 482-5 0-4980 | 0-9970 29-07 483-5 0-4990 | 0-9990 
46-5 484-5 0-5000 | 1-0010 29.0 484-0 0-4995 | 1-0000 
54-0 484-8 0-5003 | 1-0016 44.0 484-5 0-5000 | 1-0010 
54-57 484-0 0-4995 | 1-0000 60-0 484-5 0-5000 | 1-0010 
60-57 482-7 0-4982 | 0-9974 || * 67-0 484-5 0-5000 | 1-0010 
68-5 485-5 0-5010 | 1-0030 71-0 483-8 0-4993 | 0.9996 
| 





























* The x values at different temperatures for another specimen of acetone are given 


in Table V1. 


+ Measurements taken when cooling. 
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SPECIMEN 2. 





| Depression 
| divisions | 
| on seale | 


| Depression ; 
Temp.(°C)} divisions x X,/X,, 'Temp.(°C) 
on scale 





x X/X,, 





28-0 476-5 0-5000 - 0000 56-5 0-5010 | 1-0020 


He he 
q ~ 
“1 

t 

















1 2 “5 
40-0 478-0 0-5015 | 1-0030 61-5 76-0 0.4995 | 0-9990 
52.07 176-7 0-5002 | 1-0004 63-0 475-5 0-4990 | 0-9980 
52-2 475-0 0-4985 | 0-9970 69.0 75-5 0-4990 | 0-9980 
SPECIMEN 3. 
| Depression | Depression 
Temp.(°C)) divisions X X,/X,, Temp.(°C) Divisions x X,/X6 
on seale on scale 
29-0 475-7 0-4992 | 1-0009 50-0F 474-5 0-4980 | 0.9986 
29-07 475-3 0-4988 | 1-0000 52-5 475-7 0-4992 | 1.0009 
33-07 475-3 0-4988 | 1-0000 57-OF 475-5 0-4990 | 1-0002 
36-0 475-7 0-4992 | 1-0009 58-0 475.2 0.4887 | 1-0000 
38-O0F 475-3 0.4988 | 1-0000 63-5 474.2 0-4977 | 0-9978 
42.0 476-0 0-4995 | 1-0015 70-0 474.4 0.4979 | 0-9980 
43.27 474-0 0-4975 | 0.9974 


























In the case of all the liquids studied above, there does not appear to be any 
systematic variation of the specific susceptibility with temperature. In the case 
of chloroform a specimen reading is given to illustrate that cooling in all cases 
produces an apparent increase as will be shown in detail and discussed in 
the next section. Acetone has been studied by Fahlenbrach'* who records 
a small decrease of x as the temperature is increased. As the results in the 
previous and following tables show, such a fall seems doubtful. 


In the case of nitrobenzene, results obtained on different days for the 
three specimens have been collected and given. It is well known that at 
ordinary temperatures this liquid is highly associated and heating produces 
a gradual break-up of this association. It is therefore of interest to study 
how such a break-up influences susceptibility values. Bhatnagar and his 
collaborators,!3 Rao and Sriraman,!6 and Krishnan, Banerjee and Guha! 
have all reported a decrease as the temperature is increased in the case of this 
liquid. These observers used the Quincke method while Cabrera and 
Fahlenbrach!5 obtained no variation adopting the Curie method. These 


+ Measurements taken when cooling. 
18 Phil. Trans. Roy. Soc., 1933, 235, 262. 
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discrepancies will be discussed in the next section at some length. The results 
obtained with acetone-nitrobenzene mixtures also support the conclusion that 
break-up of association by increase of temperature or by the presence of 
foreign molecules does not produce any change of susceptibility in the case 
of nitrobenzene. 






















TABLE VI. 


Benzene-Acetone. 





Acetone 100% Acetone 73% Acetone 44% Acetone 0% 





] 
Temp.(°C)| x Temp.(°C) x remp.(°C) ¥ Temp.(°C) x 
I | 





27-5 0.5820 27-2 0-6130 29-0 0.6479 29-2 0- 7042 
29.7 0.5821 31-3 0-6110 31-5 0.6469 37+7 0+ 7032 
32-2 0-5825 39-2 0-6117 33-0 0.6479 39-0 0.7029 
33-5 0-5821 40-0 0-6130 36-0 0- 6484 41-2 0+ 7028 
36-0 0-5824 42.6 0-6135 40-0 0-6484 43-1 0- 7042 
40-5 0.5817 44-0 0-6130 42-0 0-6479 45-7 0- 7044 
42.0 0-5920 


























It is clearly seen that there is no variation of the susceptibility of any 
mixture as the temperature is increased. In Fig. 2 is shown the concentra- 
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tion-susceptibility curve, the susceptibility at any concentration being the 
average value for the different temperatures. It is seen that there are no 
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departures from the additive law. Kido® and Rao! have investigated this 
mixture at the laboratory temperature and have reported the same obser- 
vation. It is interesting in this connection to observe that magnetic 
birefringence!? shows considerable departures from the additive law most 
possibly due to a break-up of the association in acetone. 

(c) Chloroform-Acetone mixture. 


The importance of the study of this mixture has already been mentioned 
at the beginning of this paper. Very great care was therefore exercised 
and the reliability of the readings has been carried much further than in the 
study of the benzene-acetone mixture. The results of a set of observations 
made at different concentrations at the laboratory temperature are shown in 
Table VII below : 

TABLE VII. 
Chloroform-Acetone. 


Temperature 29-0° C. 








Depression 
Acetone % divisions | x 
on scale 

0 489-0 0-4986 
25-5 509-5 0-5206 
33°5 517-0 0-5267 
56°8 533-8 0-5443 
76-2 548-5 00-5594 
100-0 567-8 0°5789 











Table VIII gives the effect of temperature on the susceptibility of the 
mixtures at different concentrations. 
TABLE VIII. 
Chloroform-A cetone. 

















Acetone 25+-5% Acetone 33-5% Acetone 56-8% Acetone 76+2% 
) Biavepeied weil Lia Paty REED. 

Temp.(°C)| xX Temp.(°C) x Temp.(°C) x Temp.(°C) x 
25-0 0-5201 27-0 0-5271 25-0 0-5443 25-0 0-5587 
27-0 0-5211 29-0 0-5271 26-0 0.5445 27-0 | 0-5594 
30-0 0-5209 34-0 0+5266 28-0 0+5445 32-0 | 0°5573 
35-0 0-5201 35-5 0-5266 31-0 0-5430 36-0 | 0-5577 
37-0 0.5211 37-5 0-5261 34-2 0-5445 38-0 | 0-5576 
40-0 0-h191 42-5 0-5261 39-0 0-5435 
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On examining the Tables VII and VIII it is found that for a given 
mixture, the susceptibility remains practically constant as the temperature 
is increased. The deviation is supposed to occur at a concentration of 32 
per cent. of acetone. We see, however, that there is no variation with 
temperature of the susceptibility value either at 25-5 per cent. or 33-5 per 
cent. concentration of acetone. The tube was kept-cool at about 15°C for 
about 4 hours and readings were taken between this temperature and 25°C, 
No variation, however, was noted. Also acetone and chloroform were 
freshly distilled and the observations at 33-5 per cent. concentration of 
acetone were repeated several times. In no case did variations occur on 
heating or cooling. 

Fig. 3 shows the graph between concentration and specific susceptibility. 
It is seen that the points plot themselves smoothly along a straight line. 
A detailed discussion will be given later. 
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It is highly important to ascertain that the liquids contain no traces 
of ferromagnetic impurities. This was carefully checked by measuring the 
susceptibility at different field strengths ranging from about 4 to 27 kilo- 
gauss, in the case of the pure liquids and the mixtures. Fig. 4 shows the 
susceptibility of the pure liquids and of some mixtures plotted for different 
field strengths. It will be noted that the values for any particular concen- 
tration and temperature, suffer no systematic variation as the field is increas- 
ed, such as would be noted if the liquids contained small ferromagnetic 
impurities. 
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(d) Acetone-Nitrobenzene mixture. 


This mixture has been studied by Garssen!! and Rao.!0 While Garssen 
obtains a variation of as much as 17 per cent. at a concentration of 45 per cent. 
of acetone, Rao does not observe any such deviation. Attention has already 
been drawn to the fact that this mixture is of special interest since both types 
of molecules carry large electric moments. Table IX gives the susceptibi- 
lity values at different concentrations at the laboratory temperature. 


TABLE IX. 
Acetone-Nitrobenzene. 
Temperature 29-0° C. 








Depression 
Acetone °% divisions 6 
on scale 

0 475°7 0.4992 
22-0 493-3 0-5175 
38-8 504-5 0-5296 
45-0 511-5 0-5369 
62-0 522-8 0-5488 
72-0 533-0 0-5594 
100-0 553-2 0-5806 











In the following table are given the susceptibility of the mixtures at 
different temperatures :— 


























l 
Acetone 22% | Acetone 28-8% Acetone 45-0% | Acetone 62-0% 
— | | | | | 
eee x | Temp.(°C) x Temp.(°C)| x |Temp.(°C) x 
29-0 0-5173 29-0 | 0-5296 29-0 0-5368 29-0 0-5488 
29-0 0.5178 29-5 | 0-5296 29-0 0-5374 30-0 0-5487 
34-5 0.5163 37-0 | 0-5286 30-0 0-5363 35-2 0-5499 
38-0 0-5171 37-0 | 0-5274 34-5 0-5363 35:0 0-5478 
43-0 0-5173 38-5 | 0-5272 40-0 0-5370 38-5 0-5471 
45-0 0-5178 42-0 | 0-5286 43-0 0-5363 41-2 0-5470 
48-0 | 0-5178 | 44-6 | 0.5279 | 45-2 | 0-5358 














The specific susceptibility remains constant as the temperature is 
increased in the case of any one mixture. ‘I‘he results of Garssen seem to be 
therefore very doubtful. It is not difficult to account for them since it is 
well known that the Curie-Cheneveau method is not particularly adapted 
for the correct determination of diamagnetic susceptibilities to the order of 
accuracy that one should desire in such measurements. 
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As in the case of the previous mixture, a careful and thorough test was 
carried out for detecting the presence of small ferromagnetic impurities. The 
susceptibility values remained constant at different field strengths. 


In Figs. 5 and 6 are plotted the susceptibility values obtained at different 
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concentrations and for any mixture at different temperatures. Not less than 
10 values have been observed at any concentration and the mean taken. The 
experiments were extended over a considerable period and the conditions 
and the specimens of nitrobenzene were also different. In spite of these 
differences it is observed in Fig. 6 that the susceptibility value at any con- 
centration is the same for different temperatures. Further no systematic 
variation from the additive law is observed in Fig. 5. In the x, T curves 
for acetone and nitrobenzene, different plot marks are made for different 
specimens used. 


4. Factors influencing Measurements in the Quincke Method. 
(a) Efficiency of Heating. 
The depression 8 of the liquid in the narrow tube due to the magnetic 
field is given by the equation 
H’ 
5 pg =(k,—k,) 2 a ee (3) 


where the terms have the usual significance. It should be pointed out that 
p is the density of the liquid at the meniscus.. From (3) we obtain 
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k, 2d3pg , k, 
“= 2 a ee oe (4) 
p’ H'p’ p 
or 
_ 259 p , ky 5 
Kee ote a 09 Aw 


where p’ is mean density of the liquid in the arm, CC’ in Fig. 1. If we assume 
that the specific susceptibility remains constant in the range of temperature 
ae 

p 


studied, the depression 6 will be constant only i =1 or a constant. If 


the meniscus is cooler than the body of the liquid, then a smaller value of the 
depression will be recorded and vice versa. It should be observed that the 
meniscus itself does not contribute anything to the total force since it is ina 
uniform field. The reliability of the measurements depends therefore on the 
efficiency of heating. An ideal arrangement would of course be to cover 
the entire tube between the pole faces with the jacket but this would mean 
a larger distance between the pole faces and consequently a much lower mag- 
netic field. The depression would become reduced several times and the 
variations in the level due to other disturbing causes would seriously affect 
the measurements. It has been thought worth while to use the jacket only 
up to about 1 cm. or less below the meniscus and by careful manipulation 
of the jacket temperature adjust the meniscus to attain the same tempera- 
ture as the body of the liquid. If the heating is gradually done and the 
narrow tube is sufficiently wide, uniformity of temperature inside will result 
as a consequence of convection. If the tube is a capillary one, circulation 
is prevented and hence the meniscus layers of the liquid have higher densities 
than the lower part of the liquid. The readings observed are therefore 
smaller than the correct values. The results of Rao and Sriraman are to be 
explained in this manner since they used fine capillary tubes between the 
pole faces. The part of their curve which runs up may be accounted for 
by the fact that after a certain stage, the liquid near the surface gets heated 
and keeps hotter than the lower regions due to inefficient radiation. 

When the heater is cooled, the meniscus layers are not so easily disturbed 
since the density of the liquid in that region would be less than in the lower 
body. Even a sufficiently wide tube would not be perfectly efficient. As 
was mentioned earlier, it has been observed uniformly in this investigation 
that rapid cooling of the liquid by ice and water always produces an appa- 
tent increase in the depression. 


(6) Medium above the liquid. 


In the case of an exhausted tube, the tube contains above the liquid 
only the vapour of the liquid whose pressure is constant corresponding to 
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the temperature of the air in these experiments. In the case of an open tube 
on the other hand the pressure above the liquid is the same as that of the 
atmosphere outside. Hence the partial pressure of air inside is less than that 
of the air outside by the vapour pressure of the liquid at the given tempera- 
ture condition. If further, the open tube is heated throughout as Mathur 
has done, the vapour pressure of the liquid inside will increase with tempera- 
ture and hence the partial pressure of the air inside the tube will decrease as 
the temperature is increased. 

We shall consider now the magnitude of the corrections involved in such 
cases. The contribution due to vapour above the liquid is given in equation 


(5) by ‘ The variation of this correction changes with temperature only 


to the extent of the change of density of the liquid inside in our method. 
But if the vapour above be also heated, variations of k, will also result. 
However, the value of k, is very small at atmospheric temperatures and hence 
the correction could be neglected. In the case of an open tube, the partial 
pressure of the air inside is given by P—#, where P is the atmospheric 
pressure and / the saturation vapour pressure corresponding to the given 
temperature condition. ‘The correction due to this air is given by 
_P=—P XaPa 

76 p’ 
where x, and p, are the specific susceptibility and density respectively of 
the air. At higher temperatures p becomes much larger and hence both P—p 
and p, become smaller. Thus the absolute corrections involved due to the 
presence of air above the liquid become less at higher temperatures. If there- 
fore corrections are not made on this basis but on the assumption of a con- 
stant pressure of air above, the susceptibility values would appear to become 
less at higher temperatures. Calculation shows that this fall may be as much 
as 4 to 5 per cent. insome cases. It is highly probable that many of the results 
recorded by Bhatnagar and his collaborators!3 may be explained in this 
manner. If the air above is damp, the corrections would become much 
greater. 

In the case of mixtures at the laboratory temperature, the same 
correction will have to be applied if an open tube is used. The sum of the 
vapour pressures would have to be deducted from the atmospheric pressure 
to obtain the partial pressure of the air inside. Corrections here also appear 
to be considerable. 

(c) Viscosity of the liquid. 

It is obvious that the movement of the surface of the liquid between 
the polepieces will be greatly damped if the liquid is highly viscous and the 
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tube very narrow. On introducing the magnetic field the level is lowered ; 
but even after the level has attained the lowest position, the liquid wetting 
the surface will flow down. In the case of a fine capillary tube, more liquid 
will stay in the meniscus and the lowest level will gradually rise. If the tube 
is too fine, the meniscus may have a permanent alteration in shape and the 
depression read would be decidedly greater than the correct value. As the 
temperature is increased, it is well known that the viscosity of the liquid 
decreases rapidly and thus the results would correspond more nearly to the 
correct values. Thus unless note is made of this source of error, an apparent 
fall in the depression will be noticed. It is quite likely that the fall in the 
diamagnetic susceptibility of nitrobenzene with increase of temperature 
noticed by Rao and Sriraman is due to these causes, particularly in view of 
the fact that they used capillary tubes between the pole faces and nitro- 
benzene is a fairly viscous liquid at ordinary temperatures. Obviously the 
discrepancy would become greater for small depressions. Rao and Sriraman 
used low magnetic fields and thus the differences would become intensified. 


The experiments of Sibaiya and Venkataramiah seem to have been ham- 
pered by this kind of trouble. In their first method, they study the changes 
in the weights of liquid drops in the presence of and without the magnetic 
field. It is apparent that a more viscous liquid would take a much longer 
time to form into drops. The observed susceptibility values would be lower 
due to these causes. A quantitative comparison of ‘the susceptibilities of two 
liquids having different values for the viscosity would not be possible. The 
same difficulty arises in their second method where the time of creeping back 
of the test-body will depend on the viscosity of the surrounding medium. 
It is also significant that they obtain a decrease in susceptibility in the case 
of acetone-chloroform mixtures, this decrease being larger for that particular 
composition for which the viscosity has the highest value. In fact we find 
that their composition-susceptibility curve is almost exactly of the same 
shape as the composition-viscosity curve at about 25°C except that it is 
reversed. 


(d) Precautions observed in this method. 


In view of the above sources of error, attention may be specially drawn 
to the following precautions taken in the present investigation :— 


(a) The tube between the pole faces was made fairly wide and thus 
damping effects were almost absent. 


(5) The space above the liquid in the tube contained only the vapour 
of the liquid. Uncertainties of corrections due to air and atmospheric water 
vapour are entirely removed. 
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(c) Since no corrections are involved, changes of susceptibility with 
temperature become accurately measurable. 

(ad) The dissolved air in the liquids is completely got rid of so that 
there may not be any lowering of the depression due to the presence of air 
bubbles in the liquid when heating. 

(e) Since glycerine was used in the heater, temperature conditions 
could be kept more uniform over long intervals of time. 


5, 


Discussion, 
Van Vieck!® has developed the following expression for the susceptibi- 


lity of an atom with no resulting magnetic moment :-— 





°w m,(n’: n) > Ne? —— 
Xa = Nea = § WD | s70509’ zm) | aa > 2 
hv(n' : n) 6me 


The second and the diamagnetic term is the usual expression according to 
the theory of Langevin. The first is a paramagnetic term arising from the 
change of angular momentum caused by the distortion of the electron system. 
The susceptibility will be positive or negative according as the paramagnetic 
term is greater or less than the diamagnetic term. Kido? finds this to be 
amply borne out since he finds that the experimentally determined ionic 
susceptibility (in diamagnetic cases) is always smaller than the theoreti- 
cally calculated value of Angus. He identifies this difference (being a para- 
magnetic term) with the first term here. It is well known that the 
paramagnetism arising from this cause does not change with temperature. 
This is proved in the case of the oxides CeOo, TiO2, SnOs, and ZnOz2 which do 
not show a temperature coefficient even when they are heated from the room 
temperature to 800°C. Hence there is no room to expect that the normal 
diamagnetic molecules would have a temperature coefficient. 


The question of association in liquids is somewhat more complicated as 
it involves a sort of binding between two or more molecules. An easy 
solution can be obtained if the nature of association is clearly known. 
According to Azim, Bhatnagar and Mathur, there is a fall in the susceptibi- 
lity value as the temperature is raised in the case of some aromatics including 
nitrobenzene. This would suggest that a break-up of the association would 
result in a decrease in the susceptibility value. It is difficult to see how this 
could happen in view of the fact that Kido finds that in all such cases the 
calculated value of the molar susceptibility from the addition of. ionic sus- 
ceptibilities concerned in the molecule agrees very well with the experimentally 
determined value. There is no separate factor involved due to association. 





19 Theory of Electric and Magnetic Susceptibilities, p. 122. 


20 Sci. Rep. Tohoku Imp. Uny., 1934, 22, 835, ; 
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According to the theory of Debye, association consists in the formation 
of double molecules with zero resultant moment in the particular case 
of nitrobenzene, which is evident if we regard the nitrobenzene molecules 
as having an elongated shape and as forming mutually compensated pairs. 
This has been amply borne out in the experiments of Todd?! which prove 
that the nitrobenzene molecules associate in pairs and that such a state of 
association is disrupted by thermal or mechanical agitation. Since it is 
purely an electrostatic attraction there is no covalent or electrovalent bond 
even of a feeble type. Hence it is difficult to see how it can affect the sus- 
ceptibility value though properties like dielectric polarisation, scattering, 
birefringence and the like should be affected. Cases like ethyl alcohol- 
benzene mixtures may be cited as examples to show that while the dielectric 
polarisation curve for a mixture may show a distinct maximum due to the 
association of polar molecules, there may be no departures from the addi- 
tive law of diamagnetic susceptibility values. 

Besides the values of the susceptibility of these liquids in the vapour 
state do not seem to be different from those corresponding to the liquid state. 
Vaidyanathan’s?? results show an apparent difference but if we use in the 
calculation of molecular susceptibilities the densities of the vapour at the 
temperatures concerned and do not assume that 22-24 litres at N.T.P. 
constitute the molar volume, the vapour values agree very well with the values 
for the liquids. The assumption regarding the molar volume near the 
condensing point is obviously untenable. If therefore there are no variations 
of the susceptibility as the liquid is converted into the vapour, it is difficult 
to see how changes could be brought about by heating the liquid. 

The case of acetone-chloroform.may now be considered in detail. Accord- 
ing to Dolezelek there is a compound formed in this mixture. It is very well 
known from the principle of Le Chatelier that an exothermic reaction like 
the present one is accelerated by cooling + '* system while heating retards 
the reaction. If the formation of a compo: d occurs and if this means an 
alteration in the specific susceptibility, then the departures from the additive 
law must become more striking as the mixtures are cooled to temperatures 
lower than that of the laboratory. In our investigation on the other hand, 
it has been found that the additive law is obeyed even at lower temperatures. 


The density measurements indicate a maximum percentage decrease in 
the neighbourhood of nearly 60 per cent. of acetone in the mixture. But the 
density of the mixture decreases up to about 30 per cent. of acetone and then 





*1 Phys. Rev., 1933, 44, 787. 


** Ind. Jour. Phys., 1927, 2, 135. 
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the curve runs almost parallel to the additive straight line till a concentra- 
tion of 60 per cent. of acetone is reached. Now if any compound is formed at 
about 30 per cent. the formation of the compound would decrease according 
to the law of mass action at concentrations away from 30 per cent. Thus 
the total decrease in value indicated by the density curve would be less for 
concentrations even immediately next to it. Hence at about 60 per cent. 
we must expect the density to be almost the additive density. Now the 
total decrease in value at 30 per cent. is almost equal to that at 60 per cent. 
suggesting that the total amount of the compound formed at 30 per cent. still 
exists at 60 per cent. which is against the law of mass action. We must 
therefore take into account the percentage changes only and that is found 
to be maximum at about 60 per cent. of acetone in the mixture. It thus looks 
unlikely that a compound is formed. 

The viscosity concentration curves for acetone-chloroform mixture at 
different temperatures are interesting.23 The results of Faust indicate that 
a maximum is obtained in the viscosity concentration curve and that with 
rising temperature the maximum shifts towards the viscosity of the more 
viscous constituent. Tsakalatos adduces this evidence in support of the 
formation of a compound but Kurnakow’s observation that the two branches 
of the curve on either side of the maximum should be convex to the concen- 
tration axis makes this interpretation doubtful. The maximum must also 
be independent of temperature as is observed, for example, in the cases of 
pyridine and acetic acid, aniline and acetic acid or better allyl mustard oil and 
methylaniline. These arguments go to show that even according to the visco- 
sity data the formation of a compound in acetone-chloroform mixtures is 
doubtful. 

Now even if we assume that dimethyl trichloromethyl carbinol (CH;)2: 
C(OH)CCly, is formed, it can be shown that this would not mean any change 
in the susceptibility value derived from the additive law. Substituting the 
values of the susceptibilities of the ions, CH;!, C+4, OH™! and Cr! 
from Kido’s data, we obtain for the mass susceptibility of the above compound 
the value of 0-535. The calculated mass susceptibilities of acetone and 
chloroform are 0-608 and 0-493 which are very near the standard values 
given in Table I. Now one molecule of the compound is formed by the 
combination of one molecule of acetone with one molecule of chloroform. The 
molecular susceptibility is hence obtained by normally adding the suscepti- 
bilities of the constituent molecules. Thus the mass susceptibility at 
equimolecular concentration in the mixture, will lie exactly on the straight 





23 For an interesting and useful account of viscosities of liquid mixtures, see 
Hatschek, The Viscosity of Liquids, pp. 135-163. 
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line joining the specific susceptibility points of the two liquids. Thus no 
departures from the additive law will be obtained even if chemical combina- 
tion sets in, which, as was outlined above, is in itself quite unlikely. 


Kido has investigated mixtures of acetic acid and stannic chloride and 
of formic acid and stannic chloride and finds no deviation from the additive 
law although there is evidence to indicate the formation of compounds 
in these cases. 

The additive law of the susceptibility of organic liquid mixtures may 
thus be taken to be definitely established except in the cases of those mixtures 
wherein chemical combination between the constituents changes entirely 
the nature of the bonds linked to the carbon atom. 

We take this opportunity of thanking the authorities of the Annamalai 
University for the award of a studentship to one of us (P. S. Varadachari) 
which has made this work possible. 
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THE full load power factor of a normal slip-ring induction motor, the main 
function of which is to develop mechanical power, can only be raised to 
the neighbourhood of unity, in view of overheating of the rotor. For 
this purpose it is economical to use an expedor phase advancer of the 
Ieblanc, Walker and other similar types which inject into the secondary 
an e.m.f. of the general form alI’2,¢/9 where, a is a factor which depends 
on the speed and saturation of the phase advancer, I’: is the actual 
secondary current and @ is the angle by which this voltage leads I's. 


Slip-ring induction motors of special design are being used in increasing 
numbers as asynchronous condensers. For this purpose it is economical 
to use a susceptor phase advancer. The rotary converter armature without 
stator or with stator and neutralizing winding! are examples of this type. 
They inject into the secondary an e.m.f. of the general form Eze? where, 
k is a constant, Ez is the secondary open circuit e.m.f. and £ is the angle 
by which this voltage leads Eo. 


This mathematical classification? of the existing types of phase 
advancers suggests the theoretical possibility of a new type capable of 
injecting into the secondary an emf. of the form (al’s¢99 + hE 2e'P) 
and which may be called an expedor-susceptor phase advancer. The object 
of this paper is to consider first the action of an ideal phase advancer of 
this type and then to describe how it may be built and expected to work 
in practice. 

To have an elementary view of the fundamental action of the expedor- 
susceptor phase advancer and to compare it with other phase advancers, 
suppose that they are connected in turn to the same motor running light. 
Let 72 denote the resistance of the secondary of the motor and let the 
reactance of the secondary and the phase advancers and resistance of the 
latter be neglected. The expedor phase advancer consumes an e.mf. 
— al’ se/9 — (— acosé --jasin6)I’y. It thus acts as a negative impedance 





1 Kozisek, F.7.Z., 1925, p. 142. 
2 Rudra and Walker, Journal J.E.E., 1931, p. 445. 
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—(acos#+jasin@), alters the effective impedance of the secondary ‘to 
{(rz-acos@) — jasin®} and causes the secondary current to lead by an angle 
arc tan {asin®@/(rz—acos6)}. The e.m-f. RE pe!B of the susceptor phase 
advancer has components mE,==kcosBE2 and nE2=ksinBE, along and 
at right angles to the secondary e.m.f. The former only alters the slip of 
the motor and has very little effect on its power factor. The latter 
component produces a wattless current mE»/r2 which is leading as long as 
sin8 is positive. It thus affects the wattless output of the motor which 
can be reduced, made zero or leading, depending on the values of k and B. 
In the case of expedor-susceptor phase advancer, the e.m-f. al’, alters 
the effective impedance of the secondary to {(r2—acos@)—jasin6}. Of 
the emf. kEze!%, the component mEz affects the slip of the motor and 
the component mE, produces a wattless current nE2/(72.—acos@). From 
this elementary consideration it is obvious that the field of application 
of the expedor-susceptor phase advancer is the same as for the susceptor 
phase advancer, 7.e., with asynchronous condensers. It will be observed 
that for the same value of n the ratio of wattless current supplied by the 
expedor-susceptor phase advancer to that supplied by the susceptor phase 
advancer is 72/(72—acos@) and this ratio can be made as large as desired 
by selecting suitable values of acosé. 


Fig. 1 shows the diagram of a two-pole expedor-susceptor phase 
advancer. The rotor has a commutator winding C and a slip-ring winding 
S located in the same slots. The slip-rings are connected to the 
secondary of a transformer or preferably an induction regulator, the primary 
in either case being connected to the same mains as the motor. The stator 
has a field winding F), Fo, F3 and a neutralizing winding Nj), No, Ns, 
connected in series with the commutator winding through three brushes 
testing 120° apart on the commutator. The neutralizing winding is just 
sufficient to neutralize the flux of the commutator winding. For the same 
reason as in the susceptor phase advancer, this phase advancer is directly 
coupled or suitably geared to the motor, according to whether the number 
of their poles is equal or not. It will be assumed here that former is the 
case. 


To see how this machine acts as a combination of expedor and susceptor 
phase advancers, remove the stator and impress a constant three-phase 
voltage on the slip-rings from the secondary of the transformer or the 
induction regulator. Then a rotating wave of flux will be produced in the 
armature and a constant voltage which may be written as kEg2 will appear 
at the commutator brushes. If the armature flux is rotating against the 


direction of rotation of the motor the frequency of voltage at the 
3 
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commutator brushes will always be equal to that of the e.m.f. induced in 
the secondary of the motor. On connecting the commutator brushes to 
the motor slip-rings a voltage hE eB will be injected into the secondary, 
If a transformer is used, B can be varied by rocking the commutator 
brushes. If the transformer is replaced by an induction regulator, B can 
be altered in the same manner and also by turning the rotor of the regulator. 
The action of this machine is fundamentally the same as that of the rotary 
converter armature without stator, when used as a susceptor phase advancer. 
In both these machines the reactance (x,) of the commutator winding is 
harmful as it always operates at full frequency. 


To motor slip rings 
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Fie. 1.—Diagram of the expedor-susceptor phase advancer. 


If the stator is now put back and the neutralizing winding is connected 
in series with the motor slip-rings and commutator brushes, and the field 
winding is out, the action of the resulting machine will be fundamentally 
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the same as that of the neutralized susceptor phase advancer of Kozisek®. 
The function of the neutralizing winding in the two machines is to wipe 
out the flux of the commutator winding and thus eliminate +,. However, 
it introduces a new reactance sx, where, s is the slip of the motor and x, 
is the leakage reactance of the neutralizing winding, but the effect of this 
is very small compared with that of x,. B and consequently the wattless 
output of the motor cannot be altered by rocking the commutator brushes 
as this will upset the neutralization of the commutator winding flux. Hence 
an induction regulator must be employed if control over B is required. 


When the field and neutralizing windings are connected as in Fig. 1 
and no voltage is impressed on the slip-rings, the machine will act as an 
expedor phase advancer of the Miles Walker type and a voltage al’ ,ei8 
will be generated in the armature. A Leblanc phase advancer must revolve 
in the direction of rotation of its flux and a susceptor phase advancer 
must revolve against the direction of rotation of its flux. But an expedor 
phase advancer of the Miles Walker type can, like a three-phase series 
motor, be connected to work when revolving in or’ against the direction of 
its field flux. Hence if the stator windings of the machine are connected 
as in the Miles Walker type phase advancer, intended for working against 
its field Mux, and the sense of voltage impressed on the slip-rings is the same 
as in a susceptor phase advancer, a voltage (al’¢49 + kE ge) will be 
induced in the armature. 


Synchronous condensers, and asynchronous condensers employing a 
susceptor phase advancer, are generally worked on no-load as their wattless 
output is maximum on no-load. But, as shown below, an asynchronous 
condenser employing an expedor-susceptor phase advancer may be loaded 
with advantage as its maximum output occurs on load. Suppose that the 
primary and the secondary of the motor have equal number of turns and let 


I, = -I’2 = Primary current required to overcome the secondary 
ampere turns. 
E =: -E2 = Voltage consumed by the primary self-induced e.m-f. 


1. 'f, Y, = resistance of the phase advancer armature, field and 
neutralizing windings respectively. 
Re = re +% + rp+ tn. 
xs = Reactance of the field winding. 
x = % +. %2 + Xf + Ky. 
The equation of the secondary with expedor-susceptor phase advancer is 
SE2 = {Ro + js(x2 + x, + %n)}I'2— (aI’ge49 4. hE 2e!B) 





3 Kozisek, loc. cit. 
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" (s ++ m-+ jn)E = {(R,—acos@) + js(a, + a+ an)—jasinO}I, .. (1) 
Applying the theory of expedor and susceptor phase advancers given 
elsewhere,* ‘it will be seen that with this form of the secondary equation, 
the equivalent circuit of the motor consists of a shunt circuit and a main 
circuit as shown in Fig. 2 and the locus of current taken by the motor is a 
circle. The symbols E), Ij, 71, x1, etc., have the usual significance. Let 
OE, Fig. 3, represent the direction of the e.m.f. of supply to the motor 
and ON=I,=(g,—7b,)E; be the no-load current of the uncompensated motor, 
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Fic. 2.—Equivalent circuit of an induction motor connected to 
an expedor-susceptor phase advancer. 


Then referred to O as origin, OE, as axis of y and the perpendicular to 
OF, at O as the axis of x, the co-ordinates of the extremity of ON, 
the current in the shunt circuit are {g,E,, b,E,—mE/(R2—acos@)} and 
this current is practically constant. Referred to axes at N, parallel to those 
at O, the locus of current in the main circuit, which is the same as that of 
the total current taken by the motor, is :-— 
a* + y°—24,—-2y-y = 0 = om -. (2) 

where 


E 
—__ ‘ . @) 
2X Be a 
= t + XR acondhf 


sia __asin@ 
~ “*R,—acosé 





Lh = 


Ye (4) 


The current locus with any of the three types of phase advancers can be 
obtained with the help of the expressions given above. 


Fig. 3 shows the current loci of a three phase, 50 cycle, 3000 volt, 
1500 h.p. induction motor when a hypothetical expedor-susceptor phase 





* Rudra and Walker, loc. cit. 
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advancer connected to it is used as expedor and susceptor phase advancers 
of various types and as an expedor-susceptor phase advancer. The 
constants for the motor and the phase advancer are :—E,=1730, I,=90 








Fic. 3.—Current loci of a 1500 h.p. induction motor with an expedor-susceptor phase 
advancer when used as expedor and susceptor phase advancers of various 
types and as expedor-susceptor phase advancer. 


at 0-1 power factor; 7;=72=0-09, x) =%2.=0-65; a=0-05; kR=0-01; 0= 
30°; r.=0-01; r7=0-01; 7,=0-01; %,=0-025; x,=0-02, x,=0-01. 
B, wherever it occurs, is assumed to have been set at its most effective value, 
1.e., 90°. 

A is the current locus with expedor-susceptor phase advancer ; 

B is the current locus with Kozisek susceptor phase advancer ; 


C is the current locus with statorless susceptor phase advancer ; 
3A 
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D is the current locus with Miles Walker expedor phase advancer ; 
E is the current locus with Leblanc expedor phase advancer ; 

F is the current locus without phase advancer. 

a, b, c, etc., are respectively centres of circles A, B, C, ete. 

While the loci A, B and C show the difference in the action of susceptor 
and expedor-susceptor phase advancers at various loads on the motor, the 
loci D and E show that the commutator and field windings are much 
smaller than in the case of normal expedor phase advancers of Leblanc and 
Miles Walker types. Consequently the expedor part, viz., armature, field and 
neutralizing windings of the expedor-susceptor phase advancer, is equivalent 
to a poor Miles Walker phase advancer. Once the design of the expedor part 
is settled the dimensions of the auxiliary winding will be determined by the 
value of k. They will not be large as this type of phase advancer will only 
be used when wattless k.v.a. of the order of 1000 and more are required and 
the value of & will only be of the order of 0-01 to 0-02. 
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7. Introduction. 


IN a paper appearing in the current Indian Journal of Physics, the author 
has described a modification of Edser’s theory of liquids (Fourth Brit. 
Assoc. Report Colloid Chem., p. 40, 1922). Edser regarded a liquid as 
being made up of spherical molecules attracting with a force expressed by 
u/r™. The molecules need not necessarily be spherical in shape since their 
rotation involves an approximately spherical space being kept clear around 
the centre. Edser regarded the apparent diameter o of the molecules as 
constant, but » was taken to vary with temperature. The modification 
under discussion involves regarding p as constant and taking o to vary with 
temperature. It increases with temperature because the increased thermal 
motion of the molecules keeps a larger space clear around them. 

Edser calculated o by assuming that at the melting point a liquid is 
composed of spheres closely packed, so that it could be obtained from a 
formula of the type, 

o=(1-32x10°) Vt. - : i" » @ 
Actually Edser’s formula was slightly different as os did not introduce the 
close packing factor for spheres, but assumed cubical packing. 

In the present theory, the apparent diameter of the molecules is taken 
to increase with temperature, and at a temperature T, near the melting 
point, is assumed to be given by, 

= (1-32x10") VV; Ste ae ~~ & 
It ae be understood that the sachicthes are wit assumed to be rigid ; 
a is the average distance of closest approach of molecular centres; it is the 
distance from the centre of a molecule within which on an average there will 
be no molecular centres, and outside of which om an average there will be 
uniform distribution of molecular centres. Some molecules will approach 
more closely, and there is nothing to prevent slow diffusion of molecules 
through the liquid. The average effect, however, is that of closely packed 
spheres. 

We may liken a liquid, therefore, to a closely-packed swarm of soft 
attracting bees. Any particular bee is crawled on by its neighbours and 
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is crawling on them ; at times it will he slightly compressed, at times slightly 
expanded, but on the whole it has a definite size. If in addition we imagine 
each bee to rotate, we obtain a mental picture of a liquid. 


The conception of the space occupied by a molecule expanding with 


d . ‘ 
temperature enables us to relate 5. to a the coefficient of cubical 
Pp 


expansion, and derive formule for quantities such as L;, for which even at 
constant temperature a knowledge of the effect of variation of temperature 
on the properties of the liquid is required. 

As explained in Part 1 (loc. cit.) the formula for 1, is based on the 
equation, 


SA; 
Li = Ai—T (St) } in a e (3) 


on (2), and on Edser’s formula for A; which is, 
2a N* 
= 3 a a a our 
Combining these equations and inserting the usual value of the 
constants we obtain, 
L; = 4:22x10" Seeger ( + =) cals. . @ 
(m—4) o 3 
Similarly, Edser’s formula for surface tension is 
mp N* 
8(m—5)o”" Vv? 
and this combined with (2) gives 
p 
(1:31) (m—5)o 
In Part 1 » was eliminated between (5) and (7) giving after combination 
with (2), 
L; (cals.) = 9-61 x ™—9 y v" [1 re wes] r . 8) 
The application of (8) to non-polar organic liquids was discussed in Part l, 
and it was shown that for values of m= 10 or 11 satisfactory agreement is 
obtained between calculated and observed results. Equations for C,i—Cy 
and C,—C,. were also deduced, and found to give satisfactory agreement 
with the results of experiment. 
The present paper comprises (a) the calculation of » from the parachor, 
(b) the calculation of the force between two molecules at the distance of 


average closest approach, and (c) the calculation of the properties of some 
liquefied gases from their second virial coefficients. 





? = 


5 





dies m+] 
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2. Calculation of » from the Parachor. 


From (2) and (7) we can write, 


- 
Fare ee ‘= ~~ 
(1+31) (m—5) (1-32 x10-*)" 47 -y (MF DB 


P \(m+1)/3 
=(+) We ae 


where P is a constant. This is a general parachor law. We then have, 
yw = (1-31) (m—5) (1-32 x10)! pm DS s .. aa 
For many liquids, 
Pt 
edi | 
and hence from (10), (11) and (12), putting m=11, 
p = 2°20 x 10° x P* és ¥ a 0s .. (13) 


While the analogy cannot be pushed far, it may be remarked that it is 
P and not P* which is additive for each atom in the molecule; in the wave 
mechanics expression for the polarisation energy of two helium atoms, the 
additive charge factor, e, appears as e*. In this case, however, m has the 
value 7, and not 11. 





. (12) 


Table I gives for illustrative purposes some values of u. For compa- 
rison it may be stated that the repulsive force constant A for nitrogen 
calculated from the equation of state has for m= 11 a value of the order 
0-03 x 10°; m for nitrogen has not the value 11. 


TABLE I. 
pe = 2-20 x 10° x Pt, 








Substance | 





CHCl, ue re . -17 x10° 
CCl, - ‘ 2: 2-44 x 10° 
(CH,),CO + 2 -60 x 10° 
CE)O .. ts 2 96 x 10° 


0,H, *h oe ; 84 x 10° 


C.H,, . ae ‘ P 20 x 10° 
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3. Force between Two Molecules at the Average Distance of Closest 
Approach. 


From (7) 


p/o™ = 1-31 (m—5) yo : ; oe - »- (14) 


Pp pee l /3 
As before y can be replaced by ( =) 


but (14) is in a form convenient 


for calculation. Putting m=11, a value suitable for most non-polar organic 
liquids, we have 
pio” = 7:86yo ot rw - a ~. (15) 

Table IT gives a few illustrative figures. 

For comparison we note that the attractive force as deduced from the 
equation of state between two molecules of liquid nitrogen in contact at the 
distance of closest approach is of the order of 1-6 x 10° dynes at 77-3°K. 

TABLE II. 





Substance 





(C,H,),O 





(CH,),CO 
CH, 
CHCl, 
CCl, 


OH, nt a ie 87 


6 











4. Calculation of the Properties of Liquefied Gases from the Second 
Virtal Coefficient. 
So far it has been assumed that the only effective force between two 
molecules is the attractive force given by p/r”. If, however, we add to this 
a repulsive force given by A/r", then as the two forces are independent of one 


another, (5) and (7) require simply the addition of a corresponding term for 
the repulsive force and apegie 


Li = 4-22 x10"° - mail += (m— =) 
ae a’ 


ot “tl (1 : T = ay ‘in 
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ue A 
[ mri — aril 7 - .. (17) 
Co 


(m—5) (n—5) o 

Lennard-Jones (Statistical Mechanics, by R. H. Fowler, Chap. X, 1929) 
has shown that the second virial coefficient (B) of a gas consisting of small 
spherically symmetrical particles, all of one kind, between each pair of which 
at a distance y from one another there exist two forces given by 
Nr (repulsive) and y/r” (attractive) can be expressed by the equation, 
B=()=N[ a*S x in ee ae 
where N is the number of molecules in the quantity of gas to which B refers 
and 


Fy) =! "—™) [r(S=) — 2 fay" | be ba .. (19) 
n q=1 
In this expression, 


i=" 8 jn—1 (m—1)/(n—1) 
Y= (m—1) kT) A a 


and the coefficients f(q) are written for, 


ofr[t=9=) 





f(g) =- Sy 


Comparison of the graphs of log F(y) plotted against [(— 1)/(n—m)] log y 
with that of log B against log T determines the values of [(m—1)/(n—m)]X 
and Y, the co-ordinates of the parallel transformation necessary to secire 
agreement between theoretical and experimental curves. 

If B refers to 1 c.c. of gas at N. T. P. then A andy are given by the 
following equations :— 

A (n—1)X n—-1 2rv 
log s—1 @«) 3s (1 8 3 


y —] 7 come ——— 
= ag <= 1 (19-759—Y) + 16-137... .. (23) 


°—Y) + log k cs .. (22) 


log a= Gey — = (19-752—Y) 4-16-1837, .. (24) 

The equation of state docs: not determine ” and m uniquely, but merely 
gives an array of possible values. We can, however, determine m by 
choosing the integral value which most nearly satisfies (8). We then 
determine if there is a value of » which will enable (16) and (17) to be 
satisfied, and will at the same time satisfy the experimental values of the 


Virial coefficient. It has been found possible for all the five gases for which 
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reliable values of the second virial coefficient are available, to find such 
values of n. 

Table III gives the values of m and n taken for each gas, the values of 
the co-ordinates of the parallel transformations, and the corresponding 
values of » and A. Fig. 1 shows for each of the gases the theoretical curves 
and the experimental values of the second virial coefficient. The concordance 
is satisfactory. Table IV shows the application of (17) to the calculation of 
experimental results using the values of m, n, » and A given in Table ITI, and 
Table V relates similarly to (16). 

TABLE ITI. 
Force Constants derived from the Equation of State. 





Substance| m | Y A in 
(n—m) | 





He 1: 4-955 | 2-41 107 77X10" 
3-100 -65 X 107114 +33 x 107% 
4-965 | 1-93x107% | 2-55x107 
3-230 | 1-30x107?°7 | 1-41 107% 
3-349 | 1-52x107%%* | 2-02 107° 


























TABLE IV. 
Surface Tension. 
im A 


1-31(m—5)o0"*! 1-31 (n—5) ott! 








Substance| T D a0 X10° | m An Y 





02 | 144 
02 | 144 = 
97 | 144 | 2-42] 0-17 
05 | 144 | 2-02] 0-12 
| 25 . -O1 
-40 | 25 | 5-42| 0-01 
-03 31 | 12- -02 
07 31 |11- 01 


-28 31 | 10- *03 
“34 31 9-4 -02 


0-146 
0-146 
-076 
O71 
+247 
“215 
-418 
“374 


*839 
-818 


He 


1: 
9 
2 


5 
5 
0 
0 
c 
5 
0 
0 


Ce 
bo bo 


15: 
20: 
24- 
26- 
85: 
90: 
70: 
75: 


oo 
© Co 


eo 
Co Rs we 
PP eR WO RO RP 
Po ee Be aS 





























* The fraction is added to simplify calculations. 
+ As there are no satisfactory experimental values for L; for neon, m is not 
completely determined. It may have the value 8 with a corresponding reduction in 


the value of n, | 
F 
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NITROGENGI,8) 
6 
r -1. Lo 
4 ° 6 not logy 
-O 
: ARGON (31,8) 
-T6 [ 
ed vt 412 


0|(@)3|6074 








NEON (25,7) 
T6 
. 


4 T6 1-2 
1 mn mS l 


} HYDROGEN (45,8) 
rT-6 
49 o 


rT-2 -8 
1 


1 
‘. HELIUM (143,7 
re (143.7) 
rT- a 
— T8 Ts Li 6 FA besy 


i i 4 

134 1-8 22 2:6 3-0 

Log T (the scale for Log T is common) 

OBSERVED (—) AND THEORETICAL (©)VALUES OF THE 
SECOND VIRIAL COEFFICIENTS. 





n-1 Log 
L n-™M Y 
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TABLE V. 
Latent Heat. 


Li (cals.) = 4-22 x 10** [ —_ =}! + 


“m—1 
%, r f, 4. Bin—4)a} 
rislaa arcs +e 


so 
(m —4)o 
ote *' - S 


3 


= 4-22 x10" (B,—B,). 





Bi X | B, xX Li 


Sub- | om 


D 


| 
stance | | 19*° 10°" | (cale.) 





116 | 4-05 - 004 : 4-f -10 18- 
147} 4- 0 (?) 4- -10 19-- 


-076 | 3-97 0-012 144] 47: D:0 180: 
-O71 | 4-08 0-014 44- 4-7 169: 


-404 | 4-05 0-0046| 8 |< 305: ‘0 1280: 1326: 





-876 | 4-23 0-0048 31 | 294- 3°0 1230-0 | 1330- 
-808 | 4-34 0- 0059 31 | 280-0 | 4:0 1170-0 | 1180- 





























The agreement is good, when it is remembered that the virial equations 
relate to a dilute gas, and the calculations are made with constants derived 


from the virial and applied to the liquid state under greatly different 
conditions of temperature. 





It must be pointed out that the contribution of the repulsive force to 
the calculation of L; and yis as a general rule small, and as the virial 
equation permits of m being varied between 9 and infinity, a certain control 
of calculated results can be achieved. Thus the value of » to which y and Li 
are approximately proportional form=9, is about three times that for m=, m 
remaining constant. ‘This objection is to some extent met by the consideration 
that the values of y and L; for nitrogen are some 30 and 70 times respectively 
the corresponding values for helium, a variation quite outside the range of 
control. Further, the application of the Schrédinger equation indicates that 
helium atoms attract one another with a force varying as the inverse 7th 
power of the distance; the force constant lies between 7 and 9x 10° 
(Lennard-Jones, Proc. Physical Soc., 48, 473, 1931). This result which is 
approximate compares well with the value of 5-77 10 here deduced on 
completely different considerations. The value of m for helium here used is 
close to that indicated by the viscosity of helium in the gaseous state 
(Lennard-Jones, Proc. Roy. Soc., 107, 165, 1925). 
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For the other gases considered wave mechanics has as yet yielded no 
definite quantitative information regarding their molecular fields beyond the 
fact that m is probably 7. The values of m for neon! and argon? are 
higher than those deduced by Lennard-Jones from certain properties of 
crystals, but.there are indications that at distances slightly larger than those 
that obtain in crystals, e.g., in liquids, the value of » tends to increase 
(Proc. Roy. Soc., 109, 507, 1925). 

The value of o used here derived from (2) may be regarded as the maxi- 
mum possible value. If the actual distance of closest approach were 90% of 
that given by (2), this would reduce the value of o”*! in (17) with m= 8 to 
40%, of its previous value. To prevent a corresponding increase in the 
calculated value of y it would be necessary to increase both m and u which 
would be proceeding in the wrong direction. It would seem therefore 
that the assumption involved in (2) is correct, and that the distance of 
closest approach has its maximum possible value. 

The results given in this paper indicate that the force constants 
deduced by the Lennard-Jones method from the equation of state apply, 
not only as he has shown to the gaseous and the crystal state, but also, 
when used in conjunction with the modification of Edser’s theory here pre- 
sented, they are adequate to represent quantitatively some of the properties 


of the liquid state. It is hoped to extend this work to the calculation of the 
vapour pressure and other properties of the liquefied gases under 
consideration. 


Summary. 


The theory outlined in Part 1 (Ind. J. Physics, under publication) is 
extended, and formule are deduced relating y, the attractive force coefficient, 
to the parachor, and giving the force between two molecules at the distance 
of closest approach. The formule for y and I, are modified to include 
both attractive and repulsive forces, and values of the force constants 
calculated from the equations of state of certain gases by the Lennard- 
Jones method are inserted ir. these formule. The calculated results 
obtained are in good agreement with the theoretical values. 

NOTATION ADOPTED. 

Ai Internal work of evaporation. Work done against van der Waals forces in 
evaporating isothermally 1 g.-mol. of a liquid to the state of infinitely dilute 
vapour. 

Cp/ Molecular heat of the liquid at constant pressure. 

Cv/ Molecular heat of the liquid at constant volume. 

Cvg Molecular heat of the liquid vapour at constant infinite volume. 


5S 
ee See 
1 See footnote to Table III. 
No certain value for n was obtained by Lennard-Jones for argon, 
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D_sdDensity of the liquid. 

k Boltzmann’s constant. 

Li Internal latent heat of vapourisation. 

m Index of the power of the inverse distance, expressing the variation of the 
attractive force between two molecules. 

n Index for the repulsive force. 

N Number of molecules in 1 g.-mol. 

P Parachor constant. 

p External pressure. 

R Gas constant. 

r Distance between the centres of two molecules. 

T Absolute temperature. 

V Volume of 1 g.-mol. of the liquid in the normal state at T. 

Vm.~. Volume of 1 g.-mol. of the liquid in the normal state at the melting point, 

a Coefficient of thermal expansion of a liquid. 

Y Surface tension. 

Co Apparent diameter of a molecule; average distance of closest approach of 
two molecular centres. 

v, Number of molecules in 1 c.c, under normal conditions. 
Attractive force coefficient. 

A Repulsive force coefficient. 
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1. Historical Introduction. 


As long ago as 1908, Smoluchowski! suggested that as a liquid in the vicinity 
of the critical temperature has a vanishingly small surface tension, the 
boundary between vapour and liquid should exhibit a pronounced roughness 
due to thermal agitation and consequently scatter light. In 1913, Mandel- 
stamm? took up this suggestion and discussed it further theoretically. He 
also made some observations of a qualitative character which indicated that 
the boundary between the two phases of a carbon disulphide-methyl alcohol 
mixture in the vicinity of the critical solution temperature was optically 
rough as envisaged by Smoluchowski. Here the subject rested till 1923 
when it was taken up afresh by C. V. Raman® and placed on a much 
broader foundation. It was shown experimentally that the phenomenon of 
the scattering of light by a liquid surface is not peculiar to the critical state, 
but is universally observable, in other words is exhibited by all liquids and 
at all temperatures. The power to scatter light was in fact shown to be 
a general characteristic of liquid surfaces which distinguishes them from the 
surfaces of crystalline solids. The observations also revealed the remarkable 
polarisation effects exhibited in the scattering of light by a clean mercury 
surface. Following this preliminary announcement Raman and Ramdas?+ 
published a series of papers describing quantitative studies and establishing 
the relationship between surface tension and surface scattering by a liquid. 
The laws of variation of the intensity and polarisation of the scattered light 
with the angles of incidence and observation were also investigated. Mean- 
while, Gans took up the subject on the theoretical side and published an 





1 Smoluchowski, Ann. d. Phys., 1908, 25, 205. 

? Mandelstamm, Ann. d. Phys., 1913, 41, 609. 

3 Raman, Nature, 1923, 112, 281. 

* Raman and Ramdas, Proc. Roy. Soc. (A), 1925, 108, 561; 109, 150, 272. 
5 Gans, Ann. der Phys., 1924, 74, 231; 1926, 79, 204. 
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elaborate treatment based on the same fundamental idea as that of Mandel- 
stamm, namely, that the surface agitation could be analysed into sets of 
trains of surface waves which diffract light in the manner of a_ periodic 
grating. A little later, Brillioun® used a similar concept coupled with 
the idea that the surface waves due to thermal agitation exert a pressure 
on the boundary to explain why the surface tension diminishes with rising 
temperature. In this way Brillioun succeeded in obtaining a fair theoretical 
approximation to the experimental value of the Eotvos constant. Ramdas? 
and later Andranow and Leontowicz’, and also Leontowitsch® discussed the 
experimental results of Raman and Ramdas and compared them with the 
indications of the Mandelstamm-Gans theory. 


2. Some Difficulties in the Theory. 


As remarked above, the theoretical treatments of the subject are based 
on the assumption that the thermal agitation of a liquid surface can be 
analysed into a series of progressive waves and that the latter diffract light 
in the manner of a grating. A surface grating composed of simple harmonic 
waves of sufficiently small amplitude in one dimension will give only the 
spectrum of the first order at an angle determined by the ratio of its wave 
length to the wave-length of the incident light. Accordingly, in order to 
explain the scattering of light through all possible angles, it wiil be necessary 
to assume that wave trains exist whose grating constants range from very 
large values down to values of the same order as the wave-length of light. 
While it is perfectly permissible mathematically to analyse an arbitrary 
disturbance into a series, it is a very different matter to suppose, as Gans and 
Mandelstamm do, that the components derived by such analysis have a 
physical existence, that is to say, have the character of progressive waves 
capable of travelling over the surface and possessing energies distributed 
according to the Boltzmann principle. It should be remarked in this connec- 
tion that surface waves of small wave-length are highly damped. ‘Taking 
the expressions for the effect of viscosity on surface waves given in Lamb's 
Hydro-Dynamics, 5th Edn., pp. 586-593, it is easy to calculate the rate 
of damping for any given liquid for a specified wave-length of surface 
disturbance. Calculations of this kind made for the cases of mercury and 
water show that even for surface waves whose wave-length is as much as 
ten times the wave-length of green light, the damping is so great that the 
motion is aperiodic. The supposition that extended wave-trains are possible 





6 Brillioun, Comp. Rend., 1925, 180, 1248. 

7 Ramdas, Ind. Jour. Phys., 1926, 1, 199. 

8 Andronow and Leontowicz, Zeit. f. Phys., 1926, 38, 485, 
® Leontowitsch, Zeit. f. Phys., 1928. 47, 299. 
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which act in the manner of a perfect diffraction grating appears, therefore, 
to be entirely wide of the mark. The whole basis of the theory developed 
by Mandelstamm and by Gans is therefore probably invalid. 

3. Some Discrepancies between Theory and Observation. 

Since, as remarked above, the Mandelstamm-Gans theory does not appear 
to rest on a sound foundation, we can hardly expect a complete correspondence 
between it and the facts of observation. Since, however, an analysis of an 
arbitrary disturbance into harmonic functions is mathematically permissible, 
we should expect a rough similarity between the results of the theory and 
the facts of observation. The agreement should be closest as regards the 
polarisation effects which depend essentially upon the optical boundary 
conditions at the surface and not to any appreciable extent upon the parti- 
cular nature of the disturbance. The discrepancies should be greatest as 
between the observed and calculated intensity of light scattering, and 
especially as regards its variation with the angle of scattering. One of the 
characteristics of the theory is that it predicts an enormous increase in 
the intensity of the scattering as the direction of observation approaches 
that of regular reflection or refraction at the liquid surface. Such an increase 
does not appear to be actually observed; this has been already remarked 
upon by Ramdas (loc. cit.). It seems probable that this discrepancy between 
observation and theory is essentially connected with the defect in the theory 
itself which has been pointed out above. Further quantitative measure- 
ments are, however, necessary before the issue can be definitely decided. It 
is also desirable that a theoretical treatment of surface scattering - should 
be developed on purely molecular lines. Prima facie, it is clear that if the 
scattering of light by a liquid surface is due to highly localised irregvilarities 
on the surface and not extended wave-trains stretching over it, the variation 
of the intensity of scattering with the angle of observation should be much 
less pronounced. 

4. A New Technique for Cleaning Mercury Surface. 


The present investigation was undertaken with a view to examine the 
subject afresh and obtain new experimental data which would decide the 
issue stated above. ‘The case of a mercury surface was chosen as the most 
suitable for obtaining quantitative data, as the surface scattering is here 
obtained without admixture of internal or volume scattering. Much time 
was spent by the author in endeavouring to obtain a clean mercury surface 
in vacuo free from all dust or grease. The method of Ramdas was first 
employed. Mercury was first filtered, then erated for a few hours, passed 
through a nitric acid tower and then distilled in a vacuum. still. A series 
of slow distillations were then performed with the cleansed mercury inside a 
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double bulb ; mercury was transferred from one bulb to the other and shaken 
back again to the first. The clean surface obtained was examined by focus- 
sing a strong heam of sunlight on it. The distillations were repeated so 
long as some improvement in the appearance of the surface was obtained. 
The results were, however, not satisfactory. Owing to the high density of 
mercury, all the dust floats on the surface. A part of this is carried over 
by the dense vapour and comes to rest again on the surface of the distilled 
mercury in the second bulb. As mercury does not wet glass, there is no 
efficient method of getting the dust back from the second to the first bulb 
and thus cleansing the surface effectively. Other methods were also tried, 
as for example, that of drawing off the mercury from the bottom of a closed 
container into a second vessel. None of these devices, however, gave 
really satisfactory results. 

Professor Raman then suggested a method for cleaning mercury surface 
which is strikingly simple and at the same time very effective! Clean 
mercury is poured into a shallow petri dish till the convex surface of the 
liquid stands above the level of the top of the dish. A beam of sunlight 
from a heliostat is focussed on the surface of mercury. A long clean steel 
knife is then taken and its straight edge is passed rapidly over the surface. 
A few quick strokes from end to end are found to suffice. The knife pushes 
out a little mercury from the dish and takes with it all the grease and dust 
from the surface. The intense scattering of light due to dust and grease 
which is observed before such cleansing is then replaced by a light blue 
opalescence. The spot is found to be perfectly structureless, leaving one 
in no doubt that the phenomenon is a truly molecular one. In carrying 
out this method of cleansing a mercury surface, a thorough preliminary 
cleaning of the dish and of the knife greatly facilitates matters. It is also 
found that keeping the mercury surface warm by means of an electric heater 
placed below the dish causes a constant stream of air to rise upwards from the 
mercury and retards the settling down of atmospheric dust on the surface. 


This method is so simple that the experiment readily lends itself for 
purposes of demonstration. It is also convenient since it enables the mercury 
surface to be studied in the open and eliminates the complications due to 
the walls of the containing vessel. The method also permits the optical 
study of surfaces artificially contaminated to a known extent by a layer 
of a chosen substance. 

With surfaces of mercury thus obtained, it was found possible to make 
some preliminary observations. The most striking feature about light 





+ Lord Rayleigh cleansed water surfaces by the expansion of a hoop of steel 
enclosing the liquid surface. 
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scattered by metallic surfaces is its state of polarisation. The author has 
confirmed the observation of Raman and Ramdas that with normal incidence 
of unpolarised light, the light scattered nearly parallel to the mercury surface 
is polarised with the electric vector normal to the surface. Thus the state 
of polarisation is the opposite of that found in volume scattering or in 
surface scattering by transparent liquids. 

5. Summary. 

1. A very simple and effective method for cleaning a mercury surface 
is described which enables the molecular light-scattering by such surfaces 
to be observed and studied with great ease. This consists in a mechanical 
scraping of the surface by a clean steel edge. 


2. The Mandelstamm-Gans theory of light-scattering by liquid surfaces 
is criticised. As surface waves of short wave-length are very highly damped, 
the assumption that the thermal agitation can be analysed into progressive 
wave-trains capable of acting as diffraction gratings for light does not 
appear to be justified. Certain discrepancies between theory and observation 
are, it is suggested, to be explained in this way. 

In conclusion, the author wishes to express his deep sense of gratitude 
to Sir C. V. Raman, Kt., F.R.S., N.I., for his guidance and constant 
encouragement. The termination of the author’s stay at the Institute 
prevented the investigation from being continued and completed ; it is, 
however, felt desirable to place on record such results as had been obtained. 
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7. Introduction. 


Dr. P. KRIsdNAMURTI! examined the Raman spectrum of rhombic sulphur 
with the 5461 A mercury line and observed three strong lines with wave- 
numbers v, = 152, v,=216 and v,=470 and three other faint lines vy, =85 
(anti-stokes), v,=243 and v,=—434. Considering the three strong lines 
as giving the three fundamental frequencies. of the sulphur complex, he 
explained the bands of high frequency found by Taylor and Rideal? in 
absorption as overtones and combinations of the fundamentals. All these 
frequencies were found by Barnes? to correspond fairly well. with the 
absorption bands of sulphur in the remote infra-red. Barnes, however, found 
that there were other absorption hands at 130u, 96 and 37-5 for which 
there are no corresponding Raman lines. Dr. Krishnamurti also studied 
the Raman spectrum of a concentrated solution of sulphur in carbon 
disulphide and found three lines in approximately the same positions as 
the strong lines in the crystal. He, however, reported a disappearance of 
the anti-stokes v, in the solution and small changes of about 3 wave-numbers 
in y, and »,. 

As Dr. Krishnamurti had not examined the case of molten sulphur, 
it was thought worth while to study it and compare the results with those 
for solid sulphur. 

2. Experimental Procedure. 

It has been shown by Dr. Krishnamurti‘ that while the intense green 
line of the cadmium arc gives all the sulphur lines strongly, the red radiations 
excite them only very feebly. Since molten sulphur absorbs the green 
radiations, a suitable source for the excitation of the Raman spectra of 
both the liquid and solid phases was found in the intense yellow doublet 
of the sodium lamp. The lamp made use of in the following investigations 





1 Krishnamurti, Ind. J. Phys., 1930, 5, 105. 
2 Taylor and Rideal, P.R.S. (A), 1927, 115, 589. 
3 R. B. Barnes, Phys. Rev., 1932, 39, 562. 

Krishnamurti, Ind. J. Phys., 1930, 5, 587. 
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was supplied by the firm of Carl Zeiss and gave a few faint lines besides 
the prominent yellow doublet. 

The rhombic crystals of sulphur were prepared fresh from a solution 
of sulphur in carbon disulphide and placed in a rectangular cell. The 
cell was illumined by two lamps on either side and the scattered light proceed- 
ing from a small circular aperture on the third side was photographed by 
a Fuess glass spectrograph. An exposure of about two hours was sufficient 
for giving a good spectrogram for sulphur crystals, using Agfa ‘‘Superpan” 
films (Speed H & D 2000). For the investigations with liquid sulphur, a 
pyrex tube }” in diameter was closed at one end and surrounded by a heat- 
ing coil of about 30 ohms. The tube was heated to a temperature of 
about 115°C. and molten sulphur was poured into it and was maintained 
in the liquid condition by the proper adjustment of the current in the 
heating coil. Raman lines of the same intensity as those of the rhombic 
crystals were obtained only after an exposure of about 48 hours. 

3. Results and Summary. 

The Raman lines appeared as double lines corresponding to the double 
lines used for excitation and hence were easy of identification. The three 
strong lines observed by Dr. Krishnamurti! were recorded as intense lines, 
but the fainter lines did not appear even after long exposures. No difference 
was observed between the structure or positions of the lines in the liquid 
state and those of the crystalline form. Hence the liquid state appears to 
differ from the state of solution in which case a very small shift in the 
frequencies has been recorded. This is in agreement with the conclusions 
of Taylor and Rideal? from the infra-red measurements that the same complex 
is responsible for those vibrations which remain unchanged in all phases. 


Since the micrometer readings for the liquid and the crystal were the 
same, only one set of readings was used for computation. 


Exciting line 5895-93 (v = 16956). 




















Frequency Raman line ay Ainp 
; ” Author | Krishnamurti Raman | Infra-red 
| | 
vy, | 16806 150 152-2 66-7 67 
v, 16742 214 216-2 46-7 40-50 
v, | 16489 467 | 470 21-4 21-5 





v,, v, also gave intense . :.ti-stokes lines while vy, gave a faint one. 


The author wishes to express his thanks to Sir C. V. Raman for his 
kind interest and guidance in the work, 
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7. Introduction. 


THE possibility of the magnetic susceptibility of some elements varying 
with the dimensions of the colloidal particles of those elements and the 
theoretical interest arising therefrom was indicated by Sir C. V. Raman! 
inaletter in Nature nearly five years ago. At his suggestion, Paramasivan? 
studied the magnetic properties of different forms of carbon and showed 
that the susceptibilities of these forms differed considerably. He also 
showed that in the case of graphite, the susceptibility probably depended 
on the dimensions of the powders. Vaidyanathan? investigated colloidal 
bismuth, antimony and graphite and reported very large deviations from 
the mass values in the case of very fine powders of these elements. His 
results were obviously preliminary in character since the fields used by him 
were small and no proper tests were conducted by him to test for chemical 
and ferromagnetic impurities in the samples used by him. He did not 
attempt also a quantitative study of the relation between diamagnetic 
susceptibility and the diameter of the colloidal particles. Soon after the 
publication of his results, Bhatnagar* suggested that the fall in the suscepti- 
bility value observed by Vaidyanathan was due to the oxidation of bismuth. 
He further showed that if the oxide layers are removed by boiling the 
powders in tartaric acid solution, the susceptibility attains the mass value. 
At this stage, Sir C. V. Raman suggested to the author the desirability of 
studying carefully the whole question of the magnetic susceptibility of 
elements in their colloidal state in relation to the dimensions of the powders. 
A programme of investigation was then definitely planned out and the 
experiments were started with a study of graphite and bismuth colloids. 


The ».ain results of this study proved exceedingly interesting.5 Colloidal 
powders of bismuth were boiled with tartaric acid in the manner suggested 


1 Nature, 1929, 123, 945. 
* Ind. Jour. Phys., 1929, 4, 139. 
® Nature, 1929, 124, 762 and 1930, 125, 820. Also Ind. Jour. Phys., 1930,5, 559. 
* Ind. Chem. Soc. Jour., 1930, 7, 975. 
’ Ind. Jour. Phys., 1931, 6, 241. 
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by Bhatnagar to dissolve out the oxide layers, washed with alcohol and 
dried in vacuo. On testing these powders magnetically with a Curie 
balance, it was found that the susceptibility value was less for the colloidal 
powder than for the metal en masse. For purified bismuth and graphite, it 
was found that a graph drawn between susceptibility and the inverse of the 
diameter gave a straight line. This is an important conclusion and was later 
confirmed in a different manner.® Colloidal bismuth when melted and 
recrystallised showed an increase in its diamagnetic susceptibility. Attention 
was drawn to the fact that a large and sudden fall in the diamagnetic 
susceptibility occurred when the particle size was reduced below 1-5 which 
coincides very well with 1-4, being the value found experimentally by 
Goetz? for the side of the elementary pyramid in the bismuth crystal. 
However Mathur and Varma® from their observations concluded that 
diamagnetic susceptibility did not depend on particle size; but they did not 
work with particles having diameters less than ly nor did they take the 
precaution of preparing uniform powders. 


Lane® investigated the diamagnetic susceptibilities of thin films of 
bismuth and reported no deviations as the thickness was varied between 
0-24 and 15y. ‘The writer!® showed that such experiments would not 
indicate any variation and that several modifying factors operated in 
measurements of this kind. Goetz!! reported at the same time that his 
experiments supported definitely the conclusion that in bismuth there was 
a variation of the susceptibility as the particle diameter of the colloidal 
powders was decreased to small values. 


More recently Varma and Mathur!? repeated measurements with anti- 
mony and bismuth but failed to note any variations with particle size; as 
in the earlier experiments from their laboratory, they took no special 
precaution to separate out particles of the same diameter by gravitational 
settling and centrifuging. 


The author undertook an examination of nickel colloidal powders." 
The colloids were prepared by condensed spark discharge between nickel 
electrodes in propyl alcohol in vacuum. The colloidal powders showed a 





5 Ind, Jour. Phys., 1932, 7, 35. 
Proc. Nat. Acad. Sci., 1930, 16, 99. 
Ind, Jour. Phys., 1931, 6, 181. 
Nature. 1932, 130, 999. 

10 Nature, 1933, 132, 207. 

11 Nature, 1933, 132, 206. 

12 Ind. Chem. Soc. Jour., 1933, 10, 321. 
Phys. Rev., 1933, 44, 850. 
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large fall in the specific intensity of magnetisation, the decrease becoming 
greater at finer particle sizes. The sudden decrease was also obtained at 
about 1-54. The number of atoms in a particle of size 1-5 works to nearly 
6x10. Goetz!4 quite recently reports that the critical size above which 
the magnetic properties of a crystal become size-independent in the case 
of bismuth, antimony and graphite is between 107 and 10%. Thus two 
independent measurements have led to almost the same conclusions regard- 
ing the critical particle size. 


It is interesting in this connection to note that Miwo! studied the 
magnetic susceptibility of different forms of carbon. He shows definitely by 
the analysis of the crystal structure of these forms by cathode ray diffrac- 
tion that the so-called amorphous carbon is merely a very fine form of 
graphite. The magnetic susceptibility of the samples subjected to the 
cathode ray diffraction was measured and its relation to the grain size was 
investigated. He found that the magnetic susceptibility was proportional 
to the grain size in the range of amorphous carbon thus confirming the 
conclusions of the author on the one hand and extending the measurements 
to much lower grain sizes on the other. 


These considerations made it desirable to undertake a careful study 
of the magnetic properties of some paramagnetic element. ‘Tin was chosen 
for the study because of several interesting factors in its connection. 

Tin has three allotropic modifications of which white tin and grey tin 
are the more important. According to Owen!* white tin has a para- 
magnetic susceptibility of 0-02* while Honda!’ obtains 0-027. These 
investigators have reported that grey tin is diamagnetic, the susceptibility 
values being 0-255 and 0-35 respectively. Honda has studied the variation 
of the susceptibility with temperature and reports that as the temperature 
is increased the susceptibility of white tin remains constant almost up to 
the melting point (233°C); at this temperature, the paramagnetic value 
decreases to a diamagnetic value of 0-037. As the liquid tin is heated 
up to 400°C, this value remains constant. White tin when cooled below 
18°C passes off into grey tin, the speed of transformation increasing rapidly 
at temperatures below 18°C and attaining a maximum value at about —45°C. 
Grey tin is cubic in structure while white tin is tetragonal. Above 161°C 
white tin passes into the y-phase. Crystallographically there does not 

14 Phys. Rev., 1934, 45, 293. 
15 Sc. Rep. Tohoku Imp. Univ., 1934, 23, 242. 
18 Ann. der Phys., 1912, 37, 657. 


* All values of susceptibility in this paper are to be multiplied by 10-°. 
17 Ann. der Phys., 1910, 32, 1027. 
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appear to be any change as Mugge!’ and Nishikawa and Asahara!® found 
no change in the X-radiograms on passing through 161°C. ‘The magnetic 
experiments of Honda also do not show any change in the susceptibility 
at this temperature. 

2. Experimental. 

(a) Tin powder.—Tin was available in the form of fine pure powder 
free from arsenic and was obtained from de Haen. It was found to havea 
density of 7-00 while on melting in vacuo and cooling, the density rose to 
7-24. A spectroscopic analysis of the powder was made by taking an arc 
spectrum of the powder. The impurities were found to be copper (less than 
0-001%) and lead (‘ss than 0-01% and much nearer 0-001%). If any 
other impurities existed in the specimen, they should have been less than 
0-001%. The question of the presence of ferromagnetic impurities in the 
sample will be considered later. 

(6) Separation of the colloidal powders.—-The tin powder was allowed 
to settle in propyl alcohol for about an hour. The volume of the alcohol 
was now divided into three or four parts. Each of these portions was 
subsequently allowed to settle in a larger volume of the alcohol. Certain 
volumes were now siphoned off and these were centrifuged with a motor- 
driven centrifuge. Thus by successive grading the particles were found to 


have nearly the same diameter. The colloidal powders were washed down 
with a minimum amount of propyl alcohol into glass tubes with small bulbs 
blown at one end. Each tube was then connected to a pump: and the bulb 
was warmed gently. After the alcohol had completely evaporated, the 
bulbs were finally sealed off. 


The diameters of the powders were determined with a high power 
microscope fitted with an eyepiece scale. This scale was calibrated by 
observing the lines on a transmission grating. The diameters were 
observed in the medium of propyl alcohol since in the dry state, the 
particles showed a tendency to stick together in small clusters. 

(c) Measurements of the susceptibility——The susceptibilities of the 
colloidal powders were determined by the Curie method. The electromagnet 
was the same as the one used in the previous investigations and was a large 
one of the Pye’s type capable of carrying a current of about 15 amperes. 
At the currents used in this investigation, 5 to 7 amperes, the heating effect 
was very little. The currents were measured with an ammeter of the 
Cambridge Scientific Instrument Co., reading accurately to 0-05 ampere 





18 Mellor, Treatise on Inorganic and Theoretical Chemistry, 7, 301. 
19 Phys. Rev., 1920, 15, 38. 
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and by estimation to 0-005 ampere. ‘The deflections were read by a lamp 
and scale arrangement. 


bisa : dH 
The position at which H a 


the magnetic field at various places along the horizontal line of symmetry 
between the pole pieces with a search coil and a ballistic galvanometer. 


was maximum was found by measuring 


The retorsion method was adopted, the bulb containing the specimen 
under investigation being brought to the same position to within 1 cm. on 
the scale with the help of a torsion head, in presence of the magnetic field. 
The standard substance used was water, the diamagnetic susceptibility of 
which was assumed to be 0-72 at 30°C. 


The bulbs were weighed with an accurate Sauter’s balance, the error in 
the masses determined being 0-1 mg. After the magnetic experiments, the 
bulbs were broken open and the colloidal particles were examined under 
the microscope for the determination of their diameters. The bulbs were 
next cleaned with warm dilute nitric acid and dried in vacuo in a 
desiccator for a day. They were then examined for their magnetic 
deflections. The masses of the colloidal powders varied from 50 to 100 
mg. and the deflections obtained between 4 and 8 cms. 


(d) Calculation of results—Consider the magnetomotive force on a 
bulb filled with the metal powder and sealed after evacuation. If kg, 


k, and k, be the volume susceptibilities of the glass, powder and air 
respectively, the force on — bulb 


= i= fie HH —— F dvy- + fn oe dvp— - fe = - dv, 


where the volumes dy, ey and dv, are integrated over the volumes of the 
glass of the bulb, the powder and the total volume of the sealed bulb. On 
breaking the bulb open and dissolving out the metal, the magnetomotive 


force becomes 
= | % ad = doy ~ - fra F a, o%, 


Hence the difference ee atte 


[rg 4 H — dv,— f ko (dv,—dv,) 


If we take the bulb with ae we get for /)’--fy’ the expression, 


dH di 
} kyH ~~ de— / kgH —> (dvo—doy) 


The deflections are proportional to the forces. If d, and dy be the 
deflections obtained for the powder and water, 
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d 
ed, =f.-f, =H = [ [edo fhe (dv,—de,) | 


cay = A =H ~ [ [utoo— fhe (dv,—dv,) | 


if we assume no to be constant in the volume occupied by the bulb 


= / Ie pldy — f ky (dv, —dv,) 
dy / kde | ky (dv,— dv,) 


The above equation reduces to 





Hence 


dy _ ky0p — kv; 


dy kt — Kavi’ 

where v; and v;’ are the internal volumes of the two bulbs. The volume 
susceptibility of air at N.T.P. is 0-029.29 If mz, my, and xp, Xw are the 
masses and specific susceptibilities of the powder and water respectively, 
we obtain 

dy __ MpXp — 0-029 X 10° X 0; 

de MyXw — 0-029 X 10°° x »;’ 
The correction due to air thus works to be a fairly large value. In view of 
the possible uncertainties both in the numerator and the denominator 
of the above expression to the right, the bulbs were as far as possible filled 
with the powders or water. The inner volumes of the bulbs were calculated 
assuming the density of the powder to be 7 grms. per c.c. and of water 
l grm. per c.c. The susceptibility measurements given in the following 
tables have been calculated in the above manner. In the case of heating 
experiments where the bulbs were raised to temperatures varying from 
30° to 280°C, the volume susceptibility of air was determined at any 





: k. . 
temperature from the relation 7 a constant, where k, is the volume 


susceptibility at the absolute temperature T. This value of the volume 
susceptibility was used for calculating the susceptibility of the metal. 


3. Results for the metal. 


(a) At ordinary temperatures.—A careful determination of the magnetic 
susceptibility of tin powder was made at the laboratory temperature (32° 
to 33°C). A large number of samples was taken and investigated. Further, 
some powder was melted in vacuo and the magnetic susceptibility of the 
mass metal at the laboratory temperature was also found. The results are 
tabulated below. 





20 Int. Crit. Tables, 1929, 6, 354. 
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TABLE I. 





Sample . Mass taken in | 
No. State of the metal grams 





-4024 
*2518 
- 3392 
°2277 
-4171 
- 3888 
- 2979 
- 4007 
- 2020 
-0160 


Powder 
do. 
do. 
do. 
do. 
Mass metal 
do. 
do. 
Water 
do. 

Powder in contact 
with propyl] aleohol 
in stoppered jar for 
one day. 0- 3132 - 0362 

12 do. 0: 2879 -0362 

13 do. 0+ 3552 - 0363 





cococooooo 


bt et 
Keowee nmnawur Whe 
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It is observed that the susceptibility undergoes no change if the powder 
is left in contact with propyl alcohol in a stoppered jar even for seven days. 
This indicates that no chemical action takes place if the powder is kept 
exposed to propyl alcohol in presence of air. Melting the powder and 
cooling converts the powder into the mass metal and it was found that this 
metal had the same susceptibility as the powder. 





The mean paramagnetic susceptibility of the powder was found to be 
0-0360. It is interesting to compare this value with those of other investi- 
gators. Table II gives a collection of such values. 

TABLE II.—Paramagnetic Susceptibility of White Tin. 


l 
Investigator | x 








] 

M. Owen oy | 0-02 

K. Honda aa 0-027 
St. Meyer** | 0-038 

J. Koenigsberger** 0-024 

A. P. Wills** “i 0-052 

Author aa 0-0360 





Ann. der Phys., 1900, 1, 664. 
2 Quoted by Owen, Ann. der Phys., 1912, 37, 657. 
Phys. Rev., 1898, 6, 223, 
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It will be noticed that the susceptibility value obtained by the author 
agrees well with those of the other investigators. 

(b) Ferromagnetic impurities —A careful test was made for any ferro- 
magnetic impurities that might be present in the metal powder. This was 
effected by determining the susceptibility of a few samples at different 
magnetic field strengths. The results for 3 such samples are given below. 


TABLE III. 





x F | Sample 1 Sample 2 Sample 3 
Field in Mass = 0-4024 gr. | Mass = 0-2277 gr. | Mass = 0-4007 gr. 
| Powder | Powder Mass metal 


kilogauss 
u 





0363 -0364 
-0363 -0364 
- 0361 - 0362 
-0362 - 0362 
* 0362 - 0360 
- 0360 - 0360 
-0361 - 0361 
- 0360 -(361 
- 0360 -0360 
- 0360 - 0360 


-0364 
- 0362 
- 0363 
- 0363 
- 0362 
-0362 
-0361 
-0361 
-0360 
-0361 
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As the intensity of the magnetic field is increased from 3-2 to 6-9 
kilogauss, the fall in the paramagnetic susceptibility is 3 in 360 or nearly 
0-8°%. However, above 6-2 kilogauss this fall is negligibly small. In this 
investigation the magnetic current has been maintained at 6 amperes 
(giving the above field intensity). The small amount of ferromagnetic 
impurity in the samples probably exists in the combined state and 
influences the susceptibility to a very small extent. According to Honda,*# 


Xp = Xi + 

where xp is the specific susceptibility of the pure sample, X; is the corres- 
ponding value for the impure specimen and o and m, the specific intensity 
of magnetisation and mass of the ferromagnetic impurity present in unit 


mass of the sample. 


Assuming that the deflections are measured correctly to within } of a 
division, it would follow that the susceptibility measurements in the 
foregoing tables are correct to 0-4%. Since the ferromagnetic impurity is 
exceedingly small and the susceptibility remains sensibly constant above 6-2 
kilogauss, no error will be involved by taking the susceptibility at this field 
strength as the susceptibility of the pure sample. 





24 Ann, der Phys., 1910, 32, 1027. 




















Magnetism of Tin 131 


(c) Temperature variations.—An electric heater was made by wrap- 
ping around a copper cylinder 4 cm. long and 1-4 cm. diameter a sheet of 
asbestos, around which was wound sparely a length of thin resistance wire; 
a sheet of asbestos was next folded around. The upper end was closed 
with a thermometer reading to 350°C. The bulb containing the powder 
was inserted into the cylinder from below, the thermometer bulb being 
adjusted to be as near the sample as possible. Careful tests showed that 
the distribution of the magnetic field in the space between the pole pieces 
was not altered by the introduction of the heater. The change in the 
deflection for the bulb due to the insertion of the heater was not more than 
}% which is well below the error of 0-4% mentioned above. Also this 
deflection did not change as the heater had a current flowing through it. 
A current of 1 ampere was enough to keep the temperature steady at 
250°C. It should be remembered that the measurements of the temperature 
astead by the thermometer under these conditions were approximate, 
the probable error being 5° but for our investigation, this accuracy is 
more than enough. 

The pole pieces, during the heating experiments, were kept covered 
with thin muslin and cooled by water. 

The susceptibilities were measured at different temperatures ranging 
from the laboratory temperature to about 280°C, both during heating and 
subsequent cooling. The results obtained for six samples are marked in 
the graph in Fig. 1. It will be seen that the susceptibility remains 
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constant upto 220°C. There is then a slow fall and at the melting point 
(233°C), there is a rapid decrease in value. The susceptibility becomes 
diamagnetic. Above the melting point the value remains constant at 
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—0-0455. Considering the fact that the amount of iron or of other ferro- 
magnetic impurities is exceedingly small, these changes could not be 
attributed to them. The effect appears to be genuine. Honda working 
with electrolytic tin obtained the same result, the susceptibility values 
changing from +0-027 in the solid state to —0-037 in the liquid state. 
Tin is unique in this respect, and it is exceedingly interesting to consider 
the causes for such behaviour. 

It is also an equally interesting question to consider whether the fall 
in the paramagnetic susceptibility occurs at the melting point or at a much 
lower temperature. Honda’s results appear to indicate that the fall in 
value commences to decrease at 200°C and the decrease is most rapid at 
the melting point (233°C). The results of the author also support these 
conclusions. However, a careful test appears to be necessary to settle this 
question. Webster?> showed experimentally that in the case of bismuth 
the temperature of emission of the latent heat of fusion, of the acquisition 
of rigidity and of the anomalous diamagnetic discontinuity coincided with 
the melting point to within 0-3°C. The passing of white tin into the y- 
phase at 161°C does not seem to produce any break in the temperature 
susceptibility curve at that temperature. It will also be noticed that the 
powders and the mass metal have their susceptibility values varying in the 
same manner as the temperatures are increased. 

4. Results for the Colloidal Powders. 

(a) At ordinary temperatures.—The results obtained for a dozen samples 

are tabulated below. Due to the great care taken in grading and centri- 
TABLE IV. 





Mass in 
grams 


Sample 
No. 


the particles 


Diameter of | 
inp | 





+1855 
°2152 
- 2299 
- 2341 
-1980 
-2100 
+2120 
*2013 
-1898 
-1257 
*0592 
- 0466 
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25 Proc, Roy. Soc,, 1931, 133, 162. 
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fuging, the diameters of the particles in any sample were the same to 
within 5%. 

In Fig. 2 a graph is drawn between the diameter of the particles and the 
susceptibility. It may be noted that the susceptibility shows a slight fall 

































































+ 0:05 till a diameter of 2-0 w is reached. 

| Ye As the particle size is still further 

en Z - reduced, the paramagnetic suscepti- 

bility decreases rapidly. It is inter- 

Sia a esting to find that at about 1-4y,, 

the particles have zero value for the 

” susceptibility. At lower diameters, 

{| — 0-01 the susceptibility becomes diamag- 

netic and increases as the particle 

— 0-03 size is reduced. In the case of graphite 

and bismuth colloids, the shapes of 

— 0-05 the curves were the same but 

, whereas in their cases the diamagne- 

— 0-07 tic susceptibility decreases with de- 

creasing particle size, in the case 

— 0-09 of tin the reverse is found to be 

the case. 

— 0-11 On extrapolation these results 

indicate that the susceptibility be- 

— 0-13 comes nearly —0-30 at almost zero 

particle size, ¢.e., at atomic dimen- 

~oula sions, if we assume that the straight 

line variation holds good down to 

er these dimensions. This fact is inter- 

esting from considerations regarding 

7 the atomic susceptibility of tin to 
aa 0 e js ‘ 8 io be detailed later. 


——-— Diameter inp (b) Ferromagnetic impurities.— 

wee. 3. Some of the samples of the colloidal 

tin were tested for iron or other ferromagnetic impurities. It has already been 
pointed out that the sample of tin powder contained only a small quantity 
of such impurities. Careful determinations of the susceptibility of these 
samples at different field strengths showed very little changes. Fig. 3 shows 
the variation of the susceptibility in four samples of the colloidal 
powders. ‘The variation in the range of field strength studied is nearly the 
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same as the mass metal. ‘The measurements in the section above were made 
at 6-2 kilogauss, 7.e., at a magnet current of 6 amperes. 
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Particle diameters—(a) 5-0; (6) 2-0; (c) 0-84; (d) O-4u. 
Fic. ?. 


(c) Heating the powders.—The heater was arranged as in section 3 (c). 
The results obtained in the case of five samples of powders having different 
diameters are shown in Fig. 4. A careful consideration of these curves leads 
to many interesting results. 


As in the case of the mass metal, the susceptibility of the colloidal 
samples remains constant upto about 220°C. After that temperature, there 
is a small change which increases rapidly leading to a value of nearly —0-0455 
for the molten metal. Though the powders have different values at different 
diameters, all of them attain the same value on melting. After melting, 
if the metal is cooled to atmospheric temperature, the susceptibility value 
becomes once again paramagnetic attaining the usual value +0-036. The 
time of cooling does not seem to have any influence and it is clear that as 
the tin cools down rapidly or slowly in a small bulb under the conditions in 
the investigation, a mass of polycrystals is obtained. ‘Tests were conducted 
with the bulbs containing solidified tin and they showed no variations in the 
magnetic susceptibility in three mutually perpendicular directions. 
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‘The change on melting to a common value and the subsequent reversal 
to a paramagnetic susceptibility on cooling indicate definitely that the dia- 
magnetic nature of the fine colloidal particles is genuine. 


+ +05 
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01 
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Particle diameters—(a) 21; (6) 1-42; (c) 0-8; (d) 0-5; (e) 0-4. 
Fic. 4. 


Another important observation to which attention may be drawn is 
that the actual temperature at which the large change of susceptibility takes 
place varies slightly for the different powders. There seems to be no 
definite reason why we should not presume that the large change in the sus- 
ceptibility occurs at the melting point. It may or may not he significant 
that the melting point as determined here increases slightly from 233° in the 
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case of mass tin to about 250°C in the case of the finest powders used, which 
had diameters of 0-4. Another point to which attention may be drawn in 
this connection is that the sharpness of the melting point is greatest for the 
mass metal and decreases for the fine powders. It is not improbable 
that this is a genuine effect considering the fact that the colloidal powders of 
these dimensions are really in the middle stage between the so-called 
amorphous powder and perfect crystals on the other. It is also known that 
crystals show a sharp melting point while amorphous substances melt over a 
relatively large range of temperature. 


5. Discussion. 


There are several interesting problems which arise from these observa- 
tions. Judging from the fact that as the particle size decreases, the 
paramagnetic susceptibility decreases, becomes zero and then changes sign, 
it is clear that the apparent paramagnetic susceptibility of white tin is not 
an atomic property but is due to certain special conditions of crystal 
structure. This conclusion derives confirmatory evidence from other 
directions. 

In the first place it is well known that grey tin has a diamagnetic 
susceptibility of 0-35 according to Honda and 0-255 according to Owen. An 
enantiomorphic change of white tin into powdery grey tin takes place as the 
temperature is lowered below 18°C. The speed of transformation is 


maximum at about —45°C. Grey tin is the so-called amorphous tin which 
possesses a tetrahedral structure the edge of the unit cube being 6-46 A.U. 
The investigations of Czochralsky and Fraenkel?® on the effect of temperature 
and mechanical work on the grain size of tin suggest clearly that as the 
temperature is lowered, the grain size of tin decreases rapidly. The decrease 
in grain size and the formation of grey tin with a different structure cause 
the diamagnetic susceptibility of grey tin. 


We can now attempt a calculation of the magnetic susceptibility of the 

tin atom. The classical formula?’ for the diamagnetic susceptibility of a 
symmetrical atom or ion is 

e 

 6me? 

where 7? is the time average of r?, ry being the distance of the electron 

from the nucleus and the summation being extended over all the cir- 

cumnuclear electrons. Van Vleck? and Pauling?® have independently 


X= Zr 


26 Mellor, Treatise on Inorganic and Theoretical Chemistry, 7, 297. 
27 Stoner, Magnetism, 1930, 22. 

28 Phys. Rev., 1928, 31, 587. 

29 Proc. Roy. Soc., 1927, 114, 181. 
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calculated r2 values by the methods of quantum mechanics. Stoner® calcu- 
lated the susceptibility values of many ions using Hartree’s space charge 
distribution method.*! Slater3? in 1930 following the work of Zener} gave 
some simple rules for calculating the screening constants for the various 
extranuclear electron groups and obtained expressions for the atomic 
magnetic susceptibility. He gave for the value of 7? the following expression 
by integrating the proper wave functions. 
(n*)? (n* + 4) (n* + 1) 

(Z — s)? 
where n* is the effective quantum number, Z the nuclear charge and s the 
screening constant for the electron group under consideration. The dia- 
magnetic susceptibility of an electron in any group is given by*# 

—0-807 x 107° (n*)?(n* + 4)(n* + 1) 

2 (Z — 8)? 





r= 





x 


after the substitution of proper values and simplification. Brindley®* reports 
that the ionic susceptibilities calculated by this formula are in good agree- 
ment with experimental results of Hocart.°6 Angus * calculated the 
screening constants for the different electron shells in an ion by Slater’s 
tules taking into account the small difference in the screening constants of 
the s and the # electrons of the same total quantum number. 


These calculations have been used to determine the magnetic sus- 
ceptibilities of ions but do not seem to have been used in the case of 
neutral atoms of elements.t 


Gerlach37 has shown that the tin atom has no resultant magnetic 
moment from his experiments on the magnetic deviation of atomic 
trays. For the free atoms. we have therefore only the diamagnetism of 
the extranuclear electrons due to their orbital motions. A calculation is 
given below of the diamagnetic susceptibility of each group of electrons in 
the case of the tin atom. The atomic susceptibility of tin is thus deduced. 
The scheme of electron distribution is taken from Siegbahn.%8 


30 Proc. Leeds Phil. Soc., 1929, 1, 484. 

31 Proc. Camb. Phil. Soc., 1928, 24, 89 and 111. 

32 Phys. Rev., 1930, 36, 58. 

33 Phys. Rev., 1930, 36, 51. 

34 Proc. Roy. Soc., 1932, 136, 569. 

35 Phil. Mag., 1931, 11, 786. 

38 Comp. Rend., 1929, 188, 1151. 

+ The exception is the case of the rare gas atoms. 

37 Stoner, Magnelism and Atomic Structure. 
Spektroskopie der Rontgenstrahlen, 1931, 385. 
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TABLE V.—TiIn. Z=50. 





















































equation, 
X=3N LF —— --.- 


calculated value for tin is exceedingly satisfactory. 








39 Sc. Rep. Tohoku Imp. Univ., 1933, 22, 835. 











|m, (n’: n)| ? Ne? 
n(n’ en) Av(n’: 0) 6me* 


40 Theory of Electric and Magnetic Susceptibilities, 1932, 122. 


ar 


Type of | Number of 8 Z—s | for a for ali the 
orbit electrons | electron electrons 
1s 2 0-30 49-70 —0-0010 — 0.002 
28 2 2-05 47-95 —0-0105 — 0-021 
2 6 4-15 45-85 —0-0115 — 0-069 
38 2 9-15 40-85 —0-0610 — 0-122 
3p 6 11-25 38°75 —0-0677 | — 0-406 
3d 10 15-95 34-05 — 00-0877 — 0-877 
48 2 25-65 24-35 —0-3698 — 0-736 
4p 6 27-75 22-25 —0-4445 — 2-667 
4d 10 33-95 16-05 — 0-8168 — 8-468 
5s 2 43-65 6°35 —7-205 —14-410 
5p 2 44-35 5-65 —9-105 —18-210 

Atomic susceptibility = — 45-988. 


This leads to a value of -0-386 for the mass susceptibility of tin. 
It agrees very satisfactorily with the value of -0-35 obtained by Honda for 
grey tin particularly when it is remembered that the values calculated 
by this method are always numerically greater than the experimental values, 
Kido*® attributes such differences in the case of ions to a weak paramagnetic 
component which increases with the valency on the negative and positive 
sides. He suggests that this component is due to the possible distortion of 
the electron orbit in ions and identifies it with the first term in Van Vleck’s 


Although such a distortion may also occur in the case of ordinary 
metallic atoms in a crystal where the outer electrons may move under 
the action of more than one centre of force, this distortion must be 
very feeble in neutral atoms. We observe therefore that the coincidence 
between the susceptibility of grey tin as determined experimentally and the 


It will be noticed that the susceptibility of white tin powder appears to 
reach a value of nearly -0-30 in the graph in Fig. 3 as the particle size is 
reduced to atomic dimensions. This value is very nearly the value for grey 
tin and also the value calculated purely from theoretical considerations. 

There is another method from which an estimate of the susceptibility of 
tin can be made. Kido has plotted experimentally determined susceptibility 
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values of sulphur and iodine age:ast the number of valency of the ions and 
obtained straight lines. The theoretical values, however, calculated by 
Angus for the ions of different elements when similarly plotted against the 
valency give curves slightly convex to the axis of valency. However, it is 
possible to get an approximate estimate of susceptibility for the neutral 
tin aiom. 


Kido gives for Sn+4 the susceptibility value of —13. For stannous 
chloride, the mass susceptibility is, according to Meyer,4! —0-37. The 
molar susceptibility is —70-26 and assuming Kido’s value for Cl! to be 
—22-1, we obtain for Sn*+? the value of —26-06. On plotting points and 
producing, we obtain for Sn°® the value — 39-06 which leads to a mass 
susceptibility of -- 0-33 which is surprisingly near the values estimated in 
the previous paragraphs. These calculations show definitely that the true 
atomic susceptibility of tin is nearly the value for grey tin and that the 
observed susceptibility of white tin is not atomic but due to other causes. 

It will be seen from section 3 (c) that on melting tin, the susceptibility 
changes from +0-036 to —0-046. This indicates that as the partial 
disruption of the crystal structure takes place the paramagnetic suscepti- 
bility of white tin decreases, attains zero value and changes sign. The 
direction of the change is the same as that obtained when the diameter of 
the colloidal particles is decreased. It is interesting to note in this 
connection that at the melting point the specific resistance of tin increases 
from 22 in the solid state to 46 microhms per c.c. in the liquid state. 
This leads to the conclusion that the two phenomena are closely connected, 
the electrons responsible for conduction being also responsible for a part at 
any rate of the susceptibility. 


In the cases of bismuth and graphite, the susceptibility showed a 
decrease in value at particle diameters less than 1-4. In the case of tin it 
is found that the sudden fall commences at 2-0, which is much larger than 
the above value. It is noticed that as in the cases of bismuth and 
graphite, the yx, 1/d (d being the diameter of the particle) curve is a straight 
line. Fig. 5 shows these curves for bismuth, graphite and tin, the values for 
the first two elements being taken from the author’s previous papers. The 
tangent of the angle of slope measured by the percentage fall in suscepti- 
bility due to a given increase of 1/d in these cases works to 0-073, 0-007 
and 0-08 respectively. It is surprising that though the direction of 
variation is different for tin, the rate of variation is very nearly the same as 


‘1 Int. Crit. Tables, 1929, 6, 354. 
*2 Mellor, T'reatise on Inorganic and Theoretical Chemistry, 7, 312. 
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for bismuth. Graphite on the other hand shows a variation which is only 
one-tenth of the variation for tin or bismuth. 
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Knowing the dimensions of the elementary ditetragonal-bipyramidal 
lattice of tin from the X-ray measurements, a calculation of the number of 
atoms in a particle of diameter 2 is possible. This is found to be nearly 
1011 while it has been pointed out already that in the case of bismuth this 
number works to 6 x 10". These two values agree very satisfactorily. 


The reasons for the large changes observed in the susceptibility values 


as the particle diameter is reduced below a critical value seem to be still 
doubtful. We have indeed the theories advanced by Ehrenfest‘#? and 
Raman* to account for the large diamagnetism of bismuth and graphite. 


According to them, the valency electrons have large orbits in the crystal 
lattice and give rise to susceptibilities different from what they would 
contribute if they were confined to the superficial orbits of free atoms. In 
metal crystals therefore we may consider the total susceptibility to be made 
‘up of the Langevin susceptibility of the extranuclear electrons which are not 
valency electrons and the susceptibility of the valency electrons: due to 
their large orbits. The contribution by these valency electrons appears to 





43 Physica, 1929, 5, 388. 
44 Loc. cit. 
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be paramagnetic in the case of white tin and diamagnetic in the case of 
bismuth and graphite. That part of the metallic susceptibility due to the 
valency electrons is strongly sensitive to thermal, colloidal and chemical 
changes and to mechanical strains ; on the other hand, the susceptibility 
due to those extranuclear electrons which are not valency electrons 
remains constant. As the colloidalisation is carried further to smaller 
particle sizes, the large orbits of the valency electrons are gradually destroy- 
ed and these go back probably to the atoms as orbital electrons. Such 
changes will naturally bring about changes in the susceptibility of the metal 
powder, the direction of the change being such that at atomic dimensions 
the value for the atomic susceptibility is reached. Our experiments on tin 
conform to these deductions very satisfactorily. 


Attention may here be drawn to the intimate connection between these 
valency electrons and the Zwicky*® blocks in metal crystals. A large amount 
of experimental data‘? has been advanced to support the theory of the 
existence of a large number of microcrystals in the ordinary metallic crystals. 
It looks very likely that the valency electrons which appear to be the same 
as the structure electrons of Richardson#§ account for the cleavage faces of 
the crystal and also for the high diamagnetism. ‘The results obtained in 
this investigation also go to support the theory of the Zwicky structure in 
crystals. 

There is one other point which needs mentioning here. The study 
of binary alloys of diamagnetic and paramagnetic metals from the point of 
view of their magnetic properties has not so far received the full attention 
that the subject deserves. The results that are available do not show much 
mutual agreement. However, a few cases have been noted in the Jnter- 
national Critical Tables. It should be possible to account for these curves 
in detail. X-ray diffraction studies? suggest that three cases of alloys may 
be broadly distinguished. In the first case, the atoms of the foreign body 
crowd into the atoms of the given metal giving rise to a shift in the lines of 
the X-ray spectra indicating smaller lattice constants. The second case 
arises when there are both types of microcrystals in the alloy. The 
characteristic spacings of both the lattices are present in the X-ray spectra. 
In the third case, chemical combination takes place between the two types 





45 See, for example, Honda and Shimizu, Nature, 1933, 132, 565; Lowance and 
Constant, Phys. Rev., 1931, 38, 1547; Watse, Sc. Rep. Tohoku Imp. Univ., 1934, 23, 208. 
46 Phys, Rev., 1933, 43, 270. 
47 Curr. Sci., 1934, 2, 281. 
48 Proc. Roy. Soc., 1930, 128, 63. 
#9 Clark, Applied X-rays, 279. 
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of metallic atoms which possess the same or different valencies. One should 
expect no departures from the additive law in the second case. In the first 
case, let us suppose that the foreign metal has a high diamagnetism in the 
crystalline state. Then when it penetrates into the other metal in small 
quantities, the result will be that the diamagnetism of the alloy should 
be below the value given by the additive law. This is exactly what is 
observed in the case of many bismuth alloys. In the case of tin, one would 
expect the magnetism of the tin to be less paramagnetic and perhaps 
diamagnetic under such conditions. Detailed experiments with alloys 
containing small quantities of tin are lacking but the curve for tin-antimony 
alloys shows such a result. The results of Spencer and Miss John®! on the 
magnetic susceptibility of some binary alloys amply confirm these inferences. 
It may be said therefore that the general conclusions detailed in this 
and earlier papers are confirmed by the magnetic susceptibility measure- 
ments of binary alloys of dia- and paramagnetic metals. 


It will be noted that the paramagnetic susceptibility of white tin remains 
constant in the range, 30° to 220°C. This indicates that the paramagnetic 
susceptibility of this form of tin is not an atomic property but is dependent 
on the crystal structure of the metal. The large amount of evidence presented 
in the foregoing pages provides ample confirmation for this observation. 


Summary. 


The magnetic susceptibility of colloidal tin is investigated by the Curie 
method. White tin en masse is found to have a susceptibility of 0-360. On 
heating the metal this susceptibility remains constant up to 220°C. At the 
melting point (233°C), this value decreases rapidly to -0-0455. On cooling 
to 30°C, the metal regains the value of + 0-0360. A sample of pure white 
tin powder was carefully sorted out by settling in propyl alcohol and centri- 
fuging. On testing the colloidal powders magnetically, it was found that as 
the particle size decreases, the susceptibility becomes diamagnetic, this 
diamagnetism attaining larger values at smaller particle sizes. On melting 
and recrystallising, the substance becomes once again paramagnetic. Careful 
tests showed that these results could not be due to chemical or ferromagnetic 
impurities. A large amount of evidence, both theoretical and experimental, 
is presented to show that the paramagnetic susceptibility of white tin is not 
an atomic property but is dependent on the crystal structure of the metal. 
The atomic susceptibility of tin is nearly the value —41-54x10° found 
experimentally for grey tin. 





50 Int. Crit. Tables, 6, 365. 
5lt Proc. Roy. Soc., 1927, 116, 61. 
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Let h(d) denote the number of primitive classes of binary quadratic 
forms of negative discriminant d. Heilbronn! has recently shown that 
Theorem I. 
h(d) > oo 
as —d—> oo, 
By a slight modification of Heilbronn’s argument, I show that 
Theorem II. 
h(d) Pa 
ot 
as —d—oo 
where t is the number of different prime factors of d. 
Both these results were conjectured by Gauss.? 


Theorem II is equivalent to 
Theorem III. 
p(d) > 0 
as —d—->oco 
where p(d) is the number of (primitive) classes in the principal genus. 
The proof follows Heilbronn except that we replace his Lemma XIV by 
Lemma II of the present note. We write p(d) = P. 
Lemmal. If 
(1) a/(a*?— a), (a, 2d) =1[a > 1] 
and if 
(2) a, X? +), XY +e, Y? (l<e< P) 
are the P classes in the principal genus, then there is ans with l1<s<P such 
that 
(3) a? =a, X? +b, XY +c, Y? (Y+ 0). 
Proof. Now a?’ can only be represented by the P classes of the princi- 
pal genus and not by any of the other? H—P classes. The number of 
1 Quart. J. of Math. (Oxford), 1934, 5, 150-160. 


* Disquisitiones Arithmetice, 1801, Art. 303. 
3 h(d) =H, 
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representations of a?’ by these P forms is, by a well-known theorem,‘ 
exactly 
2(2P +1) =4P+2. 
Now a, X?2 + 6, XY + c, Y?2 can represent a?” with Y = 0 in at most 2 ways, 
Hence the P classes (2) can represent a?’ with Y = 0 in at most 2 P ways, 
It follows that a2” must have at least one representation by 
a, X* +b, XY +, Y? 
with Y + 0 for some s in l<s<P. 
Lemma Il. If 
(4) a/'x?—d), (a, 2d) =1[a>1] 
then 


(5) a >| a/ | 
: 16 
Proof. From Iemma I there is an s{1 < s< P) such that 


a?P = sg = + bs XY + ¢, _ (¥ a 0) 
or 


(6) 4a,.a?? = (2aX + b, Y)? — d¥? (Y + 0) 
Further 


(7) 1<a<|/4 


3 
From (6) and (7) we obtain (5). 





* See, for example, Landau, Vorlesungen iiber Zahlentheorie, Satz 204. 
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1. Let A(d) denote the number of primitive classes of binary quadratic 
forms of negative discriminant d. Heilbronn! has recently proved the result 
(conjectured by Gauss) : 

Theorem 

h(d) > oo 
as —d—- oo, 

In proving his result Heilbronn makes use of a theorem of Hecke.? 
This note gives a slight variation of Heilbronn’s argument which makes it 
unnecessary? to refer to Hecke’s theorem. 


2. With the notation in K, let+ 


L,(s) = & X(n) n~§, 


0 
n= 


I 


1 
L,(s) a (S -*, 
n=] \ % 


L,(s) = > X(n) (<) a", 


ss n=1 


It is proved in K that foro > 4, s+ 1, we have 


L, (8) L, (s) = £(28) { TA—p ™)! {E x(a)a *} + 0(1) 
a 


p/m 


if —d—> co and H=h(d) is bounded. 
With m = 1 this becomes 


(1) ¢(s) L,(s) = £ (28) (Za ~) + 0(1). 








* “On the class-number in imaginary quadratic fields’’, to be publisbed shortly, 
hereafter referred to as K. 


* Ina paper by Landau, Gétlinger Nachrichten, 1918. 





* In a paper to appear in Jour. Indian Math. Soc. I have shown how to avoid 
using the theory of ideals. It follows from my two papers that we can avoid using 
Hecke’s theorem as well as the theory of ideals in proving Heilbronn’s theorem. 

* x(n) is a character (mod m). 
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Now let 2/3 < s < 4/5. Since ¢(s) < Oin this interval while the right 
hand side of (1) is obviously positive,’ it follows that 
(2) L, (8) < 0 [%/, <8 < */,). 
It is well known that L, (1) > 0, and hence it follows from (2) that 
L, (s) = 0 for some s in */; <s <1. Hence if h(d) ~ © is false for 
—d— co, then we can find infinitely many K > o such that 


p> (<")m ie 
n=] ” 


vanishes in the half-plane o > $. But on the latter assumption Heilbronn 
proves without reference to Hecke that 


h(d) > co as —d > 0, 


and hence our theorem is proved. 





5 as —d—> oo, 
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7. Introduction. 


Tue theory of light scattering developed by Lord Rayleigh! and perfectly 
confirmed by a series of precise measurements, relates to the case of light 
falling on very small particles whose diameter is many times smaller than 
the wave-length of light. Only in such cases the relations stated by Lord 
Rayleigh permit us to define the intensity of light scattered by a particle in 
various directions, as well as the polarisation of the scattered light. 


In the case of colloidal particles observation shows that the scattering 
of light is quite unsymmetrical about the plane perpendicular to the incident 
ray. The scattering is more intense in the forward direction, that is, in the 
direction of the incident beam than in the opposite direction. If one studies 
the polarisation of scattered light, it appears that the maximum of polarisa- 
tion corresponds to azimuths considerably greater than 90°. 


The problem of scattering of light by particles of any dimension has 
been studied in general theoretically as well as experimentally by G. Mie? 
taking into account also the absorption of light by particles whose electrical 
conduction is not zero. Lord Rayleigh® has also applied Maxwell’s equations 
to investigate the disturbance produced by the incidence of light upon a 
transparent sphere of dimensions comparable with the wave-length of light. 


Lord Rayleigh studied experimentally the colour and polarisation of the 
light scattered in different directions by very fine suspensions of sulphur, 
and later the observations were pushed further by B. Ray* for the case 
of much larger particles. He found that for larger particles the curves 
representing the intensity of light scattered in different directions would 





1 Lord Rayleigh, Scientific Papers, 1, 104; 1, 518; 4, 397. 

2 G. Mie, Ann. d. Physik., 1908, 25, 377. 

* Lord Rayleigh, Scientific Papers, 5, 547. 

4 B. Ray, Proc. Indian Assoc. for the Cultivation of Science, 1922, 7, 1. 
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become of an oscillatory character, the phenomena being markedly different 
for light having its electric vector parallel and perpendicular to the plane of 
scattering containing the incident and scattered rays. The reversal of 
polarisation observed by Lord Rayleigh with the blue light, was also observ- 
ed in the case of larger particles and with red light. Theoretical formule 


P ‘ ‘ 27 ” ® 
were numerically computed for the case in which =" =5 (p=radius of the 


particles). 


The gradual changes of colour of the light transmitted through colloidal 
solutions with increase in size of the particles, the colours of metal-glasses 
and the axial colours seen through droplets of water, alcohol, etc., were 
theoretically considered by B. Ray.® A theoretical expression was also 
derived for the amplitude and phase of the secondary wave which was in 
agreement with the oscillatory character of the scattered light and the 
colour development observed in experiment. 


A comprehensive mathematical exposition was developed using Mie’s 
formula by W. Shoulejkin® for the case of spherical particles having the 
ideal properties of a dielectric from .which he concluded that there was a 
smooth continuous change with increase of the size of the particles from the 
scattering of light to its reflection and refraction. The relative refractive 
index was taken to be equal to 1-32. A definite asymmetry of scattering 
was noticed in the case of particles having the size comparable with the 
wave-length of light. 


Later, on the basis of Mie’s exact formula, H. Blumer’ calculated 
the intensity scattered in all directions by dielectric spheres of diameters 
from relative index of refraction m’ = 1-01 to m’ =o, The intensity of 
light scattered in the direction of the incident ray is far greater than that in 
the opposite direction. 


The results derived by Shoulejkin and Blumer agree with those obtained 
experimentally by Schaefer and Mirzkirch® and Schaefer and Wilmsen.® 


Up till now, no calculations have been made of the intensity of 
light scattered by particles having a refractive index lower than that of the 
surrounding medium. In the present paper the author has tried to calculate 
the intensity and polarisation of light scattered by air bubbles of various 


5 B. Ray, Proc. Indian Assoc. for the Cultivation of Science, 1923, 8, 221. 

6 W. Shoulejkin, Phil. Mag., 1924, 48, 307. 

7 H. Blumer, Zeits. f. Phys., 1925, 32, 119; 1926, 38, 304 and 920; 1926, 39, 195. 
8 Schaefer and J. Mirzkirch, Zeits. f. Phys., 1923, 13, 166. 

® Schaefer and Wilmsen, Zeits. f. Phys., 1924, 24, 345. 
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sizes suspended in liquids of different refractive indices. Experimental 
observations of the intensity were also made in the case of scattering of light 
by water particles dispersed in benzene prepared as a dilute emulsion 
of water in benzene. 


2. The Theory of Mie. 


A plane electromagnetic wave is incident on a sphere of radius p in 
a dielectric medium. The electromagnetic field which is characterised by 
material constants such as, dielectric constant, conductivity and magnetic 
permeability, is determined by Maxwell’s equations. The integrals of the 
same could be represented as a sum of the products of spherical and cylin- 
drical functions. The solution of the problem consists in the splitting of the 
integral into a series of partial waves which give the amplitudes of the waves 
radiated by the particle in all directions and superposed on the incident 
plane wave. By introducing the boundary conditions at the spherical surface, 
Mie obtained certain expressions for the components of the amplitude of the 
electric vectors inside and outside the sphere. 

Mie derived the following intensity formula for the light scattered in a 
direction y at a very great distance 7 from the sphere (r >), when the 
incident beam was unpolarised the intensity being taken as unity. 











a. - 
Th Gp hi be = gaa de 
pe | Se ey Pe eee — en 
A) 2 ee ape oe eee 
ee |; v=co ay 4 par Py tg 
i, = | 2, re [IIy cos y —II’y sin*y] + vv+]) eas -- (1) 


The sign | |? shows that the square of the absolute value of the complex 
in the parenthesis is taken. 


I,=the intensity of radiation whose electric oscillations are perpendi- 
cular to the plane of sight. 


I,=the intensity with oscillations in the plane of sight and perpendi- 
cular to the ray of light. 


ay and py are complex functions defined by boundary conditions 
depending upon the wave-length A, radius of the particle p and the index of 
tefraction of the material of the particle in relation to the surrounding 
medium m’ and they signify the vth electrical and magnetic partial waves. 
The arguments of the cylindrical functions occurring therein are: 


3) 
= 
a=— and B=m'a 


0 
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’ m, 


Ww = — where m, = refractive index of the particle and m=that of 





the surrounding medium. 

IIv and II’y are spherical functions on cos y. The evaluated values for 
the first three terms are as follows :— 

Il, =1; WW, =3cosy; I, = 7:5 cos’*y — 1:5. 

W’,=0; I’,=3 Il’, = 15 cos y. 

I, + Iz gives the full intensity of the rays scattered under angle y and the 
difference I, —Iz is the surplus of polarised light. 

The number v of the partial waves which should be considered as 
sufficient for calculation depends upon the size of the particle in relation 
to wave-length. 

Using Mie’s formula the intensity of scattered light is calculated in the 
present paper for the following cases :— 

l, m,=1; m=1-33; m’ = -175. 


(a) “ve is very small; (bd) ed =1; (e) “e = 3. 
2. m= 1; m= 1-66; a’ = -6. 

(a) “oe is very small; (bd) =P =1; (¢) “we = 
3. m=1; m=I1-5; m’ = -66. 

(a) =e is very small; (bd) “re = 1, 


3. Air Bubbles suspended in a Medium of Water. 
m= 1-33; som’ =0-75. 


9 
(a) =P is very small. 








In this case radiation consists of the first partial wave v=1. Besides 
m’* —1 
m’?+-2 






p; = 90. Since a is small a, reduces to 2a 











be 2 | a, (@ = x2 a, 2 
i= 4m? | 2 | ? I, ~ 4272 | 2 cos y 
I, + I, = A(1 + cos*y); I, — I, = A(i — cos*y) 
_ Ma*p* [al* — 17° 
where A = ~ ap? EE = 4 ° 





The intensity distribution is symmetrical about the plane perpendicular 
to the incident beam. Maximum of polarisation corresponds to an angle of 
90° to the incident beam. The polarisation is in the plane of sight and is 
complete. 
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9 
(b) =F =1; soa=1; B =} =0-75. 


In this case only the first two partial waves are to be taken into 
consideration. Moreover, pf. can be neglected. In the calculations the 


2 


factor ar is dropped since the absolute intensity of light is not required. 
The common multiplicator e’ is also dropped out from the coefficients 


a, py and ap. 



































a, = — 0-1564 + 1.0-203; p, = 0-0131 — 1.0-0201. 
dy == 00-0158 — 7.0-0244 ; 
TABLE I. 
Angle y ‘ | 0° 20° 40° 60° 90° 120° 140° 160° 180° 
ji .-| 0-0103 | 0-0107 | 0-0116 | 0-0132 | 0-0164 | 0-02 0-0216 | 0-0229 | 0-0239 
je .-| 0-0103 | 0-0095 | 0-007 | 0-0035 | 0-0001 | 0-0047 | 0-013 | 0-0206 | 0-0239 
jitdje ..| 0-0206 | 0-0202 | 0-0186 | 0-0167 | 0-0165 | 0-0247 | 0-0346 | 0-0435 | 0-0478 
ji —J2 --| 0-0000 | 0-0012 | 0-0046 | 0-0097 | 0-0163 | 0-0153 | 0-0086 | 0-0023 | 0-0000 
% Polarised 
light =. 0 5°9 24-7 58 99 62 24-8 5:3 0 
ji +j2 = Total Intensity. j1 —j2 = Polarised Light. 


The law of radiation is graphically represented by Figure 1. The outer 
curve represents the full intensity of the scattered light I, + Iz and the part 


90° 
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between the outer and the inner one represents the amount of polarised 
light I; — Iz. One notices from the figure a definite asymmetry of scatter- 
ing so that the intensity of the scattered light along the forward direction is 
about 2-5 times greater than that in the opposite direction. The angle of 
maximum polarisation is no longer 90°. But it is displaced in the direction 
of the incident rays. 


() “P= 3; a=3; p=2-2. 
In this case one has to consider several partial waves. But as 
Shoulejkin has pointed out, for all practical purposes, only the first three 
need be taken into consideration. 
a= 1-32 + 41-187; p: = — 1-138 — 7.0-832. 
ay = — 1-644 — 72.0-992 ; pe 0-776 + 1.0-249. 


az= 0-849 + 71.0-234; Ps — 0-215 — 2.0-039. 
TABLE II. 





Angley .. 40° 60° 90° 
de os 0-015 
je iz: 0-026 
2. aoe 0-041 
ow ae -0-011 


% Polarised 
light ve —33 |— 26-8} 42-7 60 78 31 19 
































The negative sign shows that the plane of polarisation is turned through 
90° and that the electrical vibrations are in the plane of sight. 

The total intensity of scattered light is plotted against the angle, see 
Figure 2. 


90° 























The Scattering of Light by Particles 153 


Here also the asymmetry is very striking. The forward scattering is 
by far more intense than the backward scattering. 
4. Air Bubbles suspended in a Medium of Refractive Index 1-66. 
m. 


m = 1-66, m’ = ms 
m 





(a) For particles of diameter very small compared with A just as in the 
previous case, a symmetrical distribution of intensity is got with maximum 
polarisation at 90°. 


9 
(b) —° = 1; a=1; B= 0-6. 


The values of intensity for various angles are tabulated as shown 
below :— 
ay = 0-0246 — 1.0-0385 ; 


TABLE ITI. 





Angley ..| 0° | 20° | 40° 60° 90° 120° | 140° | 160° | 180° 


ji ee saareed (hl 0-0267 | 0-0302 | 0-0375 | 0-0457 | 0-0504 | 0-0534 | 0-0547 


je --| 0-0238 | 0-0210 | 0-0155 | 0-0079 | 0-0002 | 0-0101 | 0-0217 | 0-0450 | 0-0547 





0-0457 | 0-0422 | 0-0381 | 0-0377 | 0-0558 | 0-0721 | 0-0984 | 0-1094 























ji tie  --| 0.0476 
| 
| 
ji —Je --| 0-000 | 09-0037 0-0112 | 0-0323 | 0-0373 | 0-0356 | 0-0287 | 0-0084 | 0-000 
% Polarised | 
light .. 0 8-1 26-5 84 99 63 | 39 8-5 0 





As in the corresponding previous case asymmetry present in the distri- 
bution of intensity is quite clear here. The above generalisations also hold 
good in this case. 





(c) eS: a=a3; B= 1-8. 
a, = 0-855 + 1.2-515; py = — 0-837 — 7.1-307. 
ay = — 2-071 —i.1-701 ; pe = 1-031 + 7. 0-365. 
a3 == 1-215 +- 7.0-416; p3 = — 0-298 — 7.0-061. 
TABLE IV. 

Angle Y ne 0° 20° 40° 60° 90° 120° 140° | 160° 180° 
jr --| 0-003 0-04 0-118 0-35 1-104 4-28 9-88 16-8 20-1 
jz --| 0-003 | 0-036 0-083 0-09 0-471 0-584 4-63 14-3 20-1 
jitje --| 0-006 | 0-076 | 0-201 | 0-44 | 1-575 | 4-864 | 14-51 | 31-1 | 40-2 
ji—Je --| 0-000 0-004 0-025 0-26 0-633 3-696 5-25 2-5 0-000 
% Polarise | 

light 
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Air Bubbles in a Medium of Refractive Index 1-5. 


m 
m=1-5,m' = — = -66. 
m 
9. 


(a) = is very small. Results are similar to that got in the previous 





cases 3a and 4a. 








2a 
(b) f= 1; a=1; B=0-66. 
a, = — 0-084 + 17.0-225; pi = 0-013 — 7. 0-039. 
= 0-0116 — 7.0-018; 
TABLE V. 
| | | 
Angle y ..| 0° 20° 40° 60° 90° | 120° | 140° | 160° | 189° 
js ..| 0-0079 | 0-0082 | 0-0093 | 0-0109 | 0-0145 | 0-0184 | 0-0207 | 0-0222 | 0-0998 
je ..| 0-0079 | 0-0072 | 0-0048 | 0-0006 | 0-CO01 | 0-0057 | 0-0130 | 0-0191 | 0-0998 
j, tie «| 0-0158 | 0-0154 | 0-0141 | 0-0115 | 0-0146 | 0-0241 | 0-0337 | 0-0413 | 0-0456 
j:1 —je «| 0-0000 | 0-001 | 0-0045 | 0-0103 | 0-0144 | C-0127 | 0-0077 | 0-0031 | 0-0000 
% Polarised | 
light «| 0 | 6:5 31-9 | 89-5 | 98-6 | 52-6 | 22-8 | 7-5 | 0 























From the above calculations it is quite clear that in the case of 
particles (dielectric in an ideal state) whose refractive index is lower than that 
of the surrounding medium a distribution of intensity of scattered light is 
given according to Rayleigh’s formula, provided the diameters of the particles 
are small compared with the wave-length of light used. When the size 
of the particle increases, the symmetric nature of the scattering vanishes and 
the intensity of light scattered in the forward direction preponderates over 
that in the backward direction. The results obtained are in quite agreement 
with those of Shoulejkin and others for the case of colloidal particles or 
clouds having a refractive index higher than that of the surrounding 
medium. 


6. Experimental Observations. 

A clean dry bottle was first washed with a small quantity of benzene. 
About 200 c.c. of pure benzene was taken in it, and about 20 drops of water 
were added and the mixture was shaken well for about 20 minutes so that 
the water got well-dispersed in the medium of benzene. This emulsion of 
water in benzene was poured into a rectangular cell which had been 
previously cleaned and washed with benzene. This was placed in the path 
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of a narrow parallel beam of light from a carbon arc. With the naked eye 
the distribution of intensity of the light scattered in various directions was 
noted. It was observed that the intensity in the forward direction was 
considerably greater than that in the backward direction. 


Further experimental work on the same lines is in progress. 


In conclusion, the author wishes to express ‘his grateful thanks to Sir 
C. V. Raman, Kt., F.R.S., N.L., for his keen interest and guidance during the 
progress of the work. 


7. Summary. 


A short review of the theoretical as well as experimental work done on 
the scattering of light by particles suspended in a medium of lower refractive 
index is given. Using the formula derived by Mie, calculations are 
extended to the case of particles such as air bubbles suspended in a medium 
of higher refractive index. Results are obtained for three different values 
of refractive indices and for three different sizes of the particles. 
When the particles are small in size, the distribution of intensity is 
symmetrical about the plane perpendicular to the incident beam. As 
the size of the particle increases, the intensity in the forward direction 
becomes greater than that in the backward direction. ‘The angle of 
maximum polarisation is displaced from 90° in the direction of the incident 
rays and moreover, it is everywhere incomplete. Experimental observations 
are also made in the case of water particles dispersed in benzene. 
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Introduction. 





ie 
THE Raman spectra of symmetrical tetrahedral molecules of the type AX, 
have been extensively studied both experimentally and theoretically in 
relation to their fundamental frequencies of oscillation. The various 
tetrahalides like CCly, CBry, etc., among the organic compounds, and 
aqueous solutions of salts containing RO, ions among the inorganic ones, 
are the important compounds of this class that have been studied. Among 
the latter the study of the sulphates has received special attention from 
many investigators, whereas the available data for the allied compounds, the 
selenates, are very meagre indeed. Only two measurements are available, 
one by Nisi! who studied a 17% solution of sodium selenate and records 
three frequencies, and the other by Schaeffer, Matossi and Aderhold? who 
obtain with magnesium ammonium selenate only the prominent frequency 
of the SeO, ion, of about 830 cm.-! The infra-red spectrum of the selenates 
has been studied by Schaeffer and Schubert® who get a reflection maximum 
at 11-20 which is analogous to the maximum at 8-82, obtained in the 
case of the sulphates. The present paper describes the study of the Raman 
spectra of a number of selenates both in the crystal state and in the state of 
solution, and also of selenic acid. 


























2. Experimental. 


The substances were all recrystallised, and for the preparation of the 
solutions pure water distilled under low pressure was used. These precau- 
tions were found necessary as otherwise there was an appreciable continuous 
spectrum in scattering probably due to fluorescent impurities, which masked 
the feeble Raman lines. In the case of the sodium and potassium selenates 
the solutions studied were of about 30% strength, and with ammonium 
and magnesium selenates of about 20%. Thallous selenate is only sparingly 



















1 Jap. Jour. Phys., 1929, 5, 119. 
* Zeits. f. Phys., 1930, 65, 314. 
% Zeits. f. Phys., 1921, 7, 297. 
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soluble in water (to the extent of about 2%) and hence the Raman lines 
were not brought out in solution. 

The experimental technique for the study of the Raman spectra of 
crystals and solutions is too well known to need description here. In the 
present measurements, a Fuess glass spectrograph of large dispersion was 
used. ‘The Raman frequencies obtained are collected together in Table I. 











TABLE I. 
Aqueous Solution | Orystal 
Intensity — habe SPiacaths 
Medium Medium | Strong | Faint Strong 
| | 

Sodium selenate “4 342 415 835 875 842 
Potassium selenate .. 340 409 835 875 839 
Ammonium selenate 339 410 835 872 ee 
Magnesium selenate, , 338 412 836 876 840 
Thallous selenate .. ‘ ie ra ~ 810 

















3. Characteristic Frequencies of SeOx. 


As will be clear from Table I, in solution, all the four selenates give 
identical Raman spectra, evidently characteristic of the SeO, ion. Four 
lines appear in all, one very strong, corresponding to a shift of 835 cm.:, 
and one very faint at 875 cm.-! and two others of medium intensity at 345 
and 415 cm.-! respectively. The spectrum bears a strong resemblance to 
that of SO, solutions on the one hand, and of the tetrahalides like CCly, 
SiCly, etc., on the other. Presumably like these compounds, SeO, also has 
a tetrahedral structure, the four O atoms forming the corners of a regular 
tetrahedron, with the Se atom in the centre. The four Raman frequencies 
would then correspond to the four fundamental modes of vibration dynami- 
cally possible for such a tetrahedral model. The strong line corresponding 
to the shift 835 cm.-! is evidently due to the totally symmetrical vibration of 
the tetrahedral model. This frequency is inactive in the infra-red spectrum. 


The theory of oscillations of a tetrahedral molecule, of the type AX,, 
has been worked out in detail by Dennison and others, and we shall quote 
here only the final expressions obtained by them for the fundamental 
frequencies. 4 
f, 4f 

4 ee 


Ny 2 = 
m m 


(1) 





* See K. W. F. Kohlrausch, Der Raman-Effekt, 213. 
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, P 

f+ 

m m 

3M + 16m of’ im + 3M 
3mM m +f 3mM 


2(4m + M) ,.,, a ' 
3Mm2 . [SPf + 8E (f P) + f f) ee 


where /, /’ and P are arbitrary constants that enter in the potential energy 
function of the molecule ; m and M are the masses of the O atom and the Se 
atom respectively, and 


p = a. Oe 
+n,° = 2E 


nn? = 


M; = Qarcv;, 4 = 
the four v’s give the wave numbers corresponding to the four fundamental 
frequencies. ‘The constant f represents the force between Se and O and f' 
the force between any two O atoms. 


If the four v’s and therefore the n’s are known, the binding forces / and f’ 
can readily be calculated by using the above equations. Thus, for example, 
eliminating f and P between the equations (1), (2) and (3), we get 


im+3M  , 32m+6M_, 16m + 4M ,, 


Ea el “3M—~CO? mM 


from which we can calculate /’. With this value in (1) we get f, and in (2) 
we get P. 

The four fundamental frequencies of SeO, and the values of /, f’ and 
P calculated therefrom are given in Table II. The corresponding data for 
the SO, ion are also given for comparison. 


TABLE II. 





| | 


Yundamental frequencies in cm.~! | 





f x 10-5 |’ x 10-5! P x 10° 
| 


| a 
| Vs 
| 4 





415 2 | 0-59 | 0-51 





The forces f and f’ are of the same order of magnitude for both the 
ions, the values for SO, being slightly greater, probably due to the 
slightly smaller dimensions of the SO, ion as compared with those of 
the SeO, ion. The Se atom being much heavier than the S atom all 
the frequencies of SeO, are naturally smaller than the corresponding 
frequencies of SO,. 
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4. Heat of D*ssociation. 


If we take ve to be the oscillation frequency corresponding to the Se-O 
bond, we may write oe 
f j 
v= nwt , Where p = ae 
Substituting the proper values for f and pw, we get for the Se-O bond 
= 733 cm." 
Calculating in the same manner, we obtain for the S-O bond 
v = 852 cm.°! 

The corresponding heats of dissociation can be calculated in the follow- 
ing manner. For this purpose we may take the C-C binding in benzene, for 
which vy = 990 cm.-! which is known to correspond to a heat of dissociation 
of 71 K calories per mol. If we assume that the binding force / is pro- 
portional to the heat of dissociation D, we have the relations 

Sf 2 ¢ 
p’ j’ gt al? 
where v, uw and D refer to the C-C bond, and v’, wy’ and D’ to the Se-O bond. 


2 , 
2 


~ 


Pre, Epp 
ve 
733? 79-2 x 16 
= gon? X axco e CHL = 86 K cal. per mol. 
990° * 2x6 *' 3 K cal. per mo 


A similar calculation for S-O gives 
852? _ 32 x 16 


y’ = - xX —— 
: 990° 48 X 6 


xX 71 = 93 K cal. per mol. 


5. Comparison with Thermochemical Data. 

That the above values of the heats of dissociation of the Se-O and the 
S-O bonds are of the proper magnitude can be seen from thermochemical 
data. For the Se-O bond we have the following thermochemical relations :— 

Se + 20, = SeO, ~ + 147 K cal. ° 
20 = O, +116 Kcal.° 
. Se +40 = SeO,- ~ + 379 K eal. 

If we consider the dissociation of SeO, as equivalent approximately to 
four times the heat of dissociation corresponding to the Se-O bond, we 
get for the latter 379/4 = 95 K calories, in agreement with 86 K calories 
obtained from the Raman frequencies. 





5 International Critical Tables, 5, 178. 

® Frerichs (Phys. Rev., 1931, 37, 903) from spectroscopic data, obtains for heat of 
dissociation of O, into two neutral atoms the value 117-3 K cal., while V. Henri from 
the predissociation limit of NO. gives the value 114-6 K cal. The value 116 adopted 
here is the mean of these two values, 
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Similarly, from the heat of formation of SeOg, v7z., 
Se + 3/, O2 = SeO3 + 123 K cal., ; 
we obtain for the heat of dissociation corresponding to the Se-O bond 99 K 
calories. 
Again the relation } 
Se + Og = SeOs + 55-5 K cal. | 
leads to a value of 86 K calories for Se-O. These values are collected 
together in Table III, along with similar values for the heat of dissociation 
of the S-O bond. While it is recognised that this method of comparing the | 
results for the heats of dissociation is only approximate, it is interesting to | 
find that the values calculated from the Raman spectra are of the proper 
order of magnitude. 
TABLE III. 














Heat of Sieenites! 
tion in K cal. Method 
per mol, 
86 from Raman frequencies 
. 95 SeO,” ~ 
S = 9 4 
e—O bond 99 » o* 
86 » Sed, 
93 from Raman frequencies 
Et so,” - 
S- Lod = al wa — 
35-O bond 107 * so, 
97 » 80, 














6. The Force Constants of SeO4, according to Nagendra Nath’s 
Formule. 


The dynamical theory of the vibrations of AX, molecules of tetrahedral 
symmetry as worked out by Dennison requires some modifications. While 
it gives values for the frequencies that are in approximate agreement with 
the observed frequencies, the deviations are too large to be explained as due 
to errors in observation. As shown in Section 3, we have in Dennison’s 
treatment four equations connecting only three constants. The values of 
these constants as determined from the first three equations, when substi- 
tuted in (4) gives for mgm4 a value that differs by about ten per cent. from 
the observed value. This means a difference of 15 to 20 wave numbers in 
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the observed frequency shifts which is evidently more than what can be 
allowed for as experimental error. 


A different theory has been worked out by Nagendra Nath’ in 
which he assumes four force constants in evaluating the potential energy 
of the molecule. These correspond to (1) the primary valence force, 1.e., 
between the central atom A and the corney atom X, (2) the directed valence 
force arising from the directional properties of the valence bonds, (3) the 
force of repulsion between any two corner atoms XX, and (4) the “ intra- 
valence” force. The values of these four force constants respectively 
denoted by K, K’, K” and K’”’ for SeO, and SO, as calculated from the four 
observed frequencies are given in Table IV where / represents the length of 
the AX bond. 


TABLE IV. 




















| K x 10-5 K’x 10-5 | 3 x 10-5 x x 10-5 
| | 
a | | 
SeO, - 5-365 0-304 | 0-369 —0-102 
| ) : ee 
SO, ..| 6-113 0-752 | 0-585 —0-207 





7. Crystalline Selenates. 


Only a preliminary study has been made in this paper of the Raman 
spectra for the crystal state. The prominent symmetrical oscillational 
frequency of the SeQO, group appears conspicuously in all the crystals. Its 
value, however, is not constant as in the case of the solutions, but varies 
from compound to compound. In thallous selenate it has the lowest value, 
viz., 810 cm.-! In sodium selenate two new frequencies are noticed at about 
1205 and 1350 cm.-! respectively. 


8. Selenic Acid. 


The Raman spectrum of a strong aqueous solution of selenic acid was 
studied and its spectrum was found to be strikingly different from that of 
the selenates in solution, reminding one of similar differences observed 
between sulphuric acid and the sulphate solutions. Table V gives the 
Raman frequencies in the two cases. 





* Indian Jour, Phys., 1984, 8, 581. 
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TABLE V. 





H,SeO, 


Strong | 315 422 
solution (m) (m) 





SeO 


4 


342 415 





H,SO, 


569 
(m) 


598 











623 
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AurnoucH the B-resorcylic aldehyde (I) and its derivatives are known since 
the days of Tiemann (1877), the y-—resorcylic aldehyde (II) and its deriva- 


tives have so far withstood synthesis. 
CHO 


no-/ \-ou aes 
2 
(1) (11) 
B-Resorcylic aldehyde. y-Resorcylic aldehyde, 

It is intended in this paper to describe the synthesis of the hitherto 
unknown dimethylether of y—resorcylic aldehyde (VIII), which is destined 
to be the precursor of the long-sought y—resorcylic aldehyde (II) itself and 
thus to play an important part in the synthesis of some of the natural 
products. 

The series of reactions indicated by the figures (III) to (VI) 

CO-CH; CO-CH,; Cc “4 COOH COOH 


Ho’ Nou H co’ Nocu H,CO 


Y 3CC 3 3 \ocs, H,CG \ocu; 
| pagent | yeni * Af 202 ote Eaten 
a —- ws? 


(111) (LV) (VI) 
m.p. 157° m.p. 73° m. “4 7 m.p. 186° 


== 


has already been realised and published in abstract form (Iimaye and 
Gangal, Indian Science Congress, 1934, Chemistry Section) and fully described 
in Mr. Gangal’s thesis (now in press). 

The 2 : 6-dimethoxyphenyl-glyoxylic acid (V), when heated with 
aniline (Bouveault, 1896), loses carbon dioxide, in common with other 
a-ketonic acids, and forms an aldehyde which combines with aniline to give 


* Announced on the occasion of the Triennial Function of the Rasayana Nidhi, 
Kapilashram, Poona, celeberated on the 19th August 1934, under the presidentship of 
Sir C. V. Raman, Kt., F.R.S., N.L. 
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a Schiff’s base (VIi). This on hydrolysis regenerates 2 : 6-dimethoxy- 
benzaldehyde, 7.e., the dimethylether of y—resorcylic aldehyde (VIII). 
CO-COOH HC: NC,H; CHO 


a, enw oy oS, 
11,CO OCH, Aniline | HsOf YOCH, | syarolysie Hs©O OCH, 


(V) (VII) (VIII) 
Experimental. 


The dimethylether of y-resorcylic aldehyde (VIII).—2 : 6—Dimethoxy- 
phenyl-glyoxylic acid (V) (1 g.) is heated with aniline (1 c.c.) to 180° for three 
to five minutes, when a rapid evolution of carbon dioxide and water vapour 
takes place. On cooling, the mass is transferred to a distilling flask with the 
help of boiling water, caustic soda (1 g.) added and steam passed in until all 
the aniline is removed. The contents of the flask are allowed to settle a 
while and filtered hot, through cotton wool. The oily residue in the flask is 
again treated with hot water and the solution filtered. The combined 
filtrates are concentrated to a small volume and cooled, when long, white 
needles separate. The aldehyde on recrystallisation from boiling water 
melts at 98-99°. B. P. 285°. Vield—0-45 g. 

Analysis :—Found C = 65-2; H = 6-1 % ; CoH,oO3 requires C = 65-1; 
H = 6-0 %. 

The aldehyde is readily soluble in alcohol, ether and benzene. It 
dissolves in concentrated sulphuric acid with an orange red colouration, but 
on dilution with water the major part is precipitated unchanged. 

The semicarbazone m.p. 190° is obtained when the aldehyde reacts with 
semicarbazide acetate. The original aldehyde is regenerated by carefully 
treating the semicarbazone with hydrochloric acid. Boiling concentrated 
hydrochloric acid resinifies the aldehyde. 

2:6-Dimethoxy-cinnamic acid, m.p. 146-47°, is obtained when the 
aldehyde is condensed with malonic acid in pyridine solution. (Found, 
equivalent, 210. Cj )H)204 requires equivalent, 208.) It will be reported 
upon, in detail, in a separate communication. 

Demethylation.—-On heating one part of the aldehyde with four parts 
of aluminium chloride, in benzene solution, on a water bath for two hours, 
it was observed in one experiment, that although demethylation had taken 
place, the action of aluminium chloride had gone too far and removed the 
formyl group with the formation of resorcin. Under a different set of 
conditions, it has been found possible to bring about demethylation 
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without affecting the aldehyde group and thus yielding a liquid substance, 
which gives a brown black colour with ferric chloride, is readily soluble in 
caustic soda solution.and reacts with semicarbazide acetate. This indicates 
the possibility of a partial demethylation to the monomethylether of y-resor- 


cylic aldehyde or a complete demethylation to y-resorcylic aldehyde (II) 
itself, both being unknown. 


Mr. S. D. Limaye is working out the best conditions of demethylation 
of the dimethylether of y-resorcylic aldehyde, under my guidance. 
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THE band spectrum of mercury has been the subject of a number of investi- 
gations. A resumé of the results so far obtained has been given by 
Finkelnburg in the Physikalische Zeitschrift.' Although many of the 
features of these bands have been qualitatively accounted for, quantitative 
results are few and conflicting. The present communication is 
concerned with an analysis of five of the band systems. As preliminary to 
a discussion of the new analysis, a brief statement of the present state of 
knowledge in regard to the band spectra of mercury is given below. 


The band system of mercury consists of the following bands and 
continua : 

(1) A-continuum between 4000 A and 5300 A with a maximum at 
4850 A. ‘This appears only in emission. 


(2) Asystem of bands discovered by Volkringer between 3685 A and 
4024 A. ‘The interval between successive bands falls from 262 cm.”! at the 
red end to 92 cm."! at the violet end. 


(3) Another continuum between 3000 A and 3700 A having a maxi- 
mum at 3300 A and appearing only in emission. 


° 


(4) The series of bands between 3143 A and 3337 A observed by 
Hamada in a hollow cathode discharge. In these the intensity alternates at 
every fifth band. dv is nearly constant being about 50 cm."! 


(5) ‘The series of bands between 2660 A and 3098 A appearing only in 
emission. vy falls from 250 cm.! to 50 cm.! This is the ‘Core Series’ of 
Iord Rayleigh. 

(6) A series of bands between 2614 A and 2943 A appearing in absorp- 
tion and emission. Sy falls from 148 cm.! to 47cm."!. This is Lord Rayleigh’s 
‘Wing Series.’ 


(7) A weak continuum at 2650 A appearing only in emission. 


(8) A continuum with a sharp head at 2540 A appearing in emission 
and absorption. 


166 
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(9) Eight sharp bands between 2450 A and 2494 A appearing only in 
emission. 


(10) A group of weak sharp bands closely spaced between 2341 A and 
9297 A, appearing in emission and absorption. These bands show heads. 
Measurements of Lord Rayleigh and Kuhn give a nearly constant dv of 
18cm.“! whereas Hamada gives a coarser structure with 5y varying from 
126 cm.! to 52 cm."! 

(11) A group of bands between 2322 A and 2064 4 which vary with 
the kind of excitation. They are known as Steubing’s bands. 6y varies 
from 500 cm.! to 100 cm.-', as observed by Mrozowski. In the measure- 
ments of Kremenewski between 2150 A and 2000 A Sp falls from 117 cm.-! 
to 70 cm.! Hamada’s measures between 2167 A and 2044 A give 8v’s 
falling from 227 cm.! to 126 cm. 

(12) A continuous band with short wave limit at 1850 A, appearing in 
emission and absorption, accompanied by a band at 1807 A which occurs 
only in absorption. 

(13) A continuous band at 1690 A appearing in emission and 
absorption. 

(14) A continuous band at 1403 A observed only in absorption. 

According to current views Nos. (2), (5) and (6) with which we are 
chiefly concerned in the present paper, are considered to be each an unbrok- 
en series of fluctuations due to vibrational levels corresponding to a single 
electronic state. Extrapolation based on this view leads to the assignment 
of electronic levels to each of these series. The following is a summary of 
the current theoretical views on the subject. 


Diatomic mercury molecules may be formed by the union of two atoms 
in the 'Sy ground state or by that of one atom in the 'Sg state and another 
excited atom. The molecule made up of two 'So atoms is supposed to be 
loosely bound and its heat of dissociation is assumed to be very small. 
Koernicke? found the heat of dissociation into two unexcited neutral atoms 
to be 1-4 kilogramme calories per mol., while Mrozowski? found a value of 
17 Kcal./mol. by one method and nearly zero by another method. Winans® 
estimates it at 3-5 K cals./mol., while Kuhn and Freudenburg! confirm 
Koernicke’s value. Mrozowski? says that Koernicke used a wrong formula, 
but Kuhn and Freudenburg use the same formula. The potential curve 
corresponding to two 'So atoms is, however, represented. nowadays as one of 
continuous repulsion with only a very slight minimum. Of the potential 
curves corresponding to (!S9+2 3P9), ('So+2 3P;), (1So+2 3P2) and (!So+2 !P,) 
molecules, the first has only one branch while the others have each two 
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branches—one branch having a minimum and the other corresponding to 
repulsion and thus possessing only a slight minimum if at all. The vibra- 
tional levels are situated in the hollows corresponding to the minima, while 
a transition from the minimum itself to the portion of the ('S9+'S») curve 
lying vertically below gives rise to a continuum. Though a transition from 
the 23Py and 2%P, states to the 'So state is forbidden in the atom, transitions 
from the ('So+2 Po) and ('Sp+2 Pz) molecular states to the (4So+ Sp) state 
are allowed and the probability of transition is the greater the larger the 
difference between the energies of the atomic and molecular terms. 


The various bands and continua are assigned to transitions from excited 
molecular states to the ('Sg + So) ground state as follows : 


The continuum (3) and the ‘wing’ bands (6) are assigned by all 
authors to transitions from the ground state to the (!S9+3P,) state. The 
continuum (1) is similarly attributed to transition to the (1S9+ Pp) state. In 
his latest paper Mrozowski has assigned Volkringet’s bands (2) to ('!So+5Py) 
as the upper state. The ‘core’ series (5) has been assigned by Kuhn‘ 
to transition from ('Sp+3Po) to ('So+4So), but ascribed to transitions from 
(1So7+3P,) by Mrozowski. Nos. (11) and (12) are similarly ascribed to the 
(1So+!P,) > ('So+'So) transition, while (15) and (14) are transitions from 
(So + 2 'So) and (!S9 +3 !P,) to (!S9+ 4S). According to Winans! (9) is due to 
Hg2* molecules. From transitions from near the flat portions of the two 
branches of each curve arise continua or closely spaced bands. Transitions 
from (!So + 2 Po), ('So + 2 3Po) and ('So + 2 3P2) thus give rise to Nos. (7), (8) 
and (10) respectively. The bands observed by Hamada® (4) have not explicitly 
received any explanation. Only, Hamada conjectured that they were an 
extension of the ‘ wing series’ towards longer wavelengths. It is assumed 
that a band series, similar to the ‘core’ and ‘ wing’ bands and arising 
from the (!S)+ 2 3P.) state may exist but has not been observed. In order 
to obviate the necessity of ascribing two band series to one state, Volkringer's 
bands were assumed nvt to form a separate system but to be a continuation 
of the ‘core’ series. The great distance between the ‘core’ bands and 
Volkringer’s bands which have approximately the same Sv makes this 
explanation untenable and so Mrozowski ascribes Volkringer’s bands to 
(1So+3Po) and the ‘core’ bands to (1S9+23P,). According to his view, 
however, there would be two band systems — the ‘core’ and ‘ wing’ 
series — arising from ('S)+23P,). The explanation offered by him for such 
a phenomenon is not satisfactory ; besides it fails to explain the observed 
differences in the conditions of excitation and the behaviour of these bands 
under different conditions. There is also a further difficulty in assuming 
that the ‘core’ and ‘wing’ series are fluctuations arising from vertical 
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transitions from vibrational levels attached only to the upper state. To 
explain the large distance between the continuum at 3300 and the corres- 
ponding ‘wing’ series, the potential curve of the ('So+'So) ground 
state is supposed to rise very steeply in the region corresponding to small 
distances between the nuclei. This being the case, the wavenumbers of two 
vertical transitions from two neighbouring vibration levels of the upper state 
should differ by a quantity not merely equal to the interval between these 
levels, but depending also upon the difference in level between the points 
where the verticals cut the lower (1Sy+'So) curve. In such a case extrapola- 
tion from the first differences between the wavenumbers of the successive 
bands of the series treated as a single whole cannot lead to any correct 
result. Yet it is in this way that extrapolation from the ‘core’ series is 
made to prove that it arises from the (!5y+2%Po) state. Before taking up 
the above difficulties we shall briefly describe the experimental facts intended 
to be covered by these explanations. 

The ‘ wing ’ series is emitted when mercury vapour is made fluorescent 
by the outer portions or ‘ wings’ of the resonance line 2537, as also by its 
central part or ‘core’. The ‘core’ series comes out only by ‘ core’ excitation. 
The ‘ wing’ series is observed also in absorption while the ‘core’ series is 
not found in absorption. The ‘core’ fluorescence is limited to the place 
where the exciting light is incident, while the ‘wing’ fluorescence penetrates 
into the vapour. Addition of hydrogen quenches the ‘core’ series but not 
the ‘wing’ series. Superheating increases the intensity of the ‘wing’ series 
while the ‘core’ series is not so affected. Lord Rayleigh? to whom the 
above observations are due concludes that the excitation of the ‘core’ bands 
and of the 4850 A continuum is an indirect process involving excitation of 
the atoms and not of the molecule as a whole, while the excitation of the 
3300A continuum and the ‘wing’ series is due to direct molecular 
absorption. The behaviour under superheat shows that the 3300A 
continuum and the ‘wing’ bands are directly connected, except that the 
3300 A continuum does not occur in absorption. In the visual luminosity 
due to ‘core’ excitation, both ?Py and 3P2 atoms are shown to be present by 
actual experiment. Wood’s bands (10) are associated with the forbidden 
line 2270 ('So—3P2) and both occur in ‘core’ excitation. No connection 
between the ‘core’ series and the 4850 A continuum has been mentioned such 
as that found in the case of the ‘ wing’ series and the 3300 A continuum. 
lord Rayleigh has also shown that ‘starting with Wood’s ‘resonance 
tadiation’ at atmospheric temperatures in vacuo, and raising the tempe- 
tature of the mercury, we can pass continuously to the phenomenon of the 
moving ultraviolet ‘core’ effect.” 
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The ascription of electronic levels to the various bands and continua 
discussed previously is made to yield an explanation of the experimental 
results in the following manner. The non-occurrence of the 3300 A 
continuum in absorption in spite of the fact that the other systems arising 
from the ('Sg+23P,) state,:vzz., Nos. (6) and (8) do appear in absorption, is 
explained by the fact that its lower state lies high above the dissociation 
energy of the ground state. The spectra attributed to the Po and 3P, 
states appear with small intensity because transitions from them to 'Sp are 
forbidden in the atom though not in the molecule. The difference in 
behaviour between the ‘ wing’ and ‘ core’ series and that between the 3300 
and 4850 continua is explained by the indirect nature of the excitation 
required to produce the Pp state supposed to be involved in the emission of 
the ‘core’ series and the 4850 continuum. Their non-appearance in absorption 
and insensitiveness to temperature are explained by the fact that 3Py atoms 
must first be produced from 3P, atoms and the formation of the '!So +P, 
molecule follows as a secondary process. Wood’s observation that there is 
a time interval between the absorption of the incident light and the emission 
of the visible green fluorescence is also explained by the same facts. But 
nothing in the explanation distinguishes between the two metastable states 
3P) and 3P2, and since Lord Rayleigh has experimentally proved the 
existence of both ?P, and 3P, atoms in the visual fluorescence, the ‘core’ series 
may be attributed to (1 'Sg+23P.2) molecules in better accordance with 
experimental facts than if ascribed to ('Sg + 3P9) molecules. For, Lord 
Rayleigh has shown that the visible and ultraviolet ‘core’ effects behave 
differently in a stream of moving vapour and that the two can be separated 
in space. If it is correct to ascribe the ‘wing’ series and the 3300 
continuum to ('So+3P,) molecules, the experimental facts require that the 
‘core’ series and the 4850 continuum be attributed to a different molecular 
state involving metastable electronic levels. Finkelnburg’s objection 
against associating the ‘ core’ series and the 4850 ccntinuum both with the 
same state, viz., (‘So + 3Po), on the ground that the distance between the two 
is too large, must be upheld. We will presently show reasons to attribute 
the 4850 continuum and Volkringer’s bands (which are sufficiently near to this) 
to the ('So + *Po) state and the ‘core’ series to the (So +P.) state. We thus 
get a satisfactory explanation not only of Volkringer’s bands but also do 
away with the puzzling absence of a band system associated with the lower 
potential curve of the ('So + 3Pz2) state. 


Since all the band systems have the (!Sq + 'Se) ground state involved in 
their emission or absorption and since the potential curve of this state 
should rise steeply, it appeared unsatisfactory that the characteristics of the 
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common level could not be recognised in all of them. Especially when no 
explanation is forthcoming in. the case of Hamada’s bands except a vague 
surmise that they form an extension of the ‘wing’ series, and the appearance 
of a smaller 5v in the case of Hamada’s bands is contrary to the expectation 
that they form members due to lower vibrational quantum states of the 
same level as the one which gives rise to the ‘wing’ series, the unsatisfactory 
nature of our knowledge becomes evident. The smaller dv has been ascribed 
to the vibration levels of the ground state; but since in order to explain the 
system (10) the ground state is assumed to have a Sv of 36 cm.-! while the dv 
jn Hamada’s bands is nearly 50 cm.!, both explanations cannot be correct. 
The assumption that all the vibration levels are attached to the upper 
electronic states and that the steep course of the potential curve of the 
ground state produces no appreciable difference at least in the ‘ core’ series 
was thought improbable and so an attempt was made to arrive at a 
vibrational analysis of the several bands. The results are set forth in the 
tables. It will be seen that Volkringer’s bands, Hamada’s bands, the ‘ wing’ 
bands, the ‘ core’ bands and Steubing’s bands (measurements of Hamada 
have been chosen in this case because Mrozowski’s values seem to be 
irregular), all show common differences characteristic of the common ground 
state, in spite of the apparently different 5v’s of the various bands. Because 
of the difficulty of accurate measurements in the case of these weak and 
diffuse bands and because of the absence of recognisable band heads, the 
AF’’s show variations which are larger than in the case of better developed 
band systems. However, the irregularities have at least a parallel in all 
spectra, since, even when measurements are certainly more accurate, the 
AF’s are not constant to within the error of measurement. With regard 
to the A2F’s. the irregularities are within the errors of measurement ; 
moreover such variations are quite common when the binding does not 
correspond to a small anharmonic term. The AF’s of the ground state 
also show a peculiarity so far observed in three other diatomic spectra, v7z., 
LiH, NaH and Hg,8 in that they first increase and then decrease, assuming 
the same values as those that occurred during the increase. Because we do 
not know how the potential curve is to be drawn in such a case we shall not 
attempt to draw the other potential curves also. (Rydberg? leaves 
out the cases of LiH and NaH when deducing an expression for the 
potential energy.) But the experimental facts are well explained by the 
vibrational quantum numbers themselves. Corresponding to the discovery 
of the ‘wing’ series at first only in absorption, the vibrational levels of the 
ground state here start from v” = 0, whereas in the ‘core’ bands they 


start with v’ = 4. In spite of their smaller 5v Hamada’s bands fit in well 
4 
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TABLE II. 


Steubing’s Bands measured by Hamada, 





(*Sa+4So) 
¥* = 1 2 3 





(*Sot+'P,) 
47373 
183 
48035 475 47556 
162 177 
48197 47733 857 46142 
161 148 2 227 ? 
48650 292 48358 47881 812 46369 
138 146 154 
48788 28. 48504 48035* 
126 146 
48914 48650 











* Used twice. 


TABLE III. 


“Core”? Bands of Lord Rayleigh. 





(1S, +! Sy) 
i 4 5 








(Sp) +23P.s) 
v= 36647 851 35796 983 
343 344 314 350 
36990 850 26140 1013 35127 6 33941 
301 317 
37291 834 36457 
360 
36817 1021 35796* 33166 
333 344 
37150 1010 36140* 34945 
330 317 314 
37480 1023 36457* 35259 32278 
278 259 250 
36735 1217 35518 32528 
255 278 232 
36990* 1194 35796* 32760 
2384 235 225 | 
37224 1193 36031 32985 | 
PO! POL 181? | 
37425 1190 36235 33166" | 
220 
33386 
205 
33591" | 
181 
33772 
169 
33941* 
182 
34123 
194 
34317 
193 
34510 
153 
34663 


| 
} 
| 
| 
} 














* Used twi ce, 





On the Band Sysiems of Mercury 


TABLE IV. 


Volkringér’s Bands. 





(4So + 1So) 





('Sp + $Po) 
Vv’ =0 


26164 32 25335 

228 233 

26392 ‘ 25568 

196 171 

26588 25739 

200? 147 
26788? 902? 25886 24844 

142 

26028 

136 

27027 26164* 1058 
102 131 
27129* 26295 











* Used twice. 


into higher vibrational levels of both the states involved, so that we have 
also an explanation for the difficulty which attends the production of these 
bands. A comparison of the corresponding quantum transitions of the ‘ wing’ 
and ‘core’ series shows that the members of the latter are of shorter 
wavelength than those of the former; this and the slower rate of conver- 
gence of the vibrational levels of the upper state of the ‘core’ bands show 
without doubt that the limit of the upper state of this series is far~ higher 
than that of the (}1S9+3P,) state. This is our justification for attributing the 
‘core’ series to the ('So+3P.) lower potential curve. Because of the peculiar 
behaviour of the levels of the ground state, it has not been possible to 
deduce the heat of dissociation for this state, but the conflicting results 
obtained by Mrozowski by two different methods—by varying the temperature 
and pressure he obtained 17 K cal. per mol. and nearly 0 by varying the tem- 
perature without altering the pressure—seem to be due to this peculiarity. 
The fine structure obtained by Lord Rayleigh and Kuhn in the case of 
Wood’s bands is at present not fully explained. The common differences 
of the ground state (88 cm.! and 288 cm."!) can be obtained in this case also, 
and probably the value of v= 16 cm."! is the A F* of the upper potential curve 
of the (1Sg+ 3P;) state, but this point of view is only tentative. 
The heat of dissociation of the (}S9 + 23P,) state, however, can be 
easily found from the analysis of the‘ wing’ bands completed by 
Hamada’s bands. On calculation I find this to be 0-64 volt, while 
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Kuhn and Freudenburg! have estimated it to be 0-84 volt. From 
the difference ('Sp — 3P,) known from the atomic spectrum and the 
limit of the ('S)+-3P,) state thus found we find that the electronic level 
corresponding to the ('Sg+1So) state is 0-25 volt above v” = 0 of this state, 
This corresponds to a level where AFv = 700. If we take this as about the 
normal vibration quantum of the ground state—a hypothesis supported by 
the decreasing portion of the AFv values beginning with AFu= 700—the 
presence chiefly of the diagonal terms in the ‘wing’ series becomes intelligible, 
Some other facts relating to the conditions of excitation and fluorescence can 
also be explained from the new view-point. Thus, a few of the bands 
included in Lord Rayleigh’s list of core-bands do not find a place in this 
analysis. It is interesting to find that these very bands are among those 
which are identical in the ‘core’ and ‘wing’ series and that they find a place in 
the analysis of the ‘wing’ bands. Similarly, most of those bands of the ‘wing’ 
series which did not fit into the analysis of this series have been included in 
the ‘ core’ series. A few bands from Hamada’s list also do not fit in among 
the ‘wing’ series but seem to find a place in the ‘core’ series. Since the ‘wing’ 
series are also known to appear weakly in emission with core excitation, it 
is not astonishing that some of them fall into the positions where there are 
no real ‘core’ bands and thus produce the impression that the ‘core’ series is an 
unbroken system. ‘The occurrence of a few bands of the ‘core’ series amidst 
the ‘wing’ bands lends support to Kuhn’s assumption that the ‘core’ series also 
occurs in absorption but is overshadowed by the more intense ‘ wing’ series, 
The partial identity of the two series which was thought to be such a 
puzzling feature by Lord Rayleigh is thus seen not to be an identity but a 
confusion of members of one series with those of another. The fact that the 
long wave members of the ‘wing’ series occur only at high pressures will not 
be easily intelligible on the old view that they are transitions to the lower 
vibrational quantum number states of the ('S9+ 3P,) level. On the new 
view, however, this can be explained if the vibrational levels discovered in 
the ground state as lying above the level of dissociation are assumed to 
represent only favoured states for the formation of quasi-molecules, for then, 
the atoms can approach nearer at high pressure and quasi-molecules in the 
higher vibrational states can be formed and the long wave members due to 
transitions from these states can then be absorbed. The assumption of 
such favoured states for the formation of quasi-molecules will also explain 
why even when mercury vapour is excited by light of wavelength 3360 A, 
the 3300 4 continuum occurs in fluorescence, although it does not appear in 
absorption. For if the point of the ('S9+ Sp) curve vertically below the 
minimum of the ('So+°P,) state does not correspond to such a favoured 
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position for the formation of a quasi-molecule the 3300 A continuum will not 
appear in absorption. But 3360 can be absorbed from favoured states lying 
above that corresponding to 3300, resulting ina (!S9+3P,) molecule in a 
state above the minimum of its potential curve, and the subsequent 
emission of the 3300 continuum from the minimum can then follow as a 
result of impacts. These views about quasi-molecules are suggested by the 
present analysis and the experimental facts. Whether the mercury molecule 
in its ground state is really in the ('So + 'So) state and whether the vibrational 
levels now discovered as belonging to the common ground state of the 
several band systems are really vibrational levels or are only favoured 
states lying above the level of dissociation in which the formation of 
a quasi-molecule is more probable than in other positions is an 
open question. That the absorption in Hg vapour is due to 
quasi-molecules is shown by the work of Kuhn and Freudenburg.!0 
The view here adopted is tentative and is put forward as being suggested by 
the experimental facts. So little is known at present about molecules kept 
together by van der Waals forces that no definite conclusion can be reached. 
The present work seeks to remove the difficulties associated with the ‘ core’ 
bands and the curves of the (!S9+*P2) state, while in the other cases the 
previous explanation is in its general aspect unaltered but quantitative 
results are added. An investigation of the nature of the potential curve 
corresponding to the peculiar behaviour exhibited by the ground state may 
be expected to lead to a better understanding of the band spectra of 
mercury; it will also show whether the value 0°25 volt deduced here is 
really the heat of dissociation of the ground state of the mercury molecule. 


In conclusion, I wish to express my grateful thanks to Prof. 
B. Venkatesachar for suggesting this problem and for helpful criticism 
during the course of the work. 
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1. Introduction. 

Many years ago,! I drew attention to the remarkable acoustic properties of 
the musical drums which are used as accompaniments to vocal or instru- 
mental music and are extremely popular in India even at the present time. 
_ My investigations showed clearly that these instruments contained the 
' solution in a practical form of the acoustical problem of transforming a 
circular drum-head giving inharmonic overtones into a harmonic musical 
instrument. In its classical form, the instrument is known as the Mridanga, 
and is referred to in ancient Sanskrit works and is also pictured in the 
paintings on the walls of the Ajanta caves. It is thus clearly a very ancient 
invention, and its acoustical perfection must be considered a remarkable 
testimony to the inventiveness and musical taste of its progenitors. The 
physical study of the Mridanga, however, possesses more than a merely 
archeological interest. As was pointed out in my earliest note on the 
subject and somewhat more fully in my article? on musical instruments in 
Handbuch der Physik., the successful conversion of an inharmonic sequence 
of tones into a harmonic one has been effected in a very interesting manner. 
The drum has the special property of vibrating freely in different forms but 
with identical frequencies which can be superposed on each other. Some of 
the superposition forms have a striking simplicity, and indicate an analogy 
between the musical drum and the harmonic vibrations of a uniform 
stretched string. In view of the extreme brevity of the accounts previously 
published, it appeared desirable to set out more fully the results obtained. 
The subject is, however, far from being exhausted by the present report, 
and it is hoped that the paper is only the precursor of a complete treatise 
on the musical drums of India. 


2. Description of the Instruments. 


An immense variety of drums of various forms and shapes are to be 
found in use in different parts of the country. The musical drum, however, 
stands apart in a class by itself, and is used exclusively for high class 








1 C. V. Raman, Nature, 1920, 500, 104. 
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chamber music where the noise of an ordinary percussion instrument would 
be intolerable. The classical form of the instrument known as the 
Mridanga is a two-sided drum which is played with both hands. Its shape 
resembles that of two truncated cones or flower-pots piaced together end to 
end with the narrow ends outwards. ‘The construction usually takes the 
form of a hollow wooden shell of the shape mentioned with both ends open 
over which the drum-skins are stretched. ‘To enable the drum-skins to be 
tightened to any desired tension, and at the same time ensure a uniform 
tension in all directions, the following device is adopted. The drum-heads 
are firmly attached to circular hoops by interlaced thongs of leather. The 
hoops are then put over the ends of the drum. A long band of leather 
repeatedly passes through both the hoops and to and fro over the full length 
of the drum, in all exactly sixteen times at equal intervals along its 
circumference. The ends of the leather band are then tied together. The 
tuning of the drum is roughly effected by lightening up the leather cord by 
adjusting the position of 8 movable cylindrical blocks of wood over which 
it passes. The final adjustment is made by the strokes of a hammer which 
force down the hoop over which the drum-head is stretched to the extent 
desired. ‘The arrangement enables the drum-head to be accurately adjusted 
to any desired tension, and, what is equally important, enables the tensions 
in different directions to be equalised with meticulous precision. One 
can travel from one end of India to the other and seek in vain for a 
Mridanga which has either more or less than sixteen tightening straps. 
It is clear, therefore, that the inventors of the drum not only realised the 
importance of equalising the tensions, but laid stress on having exactly the 
right number of tension equalisers, namely, sixteen. 


Apart from the details mentioned above, the special feature of the 
Mridanga consists in the construction of the drum-head played with the 
right hand. As originally put on, the drum-head is not a single piece of 
leather, but consists of three layers of drum-skin superposed on each 
other. In the final stages of construction, all the layers except one are 
taken out leaving only rings round the margin to reinforce one drum-skin 
which is left intact and is capable of vibration. Externally one such ring 
of leather is visible over the drum-head. The latter is then loaded 
symmetrically with a firmly adherent composition which is said to consist 
of finally divided iron-oxide mixed with charcoal, starch and gum. The 
laying on of this composition and making it firmly adherent are elaborate 
processes which take a great deal of time. Actually, the composition is put 
on layer by layer and pressed down by rubbing with a smooth piece of stone 
or metal. The thickness of the layer is greatest in the centre and shades down 
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towards the margin. In some cases, it is found that the thickness is 
stepped down by three, five or seven stages towards the margin. Watching 
the process of putting it on, it is found that the thickness and distribution 
are determined by testing the tone of the drum continuously as the work 
proceeds. 

The left-hand drum-head of the Mridanga is usually larger in size than 
the right-hand one. It is constructed in a similar manner to that described 
above, but without the central loading. In playing the instrument, however, 
the left-hand drum-skin is loaded with a piece of dough (kneaded wheat- 
flour) which is moistened and put on in sufficient quantity towards the 
centre to bring the pitch down to the desired value. 

A modern variant of the Mridanga is known as the Thabla. This 
really consists of two drums placed simultaneously with the right-hand and 
left-hand respectively. Both consist of wooden or metal shells open at one 
end only and covered with drum-skins. The drum-head of the Thabla 
played with the right-hand is very similar to that of the Mridanga. The 
drum played with the left-hand has a firmly adherent composition which is, 
however, unsymmetrically placed on the membrane. ‘The purpose of such 
unsymmetrical loading is quite different from that of the symmetrical load- 
ing used in the right-hand drum, with which alone we are concerned in the 
present paper. ‘The tension arrangements in the Thabla are similar to 
those in the Mridanga, with the difference that the tightening cords simply 
pass round the closed end of the Thabla. The number of tightening straps 
is exactly 16 as in the Mridanga. Insome very recent forms of Thabla, the 
tightening is effected by 16 iron rods placed at equal intervals round the 
drums, each having a hook which goes over the circular hoop of the drum- 
skin and is provided with a tightening nut and bolt at the lowerend. With 
this arrangement again it is possible to adjust the tensions very accurately 
to equality in all directions. 

The description of the Mridanga and of. the Thabla given above is 
sufficiently comprehensive to cover all cases met with in practice. It must 
not be imagined, however, that all instruments going by these names are 
exact copies of each other. This is far from being the case. The individual 
examples differ notably in the size and shape of the wooden shell used, as 
also in the nature of the wood itself and the thickness of the shell. Notable 
differences also occur in the thickness of the leather used for the drum-skin, 
in the exact area and distribution of the central load, and specially also in 
the width of the marginal ring of the leather which is left superposed on the 
vibrating drum-head. In some forms of Mridanga or Thabla, the marginal 
ting is left very wide. In others, it is cut down to the barest minimum, 
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3. Its Acoustic Characters. 

The most striking feature which distinguishes the Mridanga and the 
Thabla from other forms of drum is the sustained character of the tones. 
This is evidently the result of two features in the construction, namely, the 
heavy wooden shell on which the drum-head is stretched and the symmetri- 
cal loading of the latter by a firmly adherent composition. A drum-head 
which is stretched on a frame of small mass is obviously incapable of 
prolonged vibration, owing to the rapid communication of movement to the 
supporting frame. ‘The heavy rigid shell in the Mridanga or Thabla, on the 
other hand, is favourable to the sustained vibration of the drum-head. The 
loading of the drum-head greatly increases the energy of vibration and is 
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therefore a factor which favours the emission of a sustained tone. The 
presence of the enclosed air within the shell is probably also a factor tending 
in the same direction. 


It is empirically observed that the width of the marginal ring of leather 
superposed on the drum-head has a notable influence on the duration of tone. 
The ring in fact acts as a kind of damper, and its width is adjusted to 
obtain the desired kind of tone. With a broad ring, we obtain a muffled 
tone of short duration in which few overtones are present, while with a 
natrow ring, the tone is prolonged and is also brighter, containing more over- 
tones. From these observations, it is to be inferred that the purpose served 
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by the marginal ring is mainly to suppress high tones which are not desired. 
The mechanism of such suppression is not difficult to understand. It is well 
known that in the case of a circular drum-head, the amplitude of vibration 
is relatively greatest towards the centre in the case of lower tones, but 
increases relatively towards the margin in the case of the higher overtones 
having several nodal diameters. ‘The leather ring, therefore, acts as a 
damper for these high overtones without sensibly influencing the lower tones, 
Too broad a ring, however, carries the suppression to an undesirable extent, 
cutting out even the tones of lower pitch. As will be seen later in the 
paper, the construction of the drum-head seeks to arrange the first nine 
normal modes of the membrane into a harmonic sequence of five tones. The 
existence of normal modes of still higher pitch can only serve to injure the 
final result, and their elimination may therefore be described as the purpose 
of the marginal ring. The latter cannot greatly affect the pitch of the 
graver tones inasmuch as the amplitude of vibration is rather small for such 
tones towards the margin, and the effect of the marginal ring considered as a 
load must therefore be unimportant. The contact between the ring and the 
drum-head is probably imperfect, and this should tend to make the ring act 
as a damper rather than as a load influencing the pitch. 

It should be mentioned that the Mridanga and Thabla, though they 
have much in common, are by no means identical in their acoustic properties. 
In the playing of the Mridanga, the flat of the hand is used more frequently, 
while with the Thabla, the finger tips are usually employed. 


4. The Five Tones of the Drum. 

The sustained character of the vibrations of the drum makes it possible 
to excite and observe them very readily. Indeed, one of the most striking 
properties of the harmonic drum is that any desired mode of vibration may 
be excited by simple percussion quite as easily as a stretched string may be 
caused to vibrate in one or other of its harmonic modes by touching it at a 
nodal point and plucking it suitably. The analogy is indeed very close as 
will be presently made clear. 


The gravest mode of vibration of the drum-head is) of course, that 
without any interior nodal lines. This is best excited by bringing down the 
flat of the palm of the hand smartly on the centre of the drum-head and 
then quickly removing it. Produced in this way, the deep hum-tone obtained 
is quite free from overtones, whereas the tone obtained by striking the drum 
with the finger tips contains overtones. 


The second tone of the drum-head is that having one nodal diameter. 
The professional drummer excites this by smartly striking the membrane 
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with the edge of his palm laying his little finger along a diameter so as to 
bring it to rest, while the edge strikes the membrane and rapidly 
recoils from it. A clear sustained tone is obtained in this way. That the 
membrane thus excited vibrates with one nodal diameter at rest is readily 
demonstrated by strewing a little fine sand on it either before or immedi- 
ately after the stroke. The sand gathers itself into a clear-cut straight line 
along a nodal diameter coinciding with the position of the little finger 
in striking. For the success of this experiment, one has, of course, to 
cultivate the professional touch in the manner of striking the drum. It is 
also very important to adjust the tensions of the membrane in different 
directions to equality with great care. If this is not done, the experiment 
succeeds only if the drum is struck along the nodal diameter having the 
greatest or the least tension. When struck along a diameter with an inter- 
mediate tension, beats are heard, and the nodal diameter as indicated by the 
sand rotates to and fro about the centre periodically. If the beats are 
very fast, the sand is visible only as a little pile at the centre of the 
drum-head. 

There is another method of exciting the mode of vibration with one nodal 
diameter which is very simple and does not need any professional skill. 
This is merely to touch the membrane gently with one finger of the left-hand 
laid along a diameter near the margin, and to strike the membrane smartly 
with a finger of the right-hand at a suitable point on the perpendicular 
diameter. ‘The finger touching the drum determines the position of the nodal 
diameter which is indicated by the sand forming a line across the drum-head. 
(See Fig. 4.) 

For exciting the third tone of the drum by itself, the simplest method 
is to touch the membrane gently with the fingers at two points near each 
other on the edge of the black central load and then strike the drum smartly 
with the finger at a point removed 90° away ; a clear ringing tone is obtained, 
and if the two points touched are at a suitable distance apart, two parallel 
nodal lines stretching across the drum are formed by the sand (Fig. 5). 
The significance of this form relatively to the usual modes of vibrations 
of a circular drum-head will be considered later. 

The fourth tone of the drum is similarly excited by touching the edge 
of the loaded area lightly at three points, and striking the drum near its 
outer edge smartly with the finger at a point 90° away from the middle of 
the three points touched. If the three points touched are at suitable equal 
distances apart, the drum-head vibrates with three parallel nodal lines stretch- 
ing across it, the position of which is indicated by the lines of the sand 
(Fig. 6). A clear ringing tone is heard at the same time. 
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The fifth tone may similarly be excited by touching the edge of the 
loaded area at four points, and striking the drum smartly at a point some 
distance away on the marginal ring of leather. Except in large and specially 
well-made instruments, the duration of this tone is rather small, and it js 
not quite so easy to obtain its sand figures by percussion as in the case of 
the graver tones. 


The harmonic relationship between the five tones of the drum is readily 
appreciated when they are excited one after another in the manner described 
above. It will be noticed that the fundamental corresponds to the drum- 
head vibrating as a whole. The second harmonic corresponds to the drum- 
head vibrating in two equal parts separated by a nodal diameter. The third 
harmonic corresponds to a mode of vibration in which the drum-head divides 
into three parts separated by two parallel nodal lines. The fourth harmonic 
corresponds to a mode in which the drum-head divides into four parts sepa- 
rated by three parallel nodal lines. The fifth harmonic similarly corresponds 
to a case in which the drum-head vibrates in five parts separated by four 
nodal lines. The analogy with the simple case of a vibrating stretched string 
is thus remarkably close. 


5. Superposition Figures of the Third Harmonic. 


We have now to consider the relationship between the normal modes 
of vibration of the drum-head and the series of harmonic tones given by it. 
As regards the first and second harmonics, no special remarks are necessary 
as the modes of vibration are unique in each case. The third harmonic, on 
the other hand, is produced by a combination, in any desired ratio of ampli- 
tudes, of the modes of vibration of the drum-head with one nodal circle, and 
the mode with two nodal diameters. ‘The proof of this statement is 
very easy and is illustrated in Figs. 7 to 12. It depends on the fact 
that by touching the drum-head gently at suitable points and exciting it 
by percussion, the mode of vibration with one nodal circle, and the mode 
with two nodal diameters may be excited, either each by itself, or together 
in any desired ratio of amplitude. In either case, the pitch of the tone 
obtained is identical, but the superposition gives rise to nodal diagrams 
which are observed as sand figures and assume varying shapes. 


The mode of vibration with one nodal circle is most readily obtained 
by touching the drum-head at some little distance from its centre with the 
tip of a pencil, and tapping the centre with a light hammer. If the point 
of damping has been suitably chosen, a nodal circle is obtained. If it is 
too near or too far from the centre, an elliptic sand figure is found. To 
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obtain a very elongated ellipse, we touch two points which are very close 
to each other on the edge of the loaded area and strike the drum with the 
finger at a point removed from them by 90°. On increasing the distance 
between the two points touched, the ellipse straightens out and we obtain 
two parallel nodal lines running across the drum-head, and dividing it into 
three parts of which the middle has a smaller area than two outer ones. 
On further increasing the distance between the two points touched, the 
nodal lines curve outwards and assume the form of hyperbole. Finally, 
when two points 90° apart on the edge of the loaded area are damped with 
the fingers and the drum is struck at the mid-point of the adjacent quadrant, 
we get two nodal diameters passing through the centre. 


6. Superposition Figures of the Fourth Harmonic. 


The fourth harmonic is given by the drum-head vibrating in one or 
other of two forms: (a) a mode with one nodal diameter and one nodal 
circle, (b) a mode with three nodal diameters, or by superposition of both 
these forms. This is demonstrated by the sand figures reproduced as Figs. 
13-18. Most of the figures for the fourth harmonic are obtained by 
touching three points on the edge of the loaded area and tapping the drum 
with the finger just on the inner edge of the marginal ring of leather. If 
the three points touched are exactly 60° apart from each other, we get the 
mode of vibration with three nodal diameters. If they are closer together 
but at equal distances the diagram takes the form of three lines, one of 
which is a diameter running across the drum-head and the other two are 
hyperbole curved outwards. Asa special case, we have the figure consisting 
of three parallel straight lines running across the drum. All these figures 
ate evidently obtained by the superposition of the normal two modes men- 
tioned above. To obtain by itself the mode with one nodal diameter 
and a nodal circle, the device is adopted of touching the loaded area at 
two points 90° apart, one at the edge of the loaded area and the other on 
the nodal circle itself and of tapping the drum-head near its edge. 


A specially interesting case is that shown in Fig. 18 where we have 
a nodal figure consisting of three lines, two of them running perpendicular 
to the third which is a diameter. This is really the same case as that of 
three parallel lines running across the drum-head and may be derived from 
it by reversing the relative phase of the two superposed modes of vibration. 
It is obtained by touching the edge of the loaded area at three points, one 
of which is removed by 90° from the mid-point of the other two. 
In gencral, when the three points touched are unequally spaced, we get 
curious curved nodal lines of which Fig. 17 is an example. These are 
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The fifth tone may similarly be excited by touching the edge of the 
loaded area at four points, and striking the drum smartly at a point some 
distance away on the marginal ring of leather. Except in large and specially 
well-made instruments, the duration of this tone is rather small, and it js 
not quite so easy to obtain its sand figures by percussion as in the case of 
the graver tones. 


The harmonic relationship between the five tones of the drum is readily 
appreciated when they are excited one after another in the manner described 
above. It will be noticed that the fundamental corresponds to the drum- 
head vibrating as a whole. The second harmonic corresponds to the drum- 
head vibrating in two equal parts separated by a nodal diameter. The third 
harmonic corresponds to a mode of vibration in which the drum-head divides 
into three parts separated by two parallel nodal lines. The fourth harmonic 
corresponds to a mode in which the drum-head divides into four parts sepa- 
rated by three parallel nodal lines. The fifth harmonic similarly corresponds 
to a case in which the drum-head vibrates in five parts separated by four 
nodal lines. The analogy with the simple case of a vibrating stretched string 
is thus remarkably close. 


5. Superposition Figures of the Third Harmonic. 


We have now to consider the relationship between the normal modes 
of vibration of the drum-head and the series of harmonic tones given by it. 
As regards the first and second harmonics, no special remarks are necessary 
as the modes of vibration are unique in each case. The third harmonic, on 
the other hand, is produced by a combination, in any desired ratio of ampli- 
tudes, of the modes of vibration of the drum-head with one nodal circle, and 
the mode with two nodal diameters. ‘The proof of this statement is 
very easy and is illustrated in Figs. 7 to 12. It depends on the fact 
that by touching the drum-head gently at suitable points and exciting it 
by percussion, the mode of vibration with one nodal circle, and the mode 
with two nodal diameters may be excited, either each by itself, or together 
in any desired ratio of amplitude. In either case, the pitch of the tone 
obtained is identical, but the superposition gives rise to nodal diagrams 
which are observed as sand figures and assume varying shapes. 


The mode of vibration with one nodal circle is most readily obtained 
by touching the drum-head at some little distance from its centre with the 
tip of a pencil, and tapping the centre with a light hammer. If the point 
of damping has been suitably chosen, a nodal circle is obtained. If it is 
too near or too far from the centre, an elliptic sand figure is found. To 
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obtain a very elongated ellipse, we touch two points which are very close 
to each other on the edge of the loaded area and strike the drum with the 
finger at a point removed from them by 90°. On increasing the distance 
between the two points touched, the ellipse straightens out and we obtain 
two parallel nodal lines running across the drum-head, and dividing it into 
three parts of which the middle has a smaller area than two outer ones. 
On further increasing the distance between the two points touched, the 
nodal lines curve outwards and assume the form of hyperbole. Finally, 
when two points 90° apart on the edge of the loaded area are damped with 
the fingers and the drum is struck at the mid-point of the adjacent quadrant, 
we get two nodal diameters passing through the centre. 


6. Superposition Figures of the Fourth Harmonic. 


The fourth harmonic is given by the drum-head vibrating in one or 
other of two forms: (a) a mode with one nodal diameter and one nodal 
circle, (6) a mode with three nodal diameters, or by superposition of both 
these forms. ‘This is demonstrated by the sand figures reproduced as Figs. 
13-18. Most of the figures for the fourth harmonic are obtained by 
touching three points on the edge of the loaded area and tapping the drum 
with the finger just on the inner edge of the marginal ring of leather. If 
the three points touched are exactly 60° apart from each other, we get the 
mode of vibration with three nodal diameters. If they are closer together 
but at equal distances the diagram takes the form of three lines, one of 
which is a diameter running across the drum-head and the other two are 
hyperbole curved outwards. As a special case, we have the figure consisting 
of three parallel straight lines running across the drum. All these figures 
ate evidently obtained by the superposition of the normal two modes men- 
tioned above. ‘To obtain by itself the mode with one nodal diameter 
and a nodal circle, the device is adopted of touching the loaded area at 
two points 90° apart, one at the edge of the loaded area and the other on 
the nodal circle itself and of tapping the drum-head near its edge. 


A specially interesting case is that shown in Fig. 18 where we have 
a nodal figure consisting of three lines, two of them running perpendicular 
to the third which is a diameter. This is really the same case as that of 
three parallel lines running across the drum-head and may be derived from 
it by reversing the relative phase of the two superposed modes of vibration. 
It is obtained by touching the edge of the loaded area at three points, one 
of which is removed by 90° from the mid-point of the other two. 
In general, when the three points touched are unequally spaced, we get 
curious curved nodal lines of which Fig. 17 is an example. These are 
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clearly due to superposition of the two normal modes with the nodal dia- 
meters not coincident but inclined to each other. 


7. Superposition Figures of the Fifth Harmonic. 


From the fact that the fifth harmonic is obtained when four points on 
the drum-head are damped, it may be inferred that it arises from a super- 
position of at least two modes, namely, (a) one with four nodal diameters 
only, (b) one with two nodal diameters and a nodal circle. Experiments 
made at Calcutta in 1919 with a fine large Mridanga showed that in reality 
we have also a third mode superposed on the above, namely, the mode with 
two nodal circles only. By touching the drum at suitable points, it was 
found possible to excite any of the foregoing three modes by itself, and 
obtain the relative sand figures, the pitch of the modes being the same in 
all the three cases. If it is possible to excite the drum in sustained vibra- 
tions of this frequency, a great variety of superposition figures should 
evidently be capable of being obtained. 


8. Summary. 


The paper gives a detailed description of the results obtained by the 
author in the year 1919 which showed that in the Indian musical drums we 
have a circular drum-head which is loaded and damped in such a manner 


that all the overtones above the ninth are suppressed and these nine are 
grouped in such a manner as to give a succession of five tones in harmonic 
sequence. The vibrations of the drum-head present a striking analogy to the 
case of a stretched string giving one or the other of its first five harmonics ; 
the drum-head divides up into 1, 2, 3, 4 or 5 sections giving the respective 
harmonics. ‘The third, fourth and fifth harmonics are obtained by super- 
position of°2, 2 and 3 respectively of the normal modes of vibration. The 
corresponding superposed forms of vibration are readily obtained and 
demonstrated by means of sand figures. Numerous figures illustrate the 
paper. 
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Fic. 1. A Group of Thablas. 


Fie. 2, The Mridanga. 
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THE most important of this group of compounds and also the first to be 
discovered is furfural, which was made by Dobereiner (Amn., 1832, 3, 141) 
by the action of sulphuric acid and manganese dioxide on sugar. It has been 
detected in minute quantities in the distillation waters of a number of 
volatile oils. The a-methyl- and dimethyl-furfural, also furfuralcohol 
have been known to occur in oil of cloves (Masson, Compt. rend., 1909, 630, 
795), wood tar and roasted coffee beans. Furan, the parent compound of 
this group, has also been reported in Finnish turpentine (Atterburg, Ber., 
1880, 13, 879). Kondo and Yamaguchi (J. Pharm. Soc. Japan, 1919, 446, 
263) isolated a small quantity of a compound C,gH)4,O from the oil of Perilla 
citriodora which has been reported to be 


HC C-CH; 


HC 4 C-CH.-CH.-CMe = CHp. 


O 
Some compounds belonging to the coumarone group of naturally occurring 
bodies in which the nucleus of furan is condensed with that of benzene 
and showing a lactonic behaviour as bergaptene have also been detected in 
volatile oils. These products occur, however, in small quantities. The 
presence of furan derivatives in volatile oils in quantity, has been considered 
rare and almost unknown (Finnemore, The Essential Oils, 1926, pp. 813, 860). 
There are, however, a few important instances of their occurrence in 
appreciable quantities, (a) benzyl-2-furylacetylene (Gilman, J. Am. Chem. 
Soc., 1933, 55, 3461) in Carlina acaulis (Semmler, Ber., 1906, 39, 726) ; (0) 
8-methylfuryl-isobutyl-ketone present in Elsholtzia cristata, Willd (Asahina 
and Murayama, Arch. der. Pharm., 1914, 252, 435); (c) the ketone ngaione 
from Myoporum letum, Forst. whose structure has not been definitely 
established (McDowell, Perf. Ess. Oil Rec., 1921, 19, 221). An examination of 
the oil from the leaves of Clausena willdenovit, W.and A. examined by the 
authors has shown that it consists almost exclusively of bodies containing 
the furan nucleus. ‘The origin of these substances is not difficult to seek as 
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furfural is formed by the action of dilute acids on pentoses and pentosans 
present in nearly all naturally occurring cellulosic materials. 


The oil from the same leaves grown in French India has been examined 
previously (Report of Roure-Bertrand Fils, April 1903, 35) and is stated to 
contain 11 per cent. ester (as CjpH,;7OCOMe) and 6-2 per cent. alcohol 
(CjoH)g0). The essential oil obtained by the authors from the leaves was of 
a yellow colour and an agreeably weak fruity odour. It rapidly absorbed 
oxygen and was converted into a plastic resinous mass, and required to be 
freshly purified by distillation, prior to every experiment. The following 
percentages of the main constituents have been found to be present in the 
oil: oxides, a—-clausenan (CjgH)20 ; 58-0) ; di-a—clausenan (CopH 2402 ; 23-0); 
B-clausenan (C,9H,4O ; 6-0) ; ketones as CypH,gO (1-0); esters as furfuryl- 
geranate CygH,;;COOC;H;0O (4-0). The three oxides which are the main consti- 
tuents are new substances and appear to belong to the furan group. An 
account of further experiments carried out with these oxides will be dealt 
with in the next communication. 

The oil boils between 177—350° at atmospheric pressure. It was 
devoid of alcohols or phenols but gave an acetyl value. The lowest boiling 
oxide, B—clausenan is optically active unlike a-clausenan and di-a-clausenan 
which are both inactive. In f-clausenan purified through the ferrocyanic 
acid addition compound no hydroxyl group was found, but it gave an 
acetyl derivative on boiling with acetic anhydride. Either the oxygen ring 
has split, acetic acid adding on or acetylation has taken place after hydra- 
tion of one of the double bonds in the side chain ; the latter seems more 
probable as the acetyl derivative as well as the corresponding alcohol give 
the characteristic green and purple coloration with bromine like f-clausenan. 
On adding N/2 alcoholic potash to the acetyl derivative, some solid separat- 
ed which being very minute was not further examined. 

a-Clausenan whose molecular formula has been found to be C,oH0 
is a clear colourless liquid having a pleasant lemony odour, distilling un- 
changed over sodium. It is the main constituent forming nearly 60 per cent. 
of the oil. It forms addition compounds with ferrocyanic and ferricyanic acids 
having the composition 2CjoH,,O.HyFe(CN)s and 2CjgH)20.H3Fe(CN)e; 
either of the compounds can be used to separate or estimate the a- 
clausenan in a mixture. In this oil, both a- and B-clausenan can be 
estimated by this method. It was found that these acids had no other 
chemical action on a-clausenan. The molecular refraction of a-clausenan 
was found to be 45-74 while the calculated value assuming the presence of 
four double bonds and of a furan oxygen (atomic refraction constant, 1-2; 
Ber., 1920, 53, 1660) was 45-51. The parachor at 30°C. was found to be 381-1 
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and at 50°, 386-8 in agreement with the calculated value of 386-8. Associ- 
ated liquids are known to show abnormal surface tension and low values for 
parachor. The observed value increases with temperature showing that 
a-clausenan is an associated liquid, which is supported by the higher 
molecular weight found by the freezing point method. The small degree of 
association found in the latter case may correspond to a high degree of 
association in the pure liquid. 

a-Clausenan rapidly absorbs oxygen and is converted intoa non- 
distillable resinous product on exposure to air or oxygen. The pure oxide 
keeps well in the absence of oxygen, and is soluble in all the organic 
solvents. It distils undecomposed at atmospheric pressure in a current of 
nitrogen or carbon dioxide but is slightly oxidised in air or oxygen. On 
boiling with water at atmospheric pressure or in a sealed tube at 170° from 
2 to 6 hours it was quite uneffected except for slight oxidation and there 
was no indication of the oxide ring being split. It was unattacked by 
boiling acetic anhydride or alkalis, or keeping stirred with arsenic acid for 
twenty-four hours at ordinary temperature. Though the presence of four 
double bonds was indicated, it was recovered unchanged on treatment with 
sodium and alcohol. It gives a characteristic colour reaction with bromine 
in acetic acid and chloroform and also Liebermann’s coloration. In acetic 
acid solution, a transient purple coloration is formed leaving the solution 
light blue; on further addition of bromine solution, it becomes deeper 
purple, blue and finally deep green. In chloroform solution, the transient 
purple coloration is formed leaving the solution green which becomes 
blue, purple and finally deep green with more bromine solution. No well- 
defmed products could be separated by the action of bromine. 


The constituent next in importance to a-clausenan, was a third oxide 
having the composition Ca9H24O2; called di-a-clausenan, as it has double 
the molecular weight of a-clausenan. Though it is also an oxide, it does 
not form a sparingly soluble addition compound with ferrocyanic or ferri- 
cyanic acids unlike the other oxides occurring with it. It is a pale yellow 
liquid, very viscous unlike the others, and distils unchanged over sodium at 
a temperature of about 150° above the other two oxides. It is more rapid- 
ly oxidised than them in air or oxygen, but can be distilled at atmospheric 
pressure in a current of nitrogen. With bromine in acetic acid, it gives a 
transient rose red coloration leaving the liquid greenish yellow, becoming 
brown, red and finally brown with more bromine. It is soluble in most 
organic solvents except alcohol. The dilute mineral acids and glacial 
acetic acid give no coloration, while the concentrated acids are coloured red. 
It is unattacked by boiling acetic anhydride. ‘The molecular refraction was 
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found to be 89-58 while the calculated value with seven double bonds and 
two furan oxygen atoms was 89-30. The parachor of this substance, 
704 at 30° and 716-7 at 50°, is not in agreement with the calculated value 
755-6. It appears more associated than a-clausenan. 

Fractions 19-22, table II, which had an agreeable odour were found to 
consist mainly of ketones and esters. The acids obtained from the esters 
were separated into volatile and non-volatile portions. The former was 
found to be an unsaturated non-fatty acid with a pleasant lemony odour and 
a number of its fractions gave a silver equivalent varying between 39-40 
per cent. The properties of the acid agreed with those of geranic acid or one 
of its isomers. The non-volatile acid gave a purple coloured ammonium 
salt. The acid in fractions 2-4 is probably acrylic acid. 

The ketone had a high levo rotation and gave a liquid oxime and 
semicarbazone from which the ketone could not be regenerated. As the 
quantity present was small, it was not further examined. 


Experimental. 


The leaves collected in November were distilled in steam yielding a 
yellow oil (0-69 per cent. on the dry leaves). Another lot of leaves 
collected a fortnight later gave the same yield of oil. The authors desire to 
express their thanks to the forest department, Mysore, for the supply of 
leaves. The oils were thoroughly dried over anhydrous magnesium 
sulphate and had the constants given in table I. They showed no appre- 
ciable absorption with 4 per cent. sodium hydroxide. 


TABLE I. 





Sample No. 





30 
n> 


(a) 2 
Acid value 
Ester value 


Acetyl value 13: 











Distillation of the oil—The oil (sample I, 358 g.) was fractionated five 
times with a Widmer column under diminished pressure, 50 mm. for the 
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lower boiling and 9mm. for the higher boiling constituents, the final frac- 
tions obtained being as follows :— 


TABLE II. 





Yield per 
cent. on 
original oil 


Fraction 


~-_~ 
R 

~— 

i~] 





103°/50 mm. 
103 
103 
103 
103—103-5 
103-5—104 
104 
104 
104 
104 
104—-104-5 
104-5—105 
105 
105 
105—106 
106—110 
78/9 mm. 
78— 80 
80— 90 
90— 95 
95— 98 
120—122 
122—125 
180— 187 
187 —188 
188—191 
191 


-8758 
- 9046 
+9002 
- 9028 
*9076 
-9099 
9118 
9118 
*9122 
-9124 
-9133 
*9130 
-9131 
-9131 
9130 
9226 
-9226 
- 9226 
*9279 
+9328 
-9443 
-9353 
-9247 
*015 

-055 

054 

-048 


-4710 
*4732 
+4726 
+4732 
-4742 
+4754 
*4771 
-4762 
*4784 
- 4766 
- 4802 
*4786 
-4792 
*4805 
- 4864 
* 4952 
- 5032 
-5C60 
- 5292 
+5233 
+5335 
+5120 
-5070 
*5402 
+5457 
+5466 
-5470 
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In the accompanying graph in Fig. 1 curves are drawn by plotting 
the physical constants, viz., boiling points, specific gravities, refractive 
indices, and rotations against the percentage yield of the oil. The 
proportion of the main constituents a- and di-a-clausenan is shown by the 
boiling point curve. The curves show the number of minor constituents 
to be about three. Distillation divides the oil into three main groups 
103-105/50, 80-125/9, 187-191/9, the first and the third consisting of the 
oxides and the intermediate one of ketones and esters. 


Fraction 1 (B-clausenan).—This was mixed with corresponding fraction 


from sample II and re-fractionated at 53 mm., the following fractions 
(@ and 4) were obtained. 
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TABLE III. 





Fraction (a) raf 





101°/53 0+ 8732 1-4706 + 3°5 
101-102/53 0-8902 1°4726 +1-0 


x 99-100/50 0-8736 1-4710 + 3-6 
y 77-80/10 0-9137 1- 4662 Acetyl value 199-2 

















The fraction a has the formula C,9H,,O (C, 80-4; H, 9-3; CigH,4O requires 
C, 80-0; H, 9-3 per cent.). Treatment with magnesium methyl iodide 
gave no methane showing the absence of any alcohol. When fraction 4 
(7-6 g.) was shaken with ferrocyanic acid, prepared by adding hydrochloric 
acid (10 c.c.) to an aqueous solution of potassium ferrocyanide (10), 
a white solid was obtained which was washed with ether to remove adher- 
ing oil and decomposed by 10 per cent. sodium carbonate. The product 
(5-4 g.) was distilled over sodium and had the constants given in column 4 
(C, 80-1; H, 9-6). It gave an acetyl value of 199-2 showing that it was 
mixture of oxides, only one of which is acetylated. The acetyl derivative 
had the constants given in y. The pure acetyl derivative obtained im 
small quantity gives the transient purple coloration which becomes greet, 
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purple and again green on further addition of bromine, as with the original 
oxide. 

On addition of alcoholic potash to the acetyl derivative, a solid was 
formed which was not further examined, the quantity being small. This 
new optically active oxide which can also be acetylated, has been called B- 
clausenan. On account of the absence of hydroxylic compounds in the oil, 
it may be possible to quantitatively estimate B-clausenan by means of the 
acetyl value. 

Fractions 2-4.—It was found that carbon in these fractions was lower 
by 0-5-1-0 per cent. than in the preceding or succeeding fractions. An 
ester was found to be present, fraction 2nd and 3rd having 35 and 30 as 
ester values. The liberated acid was unsaturated and the silver salt pre- 
pared from the ester contained silver 61-0 per cent. ; silver acrylate requires 
Ag, 60-3. 

Fractions 5-10.—Analysis of fraction 7 gave C, 80-6; H, 8-2; CyoH 20 
requires C, 81:0; H, 8-1. These fractions (97 g.) were mixed and fraction- 
ated over sodium at 49 mm. giving the following fractions (94 g.) which 
were all optically inactive. 

TABLE IV. 





Weight in 
grams 








0- 9038 1-4733 . 26 
101-5 0-9050 1:°4737 . 19 
101- 0- 9050 1-4737 45-97 32 


D 101: 0- 9062 1-4740 45-92 17 




















Analytical values for carbon and hydrogen were identical for A, B and D. 


Purification of a-clausenan by liberation from ferrocyanic acid addition 
compound.—It was found that the fractions obtained above form addition 
compounds with ferrocyanic and ferricyanic acids. Pure ferrocyanic acid 
Was prepared by adding concentrated hydrochloric acid to a saturated 
solution of potassium ferrocyanide. ‘The precipitate was purified by twice 
dissolving in alcohol and re-precipitating with ether. The dry ferrocyanic 
acid (4 g.) was dissolved in water (20 c.c.) and shaken with fraction B (5 g.). 
The precipitate formed, was washed with ether to remove adhering oil. 
0-8212 g. addition compound gave 0-130 g. FesO3 or Fe, 11-1 percent. 
HyF © (CN)o-2CioH120 requires Fe, 10-9 per cent. 

< F 
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The addition compound (4-0 g.) on decomposition with 10 per cent, 
sodium carbonate (20 c.c.) yielded a-clausenan (2-2 g.) ; HyFe (CN)¢-2CioH0 
(4 g.) should give oxide (2-3 g.). 

A pure sample of a-clausenan was re-treated with ferrocyanic acid 
and liberated; the properties remained the same showing that these acids 
have no action on the oxide :— 





B.P. d “5 Change 
50 mm. 30 4 per degree C. 





I Treatment with 
H,Fe(CN), ..| 102° 0+ 9065 0-9155 000062 


II Do. Pe: 0- 9066 

















Change 
per degree C. 








I Treatment with 
H,Fe(CN), ..| 0-00094 1°4722 45°74 

















II Do. 4 Ei av 1-4722 | 45-74 





Analysis gave C, 81-2; H, 8-2. The coefficient of cubical expansion 
has been found to be 0-00106 between 15° and 30°. 


Addition compound with ferricyanic acid, H3Fe (CN)g-2Cj9Hj20.—-Fraction 
12 (29 g.) was shaken with ferricyanic acid, liberated from potassium 
ferricyanide (32 g.) and dilute sulphuric acid (2N, 120 c.c.) a white solid, 
which rapidly became dark green, was formed. The solid (47-00 g.) decom- 
posed with 10 per cent. sodium carbonate gave the oxide (27-0g); 
H3Fe(CN)¢:2CioHi20 (47-0g.) should give (27-1 g.). The pure oxide on 
distillation over sodium had the following properties, identical with those 
for the oxide liberated from HyFe(CN)g; 433, 0-9065; 50, 0-8956; 

i°, 0-8850 ; 2°, 1-4724. 


Molecular weight determination.—0-3464 g. in 22-9806 g. of pure 
benzene gave a depression of 0-44°C. and 0-6600 in the same weight of 
solvent gave a depression of 0-81 (Found: M, 153, 157; Calculated for 
CioH,20, 148). The values obtained have been corrected for association by 
application of Fawsitt’s formula (J.C.S., 1919, 114, 795). The uncorrected 
values are 171-4 and 177-4. 
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Colour reactions of a-clausenan.—A drop of a solution of bromine in 
acetic acid gave a transient purple coloration leaving the solution pale 
blue which on further addition becomes purple, then blue and finally deep 
green. ‘The transition from purple to green seems to be very characteristic. 
Bromine in chloroform solution gives a transient purple coloration leaving 
the solution green, becoming dark green, blue, a beautiful purple and then 
green witli more bromine solution. Strong mineral acids give a deep red 
coloration. Hydrogen chloride passed into an ethereal solution of the 
substance gives colour changes similar to those with bromine. ‘The whole 
oil also gives these colour changes. 

Action of bromine on a-clausenan.—When a solution of bromine in 
chloroform (2, 4 and 6 atoms) was added to an ice-cold solution of the 
substance, hydrogen bromide was evolved. No crystalline derivative could 
be isolated. The products were all dark, lustrous, amorphous bodies which 
did not melt even at 300°. The bromine content was very low in all the 
three specimens and varied between 19-20 per cent., C)gH)2OBre requires 
51-9 per cent. bromine. This behaviour is probably due to the resinifying 
action of bromine on the substance. 

Properties of a-clausenan.—When a-clausenan (4-5 g.) was distilled at 
atmospheric pressure, it boiled at 177-178°/684 mm., the distillate (4 g.) had 
the properties given in column (~). It boiled without decomposition but 
showed effects of oxidation. Distillation in a current of nitrogen does not 
cause any change in properties. (gq) gives the properties of a sample boiled 
with water for two hours and then distilled over sodium, (7) of a sample 
heated with water in a sealed tube for 6 hours at 170° and then distilled, 
(s) of a sample kept mixed with strong arsenic acid for 24 hours. In all 
these cases the original product was recovered practically unchanged show- 
ing that the oxide ring was quite stable. 





gable eae 





| 
| 0+ 9120 2 0+ 9065 


1-4752 1-4725 ° 1-4722 








It was quite uneffected by boiling with acetic anhydride and unlike 
B-clausenan gave no acetyl derivative. In spite of the probable presence of 
four double bonds in the molecule, it was recovered unchanged by treatment 
with sodium and alcohol. On exposing a-clausenan (20 g.) in an atmos- 
phere of oxygen for two days and then distilling, only (5 g.) came over at 
8 mm., the remainder being an undistillable residue. The portion boiling at 
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130-140°/10 mm. had a formula Cj9H}202 (C, 73-2; H, 7-1; CyoH 1202 requires 
©): 38-1 ETS, 


Fractions 11-15.—They were mixed (82 g.) and fractionated when 
a—clausenan (73 g.) was obtained. 


Viscosity and surface tension of a-—clausenan.—Viscosity was measured 
by means of an Ostwald viscometer calibrated with benzene at 30°. The 
time of flow for a-clausenan was 106-0 sec. and for water at the same 
temperature, 90-0 sec., both being averages of three readings which did not 
differ by more than 0-2 sec. The viscosity was found to be 0-0085 CGS, 
the relative viscosity being 1-068. 
Ys hyd; — d) 
Vie hy(do—A) 
where y, and y,, are surface tensions of the substance and water respectively, 
h, and h,,, the difference in equilibrium levels in the capillary limb and the 
lower viscometer bulb, d, and d,, being densities of the substance and water, 
and A the density of air at 30° and 685 mm.; y, being known to be 71:4 
from Int. Crit. Tables, h, and h, 28-85 and 64-15 mm. respectively, », 
or the surface tension of a-clausenan was found to be 29-1 at 30° and 
28-2 at 50°. 

The parachor, P = ™yi was found to be 381-1 at 30° and 386-8 at 50° 


in agreement with the value (386-8) calculated from Sugden’s data, revised 
by Mumford and Philips and Vogel (J.C.S., 1929, 130, 2112; 1934, 135, 334). 


Estimation of a— and B-clausenan in the whole oil by means of ferricyame 
acid.—The oil (sample II, 5-1 g.) was shaken for 6 hours with H3Fe(CN) 
liberated from potassium ferricyanide (25 g.) and dilute sulphuric acid 
(2N, 55 c.c.). The precipitate obtained was decomposed by means of sodium 
carbonate when an oil (3-4 g. or 66-7 per cent.) was liberated, cepresenting 
the mixture of a- and f-clausenan occurring in the oil. 

Fractions 16-23.—Analysis of fraction 16 (C, 79-0; H, 9-2) showed that 
substances other than a—clausenan were present. No occurrence of alcohol 
could be detected. These fractions were found to contain varying propor 
tions of ketones and esters along with oxides. 


The surface tension was determined by the formula 





Fraction Ester value Ketones as C;9H,,0 
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The optical activity appears to be due to the ketone and the rise in 
refractive index and specific gravity to an ester. Fraction 21 on saponi- 
fication and removal of the acid had a pleasant odour. The ketones present 
did not yield any solid derivatives. 


Acids from fractions 18-23.—The acids obtained by saponification were 
separated into volatile and non-volatile acids. ‘The volatile acids had no 
fatty smell, but an agreeable odour like that of geranic acid. They decolour- 
ised bromine showing that they were unsaturated and a crystalline lead 
salt was obtained insoluble in ether. The volatile acids separated by steam 
distillation into three fractions contained nearly the same percentage silver, 
39.0, 39-7, 40-0, giving 169, 164 and 162 respectively as equivalents for 
the acids. Analysis of the silver salt from first fraction of steam distillate 
gave C, 43-1; H, 5-4; CioHj;02.Ag requires C, 43-6; H, 5-5. The acid is 
probably mainly geranic acid (equivalent 168) or one of its isomers. 


Fractions 24-27 (Di-a-clausenan, CopHo402).—These fractions (62 g.) when 
distilled over sodium gave low boiling oxide (2 g.) and a large fraction 
(56 g.) boiling at a constant temperature of 188°/7 mm. The product after 
twice distillation over sodium had the following constants :— 

di, 1-048; di 1-025; d°? 1-013; n2° 1-5468; (a) 2° +0; 
y30 34-5; yso 36-15; no 1-62. 

It formed no addition compound with ferro- or ferri-cyanic acids unlike the 
other two oxides accompanying it. Analysis: C, 81-5; H, 7-9; CopHo,O. 
requires C, 81-08; H, 8-16. By Rast’s camphor method the substance 
(0-0655 g.) in camphor (0-4870 g.) gave a depression of 18-0°C. giving a 
molecular weight of 298-8, CopH2sO2 requires 296. The molecular refraction 
was found to be 89-58 while the caiculated value for Co9H24O2 with seven 
double bonds and two furan oxygen atoms is 89-30. The parachor was 
found to be 704-2 at 30° and 716-7 at 50° not in agreement with the 
calculated value of 755-6 from Mumford and Philips’ and Vogel’s data. 
The formula appears to be in agreement for a dipolymer of a-clausenan 
and the substance has therefore been called di-a-clausenan. No similar 
polymer of 8-clausenan has been detected. The optical activity of these 
fractions is due to contamination with traces of the optically active ketone. 


With an acetic acid solution of bromine, a transient red colour is 
produced leaving the solution greenish yellow which with more bromine 
becomes brown, red and finally brown. In chloroform solution bromine 
gives a yellowish green coloration, changing to purple and finally deep red. 
Hydrogen chloride in ether gives similar colour changes as the chloroform 
solution of bromine. It also gives the Liebermann’s colour reaction. 
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Di-a-clausenan is soluble in chloroform, ethylacetate, acetone, acetic 
acid, ether and benzene but sparingly in alcohol. It is uneffected by 
boiling with acetic anhydride and can be distilled without decomposition in 
nitrogen at atmospheric pressure. It is more rapidly oxidised by air or 
oxygen than a- or §-clausenan. 

Summary. 


The oil from the leaves of Clausena willdenovii, W. and A., has been 
found to consist almost entirely of three new bedies belonging to the furan 
group, a-clausenan Cj9H)20, di-a-clausenan Co9H 2402 and f-clausenan CjoH),0. 
The former two have been obtained pure and their physical properties 
recorded. The addition compounds of a-clausenan with ferro- and ferri- 
cyanic acids H,Fe(CN) -2CipHj20, H3Fe(CN)g-2CiopHi20 which can be 
employed both for its purification and estimation, have been described. 
It is suggested that the acetyl derivative of B-clausenan can be employed 
for its estimation. 
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1. Introduction. 

AurnovGH the study of the molecular scattering of light has received a new 
orientation with the discovery of the Raman Effect in 1928, it is widely 
recognised that the older field of research still retains a place of great 
importance. The intensity and depolarisation of the ‘‘ Rayleigh Radia- 
tion” (apart from its spectral character) have formed the subject of 
extensive measurements by a number of workers, and the results of the 
measurements have been in the great majority of cases correlated with the 
optical polarisability and anisotropy of the molecules which play the 
leading role in the phenomena of light scattering. The anisotropy of the 
molecules causes the intensity of the transversely scattered light to be 
greater than that indicated by the earlier theories, besides giving rise to 
its characteristic depolarisation, and the recognition of these facts led to 
the correction of the original Einstein expression for the intensity by the 
introduction of a factor called the factor of anisotropy. The want of 
good agreement between the observed and calculated values of the intensity 
in a number of cases necessitated later a more careful examination of the 
Einstein expression, and it was recognised that Einstein’s method of 
calculating the mean square of the fluctuations in dielectric constant in a 
small volume element by differentiating the Lorentz equation is not 
justified. Finally, Raman and Krishnan! have worked out a theory in 
which they take into consideration a new factor called ‘the anisotropy of 
the polarisation field’ acting on a molecule, and arrive at a slightly different 
expression for the intensity which shows better agreement with the 
experimental values. 


2. Survey of the Experimental Methods. 


The earliest quantitative studies of light scattering in liquids are those 
of Martin? in 1920. ‘Two years later, Martin and Lehrman® undertook a 





1 Phil. Mag., 1928, 5, 498. 
® Jour. of Phys. Chem., 1920, 24, 478. 
3 [bid., 1922, 26, 75. 
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combined study of the scattering of light by dust-free liquids with improved 
experimental technique. Ramanathan in 1923 and Raman and Rao‘ in 
the same year have studied a few liquids, but by far the greatest part of 
the experimental data on light scattering in liquids, we owe to Dr, 
Krishnan’ at Calcutta. Cabannes and Daure® in 1927 have made an 
accurate study of the scattering of light by liquid benzene, and Rama- 
chandra Rao’ in the same year has studied the scattering of light by a few 
liquids at high temperatures. The experimental technique adopted in the 
study of light scattering falls into two classes, of which that of Martin and 
Lehrman on the one hand, and of Krishnan on the other may be taken as 
typical. 

Martin and Lehrman experimented with the liquid in a pyrex cross 
with sealed-in flat ends, so that the error due to the change in the diver- 
gence of the beam was completely eliminated. The source of light was a 
tungsten arc pointolite lamp, the light from which was rendered parallel 
by means of a lens and passed through the liquid. The intensity of the 
scattered light was measured photometrically, using as comparison source 
the light scattered from a piece of paper illuminated from behind. 

Krishnan’s method consisted in focussing a beam of sunlight at the 
centre of a bulb containing the dust-free liquid by means of a long focus 
telescope objective of small aperture, and comparing the intensity of the 
track, viewed in a transverse direction with the light diffused by a secondary 
source such as a block of Jena glass in close proximity to the bulb by the 
aid of an Abney rotating sector photometer. To eliminate as far as possi- 
ble errors that might be caused by the change in divergence of the beam 
due to the action of the liquid sphere, the latter was kept immersed in a 
rectangular tank containing liquid of very nearly the same refractive index,— 
water in the case of liquids of low refractive index, and a mixture of carbon- 
di-sulphide and benzene in the case of highly. refracting liquids. 

Regarding his results on intensity measurements, Krishnan has the 
following remark in his paper :—“ as the two portions of the track compared 
had to be separated by a few millimeters....the comparison was by no 
means as accurate as in the case of polarisation measurements.”’ 


3. Photoelectric Photometry. 


The increased sensitivity and accuracy of the photoelectric method for 
photometric work has been widely recognised of late, and the photoelectric 





4 Phil, Mag., 1923, 45, 625. 

5 Ibid., 1925, 1, 697. 

6 C.R., 1927, 184, 520. 

7 Ind, Jour. of Phys., 1927, 2, 7. 
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cell as a precise instrument for photometry is acquiring a rapidly growing 
importance. The photoelectric currents, though very feeble, are easily 
measurable on a sensitive galvanometer or electrometer, or in the absence 
of either of these, the feeble currents are readily amplified by the use of 
thermionic vacuum tubes, and read on less sensitive and more robust instru- 
ments, such as the milli- or the micro-ammeter. Photoelectric methods have 
got the advantage that they obviate the necessity of a dark room for photo- 
metric work. The eye ‘“‘ an instrument that will work with almost equal 
precision in illuminations differing in a ratio of 10,000 to 1” cannot be 
susceptible to small differences in illumination. Secondly, the eye is 
absolutely insensitive to the spectral character of two lights so long as both 
of them have got the same colour. But the emission curve of no cell coin- 
cides with the visibility curve of the eye, and so two lights which are equal 
to the eye will not in general be equal to the cell, unless they are of the 
same quality. The state of polarisation of the light, however, has got little 
influence on the photoelectric current. Apart from these facts, the photo- 
electric method is objective, whereas all visual methods are subjective in 
nature. These few remarks are sufficient to show that while possessing 
most of the qualities of the eye, the photocell possesses additional character- 
istics which give it a place of much greater importance in photometric 
work, 

Although the photocell has been used for the comparison and 
measurement of feeble light intensities, such as measurement of absorption 
and fluorescence spectra, polarimetric work and stellar photometry, the 
author is not so far aware of any attempt to use it in the field of light 
scattering. It was therefore of interest to see what information the photo- 
electric method could furnish in this region, and how far the results of 
‘ photoelectric photometry would be compatible with those of visual photo- 
metry. 

4. Chotce of the Photocell. 


The photocell employed in the present work was the Osram CMG8 (gas 
filled) cell, manufactured by the General Electric Co., Ltd., of England. 
It consists of a cylindrical glass bulb containing two electrodes. The anode 
is a rectangular wire, the cathode, a light sensitive surface, being formed of 
a vee-shaped plate of specially prepared caesium on a silver oxide base. 
Externally the cathode is connected to a screw cap on the top of the bulb, 
while the anode is joined to the anode pin of the valve base with which the 
cell is fitted. The interior of the bulb is filled with argon. Although vacuum 
cells have got the advantage that the intensity of the incident light is 
directly proportional to the saturation current over a wide range, gas-filled 
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cells are much more sensitive for small illuminations owing to the amplifi- 
cation produced by gas filling. Moreover the study of gas-filled cells has 
shown that for feeble intensities of illumination, the linearity of the current. 
illumination characteristic is perfectly valid, if the applied voltage is not 
too near the discharge voltage.8 This was in fact tested to be true for the 
cell used in the present work by a method to be described later. 


5. Mounting of the Cell. 


The cell was mounted on a valve holder which was fixed on a baseboard 
of bakelite 4 inch thick, and 4 inches square. It was covered up witha 
cylindrical dome of brass in which was cut a slit (1-4 4) cm. on the milling 
machine, for the admission of light to the cell. By the aid of two brass 
rings sliding over this cylindrical cover, the aperture allowing light on to 
the sensitive vane of the photocell could be adjusted to any desired size. 
The interior of the brass cover was painted dull black to avoid reflection 
and stray light. The lead to the cathode was taken through an ebonite 
plug at the top which was further insulated from the metallic cover by 
means of molten sulphur poured into the interstices. The brass cover, in 
addition to its being a light-tight chamber, served also the important 
purpose of an electrical shield, protecting the cell from stray external 
electrical disturbances. 

6. The Amplifier and its Working. 


The scattered light in the great majority of cases is too feeble to excite 
a photoelectric current capable of direct measurement on an ordinary mirror 
galvanometer, especially when the source of illumination is artificial, as was 
the case in the present work. ‘The only two ways open therefore are (1) 
the use of an electrometer such as the Compton type, possessing extremely 
high current sensitivity, or (2) the amplification of the feeble currents to 
render them measurable on an ordinary instrument. The latter method 
was employed in the present work. 

The type of direct current amplifying circuit employed is the well- 
known Valve Bridge Amplifier, first described by Wynn-Williams® and later 
on improved and modified by Razek and Mulder,!° Eglin,!! Du Bridge,! and 
a number of others. A detailed theoretical treatment of this type of ampli- 
fying circuit is given by Nottingham.’ Although the original circuit_of 





8 See Campbell and Ritchie, Photoelectric Cells, 1929, p. 70. 
9 Phil. Mag., 1928, 6, 324. 

10 Jour. Opt. Soc. Amer., 1929, 19, 390. 

11 Tbid., 1929, 18, 393. 

12 Phys. Rev., 1931, 37, 392. 

13 Jour. Frank, Inst., 1930, 209, 287. 
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Wynn-Williams has been very much modified in detail, the principle 
employed is the same in all forms of Bridge Amplifier circuits. Without 
going into details a brief description of the amplifier may not be out of 


place. 


























1.610 Marconi Dull Emitter Valves. 
10000 ohm resistances. 
20 meg ohm grid leaks, 
Varley Potentiometer (1200 ohms). 
Adjustable rheostat (400 ohms). 
Filament rheostat (5 ohms). 
Filament battery (6 volts). 
High tension battery (115 volts). 
Grid bias battery (2 volts). 
Osram CMG8 Photocell. 

G -- Microammeter. 


It must be stated that the form of the valve bridge circuit employed 
was the simplest type possible without the elaborate controls, described in 
all papers dealing with the subject. In fact the purpose of these controls 
is to overcome the disturbances in the bridge balance, arising from slight 
fluctuations in the voltage of the H. T. and filament batteries. But by the 
use of good storage batteries it was found that the disturbance due to this 
cause was not serious. 


Although special kinds of valves have been designed recently!* for use 
in bridge amplifier circuits, the valves employed in the present work were 
the dull emitter general purpose valves, Type 1,610, manufactured by the 
M.O. Valve Company, Ltd., of England. The nominal rating for these 
valves is Filament volts, 6-0 max., Filament current, 0-1 amp., Anode 





14 Du Bridge, loc. cit. 
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volts, 150 max. From a supply of about two dozen of these valves, 
two were chosen which were fairly well matched. The amplifier unit 
was built up inside a wooden box soaked in molten paraffin, in order 
to ensure good insulation. The box front was a sheet of ebonite on 
which were fixed rheostats, potentiometers, and all requisite connecting 
terminals. All connections, wherever possible, were soldered to avoid 
troubles arising from bad contact. The whole amplifying unit was 
enclosed in a metallic case for shielding it as far as possible from stray 
electrical disturbances. Protection from mechanical vibrations was 
secured by supporting the box on rubber props. The lead to the photocell 
was taken out through a tube of quartz and formed a shielded lead cable 
outside the metallic case. The photocell formed a separate unit, the con- 
necting lead being made as short as possible by placing the amplifier quite 
adjacent to the optical system. The H. T. battery was common for the 
amplifier and the photocell. 

In actual working, the tubes were run on the filament saturation 
portion of the characteristic so that changes in filament voltage were 
relatively unimportant as regards the plate current. In practice it was 
found that after switching on the various connections, two to three hours 
elapsed before a steady state was attained. Balance could be secured, first 


by adjusting the potentiometer 7, controlling the grid bias of one of the 
valves, and more delicately and accurately by adjustment of the variable 
rheostat 7,, in one of the arms of the bridge. The grids of both the valves 
were maintained at a negative bias. 


The principle of working consists in bringing the bridge to balance with 
the photocell in the dark. When the cell is then illumined, the photo- 
electric current flowing across the leak R produces a small change in the 
grid potential of the first valve, and the balance is disturbed. It has been 
shown by Wynn-Williams,'* that for small changes in the grid potential the 
current through the galvanometer is directly proportional to the change in 
potential, 7.c., to the main photoelectric current. If the photoelectric current 
varies directly as the intensity of the light falling on the cell, and this is 
the case when the illumination is feeble, the deflection of the galvanometer 
is a direct measure of the intensity of the light falling on the cell. 


7. The Optical System. 
The molecular scattering of light being a comparatively feeble 


phenomenon, it is necessary to have a very intense source of illumination. 
Sunlight has been extensively employed for this purpose, but the cloudy 





15 Proce, Camb. Phil, Soc., 1927, 23, 811, 
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skies of Bangalore necessitated recourse to a source of artificial illumination. 
4 1000 c.p. tungsten arc pointolite lamp formed a suitable source for the 
experiments. The light from this was condensed by means of a short focus 

















4, 
Fie... 2: 


condenser I,, of about 10 cms. aperture on a sharp-edged square hole A 
(7x7) mm. distant 20 cms. from I,, so that the hole was uniformly illumin- 
ated. An image of this luminous aperture was formed by a second 
condenser J,z of 5 cms. aperture at the centre of a rectangular glass cell C, 
(10x 9x5) cm., containing distilled water. The distance of Ij, from the 
centre of the cell was 24 cms., and the distance of Lz from A, 17 cms. The 
glass vessel was painted dull black excepting for three openings, two for the 
entry and exit of the beam of light, and the third for the admission of 
light to the photocell. This latter aperture was rectangular (8 x 8) mm. 
and was exactly opposite to the focus of the track in the liquid. The track 
of the beam of light in the glass cell was very nearly parallel in the 
neighbourhood of the focus, to which of course the observation was confined. 

The photoelectric cell was placed inside a box painted dull black, at 
one end of which was mounted the rectangular glass vessel, the scattered 
light having access to the cell through an aperture at the end of the box, 
which could be opened or shut off at will by means of a shutter controlled 
byastring. The aperture in the brass shield of the photocell through which 
the scattered light entered the cell measured (1:4 1-4) cm. The distance 
of this aperture from the centre of the focus of the beam was 7 cms. 

8. Experimental Technique. 

(a) Purification of the liquids.—-The liquids studied were all purified 
from dust by vacuum distillation in the usual way. Instead of the usual 
double bulb, however, a slight modification was effected. A cylindrical tube 
of pyrex, about 7-5 cms. long and 3-5 cms. diameter, was taken and pyrex 
flats were sealed to its ends. The size of the cylindrical glass cell so 
obtained was such that it would just fit inside the rectangular glass tank 
containing distilled water. This was connected to a pyrex bulb and the 
liquid was distilled from the bulb into the cylindrical cell, which was finally 
painted dull black excepting for the two ends and a small portion in the 
centre. In the actual experiment the latter was immersed in the rectangular 
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glass tank, and adjusted so that the beam of light traversed along its 
axis. There was very little distortion of the track. 

(b) Testing the linearity of the amplifier.—The first essential step in the 
experiment was to test out how far the response of the amplifier was linear, 
t.e., to ascertain whether the deflections registered by the galvanometer in 
the bridge circuit when light of a certain small intensity was allowed to 
fall on the photocell could be taken to be directly proportional to the inten- 
sity of the incident light. For this purpose, the following procedure was 
adopted, which enabled a two-fold verification of the result. 

A series of metallic plates about 4} inches square were taken, and 
circles were drawn on them, the diameter of these circles being the same as 
the aperture of the lens L,;. The area within this circle was next drilled 
through to get holes of equal size, uniformly distributed over the whole area, 
the total number of holes alone differing from plate to plate. By interposing 
these plates immediateiy in front of the lens L,, (which was uniformly illumin- 
ed over its whole aperture), the intensity of the incident track could be cut 
down in any known ratio. Three liquids, having fairly large intensities of 
scattering, CS2, CgH;Cl, and CgHg were taken aud the deflections produced 
when the scattered light from each of them was allowed to fall in succession 
on the photoelectric cell were recorded, the incident light being of maximum 
intensity. The intensity of the incident light was then cut down by interpos- 
ing the perforated plates one after another in front of L, and the deflections 
in each case were again noted. The results are given in the table below :— 
































Deflection Number of holes 
Intensity in scale divisions Deflection CS, : C,H, Cl: 
> 3Ue ALi 
of incident beam C,H; 
Cs, C,H;Cl|C,H,| CS. |C.H;Cl| C,H, 
Full... as .. | >250 110 74 aa! SAE ue ee 2164921 
(out of range | 
of the 
f instrument) 
Plate with 187 holes in 
front of L, a ay 108 43 28 1-71 4-35 6-61 3-86:1-54:1 
Do. 147 holes ee 87 33 22 1-69 4-45 6-68 3-95:1-50:1 
” ere os 58 20 14-5 | 1-67 4°85 6-69 4°00: 1-38: 1. 
em ae: os ee 28 10°5 7-0 | 1-60 4-18 6-43 4-00:1+50:1 
| 
Mean ++| 1-67 | 4+46 6-60 | 3-95: 1-48:1 














The results in the last four columns show that within the limits of experi- 
mental errors, the deflection of the galvanometer is directly proportional to 
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the intensity of the light falling on the photocell; and as the range of 
intensities covered by the above table comprises the whole field of scatter- 
ing in the liquids investigated in the present work, the conclusion was 
drawn that in every case the deflection registered by the galvanometer when 
the scattered light from the liquid was allowed on the photocell, was a true 
measure of the intensity of the light falling on the latter. 
9. Experimental Results. 

The following table gives the results of experiments in the case of a 

few liquids :— 

















Relative Intensities (Benzene=1) 
Liquid Deflection in 
— scale divisions | : 
Author Krishnan! | oo aes d 6 

Benzene a 74 1 %: 1 
Qarbon-di-sulphide ..| >250 3-95 4-12 4°54 
Chlorobenzene es 110 1-49 1-30 1-46 
Acetic acid jis 38 0°51 0:38 
Ether (ethyl) 3 30 0:40 0°32 0-35 
Methyl alcohol ee 20 0:27 0-25 0-19 
Ethyl alcohol oe! 17 0+23 0-18 0-20 











The results are in fairly good agreement with those of visual photo- 
metry. Indeed, small deviations are to be expected when it is remarked 
that no special care was taken for drying and chemical purification of the 
liquids. Moreover the optics of the arrangement, particularly in regard to 
the divergence of the incident beam on entering the liquid, and that of the 
scattered light before it enters the photocell, probably require a detailed 
examination, which has not been made in the present work. ‘The results 
should therefore be considered only of a preliminary nature. But they 
clearly show the possibility of applying the photoelectric method with success 
in the field of light scattering. 

10. Sources of Error. 

As has been recognised from long time since, the main source of error 

in the study of ‘ Rayleigh Scattering’ is fluorescence. This is caused to a 


*® Taken from Cabannes, La Diffusion Moléculaire de la Luméire. 
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large extent by the presence of impurities, but in a smaller degree it is 
attributed to the photochemical action of the light on the medium. The 
latter type of fluorescence persists even after the most careful and thorough 
purification of the liquids, and is in fact largely responsible for the conti- 
nuous background often present in most photographs of Raman spectra, 
Fluorescence for most practical purposes, however, can be avoided by using 
freshly distilled liquids; and putting suitable filters in the track of the 
incident beam. The vibration lines arising from the modified Raman 
scattering are too feeble to produce any sensible effect. The rotation wings 
accompanying the true Rayleigh scattering have their origin in the anisotropy 
of the molecules and are in fact taken into accuvunt in all intensity and 
depolarisation measurements. 


17. Conclusion. 

The photoelectric method of measuring the intensities of scattering 
promises to offer a new method for the measurement of depolarisation, the 
validity of which depends on the experimentally known fact that the state 
of polarisation of the incident light has no influence at all on the photo 
electric current. If, therefore, a suitably mounted nicol is interposed in the 
path of the scattered light before it enters the photocell, then the ratio of 
the minimum and maximum deflections of the galvanometer when the nicol 
is rotated will give the depolarisation value of the light scattered by the 
liquid. Alternatively, the incident light could be polarised first horizontally 
and then vertically and the knowledge of the photoelectric currents in the 
two cases should be capable of yielding the value for the depolarisation. 
Of course, for the measurement of small depolarisation values a very 
sensitive and robust outfit would be necessary and the use of an electro- 
meter which will directly give the primary photoelectric current would 
be preferable to an amplifying system. 

In conclusion, the author wishes to record his indebtedness to 
Sir C. V. Raman, Kt., F.R.S., N.L., for suggesting the problem and for 
valuable guidance in the course of the work. 


Summary. 

The paper deals with a photoelectric method for measurement of the 
intensities of scattering in liquids, which is much quicker and more 
convenient than the visual methods hitherto employed. Results of the 
measurements in the case of a few liquids show good agreement between 
the results of photoelectric and visual photometry. The possibility of 
extending the method to depolarisation measurements is outlined. 
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1. Introduction. 
Ix order to explain certain peculiar diffraction haloes (Plotnikow 
Effect) observed by him when a strong beam of light passes through a 
column of liquid, Plotnikow! postulated the existence in fluids of large 
molecular aggregates of size comparable with the wave-length of light. 
Prima facie, it is difficult to accept Plotnikow’s suggestion that in ordinary 
liquids such large molecular aggregates exist, and in a recent paper,’ the 
present author has shown that the Plotnikow effect is not a true molecular 
phenomenon but is due to the presence of dust. Certain lines of evidence, 
however, suggest that temporary molecular groupings of relatively small 
size, may occur in liquids and liquid mixtures. This is the postulate of 
G. W. Stewart to which he has given the name ‘‘ Cybotaxis’”’, on which he 


bases an explanation of X-ray diffraction patterns in fluids. Ornstein and 
Zernike? have postulated that in liquids at the critical temperature and in 
liquid mixtures at the critical solution temperature, large molecular clus- 
ters exist in order to account for the special opalescence proportional to 
A? observed under these conditions. Placzek* supports the same view. 
The object of the present investigation was to examine this question more 
thoroughly by specially delicate optical methods. 


2. Two Posstble Optical Methods. 


Two methods, both based on the phenomena of light scattering, are 
available for examining the question whether molecular clusters exist in 
liquids. Theoretically as well as experimentally Mie and Rayleigh® have 
shown that when the scattering particle ceases to be small in size in com- 
parison with the wave-length of light, a definite asymmetry of scattering is 


1 J. Plotnikow and Nishigishi, Phys. Zeits., 1931, 32, 434. 

?R.S. Krishnan, Proc. Ind. Acad. of Sci., 1934, 1, 44. 

* Ornstein and Zernike, Proc. Amsterdam, 1914, 17, 793; 1916, 18, 1520. 
* Placzek, Physik. Zeits., 1930, 31, 1052. 

5G. Mie, Ann. d. Physik., 1908, 35, 377. 

* Lord Rayleigh, Scientific Papers, 5, 547. 
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observed, the scattering being more intense in the forward direction than 
in the backward direction. So far it has generally been assumed that in 
the case of dust-free liquids, except possibly in the immediate vicinity of 
the critical temperature, no such asymmetry is observed. But a very 
careful investigation may possibly show an appreciable difference in inten- 
sities even under ordinary conditions. This point is reserved for future 
study. The second method which is actually used in the present investiga- 
tion, is based on a study of the depolarisation of the transversely scattered 
light. According to the theory of Rayleigh and Mie, a spherical particle of 
finite size gives a definite depolarisation only when the incident beam is 
unpolarised : when the incident beam is polarised with its vibrations vertical 
or horizontal, the light scattered transversely in the horizontal direction is 
also polarised, according to the scheme shown in Table I. 


TABLE I. 





Nature of particle 


Incident light 
unpolarised 


Incident light: 

polarised with 

Electric vector 
vertical 


[Incidental light 

polarised with 

Electric vector 
horizontal 





Small spherical particles 


Py=0 


p,=0 


Spherical particles of finite 


size pe | 


_ 2. 
Py +1 


P,=90 


Small ellipsoidal particles. | p, <1 


Ellipsoidal particles of 


finite size Py <1 Py <1 pPr>1 

















Table I gives an analysis of the depolarisation of the scattered light 


for particles of varying size and shape. The depolarisation p is understood 
as the ratio of the intensity of the horizontal component to that of the 
vertical component of the transversely scattered light, the incident beam 
and the scattered beam both being assumed to lie in a horizontal plane. py 
signifies the depolarisation observed with incident unpolarised light, p, and 
p,, the depolarisations observed with incident light polarised with vibrations 
vertical and horizontal respectively. For spherical particles of finite size pp 
becomes equal to zero and p, becomes infinite. On the other hand, when 
the scattering particles are small in size but are ellipsoidal in shape, py and 
py are both less than unity, whereas p,; is equal to one, 1.¢., the horizontal 
and the vertical components of the transversely scattered light are of equal 
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intensity for this case. But when the particles are ellipsoidal in shape and 
of finite size, the resultant of the two effects I and 2 is obtained. The most 
important point is that p, becomes larger than unity in this case, 7.e., the 
horizontal component is more intense than the vertical component of the 
transversely scattered beam. A value of p, greater than unity is termed as 
anomalous depolarisation and its magnitude affords an estimate of the 
approximate size of the scattering particles. The phenomena cited under 
case 2 are very easily observed with sulphur suspensions, whereas those 
described under case 4 are easily observed with starch and protein 
solutions. 


3. Negative Results with Ordinary Liquids. 


Pure dust-free acetic acid was transferred into a wide cylindrical tube 
with flat ends by slow vacuum distillation by the usual method of Martin. 
The cylindrical portion of the tube was blackened excepting for a small 
window for observation of the scattered light. The light entered the 
cell through the flat end. The cell was kept immersed in an outer rectangu- 
lar glass cell containing water. A narrow parallel beam of light of square 
section was passed through the liquid, the incident light being polarised by 
a nicol. The light scattered transversely in the horizontal direction was 
observed through a double image prism. ‘The direction of the incident 
electric vector was adjusted to be exactly horizontal. The two images 
appeared to be of equal intensity. Rotation of the plane of polarisation of 
the incident light did not produce any reversal of polarisation; p was 
always < 1. 


The visual observations were confirmed by the photographic method. 
A series of photographs of the scattered light was taken from different direc- 
tions of the incident electric vector about the mean horizontal position. 
The comparison of the intensities of the two images in each case was made 
with the aid of a microphotometer set up temporarily by using a vacuum 
Thermocouple and a Zernike galvanometer. For any position of the inci- 
dent polarising nicol, the depolarisation was always found to be < 1. This 
case was thus found to be analogous to the case 3 of Table I. 


The failure to detect any trace of anomalous depolarisation clearly 
shows that molecular clusters of size comparable with the wave-length of 
light may not be present at all in ordinary fluids, or, even if they exist, the 
size may not be large enough to give a detectable effect with the experimental 
atrangement used. The same negative result was obtained with methyl 
alcohol, acetone, chlorobenzene, normal heptane and allyl alcohol, observa- 
tions being made at the room temperature. 
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4. Positive Results with Binary Liquid Mixtures. 


A mixture of pure dust-free carbon disulphide and methyl alcohol in 
the ratio (3:1) was transferred into a small thick bulb by repeated slow 
vacuum distillation. The bulb containing the dust-free mixture was 
evacuated and sealed off at the neck. It was blackened on the outside 
excepting for three windows. The mixture was slowly heated up by 
immersing the bulb in a water-bath contained in a copper vessel provided 
with three glass windows for incident and scattered beams, the water 
being heated electrically. 

The water in the bath was maintained at 40°-5C. at which the two 
liquids mixed together completely to form a homogeneous fluid. The 
transversely scattered light was studied photographically and the amount 
of depolarisation was measured for incident polarised as well as unpola- 
rised light, the observations being repeated for temperatures above the 
critical solution temperature T,°. The depolarisation values are tabu- 


lated as shown below. 
TABLE II. 





Temperature of 
Mixture 








40° -5C. 0-026 0-013 
46°-0C. 0-030 0-015 
51°-0C. 0-041 0. 020 
56°-0C. 0-060 0-028 


61°-50C. 0-080 0-038 1-00 














The photographs are reproduced in the plate. In the plate given, each 
set corresponds to a particular temperature of the mixture ; (a) corresponds 
to the temperature of 40°-5C., 7.¢., the critical solution temperature T,°; 
(b) to 46°C.; (c) to 51°C. and (d) to 56°C. Each set consists of three pairs 
of images of the scattered light, the upper pair corresponding to incident 
unpolarised light, the middle and the lower ones correspond to incident 
light polarised with vibrations vertical and horizontal, the incident and the 
scattered beams both lying in a horizontal plane. In each pair the upper 
image represents the intensity of the vertical component of the scattered 
light, and the lower image represents the intensity of the horizontal com- 
ponent. In each case the upper image or the vertical component is more 
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intense than the horizontal component. But when the incident beam is 
polarised with vibrations horizontal, the horizontal component is distinctly 
more intense than the vertical component as is seen from the last pair in 
each set. ‘The anomalous depolarisation is found to be maximum at 40°-5C., 
ie., at the critical solution temperature. Anomalous depolarisation gets 
progressively diminished as temperature is raised above T,°. Even for a 
considerable range of temperature say for 15°C. above the critical point, the 
anomalous depolarisation is detectable. However, at 61°-5C. it ceases to 
be observable, the two components of the scattered light being of equal 
intensity when the light is polarised with vibrations horizontal. 

Observations by Ornstein, Zernike,?7 Andant® and others have shown 
that very near the critical temperature the ordinary laws of scattering 
break down and the light is scattered with intensity varying as X2 and not 
as X4. This has been explained by Zernike and others by postulating the 
presence of molecular clusters in the immediate vicinity of the critical 
solution temperature. The interesting point about the present experiment 
is that the method used is so delicate that it has made it possible to detect 
the anomalous depolarisation even far remote from the critical solution 
temperature which is an indication that molecular clusters are present not 
only in the immediate vicinity of T,° but also at temperatures far remote 
from it. 

5. Conclusion. 

The above experimental observations give a definite positive evidence 
for the formation of large molecular clusters of size comparable with the 
wave-length of light far remote from the critical solution temperature. 
According to the theory of Raman and Ramanathan® on the scattering of 
light by fluid mixtures, the scattering arises from (1) the spontaneous local 
fluctuations in the composition of the mixture, (2) to the local fluctuations 
in density, and (3) the varying orientations of the molecules. But in the 
neighbourhood of the critical solution temperature the composition scatter- 
ing becomes enormous and consequently the depolarisation p, should be 
negligible. On the other hand, a definite value for the depolarisation p, 
say, to the extent of 3%, has been observed by Kameswara Rav! and 
others. In all probability this arises from the fact that molecular 
clusters are formed near T,° and the scattering due to finite size also 
influences the depolarisation p,. Since the anomalous depolarisation is 


7 Ornstein and Zernike, loc. cit. 

8 M. A. Andant, Ann. d. Physique, 1924, 1, 346. 

® Raman and Ramanathan, Phil. Mag., 1923, 45, 213. 

*° Kameswara Rav, Proc. Indian Assoc. Cultivation of Science, 1925-26, 9, 19. 
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maximum at T,°, the clusters attain their maximum size at that tempera- 
ture and above T,°, they still exist over a considerable range of tempera- 
ture, though the size gets progressively smaller. 


The definite depolarisation observed by Ramachandra Rao,!! in the 
case of simple liquids in the neighbourhood of the critical temperature may 
in all probability be a direct consequence of the formation of molecular 
clusters of finite size in fluids in the immediate vicinity of T,°. 

A more detailed study of the phenomenon involving also the measure- 
ment of the intensity of the scattered light is in progress. The experi- 
mental investigations will soon be extended to the case of other binary 
mixtures, emulsions, and protein solutions under various pH values. 

The author takes this opportunity to express his grateful thanks to 
Prof. Sir C. V. Raman, Kt., F.R.S., N.L., for suggesting the problem and 
for rendering valuable help and guidance during the progress of this investi- 
gation. 

6. Summary. 

It is pointed out that the presence of molecular clusters in fluids of 
size comparable with the wave-length of light should be capable of detection 
by two optical methods, one based on the asymmetry of scattering, and 
the second based on the anomalous depolarisation of scattered light. In 
this investigation the second method is developed. Ordinary liquids did 
not give any positive evidence for the existence of large molecular aggre- 
gates at room temperatures. A mixture of carbon disulphide and methyl 
alcohol when examined gave definite evidence for the formation of 
molecular clusters in the mixture by the observation of the anomalous 
depolarisation. This method is so delicate that it has made it possible to 
detect the presence of molecular clusters in the mixtures even at tempera- 
tures considerably removed from the critical solution temperature. 





11 Ramachandra Rao, Ind. J. Phys., 1927, 2, 7 & 179. 
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CHLORO-METHYL ether, CH3;-O-CH,CI presents a simple and interesting 
<—— +—> 
case, where two opposite dipoles O-CH; and C-Cl can rotate freely about a 


single bond C-O. (The sign of the moment indicates the direction of the 
shift in the electron equilibrium of the bond, i.e., the direction from the 
positive to the negative pole.'!) In a previous communication? we have 


reported a detailed study of an analogous case where two similar dipoles 
7 


CH Br rotate about a single bond C-C: the magnitude and change with 
temperature of the dipole moment in the ethylene bromide molecule showed 
that the potential energy between the rotating parts had a pronounced mini- 
mum for the ¢vans position, and that about this position the two parts were 
executing a more or less simple harmonic motion. In the present example in 
chloro-methyl ether, with two opposite dipoles both the cis and trans posi- 
tions must have a pronounced energy minimum, and the potential energy- 
angle of rotation curve should bear a resemblance to that for the cis 
trans substituted ethylenes. The dipole moment of chloro-methyl ether 
has now been studied, both in carbon tetrachloride and in benzene as 
solvent, the latter particularly in order to examine whether it has any 
marked influence on the moment such as that found over the moment 
of the ethylene halides. 


Experimental. 


The sample of chloro-methyl ether used was taken from a Kahlbaum’s 
pure preparation: it was dried over freshly fused calcium chloride for over 
24 hours, and then fractionally distilled slowly in an all-glass apparatus 
with a Widmer column. Considerable amount of the initial distillate was 


1 D.L. Hammick, R. C. A. New, N. V. Sidgwick and L. E. Sutton, J. Chem. Soc., 
1930, 1876. 


2 M. A. Govinda Rau and B. N. Narayanaswamy, Proc. Ind. Acad. Sci., 1934, 1, 14. 
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rejected although it boiled steadily as it might contain dissolved HC13 
B.P. (760 mm.) 59°-4;4 d 3° = 1-0605, and se = 13-6x 10+. 

The dielectric constants and densities were determined in the apparatus 
and by the method described in a previous communication.’ From a and B 
the coefficients of change of dielectric constant and density with concentra- 


tion (expressed as mol. fraction) the molar polarisation at infinite dilution 
’ , ’ ’ E,— 

Ps, was calculated as Po, = A’(M2—B’B)+C’a, where A’ = =o . 7 
~ .*? 1 

RB’ = =) C! x ae Ta - and Ej, «, and M, represent the dielectric constant, 

My r a)” ; 

density and molecular weight of the solvent, and Mz the molecular weight 

of the solute. The experimental data and calculations are given in Tables 

I and II. 

The measurements in benzene were very difficult to carry out, as the 
solute and solvent were found to react and show a power factor which 
rendered it impossible to take any readings on the bridge: this in spite of 
the extra precautions that were taken in this case to exclude moisture 
during the preparation of the solutions, and the filling of the condenser. It 
is possible that a slightest trace of moisture acts as catalyst for the reaction 


TABLE I. 
Chloro-methyl ether in carbon tetrachloride. 
I 





Concentra-| 
tionin mol. 
fraction 








0 
0-02286 
0-02986 


0:03744 
































3 A. Karvonen, C. 1912, 2, 1266. 

* Reduced from the actual boiling point of 56°-4 at 685mm. A. Karvonen gives 
B.P.(760 mm.) = 59°+1 to 59°-3; d2°= 1.0703, and 5p = 18-5 x 10-4. 

5 M. A, Govinda Rau and B. N. Narayanaswamy, Z. Physikal Ch., (B), 1934, 26, 
23. 
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II 





P,..£0-18 








— 0-422 96-96 
— 0-418 94-72 
— 0-416 92-44 
— 0-416 90-05 

















TABLE II. 


Chloro-methyl ether in benzene. 





Concentra- 
tion in mol, 
fraction 








0 
0°05444 
































P,.. 0°16 x10" 





0-151 92-84 1-82 
20 6 0-147 91-10 1-83 
30 -46 0-145 89°33 1-84 
40 ° 0-145 87-44 1-85 

















Which is known to take place between benzene and chloro-methyl ether, in 
the presence of AICl3 or SnCly at 0° to -10°® or what seems more probable 
that the chloro ether acts on the pure tin solder used in the condenser to 
produce tin halides which then act as catalysts. Among five or six carefully 


*M. Sommelet, C.r., 1913, 157, 1443. 
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prepared solutions only one (0-05444) could be successfully measured; 
considering the tendency of the benzene solution to damage the condenser 
and other difficulties in the preparation of solutions, it was not thought 
worthwhile to take more measurements, particularly as in the Hedestrand 
method of calculations that we have adopted, it is possible to get a value of 
the Po, by assuming, as is usually found to be the case, that the dielectric 
constant and density change linearly in the range of low concentrations. 
However, as is obvious, the value of P2,, and hence of the moment so obtain- 
ed in benzene, cannot be relied upon to draw any definite conclusions, 
When the P2,, values in carbon tetrachloride and in benzene are plotted 
against 1/T the points fall on a straight line, the deviations from which are 
within experimental error. The slopes of the lines calculated by the method 
of least squares are 2-033 x 10¢ and 1-588 x 104 respectively, and the corres- 
ponding values of moment calculated are 1-82 x 10-8 and 1-60x 10°8 es.u, 
However, the values of A in the Debye equation P=A+ B/T come out as 
25-17 and 36-79 c.c. respectively, which are too high compared with the 
value of Ps (for A=co)=17-66, calculated from the refractive index and 
dispersion data given by Karvonen (loc. cit.). As it is improbable that 
such a simple molecule has a high value of atomic polarisation (A-Pkx), and 
as besides there is the possibility of free rotation it is believed that the value 
of moment is more correctly given by calculating from each value of P»,, 
after subtracting the value of 1-15 Ps in the usual manner.’ The results 
thus calculated are included in Tables I and II. In carbon tetrachloride the 
moment does not change with temperature, but the small rise in moment 
observed in benzene, can be only of doubtful significance in view of the 
remarks made already. 
Discussion. 

In order to interpret the observed moment, the moment of the chloro 
ether should be calculated from a knowledge of the group moments and 
valency angles. But here comes the thorny question about the oxygen 
valency angle, as there is no general agreement regarding this, and values 
ranging from 90° to 140° have been quoted by different authors. A diagram 
of the molecule drawn to scale (Fig. 1) with the atomic radii given by 
Pauling® indicates that the oxygen angle should be at least about 110° in 


. Fuchs and H. L. Donle, Z. Physikal Ch. (B), 1933, 22, 1. 

. M. Bennet and S. Glasstone, Proc. Roy. Soc. (A), 1934, 145, 71. 

. C. Hampson, R. H. Farmer and L. E. Sutton, Jbid., 1933, 143, 147. 
. P. Smyth and W. S. Walls, J. Am. Chem. Soc., 1932, 54, 3230. 

. S. Allen and H. Hibbert, Jbid., 1934, 56, 1398. 

. Pauling, Proc, Nat. Acad, Sci., 1932, 18, 293. 
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Fig. 1. Chloro-methyl ether. 


order that a complete rotation of the —CH2Cl group could be possible. As 
further, the value of 140° appears to be too high for the oxygen valency 


angle,!0 we have assumed as probable two alternative values 109°-5 and 130° 
+> 
in calculating the moment of the molecule. The bond moment C-O is 


derived from the moment of dimethyl ether 1-29,!! for each of the two 


<+ 
assumed valency angles, and taking the group moment of —CH; as 0-4. 


The group moment of CHCl is taken to be 1-85 and to submit an angle 120° 
with the O--C bond.!2 With each of the two oxygen valency angles, the 
moment has been calculated for the cis position of the CH.Cl and O-CHs 
moments, for a trans position of the same in the plane of C-O-C bonds, and 
forafree unhindered rotation of the CH.Cl about the O-C bond. This 
latter has been made with the aid of the simple formula given by 
C. T. Zahn!9 p? = p+, p,2, where pz? is the mean square of the moment of 
the molecule, yz, the resultant of the fixed vectors and the axial components 
of the rotating vectors, and yp, the component of the rotating vector 
perpendicular to the axis of rotation. ‘The different calculated moments 
together with the observed values are given in Table III. 


10 G. M, Bennet and S. Glasstone, loc. cit. 
11 All moment values are given in units of 10-1% e,s.u. 


12 J.M. A. De Bruyne, R. M. Davis and P. M. Gross, J. Am. Chem. Soc., 1933, 55, 
3936, 
M. A. Govinda Rau and B. N. Narayanaswamy, Proc. Ind. Acad. Sci., 1934, 1, 23. 


180. T. Zahn, Physikal Z., 1932, 33, 400. 
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TABLE ITI. 





——... 


Ob ; 
Oxygen valency ; Wrae served value 


angle rotation ccl, C.H 
ed ‘6*46 








109°-5 0-80 2-72 2-00 | 
| 1-88 

| 

It is apparent that the observed moment agrees neither with that for the 
cis nor the trans position, but almost nearly with that for a free rotation, 
in which perhaps the cis states are more probable. Even for an oxygen 
angle of 90° the moment for the trans position, 2-54, is much higher than 
the observed value. This is rather surprising since one would expect from 
the exceedingly high reactivity of the molecule,“ that it exists mostly in the 
trans state, that is, with a high moment and with the chlorine atom 
projecting out. It is possible that we are dealing here with a mixture of 
cis and trans ‘‘ rotation isomers ’’ of the type postulated by Wolf! in some 
optically active compounds. Then, as the observed moment in CCly, 1-88, 
is almost exactly the mean for the cis and trans isomers with the more 
probable oxygen valency angle of 130°, we have here a mixture of equal 
parts of the isomers. The smaller moment in benzene would also fit in 
with the observed influence of the strong molecular field round the benzene 
ring to reduce the potential energy for the cis form? and the rise in moment 
would correspond to a shift in the equilibrium between the cis and trans 
isomers.!6 Now Zahn" has found that the observed moments of fatty acids 
and esters and of formic acid agree with that calculated for the cis position 
of the C=O and O-R or O-H moments even at the high temperatures of 
150° to 200° C. at which they were measured. Formamide, however, was 
found to have a moment which agreed with free rotation. It is possible, that 


130° 0-89 2-85 2°13 

















14 A. Karvonen, B. 1909, 42, 687, ‘* Beilstein’’, 4th Edition, Band I, p. 578 and 
Erganzungband I, p. 304. 

15 K, L. Wolf and W. Bodenheimer, Z. Physik. Chem. (B), 1931, Bodenstein- 
Festband, 620. 

16 The recent publications of W.G. Penney and G.B. B. M. Sutherland (J. Chem. 
Phys., 1934, 2, 492 and Trans. Furad. Soc., 1934, 30, 898) indicate that a fixed skew 
structure with an azimuth angle of 90° between the two rotating parts is also a possi- 
bility, since the calculated moment for such a structure will be the same as for a free 
rotation. A study of the Raman spectrum of the substance is in progress, to find 


among other things if there is any evidence for such an unsymmetrical structure for the 
molecule. 


17 C. T. Zahn, Physikal Z., 1932, 33, 525 & 730, 
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here, as in chloro-methy]l ether, the energy minimum at the cis position is not 
too deep to fix the molecule in this state, and that there is actually a mixture 
of the two cis and trans isomers characterised by sharp energy minima. 


Summary. 
(1) The moment of chloro-methyl ether has been measured in carbon 
tetrachloride, and in benzene as solvents. 


(2) The observed value of the moment agrees best with the postulate 
that either the —CH,Cl group is freely rotating or that there is an equili- 
brium between the cis and trans states of the molecule. 
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7. Introduction. 


A WAVE-FILTER is a device which transmits freely a certain band of 
frequencies and attenuates infinitely all other frequencies. An ideal filter 
of purely reactive elements and non-reactive characteristic impedance 
terminated in its characteristic impedance would produce no attenuation in 
the transmission band and infinite attenuation at all other frequencies, 
Commercial filters, however, fall short of this ideal and the frequencies in 
the transmission band also undergo a finite attenuation. The attenuation 
in the filter network is due to the fact that the filter elements cannot be 
made purely reactive in actual practice and there is an appreciable loss in 
the condensers at high frequencies. In addition, if the filter is inserted 
between two impedances different from the filter characteristic impedance, 
there is a further loss due to reflections at the input and output ends. The 
effect of a filter inserted between two impedances is therefore the combination 
of attenuation and reflection effects. The network attenuation can be 
reduced by using iron or permalloy core inductances and condensers having 
low loss at high frequencies. The attenuation due to reflection can be 
reduced by matching both the input and output impedances with filter 
characteristic impedance. Still the attenuation in the transmission band 
cannot be reduced below a certain value. In a multiplex communication 
system, several filters each consisting of two or more sections may have to 
be introduced in a short section of 200 miles as shown in Fig. 1. On an 
open-wire line section between the carrier terminal and a carrier repeater 
station, a voice-frequency channel is simultaneously worked with the carrier 
channel so that between the points x and y in the circuit the carrier channel 
frequencies have to pass through five filters, namely, A, B, C, D and E. 
Assuming an attenuation of three decibels in the transmission band of each 
filter, the total filter attenuation of about 15 decibels, to which if 
the line attenuation of about 15 decibels and equaliser attenuation of 
4 decibels be added, the total loss will amount to about 34 decibels. 
224 
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Fic. 1. Simultaneous working of Voice-Frequency and Carrier Channels. 
Carrier Channel—-— —> 
V.F. Channel——— 


The repeater must therefore be of the high gain type having a gain of at 
least 30 decibels. If, on the other hand, the filter loss of 15 decibels 
could somehow or other be reduced to zero, low gain repeaters or high 
gain repeaters spaced at greater distances apart could be used. The 


reduction of attenuation in the transmission band of a wave-filter is also 
desirable in other fields of communication. 


The author has found out that if a wave-filter be terminated in the 
negative resistance -Z, where Z, is a pure resistance of the same value as 
tle filter characteristic impedance, a large gain can be obtained instead of 
attenuation for frequencies in the transmission band due to the negative 
teflection loss or reflection gain. The result is of great value to the 
communication engineers as the same device can be used to filter out a 
particular band of frequencies and amplify it at the same time. The 
amplitude distortion is within the limits of tolerance as laid down by the 
Comité Consultatif International Des Communications Telephoniques a 
Grande distance. The cut-off is much sharper than that obtained with the 
positive resistance termination Z,. A filter network having zero attenuation 
in the transmission band can be manufactured by joining several sections 
with a negative resistance element between any two sections. 


2. The Negative Resistance. 


When a source of power is applied to the terminals of an ordinary 
positive resistance a current flows in at the terminal connected to the 
positive pole of the source and out at the other terminal. This direction of 
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current flow is positive and the value of the resistance R is given by the 
relation R=E/I when E is the applied voltage and I is the current jg 
amperes. Similarly, a definite current I may be passed through the 
resistance and a potential difference ERI will appear across its terminals, 
With positive resistances it makes no difference whether we apply an 
e.m.f. or pass a current. The resistance absorbs energy from the circuit at 
a rate W given by W=I?R watts. 

It is possible to construct a device which has the property of keeping 
the ratio of the voltage across a pair of terminals to the current at the 
terminals constant but with the relative direction of the voltage and current 
opposite to that which a positive resistance would give. In such devices 
the resistance is negative and the device contributes power to the circuit 
with which it is connected. Each such device necessarily includes a source 
of energy such as a battery and some means such as a vacuum tube for 
controlling the delivery of this energy to the circuit. There are two 
varieties of such devices, namely, (1) in which the internal arrangement of 
the device is such that if a definite voltage is applied to the terminals, 
a current flows in a direction opposite to the applied e.m.f., and (2) in which 
if a definite current is passed through the system, the potential difference 
across the terminals will be opposite in direction to that caused by a 


positive resistance. These two arrangements are entirely different and 
cannot be used interchangeably in a given circuit. The voltage-current 
characteristics of a positive and a negative resistance are shown in Fig. 2 (a) 
and 2 (b) respectively. There are many forms of negative resistances, 














Yy— y—_-—_> 


Fie. 2(a). Characteristic of a Positive Fic. 2(b). Characteristic of a Negative 
Resistance. Resistance. 


namely, the electric arcs, the imperfect metallic contacts, the ordinary 
triodes and screen grid tubes used as dynatrons and a one-way amplifier in 
which the input and output terminals are interconnected. The primary 
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dificulty is the instability of the devices. The thermionic vacuum tubes 
are no doubt more stable than the electric arcs but even the negative 
resistance obtained with commercial tubes does not stay constant over 
long periods of time. In this paper, the screen grid tube used as a dynatron 
has been employed to give the negative resistance and all precautions have 
been taken to make it stable over the period of observation. Another 
difficulty is that it is not easy to vary the negative resistance value of 
a given vacuum tube system beyond certain limits. External circuits, 
however, enable one to accomplish variations beyond these limits. Fig. 3 (a) 
shows how the absolute value of the given negative resistance -r’ can be 
reduced and Fig. 3 (b) shows how -?’ can be increased. 


——_ 

















_——— 
R=—r'tr aad (7 77) 
r-r 


Fia. 3(a). Fia. 3(6). 


3. Termination of Wave-Filters. 


The characteristic impedance of a single filter section is the impedance 
of the infinite number of such sections linked together. It follows that if a 
network of finite number of sections be terminated in the output by the 
characteristic impedance and the impedance measured across the input 
terminals, it shall be equal to the characteristic impedance. If Z, be the 
characteristic impedance and Z, and Zz be the series and shunt arm 
impedances respectively, the value of the characteristic impedance 
calculated from the above definition will be given by Z, = V(Z1Z2+42Z,?). 
If Z; and Zs are assumed to be pure reactances, it is evident that Z, will be 
a pure resistance at some frequencies and a pure reactance at others. Now 
if the characteristic impedance of a finite number of sections is a pure 
tesistance and each section is made up of pure reactances, all power will be 
delivered to the non-reactive termination and there will be no attenuation. 
If the characteristic impedance of a finite number of sections is a pure 


feactance, no power will be delivered to the termination and there will be 
4 ’ 
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infinite attenuation. Since the characteristic impedance changes from a 
pure resistance to a pure reactance as one passes from the transmission to 
the attenuation band, there will be no attenuation in the transmission band 
and infinite attenuation outside this band. In commercial filters, however, 
as the elements are not purely reactive and the condenser losses appreciable, 
there is always a small attenuation in the transmission band. Now suppose 
a wave-filter, having a characteristic impedance in the transmission band 
of Z, which is a pure resistance, is fed from a source of impedance Z, and 
also terminated by a pure resistance Z, as shown in Fig. 4. Then in the 








- a! 3e 





Zo Zo Zo Zo 








2 4 


Fig. 4. A Wave-Filter fed from Z, and terminated in Zp. 














transmission band, there will be either no attenuation or a finite attenua- 
tion. After the cut-off frequency is passed the impedance looking into 1—2 
terminals Z)2 is neither a pure resistance nor equal to Z, in value. Z): and 
Zsa Will be given by 


Z\2 = Z34 = Z, ( 





Z, + Z tanh ”) (1) 
Z' + Z, tanh y 

where Z’ is the characteristic impedance in the attenuating band and y = pro- 
pagation constant. Hence there will be reflection losses at the input and 
output ends due to the mismatching of the impedances Z, and Z, and Z, 
and Z34 respectively resulting in attenuation. The effect of a filter inserted 
between two impedances is a combination of attenuation and reflection 
effects. 


In general, the total insertion loss is made up of two portions, namely, 
(1) the network attenuation, and (2) the reflection losses due to mismatching 
of terminations. The network attenuation is given by the relation 
Z Z ‘ 
D, = 20 logy (1 + 5 1+ z) decibels .. ri a 
The input end reflection loss is given by 
; S+e . . 
D, = 20 logio ViZZ, decibels .. He as  @) 
where Z = input impedance. 


The output end reflection loss is given by 


a + 4. decibels .. 


Di, = 20 logie aga 
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where Z’ = output impedance. The total insertion loss of the network 
inserted between impedances Z and Z’ is then in decibels given by 
% @y.. Z+ 4. 

Dr = 20 logio (1 + 7, + = + 20 logio V42Z, 
Z' + Z, Z ae ~ 

=== —?2 ——— . ... jae sa 
Vaz,g — 20 1°81 (5) 

Z+ Z' 


V4ZZ’ 
condition is one of impedance mismatching. 


+ 20 logi9 SS 


A reflection loss 20 logio has been subtracted because the reference 


Coming now to the problem under consideration, it can be shown that 
if a network having impedance Z, and Zz ohms in the series and shunt arms 
respectively be terminated in the output by a pure negative resistance —Z, 
where Z, = V(Z)Z2+}Z,?), the impedance measured across the input 
terminals of the network will be -—Z, (Fig. 5). The impedance Zag is 


o——+{2;/2 21/2 











oe 
Fie. 5. A filter section terminated in the negative resistance —Z). 
given by Zap = $Z,+Z, where Z, = parallel impedance. The parallel 
: 5 , ‘ ‘ 1 : 1 
impedance in this case is given by > == + so that 


} 17,—Z, 
Z, (4 Z, —Z,) 2 (os “egy 
Zp= Zap = % a 
os 55 8, Fe, andi Zia. 8% it a ~, +B, 
If Zan = —Z,, then Z,2 = }Z)2+ZZ2, so that Z, = V(ZiZ ve 2,2). 
Now if two impedances Z, and —Z, be connected across the network in the 
input and output respectively as shown in Fig. 6, then at the section XX’, 
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Fia. 6. A filter section fed from Z, and terminated in —Zpo. 
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the impedance looking on the left will be Z, and that looking on the right 
will be —Z, and at the section YY’ the impedance looking on the right 
will be —Z, and that looking on the left will be Z,, so that Z).=—Z, and 
Zu =Z,. Since, in actual case, the magnitude of the characteristic 
impedance in the transmission band also undergoes variation, the total 
reflection loss at any frequency can be obtained from a knowledge of the 
magnitude of the characteristic impedance at that frequency and that of 
the negative resistance termination. 

If V, =the sending end voltage, Va= the receiving end voltage (i.¢., 
across the non-reactive termination Z,), I,=the sending end current, Ip = 
the receiving end current, Vp =the voltage across the parallel impedance and 
Ip =the current in the shunt arm, then the vector diagram of currents and 
voltages for normal positive impedance termination may be drawn as shown 
in Fig. 4(a). If V’,, V’x, V’p, I’;, I’p and I’p be the cczresponding quantities 





Fig. 4(a). Vector diagram of voltages and currents for positive impedance 
termination. 


in case of the section in Fig. 6 with negative impedance termination, then the 
vector diagram of currents and voltages may be drawn as shown in Fig. 6(a). 





0 


Fic. 6(a). Vector diagram of voltages and currents for negative impedance 
termination. 
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4. Experimental. 


Formation of negative resistances.—A screen-grid tube (Marconi S$ 21) 
under secondary emission condition in series with a variable positive non- 
reactive resistance R was employed to obtain “ negative resistances’’ of 
different values. The circuit arrangement is shown in Fig. 7. The magni- 
tude of this negative resistance and the range of voltage over which it can 
be used depends upon (a) the anode voltage, (b) the temperature of the fila- 
ment, and (c) the shape and the material of the electrodes. The filament 
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Fie. 7. Negative Resistance Circuit. 


current (I-), the anode current (I,), the screen-grid voltage (V,) and the 
anode voltage (V,) upon which depends the stability of the resistance were 
maintained constant throughout the experiment. Iron in hydrogen resist- 
ance inserted in the filament circuit kept I; constant. 


The falling portion PQ of the V,-I, characteristic shown in Fig. 8 
was used for obtaining the negative resistance condition. The magnitude of 
the negative resistance was given by 85V,/8I, (f.e.,— 48,000 2) which was con- 
stant whichever point on PQ was selected as the working point. Cis a 
blocking condenser to prevent the direct current from the high tension 
battery from circulating in the main circuit. The L.F. choke (L.) prevents 
the high frequency currents from circulating in the parallel battery path. 


The impedances of C and L, calculated at various frequencies are shown below 
in Table I, 
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Fic. 8. Va—Ia characteristic of the screen-grid tube (Marconi S 21), 


TABLE I. 





Impedance at Different Frequencies 





3000 ¢.p.s. 8000 c.p.s. 





C (56 F's). | 285 0-94 Q 0-2 Q 





L (60 H) i > 7,6 11,28,000 Q 30,08,000 Q 














The resultant negative impedance obtained across the terminals T) 
and T was taken very approximately equal to be a pure resistance of value 
—R,+R, it.e., —R’ ohms. The maximum inclination of the resultant vector 
obtained with — R’ ohms impedance (7.e., —120 ohms) and series condenset 
impedance of 28-2 ohms at 100 c.p.s. worked out to be about 13°, and at 
higher frequencies, the angle would be very small. 

Measurement of total insertion loss and network attenuation.—For this 
experiment, a low-pass filter (cut-off frequency {,=2700~ and characteristic 
impedance Z,=120Q) and a band-pass filter (cut-off frequencies /; and /2 of 
6000 and 8300 cycles per second respectively, frequency of infinite attenua- 
tion f,,=8500 c.p.s. and characteristic impedance= 6002) designed and 
constructed by the author were used. For measuring the network 
attenuation, the input and output voltages V, and V, respectively were 
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measured by a valve voltmeter with 120 ohms and 600 ohms positive non- 
reactive resistances in the output of the low-pass and band-pass filters respec- 
tively. ‘The attenuation in decibels at any frequency is given by the 


¥. : : ; 5 = 
relation a = 20 logyo vy." The circuit arrangement is shown in Fig. 9. 
R 
For measuring the total insertion loss of the filter, the input and output 


impedances were 120 and —120 ohms respectively in case of the low-pass 
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Fie. 9. Measurement of network attenuation. 


filter and were 600 and —600 ohms respectively in case of the band-pass 
filter. The input and output voltages V’, and V’, respectively were 
measured by a valve voltmeter and attenuation at any frequency similarly 
calculated in decibels. The circuit arrangement for measurement is shown 


in Fig. 10. Tables II and III show the total insertion loss and the network 
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Fia. 10. Measurement of total insertion loss. 


attenuation at various frequencies for the low-pass and the band-pass filters 
tespectively. 





S. P. Chakravarti 


TABLE II. 
Low-Pass Filter. 





Termination = 120 ohms | Termination=— 120 ohms 





Frequency Total reflection 
c.p.s. loss (decibels) 


Network attenua- ,, | Total insertion 
Va/V Va/V'r | loss (decibels) 


tion (decibels) 





*93 — 0-63 
“74 — aE 
-29 —10°75 
29 — 10°75 
-30 —-10-50 
*31 —10-20 
*33 — 9-60 
°03 + 0°13 
‘ll + 0: = 
-20 + 0°8 


*68 
-83 
-97 
97 
97 
97 
97 
07 
°24 
°10 


“17 
“21 
25 
25 
26 
25 
+25 
+28 
-33 
-40 


200 

470 
1010 
1370 
1500 
2000 
2500 
3000 
3500 
4000 
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Orr ooocoeoococo 
Ker OoODSOCOoOoCCO 























TABLE III. 
Band-Pass Filter. 





Termination=600 ohms | Terminaticn= —600 ohms 





Frequency — we Total reflection 


— Vs/Vr Network attenua- V's/V'n Total insertion loss (decibels) 


tion (decibels) loss (decibels) 





- 36 
“31 
-19 
og? HE 
-13 
-19 
27 
-46 
57 


34 
-20 
76 
-45 
-50 
*75 


-07 +059 ~0+75 
+715 —2-90 —4-07 
-86 , —1-30 —2-06 
-97 ' —0-30 —0+%5 
-97 —0-30 —0-80 
97 —0+30 —1-05 
-04 91 ~-1-00 ~ 2.04 
-64 -13 +1:06 —0-58 
-90 1:18 41-44 —0+46 


5000 
5500 
6000 
6500 
7000 
7500 
8000 
8500 
9000 


fem fk fk fk feed ed fed dk ed 
See Oooo Cre 
me oOooocooc cre 




















Fig. 11 (a) shows that, in the case of the low-pass filter, the average 
attenuation in the transmission band is about 1 decibel, with +120 ohms 
non-reactive termination, while the average gain is from 6 to 7 decibels 
with —120 ohms non-reactive termination. ‘The gain of 6 to 7 decibels 
corresponds to a voltage amplification of 2-0 to 2-24. Further the cut-off 
is much sharper in the latter case and the amplitude distortion is within the 
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Fic. 11(a). Low-Pass Filter Characteristics with Positive and Negative 
Resistance Terminations. 


limits of tolerance as the response at 200~ is 7-3 decibels less and that at 
2500 ~ about 1-6 decibels higher than the response at 800 ~ (the mean 
speech frequency). Fig. 11 (b) gives similar conclusions about the band-pass 
filter. ‘The average gain in case of the band-pass filter is about 1-5 decibels 
corresponding to a voltage amplification of about 1-2. The cut-off is much 
sharper and the amplitude distortion is well within the limits of tolerance. 
The reflection losses at various frequencies have been obtained by 
subtracting the network attenuation from the total insertion loss and shown 
in Figs. 12 (a) and 12 (b). It is evident from the negative signs that the 
teflection losses are “reflection gaius’’ in this case. Relative figures for 
teflection gains at various frequencies calculated from the characteristic 
impedance and negative impedance values and plotted on the same. sheet 
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Fia. 11(6). Band-Pass Filter Characteristics with Positive and Negative 
Resistance Terminations. 
show an agreement between the theoretical and experimental curves, thereby 
indicating that reflection of energy has taken place at the junction of positive 
and negative resistances such that an increase in amplitude has thereby 
resulted instead of the usual decrease. 
5. Conclusion. 

The following conclusions have been arrived at by the author:— 
1. An electrical wave-filter, fed from a source having a non-reactive 
impedance of Z, and terminated by the negative resistance —Z, (where 
|Z,| = VZ, Zz + }Z,?), gives a voltage gain for frequencies in the transmission 
band instead of. the voltage attenuation obtained by the positive resistance 
termination (Z,). 

2. The rise of the characteristic near the cut-off frequency of the net- 
work is much steeper in case of the negative resistance termination and the 
cut-off is thereby improved. 

3. The amplitude distortion introduced in case of negative resistance 
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Fic. 12(a). Variation of the reflection gain with frequency in case of L.-P. Filter, 


terminations is well within the limits of tolerance. Table IV compares 
the response figures arrived at by the experiment and the figures laid down 
by the Comité Consultatif International Des Communications Telephoniques 


a Grande distance (C.C.I.). 
TABLE IV. 





Response 


at 800 ~ at 200 ~ at 2500 ~ 








* Experimental result 
(L. P. filter) ma h —7-3 decibels +1-6 decibels 


C,0.I. limits (Message 
telephony and Picture 
telegraphy) a a6 0 j £87 

















* Figures obtained with reference to the response at 800~ which is taken as zero, 
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Loss. in.decibels— > 


—— Gain in decibels 


-50O 


. 12(b). Variation of the reflection gain with frequency in case of B.-P. Filter, 


6. Summary. 


Ideal wave-filters should have zero attenuation in the transmission band 
whereas in commercial filters consisting of several sections this attenuation 
cannot be reduced below 3 or 4 decibels. In multiplex communication 
systems, the filter attenuation becomes very large as the frequency bands of 
a channel have to pass through several filters and a high gain repeater has 
therefore to be inserted to overcome the total filter attenuation and the 
circuit loss. 


The paper relates to the author’s experiments on wave-filters terminated 
in negative resistances formed by screen grid thermionic tubes under 
secondary emission condition. He has found out that if a wave-filter be 
terminated in a negative resistance --Z, where Z, is a pure resistance of the 
value of the characteristic impedance in the transmission band, a voltage 
gain of several decibels can be obtained for frequencies in the transmission 
band, the cut-off improves and the amplitude distortion is well within the 
limits of tolerance laid down by the C.C.I. 


This research is of great value in the field of electrical communications 
as the same device can be used to filter out a certain band of frequencies 
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and to amplify it at the same time. A no-loss filter can be manufactured 
by inserting a negative resistance element between any two sections. By 
employing no-loss or gain filters in the channel, very high grade circuits 
can be obtained and only a low.gain repeater will be necessary. 


7. Appendix. 


Design of the band-pass filter (6000 c.p.s.—8300 c.p.8.) 

It is required to design a band-pass filter whose lower cut-off frequency f, = 6000 
c.p.s., upper cut-off frequency f,=58300 c.p.s., frequency of infinite attenuation 
fo = 8500 c.p.s. and characteristic impedance = 600 2Q 


The type of structure chosen is shown in Fig. 13. 


Ly Ry ec, ec, Ly, Ry, 


=— CEH tO nn 


Lo Re 





Fie. 18. Structure of the Band-Pass Filter. 


The value of m is given by 
a al 1 1 fetfiP=T 
(feo lfi)?—1 
= 0-296. 
Zom : : 
Hence I., = ————— Henries = 0-0248 Henries 
™ (fe—fi) 
Therefore L, /2 = 0-0124 Henries. 
fe—fi 
4af,;? Zm 
Therefore 2C, = 0-0576 wF’s. 
Zo 1—m? 
ae 
™ (fo—fi) 4m 
= (fo—fi)m 
~ (f2?@—m?f,?) 17Z. 
The values of elements are therefore 
L,/2 = 0-0124 Henries; 2C, = 0-0576 wF’s; L, = 0-064 Henries, 
C, = 0-0054 uF’s. 
In constructing the filter, the Gambrell Coils (having inductances as given above) 
and mica condensers were used. Only one section was employed. 
Design of the low-pass filter. 
It is required to design a low-pass filter whose cut-off frequency fe = 2650 c.p.s. and 
the characteristic impedance Z, = ]20 ohms. 


C, = Farads = 0-0288 nF’s 





2= Henries = 0-064 Henries 


C, 





Farads = 0-0054 pF’s 
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The type of structure chosen is shown in Fig. 14. 
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Fia. 14. Structure of the Low-Pass Filter. 
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7 fe 
Po 
T fcL, 
The cut-off frequency is given by the equation 
1 


ee ae 
Hence 
120 vs Li, 
Lo = — = 14-4 milli-henries, and — = 7-2 mH. 
7 X 2650 2 
1 
Cc, = ———————._ = 1-0 pF. 
° xX 2650 x 120 B 
Design of coil L,— 
Here L, = 0-0144 Henries; 6 = 2cms.; c=1-5cms.; a = 2+25cms. ; 
R=3-0cms. (Fig. 15). 
Coil space 


*-), , 7 
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Coil space 
Fig, 15. 











ee 


Using Brooks and Turner’s formula for a multi-layer coil, we obtain, 


47? a? N2 
= iF; ee 


Vi. tepencetn 
° b+e+R 
where 
106 + 12c+2R 
F, = 
106 + 10¢+1-4R 





14R 
F, = } lo 100 -- ———— 
2 = 4 logio ( aN 2b + ==) 
whence N = 643-8 = 644 turns roughly. 
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Using 26 S.W.G. D.S.C. wire, the number of turns per layer = 36. 
Hence the number of layers = 18. The D.C. resistance R, = 9-3 ohms. 


. L, 
Design of coil > — 


L, : 
Here >= 0-0072 Henries; 6=2cms.; c=1em.; a= 2-0 cms.; 


R = 2-5 cms, 
From the same formula, the number of turns N works out to be 477. The number 
of turns per layer being 36, the number of layers will be 13. The D.C. resistance works 
out to be 6 ohms. 


The filter was constructed in two sections by coils wound in the laboratory and by 
mica condensers. 
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7. Introduction. 


THE absorption spectra of nitrates have been extensively studied by 
Halban, Scheibe, Morton, Maslakowez and others.! There are two 
absorption bands; one of them is in the near ultra-violet, extending from 
about 350 mp to 260 mp with its maximum at about 300 mp, and the other, 
which is much more intense, begins at about 230 mp and has its maximum 
at about 200 mp. Separating the two is a region of more or less free trans- 
mission. The spectrum is thus very similar to the absorption spectra of 
some of the oxides, which have also in general two absorption bands 
separated by a region of transmission. The absorption spectra in the 
latter compounds have been explained by Henri? and Dutta® as due to 
the photo-dissociation of the molecule under the influence of the incident 
light. It would be of interest to enquire whether the two absorption 
bands of the nitrates may not have a similar photo-chemical origin. 
Further, it is known from measurements on single crystals of sodium and 
potassium nitrates, in which the NO;’-ions are all oriented parallel to 
one another, that the absorption bands are strongly dichroic; when the 
incident light is linearly polarised, it is found‘ that both the 300 and the 
200 mp absorptions are much stronger when the electric vector lies in the 
plane of the NO;’-ions than when it is along the normal to their plane. The 
question naturally arises whether this strong dichroism is associated with a 
corresponding difference in the quantum efficiency of the photo-dissociations 





1 See H. Ley, Handbuch der Physik., 21, 329-31. 

2 See article on ‘“ Predissociation’’ by V. Henri in Molekulstruktur, Leipziger 
Vortrage, 1931. 

3 Roy. Soc. Proc., 1932, A 137, 366; and 139, 397. 

# See K.S. Krishnan and A. C. Dasgupta, Nature, 1930, 126, 12, and Ind. Jour. 
Phys., 1933, 8, 49. 
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for the two directions of vibration of the incident light. In the present 
paper an attempt is made to answer these and allied questions. 


2. Absorption Spectrum of the NO3' Ion. 


Among the inorganic nitrates, those of lithium, sodium, potassium, 
ammonium, calcium, strontium, barium and magnesium, and nitric acid 
have been studied for their absorption spectra in aqueous solutions of 
various concentrations. Though for strong solutions, the positions of the 
absorption bands and also their intensities vary with the nature of the salt 
and its concentration, in very dilute solutions where the salts are presumably 
completely ionised, the absorption spectrum is the same for all the salts, 
being evidently characteristic of the NO;’-ion. 


Fig. 1, taken from a recent publication 
by Bonhoeffer and Harteck,® gives the 
typical absorption curve for dilute solu- 
tions, in the neighbourhood of 300 mu. 
In the figure « is the molar absorption 
coefficient defined by the usual relation 


1 ii 
en logio T 


where c is the concentration of the solution 
in mol. per litre of solution, and I is the 
intensity of the light after traversing a 
thickness d cms. of the solution, the initial 
intensity being I,. 











“0,54 rn n 1 
“250 275 300 325 
Ain my 


Fig. 1. 


For our present purpose, the long 
wave-length limit of the absorption is of 
special interest, since on the assumption 
that the absorption is due to photo-chemical dissociation, it gives the 
minimum energy of the photon effective in inducing the dissociation. In 
Fig. 1, this wave-length would correspond to the limiting wave-length 
which the curve would reach asymptotically as it is extrapolated down- 
wards. Though it is difficult to obtain the precise value, it will be clear 
from the figure that the limiting wave-length cannot differ much from 
350 mz, and we may, therefore, adopt this value as representing the 
beginning of this absorption band. 

The absorption curve in the neighbourhood of the second band is 
given in Fig. 2, which is taken from: Maslakowez’s paper.6 In this figure 


5 Grundlagen der Photochemie, Th. Steinkopff, 1933, p. 165, Fig. 63. 
® Zeits. f. Phys., 1928, 51, 703, Fig. 11. 
5 
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the actual absorption coefficients k for KNO3 and KNOz solutions of 
concentration 0-0017%, are plotted against A. k in the figure corresponds 


to the definition 


ea es ee 
1 d I 

; d in this case being expressed in mm. and the logarithm 
x 

\ 


siti of I,/I being the base e. 





In this curve, the ordinates for all wave-lengths 
greater than 250 mp are magnified 50 times. When 
we proceed to determine the long wave-length limit 
of the 200 mp band, we have to remember this fact, 
and further take into consideration the existence of 
a general relatively feeble absorption, which begins 
at about 280 mp and gradually increases as we 
move further towards the ultra-violet. Doing so, we 
can locate the long wave-length limit of this band at 
about 230 mp. 

It may be mentioned here that Maslakowez’s 
curve, as will be seen from Fig. 2, confirms the 
value 350 my which we adopted 
for the beginning of the first band. 


3. The 300 mp Band and the 

Heat of Dissociation of Oxygen. 

The simplest photo-chemical 

200 action that may be assumed to be 

responsible for the absorption will 

naturally be the dissociation of the nitrate into the nitrite and oxygen. 

The following table gives the heats of formation, in very dilute solutions, of 
some nitrates and nitrites.’ _ 



































TABLE I. 
Heats of formation in kilojoules per gm. mol. 





Nat Kt NH,* Bat+ Free ion 





NO,’ 449-2 460°8 340°9 956-0 208-4 


NO,’ | 348 359 240-6 753-0 107 





Difference 101 102 100°3 2101-5 101 

















7 These thermo-chemical data are taken from the Inter. Criti. Tables, 





Absorption Spectra of Nitrates and Nitrites 245 


For all the four pairs of salts, as will be seen from the Table, the 
differences between the heats of formation of the nitrate and the nitrite 
are the same and are equal to the difference between the values for the 
NO,;’- and NOy»’-ions, viz., 101 kilo joules, or 24 kilo calories per gram 
molecule. This is as it should be, since the data refer to very dilute 
solutions, in which the ionisation must presumably be complete. For this 
reason, the following thermo-chemical relations, though they refer speci- 
fically to the NO3’- and NOy»’-ions, are more general, and hold equally well 
for any nitrate and the corresponding nitrite in dilute solutions. 

We thus have the thermo-chemical relation, 

NO;’ > NO2’ + 40.—24 kilo cals. .. ie oi io. orn 
If now we take the absorption which begins at 350 mp to be due to 
the photo-dissociation of the NO3’-ion to NO,’-ion and an O atom in the 
ground state (3P), we obtain the relation 

NO;’ > NO’ 4- O (3P) — 81 kilo cals. (350 mp) 
From (1) and (2), we obtain 

O, > 20 (3P) — 114 kilo cals. a - ee <- 
ie., the energy D required to dissociate an oxygen molecule into two 
normal oxygen atoms is 114 kilo cals./gm. mol. 


This value agrees with the values 114-6 and 115-4 obtained by Henri 
from the pre-dissociation limits of NOz and SO, molecules respectively,® 
and 117-3 and 117-0 obtained from the Schumann-Runge bands and the 
Herzberg bands respectively of oxygen.® The agreement justifies our 
assumption that the 300 mp band of NOs;’ may be attributed to the 
photo-dissociation of NOs;’-ion into NO,’-ion and a normal atom of oxygen. 


4. The 200 mp Band and the Energy of Excitation of the Oxygen Atom. 


The beginning of the second absorption band, viz., 230 mp is separated 
from that of the first, viz., 350 my by about 15,000 cm.!, which is nearly 
the same as the term difference between the ground level (*P) of oxygen 
and its'D, level. This fact, taken along with the explanation already 
offered for the 300 mp band, suggests the following photo-dissociation as 
the cause of the second band: 

NO;’ > NO,’ + O (!D2) — 124 kilo cals. (230 mp) ie ee 
From (2) and (4) we obtain for the energy of excitation of the oxygen 
atom 

O('D.) — O @P) = 43 kilocals. ... sl - ake 


5 Debye, Siructure of Molecules, 1932, Blackie, pp. 134 and 136. 
® Bonhoeffer and Harteck, loc. cit., pp. 106-112, 
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The term value of the 'D. level from spectroscopic data! is 109,837 
em, while that of the ground level, viz., *P2 is 93,969 cm.-! The difference, 
namely, 15,868 cm.-!, corresponds to an energy of 45-1 kilo cals., which is 
nearly the same as the value obtained here. 


5. Direct Evidence for Photo-Dissociation. 


Direct confirmation of the photo-chemical decomposition of potassium 
nitrate to nitrite under the influence of light in the neighbourhood of 200 mp 
is available from the experiments of Warburg.!! With a slightly alkaline 
solution of KNOs;, of concentration !/; N (+ NaOH !/3999 N), he obtains the 
following values for quantum efficiency y (number of molecules decomposed 
per quantum absorbed) : 


TABLE II. 





Ain.mp | 207 253 





0-25 0-17 0-024 











Thus the 200 my absorption is photo-chemically active, though the photo- 
chemical action begins earlier than is contemplated by the theory. The 
reason for this discrepancy is not clear. 

As regards the 300 my absorption band, as has already been mentioned, 
it is much feebler than the 200 mp band; according to Maslakowez,! the 
ratio of the maximum absorption coefficients of the two bands is 1: 1500, 
so that the photo-chemical action of the 300 mp absorption will be corres- 
pondingly feebler. Some preliminary observations by Dhar seem to point 
to the existence of such a feeble photo-chemical action. Under the 
influence of sunlight, in which wave-lengths shorter than 290 mp were 
absent, Dhar reports a feeble photo-decomposition,!* and this must evidently 
be due to the 300 mp absorption. 


6. Absorption by Nitrates in Other Physical States. 


The two absorption bands discussed in the previous sections refer to 
inorganic nitrates in dilute aqueous solutions, and are characteristic of the 
NO,’- ion. For nitrates in other physical states, as also in concentrated 





10 See Bacher and Goudsmit, Atomic Energy States, 1933, McGraw-Hill, p. 333. 
11 Sitz. Ber. Berliner Akad,, 1928, p. 1228. 

12 Loe. cit., 704. 

13 Jour. Phys. Chem., 1925, 29, 926. 
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solutions, the precise positions and intensities of the absorptions will 
naturally be different. It is experimentally found, however, that for 
inorganic nitrates, the deviations are not very large. For example, 
Schaeffer! has studied the absorption by molten potassium nitrate, and 
finds the maximum of the first absorption band in nearly the same position 
as for dilute solutions. In solid KNO; also he records an absorption in 
the same region.“ Using a very thin layer of KNO; deposited on a quartz 
plate by allowing a dilute solution of the substance to evaporate on it, 
Maslakowez has been able to obtain the second absorption band as well, for 
the solid state. He gets both the first and the second bands in practically 
the same positions as for the dilute solutions.!6 


Absorption measurements have also been made with single crystals of 
sodium and potassium nitrates.17 Here though the actual absorption 
coefficients show a striking dependence on the direction of vibration of the 
incident light, the spectral positions of the bands are independent of the 
direction of vibration, and are practically the same as for the solutions. 

Smakula'’ has recently made some interesting studies on the absorption 
spectrum of small quantities of KNO; and AgNO; (of the order of 0-1%) 
dispersed in KCl, and the absorption spectrum is again the same. 

The strong similarity of the absorption spectrum of the inorganic 
nitrates in the fused and solid states to that for dilute solutions, shows that 
in the former states also, the origin of the absorption must be attributed to 
the photo-dissociation of the nitrate into the nitrite and oxygen in the 
normal or excited state, as the case may be. No experiments seem to have 
been made to test whether such photo-dissociations actually take place in 
the molten and solid states: the foregoing discussion, however, leaves little 
doubt as to the results of such experiments. 


7. The Dichroic Nature of the Two Absorption Bands. 


The strongly dichroic nature of both the absorption bands has already 
been mentioned in the introduction ; measurements with incident linearly 
polarised light show that both the absorption bands appear much more 
intensely when the electric vector of the incident light lies in the plane of 
the NO;’-ions, than when the vector is along the normal to the NO,’ plane. 
This must naturally be taken to correspond to a much larger quantum efficiency 


14 Zeits. anorg. Chem., 1916, 97, 285. 
15 Zeits. f. wiss. Photogr., 1910, 8, 260. 
16 Loe. cit., 702, Fig. 10. 

17 Krishnan and Dasgupta, loc. cit. 

18 Zeits. f. Physik.,- 1927, 45, 1. 
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of dissociation for the former direction of polarisation of the incident 
light than for the latter. This result is of great interest; it shows that 
while the energy required to eject an oxygen atom from the NOs group is 
just the same whether the electric vector is in the plane of the NOs group 
or perpendicular to it, the probability of ejection is very different for the 
two directions of the electric vector. It is well known that in photo-electric 
effect with polarised X-rays, the ejection of the electron along the direction 
of the electric vector is much more probable than along perpendicular direc- 
tions, though, of course, the energies are the same for both. By analogy, 
we may expect a similar spatial distribution, favouring the direction of the 
electric vector, of the oxygen atoms ejected from the NOs groups. This is 
of course a different effect from what is obtained here ; taking all the oxygen 
atoms ejected in various directions into account, what we find here is that 
the number of such ejected atoms per quantum absorbed, is much larger 
when the electric vector is in the NO; plane than when it is normal to the 
plane. The fact that for the former direction of the electric vector the 
dipole-moments induced in the component parts of the NOs; group tend to 
increase one another, while for the latter direction they tend to diminish 
one another, may probably be responsible for the greater probability of 
photo-dissociation for the former direction. 


8. Absorption Spectra of Nitrites. 


The absorption spectra of sodium and potassium nitrites have been 
investigated, and are similar to those of the nitrates, excepting that both 
the absorption bands are shifted towards the longer wave-length side, as 
will be clear from Fig. 2. The first band begins at 400 mp (=71 kilo cal./gm. 
mol.) and has its maximum at about 360 my, while the second one begins at 
about 240 mp (=118 kilo cal./gm. mol.). The difference between the begin- 
nings of the two bands will then be 118--71 or 47 kilo cals., which is roughly 
the excitation energy of oxygen (which, as we have seen, is equal to 45 
kilo cals.). This suggests that the two bands, say of KNOs, may be attri- 
buted to the following photo-chemical reactions : 


KNO: > KNO+O (3P)—71 kilo cals. (400 my). 
KNO, > KNO+0 (!Dz)— 118 kilo cals. (240 my). 


Excepting that the two relations are inter-consistent as is evidenced by 
the correct value for O (D2) — O (3P) obtained from them, we are not in a 
position to check the validity of either of the relations separately, since we 
have no thermo-chemical data for the heat of formation of KNO. However, 
assuming that our relations are correct, we may proceed conversely and 
calculate the heat of formation of KNO from the elements under standard 
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conditions. We thus obtain the value 72 kilo cals. Combining this with 
the known heat of formation of K,N2O2, we get the relation 

$ K,N,O, + KNO — 27-3 kilo cals. 
which a priort is not improbable. 


Summary. 


The two well-known absorption bands of inorganic nitrates whose long 
wave-length limits are at 350 mp and 230 my respectively, are attributed to 
photo-dissociation of the nitrate into the nitrite and an atom of oxygen in 
the normal state ("P) and in the excited state ('D.) respectively. From the 
above wave-length limits the heat of dissociation of the oxygen molecule 
into two normal atoms comes out as 114 kilo cals./gm. mol., and the energy 
of excitation of the oxygen atom from its normal level (°P) to its ('Ds) 
level comes out as 43 kilo cals./gm. mol. These are in agreement with the 
values deduced from spectroscopic data. 

The observed strong dichroism of both these absorption bands, which 
are much more intense when the electric vector of the incident light wave 
lies in the plane of the NOs group than when it is along the normal to the 
NO; plane, is interpreted as due to a corresponding difference in the 
quantum efficiency of the photo-dissociations for the two directions of 
polarisation of the exciting light. 


The two absorption bands of the nitrites receive a similar explanation 
as due to the dissociation from the nitrite of one oxygen atom, in the 
normal state and in the excited state respectively. 
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7. Introduction. 


Axsout two years ago, Redlich, Kurz and Rosenfeld! published their investi- 
gation of the Raman spectra of the ion SnClg contained in some molecules 
and of the molecule SbCl;. They also published the theoretical expres- 
sions for the frequencies of the ABg model having octahedral symmetry 
under a simplified form of the central force system. Recently, Yost, 
Steffens and Gross? have published their investigation over the Raman 
spectra of the hexafluorides of sulphur, selenium and tellurium along with 
their theoretical investigation of the normal modes of vibration of the 
regular octahedral model ABg under the central force system. Their paper 
also contains the expressions for the frequencies of the normal modes under 
the valence force system as investigated by Bright Wilson, Jr. Very recently, 
Eucken and Ahrens* have published with the collaborations of Bartholeme 
and Bewilogua an experimental paper over the Raman spectrum and the 
infra-red spectrum of sulphur hexafluoride. Regarding the structures of 
the molecules, the electron diffraction experiments by Brockway and 
Pauling* and Braune and Knoke® indicate that the hexafluorides of the 
sulphur group have octahedral symmetry. Watson, Rao and Ramaswamy® 
find that the sulphur hexafluoride molecule has no permanent dipole 
moment which favours the octahedral symmetry of the molecule. That 
the molecules have the said symmetry has also been argued by Ruff’ and 
his collaborators from the point of view of molecular volumes. 





1 Q. Redlich, F. Kurz and P. Rosenfeld, Zeit. f. Phy. Chemie (B), 1932, 19, 231. 
2 D. M. Yost, C. C. Steffens and S. T. Gross, Jour. Chem. Phy., 1934, 2, 311. 

3 A. Euckenand H. Ahrens, Zeil. f. Phy. Chemie (B), 1934, 26, 297. 

4 L. O. Brockway and L. Pauling, Proc. Nat. Acad. Sci., 1933, 19, 68. 

5 H. Braune and S. Knoke, Zeit. f. Phy. Chemie (B)}, 1933, 21, 297. 
6 


H. E. Watson, G. G. Rao and K. L. Ramaswamy, Proc. Roy. Soc. (A), 1934, 143, 
558. 


7 O. Ruff, F. Ebert and W. Menzel, Zeit. f. Anorg. u. Allg. Chemie., 1932, 207, 46. 


250 























Normal Vibrations of Molecules 251 





Theoretically,8 the regular octahedral ABg model has fifteen modes of 
vibration of which one is single and totally symmetrical, one is doubly 
degenerate and four others are triply degenerate. The single 
mode, the doubly degenerate mode and one of the triply 
degenerate modes are active in the Raman effect and inactive in the 
infra-red while two other types of the'triply degenerate modes are inactive 
in the Raman effect and active in the infra-red. The one remaining triply 
degenerate mode is neither active in the Raman effect nor in the infra-red. 
Accordingly, the Raman spectra of the hexafluorides of sulphur, selenium 
and tellurium show three frequency shifts corresponding to the Raman 
active modes. ‘The infra-red spectrum of sulphur hexafluoride shows main 
absorptions at 617 cm.-! and 965 cm.-! corresponding to the infra-red active 
modes. The theoretical expressions for the frequencies of the normal modes 
under the central force system are not in good agreement with the observed 
frequencies, for the calculated value of v, of sulphur hexafluoride is 1510cm."! 
while the observed value is 965 cm.-! according to Eucken and Ahrens. It 
has been found by many that the central force formule are not in good 
" agreement with the observed frequencies in the cases of some other mole- 
cules also. For example, the frequency of the totally symmetrical normal 
mode of the methane molecule is 4217 cm.-! according to the central force 
system while the observed strong frequency shift corresponding to the mode 
isat 2915 cm.-! Recently, the author? has tried to explain the vibration 
spectra of the molecule methane and other allied molecules basing the 
constants of the potential energy function firstly on the three types of major 
forces, i.¢., the primary valence forces, the directed valence forces and the 
repulsive forces, and secondly with a suitable type of intra-valence forces 
included with the major forces mentioned. 


The purpose of this paper is to obtain the expressions for the frequencies 
of the normal modes of the ABg model having octahedral symmetry basing 
the constants of the potential energy function on the three types of major 
forces pointed out and some types of intra-valence forces. The various force 
constants of the sulphur hexafluoride molecule have been calculated. ‘The 
probable positions of the frequencies of the infra-red active modes of the 
hexafluorides of selenium and tellurium are predicted. 

In the case of a polyatomic molecule, one has to consider the three 
types of major forces comprised by the primary valence forces, the directed 
valence forces and the repulsive forces. Though the three forces’ system is 





8 E. B. Wilson, Jr., Jour. Chem. Phy., 1934, 2, 432. 
® N.S. Nagendra Nath, Ind. Jour. Phy., 1934, 8, 581. 
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not the correct and complete internal force system of a molecule, yet we 
think that it is a fair approximation to the correct one. The correct one 
is obtained in general by considering also the intra-valence forces arising due 
to the interactions of a pair of coordinates, the coordinates being the varia- 
tions of the inter-nuclear distances and the valence angles.!° The vibration 
spectra of some AB, molecules have been explained by the author on the 
above concepts. Actually the present investigation also shows that the three 
forces’ system is a fair approximation to the correct one and that we can 
obtain good agreement between the observed and the calculated frequencies 
if we assume a suitable type of intra-valence forces. The calculated value 
of the intra-valence force constant of sulphur hexafluoride is low in compari- 
son with the three major force constants as it should be. 


2. The Normal Modes. 


The peripheral atoms B of the model ABg having octahedral symmetry 
are denoted by 1, 2, 3, 4, 5 and 6 as shown in Fig. 1. The central atom 
A is denoted by 7. The system of internal coordinates is comprised by 
the six variations of the primary valence bonds AB and the twelve variations 
of the valence angles. The former six coordinates are independent and 
only nine of the latter twelve coordinates are independent, for there are three 
geometrical relations among them. d,, denotes the variation of the inter- 
nuclear distance between the atoms 7 and s and @,, denotes the variation of 
the valence angle subtended by the peripheral atoms 7 and s at the central 
atom. The geometrical relations which exist among the 6’s are 

O12 + 9,4 + 95, + 0, =9 

é,,+ 0, + 6, +t, =? - » (I) 

0. + 0. * O.. + 90 Te 
correct to the first order. We need only consider the relations correct to 
the first order, for we consider the potential energy of the molecule to be 
given by a quadratic form. 


We formulate the potential energy V of the molecule to be given by 
the form* 


2V=KI42°+ Ki 260? + Ki ld? + 2KHT OG, 8,, 
6 * = 6 7 


12 12 


+ 2K Z 6,, (d,,+d;,) + KY 2d? + 2K" Jd, d,, 
12 - 3 12 





10 P. C. Cross and J. H. Van Vieck, Jour. Chem. Phy., 1933, 1, 350. 

*We prefer to write the directed valence constant as Ki instead of Ki /? as is usual 
and similarly the other constants Kiii and Kiv instead of Kiii /? and Kiv | respectively. 
Kvi has not been introduced here with any significance. 











2. 
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The number below the sign of each summation denotes the number of 
similar terms to be considered. Let m, be the mass of the atom A and m, 
be the mass of an atom B. 

The geometrical relations among the @’s and the d’s are 

1 Ory = V2 dy — (d,, + ds.) 

where] is the length of the AB bond. The displacements of the various 
atoms should be such as not to change the linear momentum or the 
angular momentum of the molecule. The equations of motion are 
-i,=Pd,, + Qd,,+R (d,,+4,,+4,,+4,,) + 8 (0,,+0,,+,,+6,.) and 
similar five other equations and 


“ : ree sy 
=e, % (d,,+d,,) + U (d,, +d,,) + V (d,,+d,,) + W (d,,+d,,) 


+ X60, + ¥ 0, + Z(0,,+0,,+0,,+06.,.) + p, 
and similar eleven other equations where pw ;, w2 and ys are Lagrange’s un- 
determined multipliers corresponding to the three geometrical relations 
(1) among the @’s and where 











ON ii iv v 
P = K(-+=)+= ane re. 
mM Ms, Ms, m,l mM, 
K 4Kiv Kv 
lms a m,l ae 
ge £4 
2m, =m; 
_ ieee) . Ee gt 3 2 
wee m,l + 2m, +* Geta 


Ke WY ee 


OO im td tm? * mgd * mg 
RE dn 
m7 ml =m, 
Kii 2Kvi 
"ae 
2 8Ki Kiii 9Kii Kiv 
2 = mB tae tm Tims 
Ki 3Kii —s xKiw 
i a ee a 
Kii Kiv 


2m, ' myl 
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A new system of coordinates* is chosen defined by 
d,,+d,,+4,,+d,,+4,,+d,, =©@ 
d,,—4,,+4,,—d,, = Q, 
~€, +@_—-G, +4, 
6,.—%,,+ 6,,—8,, 








I 
te) 









Oo; 











6,,+ 6,,—6,,—6,,+ ¢,, +6, t,t, = 
6, + 6,,—6,,~—6,_,+ 6+ 6,,~-6, wr a = Pp, 
6,,+ 6,,—0,,—0,,— 9, 6, + 0,,+9,, = ps, 
0,+0,.+0,,+0,.—0,,— -0,,-—6,,—t,, = 6, 
6,,+6,,+6,,7+4,—6,,-6,,~5,,~t,, =®8, 
MT ee ee wee ee ee Te = 6, 


> 


1 


















The equations of motion in the new system of coordinates are 
--® = (P +Q+4R)O 
—Q; = (P+Q—2R)Q; i=1,2 
—o; = (X+Y)o; 
—p; = (X—Y—2Z)p, 
—¥; = 3 —Q)¥;+ 80; 
—6; = = es +4(U—V)¥;+(X—Y¥+2Z)0; 


It can be easily seen that the above system of equations determines six 
frequencies of which one corresponds to the single mode, one to the doubly 
degenerate mode and the remaining four to the triply degenerate modes. 
The values of the multipliers are easily seen to be 0, for 


jf, = — 4b +1(0 + V + W) 9} 
+ a2 Q, + Q) +1(0 + V — 2W) (22,+ 2)} 
=0 
and similarly po = ps3 = 9. 





* One can, however, simplify the expressions for o's, p’s and @’s by the help of the 
geometrical relations (1) but the existing ones are preferred on account of symmetry. 
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The first normal mode is described by ®* when all the d@’s are equal and 
all the @’s vanish. ‘This corresponds to the mode when all the peripheral 
atoms are vibrating along the primary valence bonds with the central atom 
at rest. The mode is totally symmetrical and quite active in the Raman 





Fi ig-4 


Fig.6 
effect and inactive in the infra-red. The frequency of the mode is 


1 


ya ¥@+Q+ eR) 
27re 


1 i ii vi) 
“eV Ve tO tte) gee 
The doubly degenerate mode is described by 2, and 2,. The mode 
corresponding to 2, is described when all the @’s vanish and 2d,, = — d,,; = 
2d;, = — d,, = 2d,, = 2d,,. The modes are active in the Raman effect 


and inactive in the infra-red. The frequency corresponding to these modes is 
1 
v, = 5 V(P +Q - 2B) 


1 1 9 ; 

en re Fae Sate u -j. pon vi 
2ae { Ms + = )} (Fig. 2) 
One of the triply degenerate modes is described by o; (¢=1, 2, 3). 
The mode corresponding to o, is described when all the d@’s vanish, 0,, = 


— 0.;=0,, = — 0,, and other @’s vanish. The modes are active in the 





* The normal coordinates spoken of here are proportional to the actual normal 
coordinates. 
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Raman effect and inactive in the infra-red. The frequency corresponding 
to these modes is given by 
1 ’ E. 
yo 4 (X+ Y) 


9 
1 4(Ki + Kit) m 
~ Qare {- (Sa + )} (Fig. 3) 
Another triply degenerate mode is described by p; (¢=1, 2, 3). The 
mode corresponding to p, is described when all the d’s vanish, 
6. = 6., = — 04 = — On = x 


0.5 = — 0= — 0 = O62 = —% 
and other @’s vanish. The modes are inactive both in the Raman effect 
and in the infra-red. The frequency corresponding to these modes is 
given by 

1 y(x-Y-22) 


1 


-m Vv {e( a + ®)} (Fig. 4) 


The remaining normal modes of vibration are given by 4 ¥; + ¢@; 
andr Y; + s@0; (¢= 1, 2,3) where the constants #/g and r/s can be 
determined by the equations corresponding to yw; and @, The normal 
mode corresponding to p¥, + g@, is described when 


= 
* 
I 
bo 
© 


a, = — dy =% 
0. = — 0.5 = — 0, = O4, =¥y 
,, = ..= — 6;; = —-0.,=y 
aa ds 
ee (Figs. 5 & 6) 


and other d’s and 6’s vanish. The mode corresponding to 7 ¥, + s9, is 


described when the same conditions hold but x = — .. y 
p- 


All the modes are inactive in the Raman effect and active in the 
infra-red. The frequencies of the modes are given by 














vi = ‘Xi i = 5, 6 
~ Qare 
where A, + A, = P—-Q+ X— Y + 2Z— 48/1. 
{ee BK 2(Kt - == 4\ 16K 
a i a aie m, Ma m, ml 


A,A, = (P — Q) (KX — Y + 2%) — fi (U — V) 
1 1 6 2K (Ki —Kii) 4Kii (Ki —Kiii) 
aatagr cr 7 ters 


+ KKi — 











8K*?  8Kii Kv 
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We will assume that the greater root is A,. 
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3. Comparison between Theory and Experiment. 


In the following, we will discuss the potential energy of the molecule 
V given by the form 
2V=K Zd;?+Ki 20," +Ke 2d,,?+2 Kil 20,,6,,+2 Kv 20,, (d,,+d,,) 

; ; +Ky Sa,,? 
where K, K' and K‘ are the force constants of the primary valence rea 
the Hinected valence of the primary valence bonds and the repulsions 
between the peripheral atoms respectively. K* and K* are the intra- 
valence force constants. K” is the force constant of repulsions between 
the extreme B atoms. 

Let us first consider the potential energy function under the constants 
K, Ki and K®. Assuming the Raman frequencies of the sulphur hexa- 
fluoride molecule, we can calculate its infra-red frequencies. Table I shows 
the observed frequencies under the head A and the calculated frequencies 
under B assuming the constants K, K' and K*. The agreement between the 
observed and the calculated frequencies is not bad considering that the 
calculations have been made on the three forces’ system. Next we consider 
the intra-valence forces whose contributions towards the potential energy V 
of the molecule is given by K® 20:2 6,,. Assuming the Raman frequencies 


and v;2+-v,2 we can calculate v; you v, as shown under the head C. ‘The 























TABLE I. 
aye ge i 
(ry, | 775 (775) 775) | K =3-977x10* dyn/cm. 
iv, | G45 oR (645) (645) i—0-689X10° — ,, 
ae hee OD (525) (525) ee en 
SF, Y, as 371 407 EP =0-506 x10 9 
lv. | 617 534 578 Ki ae 
RK. means Raman frequencies and I.R. means infra-red frequencies. 


calculated frequencies are in fair agreement with the observed ones. 
It may be urged that good agreement between the observed and the 
calculated frequencies might be obtained by considering the repulsions 
between the extreme fluorine atoms. Our formule show that K” has to be 
negative if we try to get good agreement under the three forces’ system 
or should have a large value about half of K* under the same with the 
intra-valence forces just pointed out. We think that the repulsive forces 
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between the extreme fluorine atoms are quite feeble and that they are 

dominated by the intra-valence forces. Another type of intra-valence forces 

may be chosen by considering 26,.(d,,+d.;) in the potential energy func- 
12 


tion. These forces are only operative in the normal modes of vibration 
with frequencies v; and »,. Now the five constants can be determined 
assuming the five observed frequencies. The values of the calculated 
constants would be 3-977x10°, 0-689x105, 0-567x 105, —0-139x 105, 
0-087 x 105 for the constants K, Ki, Ki//?, Kii/?2 and Ki/l respectively. 
The values of the constants are quite reasonable but the value of the 
frequency v, of the normal mode which is both inactive in the Raman effect 
and in the infra-red would be at 433 cm.-! while it is 363 cm.-! as calculated 
by Eucken and Ahrens from the specific heat data. 

Our formule show that accurate calculations of the primary valence 
constant, the repulsion constant and the sum of the directed valence constant 
and the intra-valence constant can be made assuming only the Raman 


frequencies. The values of the constants of the hexafluorides are given in 
Table II. 














TABLE II. 
Substance | Kx10-5 | Kix 10-3 | TE’ 19.5 
; 
SF, | 3-977 0-689 0-428 
SeF, | 4-666 0-247 0-336 
TeF, 4-952 0-139 0-205 











Rough determinations of v,, v; and v, of the other hexafluorides are 
made ignoring the intra-valence constant. The values of the frequencies are 
given in Table III. 











TABLE III. 
| 
Substance ¥, Vv, V, 
| 
SeF, | 286 368 815 
| 
TeF, | 221 267 772 








The value of v, in the case of sulphur hexafluoride is 407 cm.-! It is 
in fair agreement with 363 cm.! calculated by Eucken and Ahrens from 
the specific data. 
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The calculated values of the frequencies v, and »,_of sulphur hexa- 
fluoride according to Wilson’s formule as given by Yost are in rough agree- 
ment (similar to the agreement we have obtained assuming the three forces’ 
system) with the observed frequencies. But his constant ‘p’ does not 
denote the constant of the repulsions between the adjacent fluorine atoms 
but the intra-valence constant of the terms = d,, d,,;, The forces 


corresponding to those terms come into play even when the molecule is 
executing the totally symmetrical normal mode. Also, there seem to be 
small errors in his expressions* for v; and v, if our expressions and Yost’s 
expressions are correct. 


The author is highly thankful to Professor Sir C. V. Raman for his 
interest in this work. 


Note added in proof.—While this paper was in the press the paper on “ Intramolecular 
Forces in Octahedral Molecules”? by A. Eucken and F. Sauter has appeared in the 
Zeitschrift fiir Physikalische Chemie (B), 1934, 26, 463. Their paper deals with the types 
of intramolecular forces which can exist in these molecules with special reference to SF, . 
We may remark that the existence of types of forces other than those of the three 
forces’ system was first formulated by P. C. Cross and J. H. Van Vleck (loc. cit.). Such 
forces were named as the intra-valence forces and their usefulness in the case of AB, 
molecules was pointed out by the author (loc. citl.). 

The equations of motion of the octahedral molecule obtained in this paper have the 
same symmetry as that of the molecule and they can be regarded as general. Other 
§’s do not enter them on account of the geometrical relations (1). 





s For example, the coefficient of K in our expressions and that of ko, in Yost’s 
expressions should be the same as that of ky, in Wilson’s expressions for A, + Ag. 
5a 
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1. Introductory Remarks. 


THE molecules in a gas are capable of three types of movement, namely, 
translation, rotation and vibration. When a beam of monochromatic light 
passes through the gas and is scattered by it, each of these movements 
may give rise to changes of frequency in the scattered radiation, namely, 
a Doppler effect due to the translatory motion of the molecules and Raman 
effects due to their rotations and vibrations respectively. The Doppler 
effect would evidently take the form of a simple Maxwellian broadening 
of the lines in the spectrum of the scattered light ; the broadening would be 
a function of the angle of observation, being zero in the direction of the 
incident rays and greatest in the opposite direction! When we 
pass from the case of a gas to that of a dense fluid, complications arise 
from the fact that the positions and the velocities of the molecules are 
no longer chaotically distributed, and it is therefore not possible to regard 
the molecules as being completely independent scattering centres. . The 
nature of the Doppler effect to be expected in the scattered light from 
such a medium would obviously require very careful consideration. An 
insight into the phenomena to be expected in such a case is furnished by 
the theory of light-scattering originally put forward by Einstein? in a 
famous paper. In this theory, the molecular structure of the medium 
is ignored and fluctuations of density are regarded as arising in 
it from the presence of sound-waves of various wave-lengths associ- 
ated with the thermal energy of the medium, the sound-waves 
produce stratifications in the optical density of the medium and 
accordingly give rise to a selective reflection or scattering in directions 
determined by the wave-lengths of the incident light-wave and of the 
teflecting sound-wave. On this view, as was first pointed out by Brillouin,® 
the light reflected by the sound-wave trains should exhibit a Doppler 
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effect which would take the very simple form of a doubling of the lines in 
the incident spectrum, the frequency shifts being given by the formula 

dv=+ av © sin 4 e e s- 
where v and c are the velocities of sound and light in the medium and 
@ is the angle of scattering. 

It is hardly to be expected that the Brillouin formula would completely 
describe the Doppler effect observed in the light scattering by any actual 
liquid, as the theory ignores the molecular structure of the medium and 
is therefore evidently an idealisation. Only in the case of a crystalline 
solid is there reason to expect the observed phenomena to agree most 
closely with the Brillouin theory. The phenomenon to be expected in 
liquids should evidently be intermediate between those characteristic of a 
crystal and a gas. At low temperatures, the resemblance between the 
effects observed in liquid and crystal should be greatest, while at high 
temperatures the phenomena in the liquid and gas should approximate 
to each other. 

During the past few years, numerous publications have appeared 
dealing with the subject of the “‘ fine structure of the Rayleigh scattering in 
dense media’’. Gross* has published results which claim to confirm the 
Brillouin theory for a crystal. In liquids, instead of obtaining a simple 
doublet, Gross* reports a line in the position of the incident radiation 
bordered on either side by a whole series of components with frequency 
shifts given by the formula 


> 


dv = 2vn® sin $ 2 iP ae .. (2) 
1, 2, 3, etc. 

These results of Gross have not remained unchallenged. Gross’ work 
was done mostly with an echelon grating. Cabannes® and later Vacher® 
who worked with a Fabry-Perot etalon were unable to find the Gross 
components and claimed instead to have found a shift of the Rayleigh line 
towards longer wave-lengths. Rafalowski? working with a Lummer 
plate was also unable to confirm Gross’ results. Meyer and Ramm’ 
and later again Ramm? working with an echelon grating claim to have 
confirmed the presence of the first Gross components on either side 
of the Rayleigh line, but could not find the outer ones and they also 
contradict the shift of the Rayleigh line towards the red reported by 
Cabannes and his co-workers. 


I 


nN 


It is clear from the foregoing brief summary that the subject at 
present is in an unsatisfactory state. In particular, the fact that so 
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far no one has been able to observe the Gross components using a Fabry- 
Perot etalon must be regarded as disconcerting. Most of the published 
results up-to-date are also of a rather qualitative nature. It appeared 
in the circumstances desirable to undertake an experimental re-examina- 
tion of the whole subject. The present paper is the first of a series 
which the author proposes to contribute dealing with this topic. 


2. Experimental Arrangements. 


Choice of high resolving power instrument.—The first point to be 
considered is the choice of a proper kind of interferometer. It is well 
known to spectroscopists working on hyperfine structure of spectral lines, 
that the pattern given by a Fabry-Perot etalon is a far more reliable 
indication of the correct structure of a complex line, both in respect of 
components and their relative intensities, than that given by a I,ummer- 
Gehreke plate or an echelon spectroscope. But one disadvantage of the 
etalon is that it requires a considerably stronger source of light. In the 
present investigation a Fabry-Perot etalon of specially excellent quality 
made by Heinrich Lesche of Potsdam, and silvered by Professor Ritschl 
by the evaporation method was used. 


Having properly chosen the high resolving power interferometer 
the next problem is the choice of a suitable strong source of light. 
A specially designed low-density mercury-vapour lamp with water- 
cooled cathode was chosen so as to get sharp intense lines without 
self-reversal. Another characteristic feature of the cathode-cooled low- 
density mercury-vapour lamp is that it can be run continuously for 
avery longtime. The appearance of the hyperfine structure patterns of 
the mercury lines is not such a great disadvantage as it might 
appear at first, since almost all the strong lines have been 
completely analysed and their structures are known. Those who are 
familiar with hyperfine structure work would realise that it is not very 
difficult to discriminate other components, if any, from the hyperfine 
structure pattern, by properly altering the resolving power of the 
instrument. 


Fig. 1 represents the two mercury arc lamps with the vertical cross- 
section of the Wood’s tube in the background. The cathode contains 
clean mercury upto the level indicated in figure and the discharge runs from 
the cathode C to the tungsten anode A while the subsidiary anode B is 
for passing a preliminary discharge from C to B by a small induction coil 
to facilitate the striking of the arc. The bulb at the top is intended for 
the mercury to condense and fall back into the cathode. The cathode was 
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cooled by cold water circulating through the outer tubes enclosing the 
cathodes as in figure. The arc was run with a current of 4 amps. from 
a 220 D.C. supply. 

Coming next to the choice of a proper kind of Wood’s tube for 
containing the scattering liquid, a Wood’s tube similar to the one used by 
Meyer and Ramm was used so as to enable the scattering at an angle of 
180° to be observed, since the displacement of the fine structure components 
is a maximum for that angle of scattering. 

The diagram in the following figure represents the arrangement of 
the apparatus for the experiment. 

The liquid benzene in this case was repeatedly vacuum-distilled and 
collected in the Wood’s tube in a perfectly dust-free condition which is a 
very important consideration in all such experiments. ‘Two mercury-vapour 
lamps of the special type already mentioned were placed vertically, one on 
either side of the observation part of the Wood’s tube as in Fig. 2, so as 
to enable the observation of light scattered through an angle of 180°. 
To avoid any stray light reflected from the inner walls of the tube, the 
outer portion marked with a thick line as in Fig. 2 was coated with black 
paint. To remove the possibility of extraneous light falling on the etalon 
a cone-shaped cap was slipped on to the observation tube as shown in Fig. 2. 
The interference ring system was focussed on to the slit of a spectrograph. 
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It need hardly be pointed out that the use of a spectrograph in con- 
junction with the etalon is better than relying on a filter for the 
jsolation of any particular radiation. This arrangement has the additional 
advantage that the pattern of a number of lines could be photographed 


F.PE. 






Woods tube 


Fie. 2. 


on one plate. In all these cases, comparison photographs of the incident 

light were taken immediately after the exposure to the scattered light. 

To start with, an invar distance piece of 3-5 mm. was used for the etalon 

and when the presence of the fine structure components became apparent, 

the distance piece was increased to 5 mm. in order to get higher resolving 

power. ‘The interference patterns of the three lines A 4358 A, A 4078 A and: 
\ 4047 A were examined and the displacements of the new fine structure 

components measured without any confusion arising from the presence of 

the hyperfine structure components. 


In Fig. 3 the hyperfine structure patterns of A 4358 A, A 4078 A and 
A 4047 A have been taken from the work of Schiiler and Keyston!® and 
are plotted with their correct intensities, satellite separations being 
expressed in wave-numbers. ‘The dotted lines indicate the positions of the 
new fine structure components in the pattern due to molecular scattering. 


3. Results. 


\ 4358 A.-—-This line is the one which has been used by almost all 
the investigators in this field of work. It is found that in the picture 
taken with a 5 mm. distance piece between the two plates of the etalon, 
two satellites appear on either side of the undisplaced central component 
equally displaced by an amount 0-306 cm.-! as measured from the 
interference patterns obtained. The positions of these two new fine 
components are shown by dotted lines in the diagram in Fig. 3 (c), for 
the 3-5 mm. and 5 mm. distance pieces used. The measured positions of 
these two side components and their visual intensities make it clear that 
they are due to scattering. The value of dv calculated from theory for the 
angle of scattering used, viz., 180° is 0-295 cm-.! Meyer and Ramm give as 
their measured value for dA 0-062 A which gives dy = 0-326 cm.! The 











B. V. Raghavendra Rao 


(a) 








(b) 






































35mm, O.FREéalon diag 21-429 $Omm, QF PEkalon Ag 21-000 
4 
A 4047A° 
aa 
‘ ' 4 ' 
' : ' ‘ 
' ! ' H 
' ' ! 
' ‘ ' 
' WJ { 
Centre Lt L a + | 
333 3 $3 oA 8535 i 
, 4 4 
A4078A° ' t t 
' ' ' 
| 
' ' 
‘ H 
; H H 
' 
Centre L i 1 = | | | : fs i| 1 
ma Nw = 
A s3 3 er * * $3 3 3 8F3 6 
4 
(c) | | 
49356 A° ’ g ‘ 
' } 
H | ' ' 
i ' H ' 
‘ ¢ ' ' 
’ ' ' ‘ 
' ' 
| ' : | H i 
Centre + * ; 2+ 4 + = t 1 1 +4 H = 4 it Ay 
> » © cy © Cy 
$33 33 Ho F833 4 AE FF FFF FF HE 4 
Fia. 3. 


observed value of dv in the present investigation is 0-306 cm. a value much 
nearer the calculated one. In all the patterns obtained for this line, 
there is noticed a strong continuous background stronger than in the case of 
the other two lines. This fact makes clear reproduction difficult. 


\ 4047 A.—This line comes next in order of intensity and it has been 
found that the new fine structure components are displaced by an amount 
0-335 cm.-! being in excess of the theoretically expected value of 0-318 cm." 
by an amount 0-017 cm.! The patterns of this line with the 3-5 mm. 
and 5 mm. distance pieces are shown in Fig. 3 (a). The positions of 
the new components are shown by dotted lines. 


A 4078 A.—Of all these three lines, this line appears to be best suited 
for the identification of the fine structure components in the scattered 
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light in spite of its relative faintness as will be seen from the photo~ 
graphic reproduction. In the pattern due to the incident light one 
can see three comparatively faint satellites between two successive main 
orders, while in the pattern due to the scattered light, the central 
satellite has not come up at all while there are now two satellites 
of equal intensity and relatively stronger than the two outer satellites 
in the pattern of the incident light and by measurement in different positions. 
Their displacement from the central main order fringe has been calculated 
from measurements to be 0-323 cm.! while the theoretically calculated 
value is 0-315 cm.1 The appearance of these new components in the 
patterns obtained with the 3-5 mm. and 5 mm. distance pieces are 
denoted in Fig. 3 (0). 

An idea of the agreement between the observed and calculated values 
of the displacements of these fine structure components in the scattered 
radiation can be obtained from the following table. 


TABLE I. 
Scattering in liquid benzene. Angle of scattering 180°. 








Radiation dy Observed dv Calculated Difference 
4047 A 0°335 em. 0-318 em.” 0-017 cm." 
4078 A 0-323 =a, 0-315 =a, 0:008 _——sC*,, 
4358 A 0-306 —=,, 0-295 ,, 0-011 _ =Ca, 














The increase of dv the displacement with increasing frequency of the 
incident radiation has been definitely verified. In the present investigation 
the displacements of the new fine structure components from the central 
undisplaced line differ in the cases of A 4047 A and A 4358 A by 0-029 cm.1 
and the Brillouin formula indicates a difference of 0-023 cm.", the agreement 
being within the errors of measurement. 


In conclusion the author desires to express his gratetul thanks to 
Sir C. V. Raman, Kt., F.R.S., N.L., who suggested the problem, for 
his kind guidance during the course of the present investigation. 


4. Summary. 


liquids has been investigated with a Fabry-Perot interferometer and the 
two fine structure components identified for the first time with this 
instrument. The agreement between the observed and calculated values of 


The fine structure of the Rayleigh line due to molecular scattering in 
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the displacements of these new fine structure components is particularly 
good, in the case of the liquid used (Benzene). The dependence of the 
frequency shift of the displaced components from the central main line 
on the frequency of the incident radiation has also been verified in 
complete agreement with Brillouin’s equation. Photographic reproduc- 
tions of the interference patterns obtained with the three lines of Hg, 
i.e., X 4358 A, X 4078 A and A 4047 A have been included in the paper 
from which one can clearly identify the two fine structure components due 
to molecular scattering as is to be expected from Brillouin’s theory. It is 
found that the central undisplaced component is distinctly brighter than the 
two side components due to scattering. 
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THE GREATEST PRIME FACTOR OF x’-1. 
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Theorem. If P,, is the greatest prime factor of x2 — 1, then 
(1) P, > c log log x 
where c is an absolute positive constant. 
Remarks. (1) is asharper form of the well-known result 
P,—> cc asx —> oo, 
which is a consequence of the Thue-Siege]l theorem.! 
It is noteworthy that it is not possible to derive (1) from Siegel’s method.? 
Proof. We need the following lemmas. 
Lemma 1.3 Letx=t,, y= wy, be the smallest solution in positive 
integers of 
x2— Dy?=1 
where D is not a perfect square. We define tm = tm (D), 
Um = Um (D) by 
tm + Um V D= (ty + VD)” 
Then for every m > 1, tm contains at least one prime factor not 
contained in D. 
Lemma 2.4 
t, (D) < exp. (c¢, VD log D), 
u,(D) < exp. (c; VD log D), 
where c, is an absolute positive constant independent of 1. 

Now let p, denote the rth prime, #;=2, N,= 1. p2. ps3... .-p, the product 
of the first y primes. Let m be a positive integer (not a perfect square) 
composed of powers not higher than the second of primes chosen from 
pi, ...-py. It is a consequence of lemmas 1 and 2 that for every 
ec, Ym log m 


x> @ 


1 See Landau, Vorlesungen iiber Zahlenthevrie, 3. 
2 Landau, ibid., 230. 
3 See Dickson’s History of the Theory of Numbers, 2, 391 and 396. 
The result is due to Stérmer, 396. 
* Schur, Géltinger Nachrichten, 1918. 
5 Remembering that if «*? — Dy? = 1 there is a unique m such that 2 = tm(D), 


y = Um(D) [y + 9). 
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the expression (x?—1) has at least one prime factor not contained in m. It 
now follows that if 


en N; log Ny 


x > 

then (x?—1) has at least one prime factor greater than f,. Hence if 

(2) exp. (2c,N,logN,) < * < exp. (2c,;N,4, log N,4,) then 

PP; > Pp 
But 
(3) log N, ~pr 
From (2) and (3) it follows that for all x in (2), 

(4) P, > p, > C2 log log x, 
where ¢2 is an absolute positive constant. Since to every large x we 
can find a unique 7 to satisfy (2) our theorem is now proved. 
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Theorem. If P., denotes the greatest prime factor of x? + 1, then 
(1) P, > c log log x 
where c is an absolute positive constant. 
Remarks. (1) sharpens the well-known result 
(2) P, — co as %¥ > o9,7 
which is a consequence of the Thue-Siegel! theorem. Jt is noteworthy that 
Siegel’s? method is not capable of yielding anything stronger than (2). 
Proof. All letters, Latin or Greek, denote integers ; » denotes a prime ; 
m (p, x) is the highest power of p contained in x; D is a non-square integer ; 
p, is the rth prime; N, = p). po. pz py, the product of the first 
y primes; given ¢,, #, then ¢,, “, are defined by 
(3) (t, + u, VD) = (4, +m VD)’ 
so that 
(4) 2, = "Cy uy 7! + Cg wy74y7-3 D + °C5 1455 £)7°5 D2+4 
where 
il r! 
C= s! (r—s)! 
We need the following lemmas. 


Lemma 1. If p/D, s > 1,s=1 (2) then 
-1 


(5) m (p, ru) ae ee [p2j5] 
s—l 
(5) m(p,ru) < m\f, C,ueD? ) [ p = 3, 32/D] 
Proof. Letm(p,r) =a,m(p,u) = 8B [a,B >O). 
Case (i) p > 5. 
Denote by ls. and r.s. the left and right sides of (5) respectively. 
Then we have 


(6) ls. =a+ 8. 


(7) rs. == m(p, C,) + ale u® D? 


@Q wale) +e 


s—-l 


1 Landau, Vcrlesungen iiber Zahlentheorie, 3. 
2 Ibid, 
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Further 
Se ae (se oat) > m (2) 


8 


a—m (p,s!) E [a | 


k=1 





(9) a 
From (8) and (9), 
(10) rs. > a+ B+ (s — 1) (4+ 8) 
(11) >a+B lp 25) 
Our result follows from (6) and (11). 
Case (ii) p = 3, D= 0 (3?) 
In this case it follows from (7) and (8) that 
t.s. > m (p, "C,) + Bs + (s — 1) 
>atBt(s—N (1+ A) — 
a+P+(s—1)(1+)-+ 
a+ BP (B>0j, 
while the l.s. is a + f. 
Lemma 2. If x =ti, y = wu, ts the smallest solution in positive integers 


of x2 — Dy? = — 1 then the numbers u, [* ea a." defined in (3), contain at 
= 


least one prime factor not contained in D. 
Proof. Observing that u,=1(2) for r=1(2), lemma 2 follows 
immediately from (4) and lemma 1. 
Since all the solutions of x2 — Dy? = — 1 are given by x =t,, y = 4, 
fy = 1(2)] it follows from lemma 2 that 
Lemma 3. If 
(12) 22 — Dy? = — 1 
then y contains at least one prime factor not contained in D for every solution 
(x, y) of (12), except, possibly, the smallest (y = u)) 
Lemma 4.* 


t; = t, (D) < exp. (c, VD log D), 
u, = mu (D) < exp. (c; VD log D), 
where c, 1s an absolute positive constant. 





8 This result has been proved by Stirmer in Videnskabs selskabets skrifter, Christiania, 
1897, No. 2,48 pp. This paper was inaccessible to me. 
4 Schur, Géltinger Nachrichten, 1918 ; 
Vijayaraghavan, Proc, London Math, Soc. (2), 1927, 26, 403-414, 
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Proof of the theorem. Let m be a positive integer, not a perfect square, 
which is a product of powers not higher than the second of primes chosen 
from p;, P2, p3,.---, Py. It is a consequence of lemmas 3 and 4 that for 
every 

x > exp. (Cc, Vm log m) 
the expression x?+1 has at least one prime factor not contained in m. 
Giving to m all possible non-square values comprised in the expression 
py. p29? Shen pF (where each 6 is 0, 1 or 2) it follows that for every 
x > exp. (2 c, N, log N,) 
the expression x* + 1 has at least one prime factor greater than ~,. Hence 
when 
(13) exp. (2c, N, log N,) < x < exp. (2c; N,,; log N,,;) 
then 
(14) Py > py. 
But 
(15) log N, ~ fy. 
From (13), (14) and (15) it follows that for all x satisfying (13) we have 
(16) Py > p, > cz log log x (c, > 0) 
Since to every large x we can find a unique 7 to satisfy (13), our theorem is 
now proved. 
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7. Introduction. 


In two earlier papers (Bhagavantam, 1933; and Bhagavantam and Rao, 
1934), the results obtained in a preliminary investigation of the distribution 
of intensity in the rotational wings in liquids, have been reported. The 
outstanding features which appear to be common to all liquids, are (1) a very 
large concentration of intensity in the close neighbourhood of the Rayleigh 
line, and (2) a relatively feeble, but a definite extension of the wing to an 
unexpected distance from the centre. On the other hand, the results 
obtained in a few gases (Bhagavantam, 1932 ; Trumpy, 1933), so far 
investigated, are of a very different nature, in that they all show definite 
maxima at certain expected places, clearly separated from the centre and 
the internal distribution of intensity within the wing is strictly in accordance 
with the existing theories. 


The existing theories which have been quite successful in predicting the 
intensity distribution in the rotational scattering by gaseous molecules 
need, therefore, be considerably modified before they can be applied to the 
liquid state. It has already been pointed out that this question is intimately 
connected with the nature of the liquid state and the extent of rotational 
freedom which the individual molecules possess therein in comparison with 
the gaseous state. A discussion of some of these aspects is contained in the 
earlier papers and the present investigation is a further attempt in the same 
direction, suggested by the following considerations. 


It is now well known that the effective optical anisotropy of the 
molecule is primarily responsible for the production of rotational Raman 
effect and extensive investigations have already revealed that, in this respect, 
a molecule in the liquid state is very different from that in the gaseous 
state. With increasing temperature, the anisotropy of the liquid molecules 
gradually changes and ultimately tends to become identical with that of the 
gaseous molecules. Moreover, the hypothesis that large numbers of indi- 
vidual molecules join together in a liquid to form groups, has often been 


274 

















275 





Rotational Raman Effect in Liguids 


advanced in order to explain several features that characterise the liquid 
state as distinct from that of a gas. Increasing temperature may also be 
expected to result in the breaking up of such groups, the liquid behaving 
more and more like a gas. Consequently, the intensity distribution within 
the rotational wings in liquids, which is closely connected with the above 
characters of the liquid state, should also be influenced hy temperature 
changes: In the present investigation, an attempt is made to detect such 
changes by investigating the rotational Raman effect in a few typical 
liquids at different temperatures. 


2. Experimental. 


The details of experimental technique and the method of computing 
intensities have been published in an earlier paper. A brief mention may 
be made here. ‘The light from a quartz mercury arc is condensed by an 
8inch condenser. The experimental tube, containing freshly distilled liquid, 
is about an inch and a half in diameter, painted all black outside except for 
the illumination and observation windows. Great care has been taken to 
avoid all possible stray light. The Rayleigh line with rotational wings on 
either side is microphotometered and the relative intensities of the various 
tegions of the wing on the stokes side are computed by the help of graded 
intensity marks, registered on the same plate by the method of varying 
slit-widths. In all cases A 4358 line is used as the exciting radiation. The 
present paper describes the results obtained in the cases of benzene, carbon 
disulphide, cyclohexane, salol and carbon tetrachloride. 

With a view to study the effect of temperature on the distribution of 
intensity in the wing, a cylindrical electrical heater is wound and the 
scattering tube is inserted into it. Sufficient time is allowed for 
temperature equilibrium to be established inside the heater and then the 
exposure is given. In each one of the cases of CgHg, CS, and C,H,,, two 
spectra are obtained, one at the laboratory temperature and the other 
at a temperature as near the boiling point of the liquid as possible. In 
the case of salol, two pictures were obtained; one at about 47°C. and the 
other at about 100°C. In the case of CCly which exhibits a very feeble 
rotational scattering, the temperature effect is not studied. In every 
case the experiment is repeated two or three times and the weighted mean 
values are given in the tables. 


3. Results. 


The results obtained are given in the following tables and are graph- 
ically represented in Figs. 1 to 5. The numbers in the tables represent 
the intensities at the respective points on an arbitrary scale. In 




























the three cases of benzene, 
carbon disulphide and carbon 
tetrachloride, the intensities 
that are to be expected at 
these points are calculated 
on the basis of the simple 
classical theory applicable to 
diatomic molecules (Bhaga- 
vantam, 1932) and are in- 
cluded in the tables. The 
moments of inertia assumed 
are respectively 156 x 10-4, 
264 x 10 and 522-8x 10-0, 
The justification for this has 
° already been given in the 
» earlier papers and will be 
referred to in greater detail 
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Fie. 1. Benzene. ‘ i 
theoretical values is such 


that the experimental curve intersects the theoretical curve at the point 
of maximum intensity in the latter. 

TABLE I. 

Benzene. 





z 


4v 4-4 | 6-6 | 8-8) 11 Ra 22 |26-4) 33 | 44 | 55 77 | 88 | 99 | 110) 121 


em.~? 
Cold 2500} 1500) 850) 625) 475) 375) 350) 225] 180) 145) 103) 81 
Hot 2900} 1523} 928) 667) .. | 398) .. | 253) 200) 152) 110) 81 | 62 | 49 | 38 | 26 | 20 [14-5 


Theory | 130} 185) 235) 272) 295) 310) 315) 290) 243) 160) 52) 8 





. 





















































TABLE II. 
Carbon disulphide. 





Bong 6-6 | 8-8 | 11 | 13-2] 15-4] 22 | 26-4] 33 | 44 | 55 | 66! 77 | 88 | 99 


Cold 1750 | 1100 | 700} 500; 450) 320; 244) 160) 107 | 69 | 46 | 29 | 20| 15 
Hot 1800 | 1075 | 676 520) 430] 290) 236) 172) 110) 68 | 42) 28) 16 
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TABLE III. 
Cyclohexane. 
al 6-6 | 8-8 1 15-4 22 33 44 53 
cm. 
Cold 582 327 196 87-5 63-4 51-5 39-8 33-6 
Hot “ 424 181 93-9 63-3 37-8 20-1 
TABLE IV. 
Salol. 
| | ’ 
Av | - 
tans 8-8 | Il | 15-4 22 | 26-4| 33 | 44 | 55 66 | 77 88 99 
Cold 1950 | 630| 270| 177| 144] 114] 81 60 | 45 36 27 | 22-5 
Hot g 690 | 330| 186| 150] 111] 78 54 42 30 | 21 
4 
TABLE V. 
Carbon tetrachloride. 
Av 
Pe iat 4-4 | 6-6 | 88 | 11 | 13-2] 15-4] 17-6] 19-8| 22 | 33 | 44 
Cold 648 | 240] 140| 70 | 44 | 32 | 26 | 22 18 15 12 
Theory 70 90 98 97 87 75 61 49 35 






































4. Discussion of the Results. 


In Figs. 1, 2 and 5 the broken line represents the intensity distribution 
to be expected from the theory. It must be, however, pointed out that 
the classical theory with the help of which these curves are obtained, 
is rigorously applicable only to the case of carbon disulphide and not to 
the other poly-atomic molecules. In this connection mention may be made 
of the case of ammonia dealt with in an earlier paper (Bhagavantam, 
loc. cit.). It was shown that a detailed calculation based on the theory 
for the rotational Raman scattering by poly-atomic molecules developed 
by Placzek and Teller (1933) when applied to this case, leads to results 
which differ very little from those obtained on the basis of the classical 
theory in respect of the gross intensity distribution within the wing. 
Similar calculations are made for the case of benzene and the aggregate 
intensity distribution to be expected is represented by the dotted curve in 
2 ¥ 
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Fig. 1. The broken curve, on the other hand, represents the results 
obtained on the basis of the classical theory. The remarkable agreement 
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between the two curves shows clearly that, as long as we are dealing with 
an unresolved wing, the expected results can be satisfactorily derived to a 
first approximation with the help of the classical theory, thus avoiding the 
very elaborate calculations that enter into the more rigorous treatment. 


It will be readily noticed from the figures that the experimental curves 
represent an intensity distribution which is very different from that 
exhibited by the theoretical curves. The characteristic features which 
mark the case of benzene, as reported earlier, are present in all the other 
liquids investigated in this paper. No definite maxima could be located 
and the wing in every case extends far beyond the expected limit. 


Another remarkable feature that emerges out of the present investi- 
gation is that the above characteristics in the rotational scattering persist 
even at the boiling points of the various liquids. It may be noticed from 
the figures that the intensity distribution at the higher temperature 
is practically identical with that obtained at the lower temperature 
in all cases except cyclohexane. There is no indication of either the 
development of a maximum or the fading away of the extension. ‘This 














Rotational Raman Effect in Liquids 279 


result is very surprising in view of the remarks made in the introduction 
and can only be interpreted by assuming that in liquids, sufficiently large 
groups exist even at temperatures close to the boiling point, so as to give 
rise to a large rotational scattering in the close neighbourhood of the 
Rayleigh line. It is, however, not possible to explain the extension of the 
wing by postulating rotation of either the single molecules or groups and, 
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as such, a tentative suggestion has already been made that this part 
of the wing arises from groups which are not free to rotate but only 
execute oscillations about their equilibrium positions. The fact that 
increasing temperature does not effect this part of the wing either, to any 
appreciable extent, shows that this is a characteristic of the liquid state 
and can be made to disappear, presumably, only in the vapour state. 
In this connection it is of interest to investigate the rotational Raman 
effect in gases at various pressures, particularly at pressures approaching 
the critical pressure. Work on these lines is in progress and the results 
will form the subject-matter of a separate communication. 


5. Summary. 


The paper describes the results of a quantitative investigation of 
the intensity distribution within the rotational wings exhibited by a 
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number of liquids. The characteristic features which are common 
to all liquids are a very large concentration of intensity in the 
close neighbourhood of the Rayleigh line and a relatively feeble, but 
definite, extension of the wing far beyond the limit expected on the 
basis of the existing theories. The effect of temperature on the intensity 
distribution is also studied and it is found that the above features continue 
to be present, practically unchanged, even at temperatures close to 
the boiling points of the respective liquids. 

The author takes this opportunity to express his grateful thanks 
to Mr. S. Bhagavantam for his keen interest and helpful criticism during 
the course of this work. 
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1. Introduction. 


It is now well known that while computing the optic moments induced 
in the individual molecules of a liquid one has to take into account not only 
the electric vector in the incident field but also the local polarisation field of 
the surrounding molecules. In the case of a gas, however, the latter becomes 
negligible as the distances separating the molecules is then considerable. If 
bis the optic moment induced per unit incident field in the gaseous condi- 
tion the optic moment induced per the same incident field when in 


liquid condition is shown by Lorentz to be equal to 6 (1 + a x) where X, 

2_ 

4a 

tefractive index of the liquid medium. In deriving the above expression 

the assumption is made that the distribution of polarisable matter round 

the molecule is spherically symmetrical. The above considerations lead 
2] 4m 


to the well-known Lorentz’s equation "35 whe Gass b, which when com- 
1 


ny 


the optical susceptibility of the liquid is equal to :: m being the 





v 


2 
bined with the simple relation 2 + Dai v, 6 gives equation (1) in which n, 





the refractive index of the vapour at N.T.P. is expressed in terms of that of 
the liquid. 
3 of} M 


—9™ nite * axo2-4 x10" a) 


N,—1 


v denotes the number of molecules per c.c., M, the molecular weight and d, 
the density of the liquid. It is now recognised that the above relation is at 
best only an approximation and that considerable deviations from the same 
are to be found in practice. The following table shows the disagreement 
between the observed refractive indices for a few typical vapours and those 
calculated on the basis of equation (1) using the known refractive index 
of the liquid. 


281 











M. Ramanadham 








TABLE I. 
(m,—1)* 10° | (m.—1)x 10° 
Substance - observed calculated 
Benzene ee 1-5014 1820 1753 
Pentane ey 1°3564 1711 1670 
Hexane sé 1°376 2032 2003 
Carbon disulphide it 1°632 1485 1405 














It has been pointed out by Raman and Krishnan (1928) that the above 
discrepancies have their origin in a fundamental defect underlying Lorentz’s 
theory, viz., the assumption of a spherically symmetrical local polarisation 
field. They have suggested that the local polarisation field should be 
regarded generally as anisotropic and it is the purpose of the present paper 
to see if better agreement between the observed and calculated values could 
be effected by introducing this conception into the calculations. Consider- 
able amount of evidence in support of the above modified theory of Raman 
and Krishnan is already available and will only be briefly referred to here. 


2. Raman and Krishnan’s Theory and its applications. 


This theory supplemented Lorentz’s idea of the polarisation field by the 
additional postulate that the local field is anisotropic, 7.e., is different for 
different directions of the molecule, because the molecule by its anisotropic 
shape, evidence to which has been revealed by studies of X-ray diffraction 
in liquids (Sogani, 1927), cannot present the same degree of accessibility 
in all directions to the surrounding molecules. They supposed, therefore, 
that the magnitude of the polarisation field depends on the orientation of the 
molecule with respect to the light field. Instead of assuming, as Lorentz 
supposed, a spherical cavity to be scooped out they in general supposed an 
ellipsoid to be scooped out and knowing the dimensions of the molecule, 
they have shown that the magnitude of the polarisation field can be 
evaluated in terms of three characteristic coefficients p;, p2 and p3 whose 
values are given by the integral 


anabe es 
J m?+u Vv (a* + u)(b? + u)(e? + u) 








where a, >, c are the dimensions of the molecule and m can assume the values 
of a, b, or c, according as we are finding f,, po, or ps. 
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The integral reduces to a simple form when the ellipsoid is a spheroid 
of revolution. Two cases arise according as the spheroid is prolate or oblate. 


In the former b= c= a V/1—e? 


ad —e ie) 
—e (4-4 1—é? oe) 

l—e 
V1—eé 


1 pp eee ae 
Ree -“ e* ; ) 
~~ — 
P,= py = 2n( =e sin” a. =) 
e é 


Krishnan and Ramachandra Rao (1929) calculated p, and 2 from 
X-ray data in some suitable cases, and have shown that the values thus 
calculated agree with those derived from the study of the scattering of light 
in liquids and gases. The latter method of deriving f, and 2 is given here 
in some detail as certain of the equations contained therein will be referred 
to again in the following sections. We start with the two well-known 
equations (2) and (3) showing the relationship between the depolarisation 
factor and the anisotropy. 
65, 





In the latter b= c = 

















To 5 +78, ee oe ee ee ee oe (2) 

ee. 68 

' SRTBM 75, ee ic ai r - a & 
N 


The letters have the usual significance and the equations refer respec- 
tively to the gaseous and liquid states. The optic moments induced in a 
molecule in the latter case are not identical with those in the gaseous 
condition but are according to the theory of Raman and Krishnan connected 
with them by equations of the type 


B, = 6, (1+piX) .. . e's a 
where the capital letters denote the ‘effective. optic moments in the liquid 
state and x = . The equations for the refractive index in terms of 

7 


the optic moments become somewhat different in as much as we have to 
take the optical anisotropy into account. Thus 
wl. 6, +6,+5, 
d4rv, ah 3 
n?—1 B,+B,+B 


and = : = ; ee of er ee 6 
x 4trv| 3 (8) 





(5) 
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It is possible by the aid of equations (2), (3), (5) and (6) to calculate B), Bo, and 
bi, bz, separately in the case of molecules possessing an axis of symmetry 
and from them to deduce the values p,; and #2 by equations of type 4, 
This is what Krishnan and Ramachandra Rao have done. The values of 
pi and p2 so calculated agree with those derived from the X-ray data, thus 
supporting the theory of the anisotropic polarisation field. 


Krishnan (1930) has subsequently made use of the data of the 
scattering of light alone in support of the theory. He calculated the 
refractive index of benzene liquid from the knowledge of its refractivity in 
the vapour state, and the scattering data both in gaseous and liquid 
conditions and showed that better agreement between the calculated and the 
observed values could be obtained in this manner than when the calculations 
were made by the simple Lorentz equation. 


Langevin’s theory of electric and magnetic birefringence has also been 
modified on the basis of this idea (Raman and Krishnan, 1928) in order to 
explain the observed results satisfactorily in liquids. The present author 
(1929) has applied the same idea of the anisotropic polarisation field in 
deriving an expression for the magnetic birefringence in liquid mixtures. 
Narasimhiah (1934) has recently derived an equation for the refractivity 
of the liquid mixtures on this basis. A similar equation has also been 
derived by the present author in an earlier paper already referred to. 


3. Calculation of the Refractivity of the Vapour. 


Krishnan’s calculation of the refractivity of the liquid from that of the 
vapour is beset with certain difficulties, which he overcomes by the method 
of successive approximations. In making use of equation (3) for calculating 
p, and 2 one can see that it involves the very refractive index of the liquid 
which we want to find out. Krishnan first m kes use of the refractive index 
as derived from relation (1) based on the sin ple Lorentz’s theory and then 
calculates p, and f2 by the use of equations (3) and (4). Then he calculates the 
refractive index by inserting these values of p, and 2 in equation (6). He 
resubstitutes this in the formula (3) and gets new values for p, and #2 and so 
on. We have inthis paper avoided this method of successive approxi- 
mations by calculating the refractivity of the vapour from the known 
refractivity of the liquid instead of the other way. This procedure is free 
from the above difficulties and provides a satisfactory and direct means of 
testing the validity or otherwise of the anisotropic polarisation field theory. 
The method of calculation is as follows. We have assumed for simplicity 
that the molecule possesses an axis of symmetry, i.e., Bg=By; b2=63 and 
p2=p3. Two cases at once present themselves, ¢e.g.; when B,> Bz and B; < Bz. 
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Let us suppose B,> By. We calculate first B, and Be from equations (3) and 
(6). ‘Then we calculate #, and 2 by means of the equation (Narasimhiah, 
loc. ctt.) 

4a+p.(m’?—1) 1+2 v5) 1— 75, 

4n+p(nf—1) 1— Yh 1+2¥78, 
together with the equation p,+ 2p2= 47. Knowing B; and Bz and #, and pp» 
we calculate 6, and bs, which latter enable us to calculate the refractivity in 
w,—1 5b,+2b, 
4nv, oe) ee 
B, < B; to calculate ; and p2 we must make use of an equation like 

4n+p,(m?—1) 1-278 (1+ V8, 

4n+p,(m?—1) 1+ ¥& © 1-2 V8, 

To decide the choice between the two possibilities, one may be guided 
toa certain extent by the doublet theory of optical anisotropy developed 
by Ramanathan (1925). In this connection, it is, however, of interest to 
mention the recent theoretical work of Mrowka (1932) according to which 
the optical polarisability of the hydrogen molecule along the nuclear axis is 
less than that in directions lying in the symmetry plane. This result is 
surprising and in our terminology, means B,;<B, which is in direct conflict 
with the conclusions of the theory developed by Ramanathan. An experi- 
mental test between the two alternatives is only possible in those cases in 
which the crystal structure and birefringence of the substance in the solid 
state are known. In view of this both cases have been worked out in the 
present paper without showing any prejudice towards the one or the other, 
with a view to see which of the cases brings closer agreement between 
calculation and observation. In the table the alternative sets of values 
are given only in the cases of benzene and carbon disulphide as they 
happen to afford results distinctly in favour of the theory developed by 
Ramanathan. In other liquids, the two alternatives lead to more or less 
the same results. 








the vapour using the equation In the case in which 








4. Discussion. 


The first six liquids are cases where we can justifiably assume an axis 
of symmetry to exist for the molecule concerned. Such an assumption 
in the other instances is an approximation and these have been worked out 
only to see whether the conception of the anisotropic polarisation field 
improves the results or not. One can in general find from a glance at the 
table that the values calculated on the basis of Raman and Krishnan’s 
theory are higher than those calculated according to Lorentz’s formula. 
With the exception of the liquids which we have listed as third group in 
the table, Raman and Krishnan’s theory makes the calculated values 
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approach the observed values more closely than the Lorentz’s theory. It 
must also be noted that the agreement between the calculated and observed 
values in the case of the first six compounds with the exception of cyclo- 
hexane (for which we do not have reliable data for the refractivity of the 
vapour), is excellent as may be expected. It is interesting to note that in 
the third group of compounds the value calculated according to Lorentz is 
itself generally higher than the observed value but it is not possible to draw 
any definite conclusions. 


Of the two alternatives given in benzene and carbon disulphide it will 
be noticed that the case in which B, is less than Be for the former and the 
case in which B, is greater than Bz for the latter provide decidedly better 
agreement with the observed values and this is in accordance with the 
prevailing ideas regarding these two molecules. 


It may further be pointed out that the mode of calculation adopted in 
the present paper lends a strong support to the theory of Raman and 
Krishnan in that it affords a kind of internal agreement without our having 
to fall back upon any theory to derive the values of p; and pf» from the 
dimensions of the molecules. The only assumption we made regarding 
them was that p, + 2p2 = 47. 

5. Summary. 


The theory of the anisotropic polarisation field developed by Raman 
and Krishnan has been applied to calculate the refractivities of a number of 
organic vapours from the known refractive indices in the liquid state. The 
observed values are found to agree better with those calculated on the above 
basis than those obtained with the help of Lorentz’s formula. 


The author is highly thankful to Mr. S. Bhagavantam for his interest in 
the work. He is also thankful to the Syndicate of the Andhra University 
for having awarded him a research scholarship. 
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Summary. 


AFTER describing a method for determining experimentally the constants 
and a curve called the basic magnetisation curve of the general expedor 
phase advancer, a general expression for the voltage generated in the phase 
advancer when connected to an induction motor in any manner, is derived. 
The exact and approximate equivalent circuits of an induction motor-expedor 
phase advancer set are obtained from its general equations and an equation 
for its current locus involving only one of the several assumptions generally 
made, is derived in two ways. A method of predetermining the complete 
performance curves of the set from a knowledge of its no-load data is 
described and complete calculated current loci and performance curves of a 
50 h.p. set are given for three cases. The equation for the exact current 
locus of the set is derived in two ways and it is shown that for practical 
purposes the difference between the exact and approximate loci is not 
considerable. The circuits, equations, etc., have been put in such a form 
that the results obtained from them may be easily applied to an induction 
motor working in conjunction with various other commutating devices. 


1. Introduction. 


Theories of an induction motor connected to an expedor or series phase 
advancer which have been proposed from time to time (see bibliography) are 
based on two or more of the following assumptions :—- 

(1) The speed of the phase advancer flux is negligible ; 

(2) ‘The reactance of the phase advancer is constant or negligible ; 

(3) The contact resistance of the brushes on the commutator and the 

slip rings is constant ; 

(4) The resistance of the primary of the motor is negligible ; 

(5) The exciting current of the motor is proportional to the primary 

impressed voltage. 
A theory based on such assumptions is fairly simple and gives a general 
qualitative picture of the action of an expedor phase advancer but is not 
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suitable for quantitative work. Another matter which an examination of 
the existing literature on this subject brings out is that no method has so 
far been proposed for predetermining, with the help of a few simple and 
inexpensive tests, the complete performance curves (not only current loci 
but primary and secondary currents, power factor, torque, efficiency, etc., at 
various loads from no-load to maximum load) of a particular motor when a 
particular expedor phase advancer is connected to it in any of the many 
possible ways. These are of special importance to a designer and have to be 
determined with the same degree of accuracy as is possible in the case of 
the uncompensated motor. The object of this paper is to propose a theory 
free from the assumptions mentioned above and show how the complete 
performance curves of a motor connected to an expedor phase advancer in 
any manner may be predetermined with the help of a single set of data of 
the two machines. 


2. The General Expedor Phase Advancer. 


The phase advancer in Fig. 1 having field winding F,, Fo, Fz and a 
neutralising winding Nj, N,, N3 on the stator connected in series with a d.c. 




















Fic. 1. Diagram of the general expedor phase advancer. 


atmatute may be called the general expedor phase advancer as its theory is 
applicable to all the expedor phase advancers. ‘The flux of the neutralising 
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winding neutralises the armature flux and the flux of the field winding induces 
in the armature an e.m.f. whose star value* is al’s PLE where 


T,et 


a is a factor which depends on the flux per ampere turn produced by 
the field winding and on the speed of the armature relatively 
to this flux. As the iron of the phase advancer is, in practical 
machines, saturated except at light loads and the field flux 
rotates at a speed proportional to the slip of the motor, a 
is not a constant. 
the secondary current per phase, on the assumption made 
throughout this paper, that the primary and the secondary of 
the motor have equal turns and the secondary is star-connected 
or replaced by its star equivalent, if delta-connected. 

6 is the angle by which the e.m.f. generated in the phase advancer 
leads the secondary current. It is in general constant for a 
phase advancer and depends on the angle between the axes of 
the field and the commutator brushes. It may be assumed for 
theoretical considerations that any desired value of @ between 
0 and 27 is possible. 


3. Basic Magnetisation Curve and Data of the Phase Advancer. 


I’. = The actual secondary current ; 
Yq = Resistance of the phase advancer including that of brushes and 
brush contacts ; 
x¢ = Reactance of the field winding at full frequency ; 
%_, = Leakage reactance of the neutralising winding at full frequency ; 
f = Frequency of supply to the motor ; 
m= Pairs of poles of the motor ; 
P, = Pairs of poles of the phase advancer ; 
N,,= =~ =Synchronous r.p.s. of the motor ; 


N, = — =“ Basic”’ speed in r.p.s. of the phase advancer ; 
a 


E,; = UI’2= The voltage induced in the armature when it cuts the 
field flux due to current I’, at the basic speed, 7.e. £ I.p.s. 
a 
U = Volts per ampere of field current induced in the armature when 


it cuts the field flux at basic speed. U is not a constant as the 





* All quantities relating to the secondary and the phase advancer have been 


reduced to star values as this introduces considerable simplicity in the theory by 
enabling one to deal throughout with the secondary line current. 
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flux per ampere turn is not constant when the phase advancer 
is saturated. 
If E, is plotted against I’, a curve of the type shown in Fig. 2 is obtained 
and may be called the “ basic’”’ magnetisation curve of the phase advancer. 
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Fig. 2. E,—Basic magnetisation curve of an expedor phase advancer. 





U —Curve showing variation of volt per ampere generated in an 
ex pedor phase advancer when it cuts its flux at the basic speed. 


R. —Curve showing variation of resistance of the secondary and the 
phase advancer. 


It may be obtained experimentally by starring the field winding, exciting it 
by current of full frequency (after lifting the brushes to avoid heavy current 
in the coils short-circuited by them) and measuring the voltage between 
commutator segments 120 electrical degrees apart at various values of the 
field current. ‘This voltage divided by 1/3 gives E,. It may not be possible 
to obtain the entire curve required experimentally as this would mean 
passing through the field up to about three times its rated current. How- 
ever, if the curve up to about one and a half times the rated current is known 
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the rest may be obtained from design data, or by producing the experimental 
curve approximately as the increase of voltage at this stage is very smalj 
and almost follows a straight line. 


The flux per ampere produced by the field winding being variable, the 
reactance (x,) of the field is also variable. However, since the flux responsi- 
ble for the reactance of the field is the same which induces voltage in the 
armature, the reactance drop in the field is proportional to E, and may 
therefore be written as k-E, = k,UI’2 where ky is a constant which is easily 
determined at the same time as E, by measuring the current, voltage and 
power in the field winding circuit. The leakage reactance (x,) of the neutral- 
ising winding is practically constant and may be determined by passing a 
current of full frequency through this winding in series with the armature 
and determining the reactive drop. The resistance of the phase advancer is 
measured in two stages—first of the stator winding and then:of the armature, 
brushes and brush contacts with the armature rotating at about the rated 
speed of the phase advancer. 


4. Load Magnetisation Curve. 


The general expedor phase advancer can be separately driven at a 
constant speed, or geared, belted or coupled to the motor and can, like the 
three phase series motor, be connected for working in or against the direction 
of rotation of its flux. 

Let the phase advancer be driven separately at a constant speed in or 
against the direction of rotation of its flux and let 

c Ratio of the speed of the phase advancer to its basic speed ; 

s Slip of the motor ; 

E, = Voltage generated in the phase advancer in general. 

Then 


The speed of the phase advancer flux —~ = sN, 


sf 
P, 


The speed of the phase advancer armature 
relatively to the field flux = oN, t sN, 
=(cts)N, 
Therefore 
E, = (ets) UI’2 .. ru a ‘ 
Let the phase advancer be geared or belted to the motor and let 


g = Ratio of the gear or pulley of the motor to that of the phase 
advancer ; 
d = Ratio of the poles of the phase advancer to those of the motor. . 


(1) 
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Then 


The speed of the moter = (1 — s) 5 


The speed of the phase advancer = g(1—s) +- 


= gd (1 — s) Ny 
The speed of the phase advancer armature 
relatively to the field flux gd (l1—s)N,tsNa 
= {gd +s (—gdt1)}N, 
Therefore 
E, = {gd +s (— gd + 1)} UI’2 : - @ 
When the phase advancer is directly coupled to thie: motor, g = 1 and 
E, = {d+s(—dx+1)} UI’2. “a See 
If E, is plotted against I’,, a curve satin to the magnetisation curve 
shown in Fig. 2 will result in every case and may be called the load magneti- 
sation curve. It will be observed that there is no simple relation between 
the voltages generated in any two cases but the expression for voltage in 
each case is of the same form and may be written as 
= (p+sqg)I’2 .. an ‘i a & 


The values of and q in various cases are as shown in Table I below. 


TABLE I. 





Case 





Phase advancer separately driven +U 
Phase advancer geared or belted to the motor (-gd £1)U 


Phase advancer directly coupled to the motor dU (-d+1)U 











The ambiguous sign in the table being minus or plus according to whether 
the phase advancer is revolving in or against the direction of rotation of 
its flux. 
5. Theory of an Induction Motor connected to the General 
Expedor Phase Advancer. 


The theory of the motor based on the load magnetisation curve has 
been given elsewhere.! The solution for the current locus contains a 
term a=(p+sg) and is not satisfactory owing to the presence of s. 
Moreover, if the load magnetisation curve at a particular speed or the 





1 Rudra and Walker, J.J.Z.H., 1931, 69, 445. 
3 
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basic magnetisation curve is known, the load magnetisation curve at 
other constant speeds or for the cases considered above cannot be 
determined easily. However, by basing the theory on the basic magnetisa- 
tion curve all these difficulties disappear and the action of the phase 
advancer under any condition of working can be determined with equal ease. 
Let 
E = E.M.F. consumed by the voltage induced in the primary by the air 
gap flux ; 
To = Primary exciting current ; 
% + jx» = Primary exciting impedance ; 
E,, I, 71, x; = Primary impressed e.m.f., current, resistance and leak- 
age reactance respectively ; 
I, = Primary current required to overcome the secondary ampere turns; 
E», I'2, r2, X2 = Secondary induced e.m.f., current, resistance and leak- 
age reactance respectively ; 
(p + sq) I’ = Voltage generated in the phase advancer ; 
Zo = % + 9%; Zi = 1 + 9%; Re = 12 + Pa. 
The equations of the motor connected to the general expedor phase 
advancer are :— 
E = Zo Io = (70 + J%o) Io 
I, = Io + I, 
EF} =21+E= (n tied +2 
sE2 = Ro I’, + 7 (sx%2 + sx» + sky U) I'2-(p + <q) V's 38 
Dividing both sides of equation (8) by s and putting E, = -E and 
I’,== — I, and simplifying, equation (8) becomes 
sE = [{(R2 — p cos 6) — sq cos 0} + j {8 (%2 + %, + ky U-@ sin 8) - 
p sin 63] 1, (9) 
(9) is the equation of the secondary reduced to primary. It is interesting to 
note that the equivalent secondary impedance consists of a resistance and a 
reactance which are independent of s and a resistance and a reactance which 
operate with s. Let 
73 = —q cos 8 = Resistance in the secondary circuit which operates 
with s ; 
X%3 = (x2 + x, + ky U-qsin 9) = Reactance in the secondary circuit 
which operates with s; 
ry = R»- pcos 0 = Resistance in the secondary circuit which is inde- 
pendent of s; 
x4 = — p sin 0=Reactance in the secondary circuit which is independent 
of s; 





- 
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Zo = (14 + S¥3) + 7 (x4 + Sx3) = Total effective impedance of the 
secondary circuit ; 
x3 X4 
Then equation (9) may be written as :— 
Zo . 
B=2L={(,+%+i@+ 91, - ee . (10) 
Equivalent circuit.—It will be observed that equations (5), (6) and (7) 
which relate to the primary are the same as in the uncompensated motor. 
The introduction of the phase advancer has altered the equivalent impe- 
dance of the secondary from {(r2/s) +jx2} to that given on the right-hand 
side of equation (10). Hence the equivalent circuit of an induction motor 
connected to the general expedor phase advancer is as shown in Fig 3. 
The treatment of this circuit is rather involved and is given later. As is 


Xy fy=-GC0SO Xy=XetXytkeU-g sine 
Ip] lp~———> 


f, R,-~pcos 0 
lr Se. Mespcos'© 
o 5 


x, _—p sine 
s s 











Fie. 3. Exact equivalent circuit of aninduction motor-expedor phase advancer set. 


usually done in the case of transformer and uncompensated induction 
motor, the exciting impedance may be shifted to one end of the circuit as 
shown in Fig. 4. The resulting circuit is much simpler to treat, and as 


Xs 


camer. 
Main circuit 


Shunt 
circuit 


Xo 








Fic. 4. Approximate equivalent circuit of an induction motor-expedor 
phase advancer set. 


shown later, gives results which for practical purposes are the same as those 
given by the treatment of the exact circuit. 
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6. Methods of Obtaining the Locus of Current in the Circuit of Fig. 4. 


The simplified equivalent circuit in Fig. 4 consists of two circuits 
which may be called ‘‘shunt” and “main” circuits. The current in the 
former is constant and approximately equal to Ip and the current in the 
latter varies with load and is approximately equal to Iz. The locus of I, 
is the same as the locus of Iz because I) =Ig+I,2 and Ig is constant. Let in 
Fig. 5, 

OE represent the direction of the primary impressed e.m.f. ; 

ON represent Ip the current in the shunt circuit ; 

Nx represent the axis of x perpendicular to OF ; 

Ny represent the axis of y parallel to OE ; 

NQ represent I, at any load ; 

OQ represent I, ; 

y represent the angle between Ny and OE, 7.e., between E, and Ij, 

y being positive when Ip is leading. 
go represent the angle between E, and Ip; 

¢@ represent the angle between E, and I). 


—e J 
' 








4\Ne 


$ 





hy 

o I, 

Fig. 5. Diagram showing constructions for obtaining points on the current locus of an 
induction motor-expedor phase advancer set, 


Sal 
we 








N 


Applying to the main circuit the rule given elsewhere? it will be seen 
that referred to axes at N the locus of I is :— 
a+ y? — 2a,0 — by =0.. ‘a Re .. (11) 
where, 
E, 


ie (7, + 15) w,/8 ‘ 
2 (a, + a4) { 1 yas Rea a .. (12) 





a, = 


b=-—a a,/8 =—-@a,— .. oe e- .. (18) 


* *¢.)0 * #, 





2 Rudra and Walker, loc. cit. 
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This rule is obtained by generalising the results obtained by solving the 
main circuit by the method of inversion and by an analytical method and 
can be easily applied to various forms of the general alternating current 
transformer® if their respective equivalent circuits are known. Although 
equivalent circuits are very useful in assisting the physical conception of 
the apparatus to which they relate, the necessity of obtaining them before 
a method or rule can be applied, is a restriction which may not be desirable. 
The following method overcomes this necessity. It moreover brings out a 
phase of vector algebra which in conjunction with the symbolic method of 
Steinmetz gives to the electrical engineer a powerful analytical method for 
dealing with alternating current problems. 


The equations of the apparatus form the starting point. For example, 
in this case they are (5), (6), (7) and (10). Putting I9+I, for I, in equation 
(7) and substituting for Ip and E from (5) and (10), 

Z, E 
F 
—_ Z Z, 

=(4.+3)b+78 ee i i .. (14) 


B,- 24,0 + + “21, 


Neglecting i E which is equivalent to shifting the exciting circuit to one 
0 


end in the equivalent circuit, and expanding 
' ; y 

B= f(r, +4.) + (ry + je) +5 (+2)! I, -. (15) 
% has been assumed to be positive when I, leads E,;. Hence, when I, is 
leading the coordinates of Q, the extremity of I, are (—x, y) and 

I,=I, cos J+ jl, sin fg = (y—Jja). 
When I, is lagging, the coordinates of the extremity of I, are (x, y) and 

I,=I, cos » — jI, sin » =(y—ja). 
Substituting for I, in equation (15) 


B, = {(r + 50,) + (7, + 50.) + (B4+F)} W— Jo 
={(m+a,4%)e+(intr+ Sy} 
+ 5{(a +0, + \y—(r, +7 + *2) a} 
Equating real and imaginary terms in equation (16) 
E, = (2, +a, +52 + (r, +r,+ “s\y 


0 =(n+0,4+%)9—(,4+74+% “ 





§ Rudra, J.1.E.E., 1932, 70, 365, 
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Equating the expressions fors given by (17) and (18) and simplifying, 
equation (11) is obtained in which a, and b, have the same values as those 
given by (12) and (13). 

Construction of locus.—r3, x3, rg and x4 contain a variable U. », 
contains besides U a variable Ro, which owing to contact resistance of the 
brushes varies as shown in Fig. 2: Hence the locus represented by (11) is 
not a circle and has to be determined point by point as shown below. For 
any particular value of I, find U, Ro, a2 and b). With centre (as, b,) draw, 
as shown in Fig. 5, an arc of a circle passing through N. The point of inter- 
section of this arc with an arc of a circle of centre N and radius equal to I, 
is the point on the locus corresponding to this value of Ip. As will be seen 
from Fig. 2, the variation of U is much larger than that of Ra. It would not 
therefore be permissible to assume U as constant at some mean value, but 
it would be permissible to take Ry as constant at the value corresponding to 
full load or two-thirds load current of the phase advancer. 

The method of constructing the locus described above is not suitable 
for light loads as in general by wil! be very large. In such cases and also 
for any load the locus may be plotted with the help of the polar form of the 
equation of locus, v7z. : 








I, = 2(a, sing — b, cos wz) or 
b, ta. V(48?-1 
cos f = + 2 ) (19) 
where § = ao LB 
if 


Values of cosy for different values of Ip are determined from equation (19) 
and points on the locus are obtained in the same manner as in tracing curves 
from their polar equations. 


Fig. 6 shows the primary current loci, as motor and as generator, of a 
3 phase, 50 h.p., 500 r.p.m. induction motor coupled to a Miles Walker 
phase advancer (9 = 30°). A is the current locus when the phase advancer 
is running against its flux and B when it is running in the same direction as 
its flux. Circle F of centre f is the current locus of the uncompensated 
motor. ‘The constants of the motor and the phase advancer are:— f = 50, 
E,= 400, Ib =19 at power factor of 0-1 lagging; P,,=6; ry=1-84; 7; =0-26; 
Hi + % = 2-35; ke = 1-5; P, = 2andx, = 0-25. The basic magnetisation 
curve of the phase advancer and the resistance curve of the secondary and 
the phase advancer are those shown in Fig. 2. . In the calculations relating 
to this paper, Ry was assumed to be constant at 0-41 which ‘s the value at 
about full load of the motor. 
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The locus diagrams in Fig. 6 give a general view of the action of a Miles 
Walker phase advancer coupled to an induction motor and are typical for 


P(max 







Motop 
Mo to, 
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Fia. 6. Current loci of a 50 h.p. induction motor coupled to a Miles Walker 
phase advancer. 


A—Phase advancer running against its flux. 
B—Phase advancer running with its flux. 
F—Without phase advancer. 


phase advancers with field and neutralising windings. It will be observed 
that although the starting speed of the phase advancer is practically the 
same in each case the behaviour of the motor in the two cases differs consi- 
derably, specially on overloads. This is due to the speed of the phase 
advancer flux and shows the important part it plays. Itis interesting to note 
that even when the design and method of drive of a Miles Walker phase 
advancer are fixed, the power factor characteristics of the motor can be 
altered by changing the direction of rotation of the flux but this is accompa- 
nied by a change in the overload capacity of the motor. Curves A’ and B’ 
in Fig. 6 are respectively the locus of centres of the circles on which points 
of the loci A and B lie. It is interesting to note that they are not, as 
generally shown, straight lines perpendicular to the axis of x. Points on the 
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loci corresponding to maximum output and unity slip are indicated by tri- 
angles and crosses respectively. 


7. Predetermining the Performance of the Motor. 


As the current locus of an induction motor connected to an expedor 
phase advancer is not a circle, the usual graphical method of predetermining 
the performance of the motor is not applicable. Moreover, the graphical 
method, even when possible, has certain inherent defects, and for convenience 
and accuracy such as are demanded in a design office, a method involving 
the use of slide rule only is preferable. Such a method which is applicable 
to various forms of the general alternating current transformer, such as the 
Heyland, Osnos, Schrage, Torda and other motors is given below with 
reference to the case under consideration. The method makes use of the 
no-load data of the motor and the phase advancer and of cosy. ‘The data 
of the motor can be determined in the usual way and those of the phase 
advancer can be determined from the tests described above. Cos y is 
determined for different values of Ip from equation (19) and performance of 
the motor is obtained as follows :—- 


Output per phase in watts is: 

P = Input into main circuit — Losses in main circuit. 
= FE Io cos wb _ (7; + Ro) I,.”. 

Total input per phase in watts is :— 
QO = Te E; + E) I, cos p 


where L,, is the wattful component of Ip. 
Efficiency per phase is :— 
P 

™é 
Torque per phase in synchronous watts is :— 
T=Total input into primary — Total primary losses. 

= (IE, +E; Iz cos p) — (I,Ei +-7) Ip?) = EF, Ie cosyp—r, I? 
From equation (15) or the equivalent circuit in Fig. 4, the voltage 
consumed by resistance is :— 


(r+ rs+7!) I,=F, cos 


Hence fractional slip of the motor is :— 
s= "4 I, a. 
E, cos #—(r,+r,) I, 
Primary current per phase is :— 
I, = V{Iz2-+Io? —2Ip.Ip cos (do + #)}. 
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Since I, cos? = I, + I; cosy 
Power factor of the primary is :— 
sanlives tS cos 

Proceeding in this nianeens output, efficiency, torque, slip, primary current 
and primary power factor at various values of the secondary current are 
obtained and the results may be plotted against output or torque as abscissa. 
It will be observed that the expressions given above make use of a 
single set of data of the motor and the phase «(vancer and are the same in 
whatever way the phase advancer is connected. Curves in Figs. 7 and 8 are 
respectively the calculated performance curves of the 50 h.p. motor with 
directly coupled phase advancer revolving in and against the direction of rota- 
tion of its field flux. Curves in Fig. 9 are those of the uncompensated motor. 
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Fia. 7. Calculated performance curves of a 50 h.p. induction motor coupled 
to a Miles Walker phase advancer running with its flux. 
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8. Exact Locus of I). 


In a previous paper* a method of obtaining the exact locus of current 
in a circuit of the type in Fig. 3 has been given. The results given there may 
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Fic. 8. Calculated performance curves of a 50 h. p. induction motor coupled 
to a Miles Walker phase advancer running against its flux. 





be directly applied to the circuit of Fig. 3 and it will be seen that, referred 
to O as origin the equation of the exact locus of I, is 


Ay (x2+4?) — B, Ey x — C; Ey + Dy = 0 Ft .. (20) 
where 

Ay = %o21? (Co—C4) + x20? (C1— C4) + %3 2’9? (C3 — C4) ; 

By = 2% %) (Co—C4) + 2%3 %'g (Cg—C4) — 2? Cg ; 








* Rudra, R.G.E., 1934, 35, 843, 
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Kia. 9. Calculated performance curves of a 50 h.p. uneompensated 
induction motor. 

Cy = 2x9 7) (Co—C4) + 2x3 7'o (Cz—Cg) + 20? ; 

dD, = E;? {x4 (Co—C4) + Xs (c3— C4) } - 


Co, Ci, C3, Cy having the particular and general meanings stated 








below :— 
f= = = Ratio of resistance to reactance in the exciting circuit ; 
Q= = = Ratio of resistance to reactance in the primary circuit ; 
(73> n = Ratio of resistance independent of s to reactance 


3 


independent of s in the equivalent secondary circuit ; 
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= Ratio of resistance dependent on s to reactance 
dependent on s in the equivalent secondary circuit. 
and 7’) = (r9+7%) ; Xo = (Xot+%) and 2’9? = (ro+7)? + (xo + %)? 

The equation of the exact locus of I, can also be obtained by solving 
the vector equations of the motor in the same way as employed in connec- 
tion with the approximate locus. Substituting for Ip and I: from (5) and 
(10) in (6), 

I= 
whence 
E= —_—_— .. a ae a8 -+ (22) 


1 1 
+5, 





to 2 re =< a 



















0 2 


Substituting for E from (22) in (7), 


1 
E,..= E a rir | Si = .. (23) 
— aa aaa 
Z, Z./8 
Simplifying equation (23), 
(2+) Ey = [0 2+ (Zo + Z1) I) sig -- (28 


(2, + 42) = (r,t) + (rabies) + (re + inal) 
= {(ro+1s) + 1/8} + 9 { (@ +25) + @,/8} 


= (ret+r,/8) + j (ae+e,/8) 
where 


%~=T TPs 
Dy = L, + Xs 


Za\ , > Zs 
(By +B) +B" 


=(Re+ =") +5 (Xe+*) 

where 
Ri=(r, 71 —% 21) + (8’ 13-2", Bs) 
R,=1r—,.7,—@', %, 
Xe=(r, %, + ® 1) + (0, 3 t+2’, 1) 
X,=", + @, 7, 

Equation (24) may now be written as 


[(¥8) +s(meB) m= (mer) oi(me)} om 
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Simplifying the right hand side of equation (25) and equating the real and 
imaginary terms, 


(n+%) B, =(R+")y+(x+%)2 -. (26) 


(m+) B, a (+ =) y 5 (a+ =)e ck . QD 
Equating the expressions for s obtained from (26) and (27), 

reE, — Rey — Xet@ _ %&E, - Xiyt+ Ree 

R,y + Xe — r,B, X,y — R,2—7@, kB, 
Simplifying equation (28) 

(Ry X, — Ry Xx) (@? + y*) — (Kev, + Ber, — Rory — Xv 7%) B, x 

—(X,7r~ — Ry % + R;@, _ Xer,) E,y— (r, 2, -— xr JE,” =0.. (29) 
Simplifying equation (29), equation (20) is obtained. The locus is con- 
structed in the same way as the approximate locus, 1.e., points on the locus are 
intersections of circle of radius I, and centre N with the circle given by 
equation (20). Fig. 6 shows points on the exact current locus of the 50 h.p. 
motor for values of Iz = 30, 40, 60 and 90 amperes respectively when the 
phase advancer is revolving against the direction of rotation of its flux. It 
will be seen that in the working range of the motor the difference between 
the exact and approximate loci is very little and is only considerable on 
over-loads. 





(28) 


LIST OF SYMBOLS. 


a = p-+s8q= Volts per ampere generated on load in the phase advancer. 


(a2, be) Coordinates of centre of circle. 


ll 


Ay = 20%? (Cy — Cg) + %y2—? (Cy — C4) + 2g2’o? (C3 — C4). 
B, = 225%, (€ —C4) + 2as2', (¢; — C4) — Zo" C4. 
¢ = Ratio of the working speed of the phase advancer to its basic speed. 
Co = <a 
Lo 
“eee 
7 
Cy = * 
bad) 
Qq = fd 2 
XM 
C, = wxory (Co — cy) + Zag 1’, (C3 — Cg) + 207. 
os = 2 
Pm 
D, = £E,? { Lo (Co — Cg) + Xe (C3 — C4) } 
E = Component of the primary impressed voltage equal and opposite to the 


voltage induced in the primary by the air gap flux. 
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Primary impressed voltage. 
Secondary open-circuit voltage. 
(p + 8q) I’. = Voltage generated on load in the phase advancer. 


UI’, = Voltage generated in the phase advancer armature when it cuts its 
field flux at the basic speed. 


Frequency of supply. 

Ratio of gear or pulley of the motor to that of the phase advancer. 
Exciting current of the motor. 

Primary current. 


Component of the primary current required to overcome the secondary 
ampere turns, 
Actual secondary current. 
V¥—1. 
Ratio of the reactance drop of the field winding to the voltage induced in the 
phase advancer armature at the basic specd for any value of I’5. 
f 


_ Basic speed of the phase advancer. 
a 


- = Synchronous speed of the motor. 
m 


c, gd or d according to whether the phase advancer is separately driven or 
geared or coupled to the motor. 

Output of the motor in watts. 

Pairs of poles of the phase advancer. 

Pairs of poles of the motor. 

+ U, (—gd + 1)U or(—d + 1)U according to whether the phase advancer 
is separately driven or is geared or coupled to the motor. 

Input into the motor. 

Equivalent iron loss resistance. 

To ti. 

Resistance of the primary. 

Resistance of the secondary. 

—qcos8. 

R, — pcos 8. 

Resistance of the phase advancer. 

fo + Ta. 

To + Ta. 

(To — %o%1) + (1’ ors — 2’ 9%). 

Y’ ols — 2X 5%. 

Fractional slip of the motor. 

Torque in synchronous watts. 

Volts per ampere generated in the phase advancer armature when cutting 
its flux at the basic speed. 

Exciting reactance of the motor. 


%o t+ %. 
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a, = Leakage reactance of the primary. 
z, = Leakage reactance of the secondary. 
t%, = (ae +- tn + kf U — q sin 6). 


ts a = —psind. 


ay = kfU = Reactance of the field winding of the phase advancer. 
tp = %o + Xs. 
a2, = Leakage reactance of the neutralising winding of the phase advancer. 
Xz = (7o% + 2o 71) + (tows + @’ ors). 
Xy = 13% + User. 
y Ze, = 6 + Jto- 


Zn = To + j#'o 
Z; = 1 + jay. 
Zo = (rg + 8f3) +5 (%q + 82s). 


e 7 = Efficiency of the motor. 
@ = Angle by which the phase advancer voltage leads the secondary current. 
y = Phase difference between E, and I,. 
$d) = Phase difference between E, and I). 
¢; = Phase difference between E, and I. 
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THE shortest wave-length that has been observed in the solar spectrum is 
2863 A, which was reached by Paul Gotz! working in Switzerland. This 
should be considered a remarkable achievement as the intensity dies down 
very rapidly with decrease of wave-length beyond 2950 A. Generally 
speaking, 2900 A may be considered to be about the shortest wave-lengti 
of the solar spectrum attainable under good conditions. The reasons for this 
limitation of the spectrum is now well known to be the absorption exercised 
by ozone present in the upper atmosphere. Ozone has strong absorption 
between 3200 and 2200 A with a maximum at 2550 A. ‘The absorption 
coefficients a of ozone in this region, defined by the equation I=I)1l0- 
and as measured by Fabry and Buisson’ and by Léauchli? are shown in 
Fig. 1. Inthe above equation / stands for the thickness of ozone in centi- 
metres at N.T.P. 
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X" ~=ABSORPTION BY OZONE IN THE ULTRAVIOLET. 


Fig. 1. 


At the position of maximum absorption, a layer of ozone 1/150 cm. 
thick at N.T.P. would reduce the intensity of the incident radiation to one- 
tenth. The extensive measurements organised by Dobson‘ have shown that 
there is always present in the upper atmosphere an amount of ozone which, 
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on the average, varies from 0-20 cm. (at N.T.P.) near the equator to 0-35 cm. 
near the poles. At 2900 A, the absorption coefficient of ozone is 19 
and even at normal incidence, a layer 0-3 cm. thick would reduce the 
intensity of the incident light to 2 x 10° of its value. The extinction due to 
molecular scattering of light by the thickness of the whole atmosphere at 
2900 A at sea-level is only 0-58 and hence small compared with the ozone 
absorption. 


The effective height of the ozone layer was, till very lately, believed to 
be 40—50 km. but more recent measurements, with improved apparatus, by 
Gétz, Dobson and Meetham® have shown that, while the mean height is 
about 22 km., ozone exists at all heights from the surface up to 50 km. and 
more. Fabry and Buisson’s measurements of the absorption coefficients 
of ozone extend only to 2352 A where the value ofa is 74. But ultra- 
violet spectrum photographs® through increasing thicknesses of ozone show 
that below about 2200 A, the absorption is very small. The only 
measurements of absorption coefficients in this region appear to be 
those of E. Meyer? whose values are also plotted in Fig. 1. According 
to Meyer, the absorption coefficients at 2200, 2100 and 2000 are 19-2, 11-5 
and 7-8 respectively. 


As has been realised by previous investigators, we should expect a 
revival of the solar spectrum on the short wave-length side of the Hartley 
absorption band at about 2200 A if the sun radiates as a black body at about 
6000° K and ozone is the only absorbing agent in the atmosphere. Attempts 
at detecting this radiation have, however, not been successful till now. For 
many reasons, there seems to be little doubt that the continuous spectrum 
} of the sun outside the earth’s atmosphere corresponds to that of a black 
body ; there should therefore be some other agency responsible for prevent- 
ing the solar radiation below 2200 A from reaching the surface of the earth. 


Transparency of the lower atmosphere in the Ultra-violet. 


Measurements of the transparency of long horizontal columns of the 
order of 1 km. of the lower atmosphere have been made by Buisson, Jausse- 
tran and Rouard,® by Gétz and Ladenburg® and by Gétz and Leibnitz.1¢ 
They show that in the region 3000—2600 A there is in addition to the 
attenuation caused by suspended particles and molecular scattering an extra 
absorption which can be definitely ascribed to a small percentage of ozone, 
} but that for wave-lengths sherter than 2600 A, there is a further additional 
absorption which increases rapidly with decrease of wave-length. The 
measurements of both Buisson and co-workers and of Gétz and Leibnitz 


agree as regards the wave-length at which the absorption commences and 
4 . 
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the magnitude of the absorption. The Swiss investigators give values of 
absorption coefficients up to 2302 A, while the data of the French investi. 
gators extend to 1855 A. 


The residual absorptions obtained by Gétz and Leibnitz on the nights 
of 3-9-1932 and 28-3-1933 with a column of atmosphere 1052 metres long at 
the height of Arosa (1900 metres above sea-level) after allowing for molecular 
scattering, ozone absorption and suspended matter are given in the following 
table :— 

TABLE I. 





Arosa Arosa 
3—9—1932 28—38—1933 





-00 
03 


-00 
‘Ol 
°08 
06 
-18 
-29 
°25 
46 
62 
-72 
*76 
-88 
-99 


coococoocooocococo 
ooocortrocooooooo 











Calculating from the absorptions between 3000 and 2700 A, the 
amounts of ozone on the two nights were 9x10+ and 36x10+ cm. 
respectively. There seems to be some dependence of the residual absorption 
on the amount of ozone in the atmosphere, but the major part of it seems 
to be independent of the ozone. The absorption coefficients per kilometre 
obtained by Buisson, Jausseran and Rouard are given in Table II. @! refers 
to the observed values of the coefficients, a, to the values after correction 
for haze and molecular scattering and a to the values after correcting for 
ozone absorption also. For the last correction, Fabry and Buisson’s 
values of absorption coefficients of ozone have been used up to 2482 A 
and Meyer’s values for wave-lengths smaller than 2313 A. The amount 
of ozone has been assumed to be 2-2 x 10% cm.!! ‘The absorption 
due to dust has been taken to be 0-05 per kilometre for all wave- 
lengths—this value was obtained by Buisson and collaborators in the 
neighbourhood of 3100 A. 
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TABLE II. 

A | a, a, a 
2893 0-16 0-04 0:00 
23805 0: 225 0-09 0:00 
2752 0-300 0-15 0-01 
2699 0-345 0-19 0-00 
2653 0-405 0-24 0:01 
2536 0-516 0-32 0-04 
2482 0:640 0°42 0-17 
2313 1-370 1-11 1-00 
2265 1-770 1-49 1-41 
2195 2-350 2-03 1-99 
2144 2-710 2°37 2-34 
2100 4-100 3°73 3-71 
2063 3-400 3°01 2-99 
2026 4-350 3-93 3-91 
1950 5-100 4-60 4°58 
1935 17-000 16-50 16-50 
1863 250-000 oe 250°00 
1858 370-000 aa 370-00 
1855 445-000 ay 445-00 














It is stated by Buisson, Jausseran and Rouard that the abnormal value 
of a, near A 2063 is due to absorption by oxygen. It is obvious that with 
an absorption coefficient of 2-0 per kilometre, the intensity of solar 
radiation on reaching the surface of the earth will be reduced in the 
ratio 1016 and this explains why attempts at detecting the solar spectrum 
on the short wave-length side of the ozone absorption band have been 
unsuccessful. 


The Schumann-Runge absorption band system of O:; commences at 
about 2000 A; its convergence is at 1751 A and is followed by a continuous 
spectrum which extends to 1300 A. The absorption in the continuous region 
has been quantitatively investigated recently by Ladenburg, Voorhis and 
Boyce.!2 Their results are shown in Fig. 2. The maximum absorption 
occurs at 1450 A where the decimal absorption coefficient reaches the 
enormous value of 207 (per cm. at N.T.P.). Between 2050 and 1870 A, 
Granath!? has made- some laboratory measurements of absorption 
coefficients of oxygen and saturated water vapour at room temperature 
(temperature not specified) but his coefficients are so much larger than the 
attenuation coefficients determined by Buisson and co-workers that further 
experimental work appears to be necessary. 
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As there seems tobe little doubt that between 2600 and 2000, there 
is some absorbing agent in the atmosphere in addition to O,, the question 
of its identification becomes one of importance. Ina note to Naturwissen- 
schaften in 1932, G. Herzberg!* described a system of seven weak absorption 
bands between 2600 and 2420 A which he observed in the laboratory with 
a column of pure oxygen 25 metres long at atmospheric pressure. The 
extrapolated convergence limit of the bands was near 2420 A which 
corresponds to 5-09 volts, the dissociation potential of O2 when the products 
of dissociation are normal O atoms. There is no doubt that there would 
be a weak continuous absorption beyond the convergence point, although 
with the length of column used by Herzberg, he could not definitely measure 
the amount of the absorption. Herzberg has suggested that our inability 
to get any trace of the solar spectrum on the short wave-length side of the 
ozone absorption band may be due to QO, absorption. This seems to be the 
most probable explanation. Incidentally, the photoelectric action of the 
radiation in the neighbourhood of 2200 A in dissociating oxygen would 
explain the occurrence of ozone in the lower atmosphere. 





























Possible means of extending the solar spectrum in the Ultra-violet. 


Accepting the correctness of the atmospheric absorption coefficients 
determined by Buisson, Jausseran and Rouard, it is easily possible to 
show that by exposing a spectrograph at an attainable height in the 
atmosphere, there is every possibility of our being able to extend the 
solar spectrum on the shorter wave-length side of the ozone absorption 
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band. In the following table are shown the values of the intensity of 
solar radiation at 2900, 2200, 2063 and 2000 A at the surface, at 16 km. 
and at 20 km. above the surface assuming (a) the sun radiates as a black 
body at 6000° K, (5) the quantity of ozone in the atmosphere is 0-2 cm., 
(c) the absorption coefficients of ozone below 2300 A given by Meyer are 
correct, and (d) the absorption coefficients of atmospheric air are those 
given by Buisson, Jausseran and Rouard. 


TABLE III. 





2900 A | 2200A 





Relative intensity of solar radiation 
outside the earth's atmosphere 


Attenuation (per kilometre at 
N.T.P.) due to molecular scat- 
tering — ; 


Absorption coefficient per cm. of 
ozone at N.T.E ade ° 


Absorption coefficient per kilometre 
due to other causes canned due 
to oxygen atk 


Factor of attenuation when radia- 
tion from zenith sun near equator 
reaches sea-level ; : 


Factor of attenuation when radia- 
tion from zenith sun near equator 
reaches 100 mb. level nearly 16 
km. above sea-level , 


Factor of attenuation when radia- 
tion from zenith sun near equator 
reaches 50 mb. level nearly 20 10> 4:0 10-4°7 aa idle par s"s 
km. above sea-level .. ..|  1072"4 10> 3*2 ig Ipres eeret 




















The upper figures in the last two rows are calculated on the assumption 
that all the ozone is above 20 km. ; while the lower figures are calculated 
assuming approximately the same distribution of ozone as was found by 
Dobson, Gétz and Meetham in Europe, viz., 70% above 16 km. and 60% 
above 20 km.!5 It will be seen from the last three rows of Table III that 
owing to the absorption exercised by the atmospheric air there is no hope 
of detecting solar radiation at wave-lengths shorter than 2200 A near sea- 
level nor even on the highest mountain tops, but that if we can expose 
spectrographs of the same power as we use at the surface at levels of 16 
kilometres or more in the tropics it is almost certain that we shall be able 
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to photograph the solar spectrum in that region. Even then, owing to 
the rapidly increasing absorption it is very doubtful if we can go further 
than 1950 A. It will be seen that the estimated attenuation factors depend 
on the values of absorption coefficients of ozone determined by Meyer in 
1903; considering the fact that his values at 2900 and 3000 A are much 
larger than those of Fabry and Buisson and of [,auchli it is possible that 
the values at 2200 and below are also too high. Laboratory measurements 
of absorption coefficients of ozone in this region of the spectrum would 
be of great value. If, as it appears probable, the absorption coefficients 
are really smaller than those given by Meyer, it will be possible to detect 
the solar radiation in this region at a lower height than 16 km. Heights 
of the above order are attainable by sounding balloons and even by the 
new manned stratosphere balloons. It will be noticed that in making 
the above estimates, it has been assumed that there is no new absorbing 
agent in the upper atmosphere which is not present in the lower 
atmosphere. 
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In this note an attempt is made to work out two ideas. Poristic conditions 
which express the apolarity of a quadric locus and a quadric envelope are 
well known in Projective Geometry. The general form of such poristic 
conditions for two apolar bilinear forms in digredient variables is investi- 
gated here. Secondly, certain rules of a geometrically convenient character 
are obtained for the calculation of the apolar invariant, and are illustrated 
from the properties of the Ricci Tensor in Riemannian space. 

§ 1. We begin by considering the bilinear form aj x/U;, where 
according to the tensor convention, summation over the values from 1 to 
n of any repeated index is implied. The variables x and U are supposed 
to be contragredient, so that we can take (z!, x?, ---, x”) as the homo- 
geneous coordinates of a point x, and (Uj, Us,---, U,) as the homogeneous 
coordinates of a prime U in a projective space S,, of m-1 dimensions. 

Consider now a point y and a prime V in §S,, and think of them 
together as a point-prime whose homogeneous coordinates are the n? linearly 
independent quantities 5’ = y’V;. The point-prime (yV) may be identified 
with the factorisable bilinear form 7 x/ U;. From the linear independence 
of the coordinates of a point-prime, it follows that any form can be 
expressed as the sum of factorisable forms or point-primes of the type 
(yV) ; the apolar invariant a} of the form is then equal to the sum of the 
inner products (y’V,) of each point-prime which occurs. Hence: 

THEOREM I. In whatever way the form a, is expressed as the sum of 
point-primes, the sum of the inner products of the point-primes is constant and 
equal to the apolar invariant a, of the form. 

We may now deduce the poristic condition for the vanishing of the 
apolar invariant. A point-prime (yV) may be called incident, if its apolar 
invariant vanishes, or if the point y is incident with the prime V. Suppos- 
ing the rank of a/ to be m, it is known from the theory of rank that if 
Yu) Y2).*** V2) be m assigned lineary independent points, we can choose n 
primes V(,, so that the form a; is the sum of the m point-primes (,)Vy)). 
By considering the collineation determined by the form a/ it is easy to 
shew that we can choose the points y in an infinite number of ways, so that 
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(n—1) of the point-primes (yy)Vi-)) are incident. If now the apolar 
invariant af of the form vanishes, it follows from Theorem I that the 
remaining point-prime (yV) must also be incident. Hence: 

THEOREM II. A forma, with vanishing apolar invariant (or ‘ spur’) 
can be expressed in an infinite number of ways as the sum of n incident 
point-primes. 


Let 


. n ° . 
a; ‘s ee, (VY Vins); YoViex = 0 forét = 1, 2, ---,n, 


be one such expression for a,;*.. If 2) be the intersection of the (m-1) primes 
V other than Vij, it is immediately evident that a/ 24) = pyw for 
i = 1,2,---,m. Hence if U is any prime passing through yy), a; 2) U; = 0. 
A point z,) and a prime U which satisfy this relation may be conveniently 
described as incident with the form a’. If now S; represent the simplex 
whose vertices are the points y,S,, the dual simplex constituted by the 
prime faces of S$), 5) the simplex of the primes V, and S_ the dual simplex 
constituted by the vertices of S:, we see that the corresponding elements of 
Si, Se are incident, while all pairs of non-corresponding elements of S;, Se are 
incident with a7. Hence: 


THEOREM III. The poristic condition for the vanishing of the apolar 
invariant of the form a,’ is the existence of a point simplex S, and a prime 
simplex So, whose corresponding elements are mutually incident, such that the 
non-corresponding elements of the dual simplexes $,,S2 are incident with a}. 


By considering the collineation x” = a/ x’ associated with the form, we may 
express this poristic condition in an alternative way, as the existence of a 
simplex whose vertices are carried into points on the opposite face by the 
associated collineation. 


§ 2. Consider next the two bilinear forms a,; x’ y’, l’/ U; V;, where 
we suppose that (x, U) belong to a space S,,, while (y, V) belong to a second 
space S’,. To obtain a geometrical interpretation of their apolar invariant 
a,b’, take n linearly independent primes Uy (¢ = 1, 2,--,m) in S,, and let 
the coordinates £'(,) of the point of intersection £,) of the n—-1 primes other 
than U,,) be so normalised that : 


men 64) = 1; ¢=1,2,---,8 .. Rs . 
Further take points m,) in S’,, given by: 
We) = 6 Uy. 
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Let the primes Vy of the simplex constituted by the points » be so 
normalised that : 

1 = Vw, nit) = b Un; Vy oe ae et 
Now the form a,;; can be expressed as a linear combination of the mn? prime- 
pairs Ui) Vig); but for pq this prime-pair is incident with b”’ and 
therefore contributes nothing to the apolar invariant. Hence if 

Ajj = ZApgq (Uipyi Vig): 
a; 0? = 2Nep B” Urpyi Vipy = ZApp by (2) 


But 2 aij EW) 1) = any = ay bf, 
t 


Thus the apolar invariant is the sum of the values of the form a;; x’ »/ for the 
n pairs of points £, n, the coordinates of £ being normalised by (1). 

§ 3. To obtain a poristic condition for the apolarity of a;;, b’’, we observe 
that if they are apolar, a;; can be expressed in an infinite number of ways as 
the sum of m products of prime-pairs U)Vy) incident with 0. It follows 
that a;£') = pViw;, if &y) are the vertices of the simplex constituted by the 
U’s. Hence it m4) are the vertices of the simplex constituted by the V’s, 

ai; €(p) Vig) = 0 for p+ Q. 
Hence : 

THEOREM IV. The poristic condition for the apolarity of the forms aj;, 
b!/ is the existence of two simplexes in the respective spaces, whose correspond- 
ing prime-pairs are incident with b’’, and whose non-corresponding vertex-pairs 
are incident with a;;. 

§ 4. We now examine the various special cases of Theorem IV which 
arise :— 

Suppose first that S’, is the dual space of S,,, so that the points of S’,, are 
the primes of S,. Then Theorem IV gives a poristic condition for the 
apolarity of two forms a,, b/ in S,. If we suppose further that }/ is the 
identical Kronecker bilinear form §/ 2U; = x1U, + 2°U. +... + x°U,, the 
poristic condition reduces to the result of Theorem ITI. 

Suppose next that S’,, is identical with S,, and consider the case when 
the forms a;;, b/ are symmetric or skew-symmetric. Since a symmetric form 
is identically apolar to a skew-symmetric one, we need only consider the 
cases in which both forms are symmetric or both skew-symmetric. For 
the symmetric case, a;; and 6 represent respectively a quadric locus and 
quadric envelope; when the forms are apolar, an instance of the poristic 
simplexes of Theorem IV is furnished by the self-polar simplexes of b” which 
are inscribed in a,;;. These are not, however, the general type of poristic 
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simplex-pairs. The general pair of poristic simplexes of Theorem IV will 
now consist of a pair of mutually polar simplexes of a;; whose corresponding 
primes are conjugate in regard to 0”. 


For the skew-symmetric case a@;; will represent a linear line-complex, 
and b” a linear S,.,-complex. For » odd these complexes are necessarily 
singular. We may accordingly suppose to be even, and the complexes 
non-singular. If the complexes are apolar, it is known that we can 


choose in an infinite number of ways a set of 9 lines 1, lg ---- 1, which 
z. 


belong to the complex a;; and form a conjugate set w.r.t. the complex bf, 
If a, b, are two points on J, (r = 1, 2,---), the two simplexes (a,b,a2b.---), 
(b\a,boa2---) are instances of the poristic simplex-pairs of Theorem IV. 
These are specialised. The general pair of poristic simplexes of Theorem IV 
consists of a pair of simplexes 5), S2 (which must necessarily be each inscribed 
and circumscribed to the other), the joins of whose non-corresponding 
vertices belong to the complex a,;, and the intersections of whose correspond- 
ing faces belong to the complex 0b’, 


§ 5. We may examine the interpretation of the apolar invariant in § 2 
for the special case in which S’, is identical with S, and the forms are 
symmetric or skew-symmetric. For either case it is clear that the apolar 
invariant can be exhibited as J a,; x’) y/(y) where x’s and y’s are vertices of 
two mutually polar simplexes of b’ whose coordinates are normalised as 
in §2. Suppose both the forms are symmetric, and identify the two 
simplexes into a self-polar simplex (xj) of b”. It is clear that the normali- 
sation of §2 implies that ),; x’) x) = 1; ¢= 1, 2,---, m, where },; is the 
minor of 6’ in | b” | divided by the determinant. Hence: 


THEOREM V. The value of the apolar invariant of two symmetric bilinear 
forms a;;, b’ is equal to the sum of the values of a;; for the vertices of any self-polar 
simplex of b’’, provided the coordinates of the vertices are normalised w.r.t. the 
reciprocal tensor of b”. 


By similar reasoning we obtain the corresponding property for the skew- 
symmetric case, namely : 


THEOREM VI. If n ts even, the value of the apolar invariant of the non- 
; j a, nj2 oF 
singular skew-synimetric forms aj;, b” is the sum & aj; \y)’, where ly) are a set 


of mutually conjugate lines of the complex b’, with coordinates normalised w.r4. 
the reciprocal tensor of b’. 


§ 6. We shall now apply Theorem V to the interpretation of the Ricci 
Tensor in a Riemannian space of » dimensions, with the coordinates 
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m, %***» %n, and the metrical ground-form g;, dx‘ dx*. The Riemann- 
Christoffel Tensor Rj; 4 is symmetric w.r.t. the two pairs (ij), (Al), and 
skew-symmetric w.r.t. each of the pairs (#7) and (Al) ; the Gaussian curvature 
at %1,%2,"**, %» Of the planar direction defined by two vectors dx, 6x has 
the value : 
Riz dx? Sx! dx* 52/ 
(gis i — Bi Bin) dx? Bx! dx* Bx! 

Here the denominator represents the square of the area of the planar 
element (dx, 8x). The geometrical interpretation of the more general form 
Ry 4x° 8x’ d'x/ 8'x/ has been given by Peré.* 

The Ricci Tensor R, is defined by Ry = gi! Riz. We can regard 
Rj dx’ 8x* for any particular dx, 5x as the apolar invariant of Ry 4 d'x! dx! 
bx 8'x/ and g”, and therefore interpret its value by Theorem V. Thus 
Ry ¥ \ is equal to the sum of the products of (area)? and Gaussian 
curvature of the planar vectors obtained by joining A toa set of » mutually 
orthogonal unit vectors 4). Hence: 





THEOREM VII. If the unit vector d at (x,,---,X,) makes angles ¢, with 
the unit orthogonal vectors X4) (h=7, 2---,n), and if Ky ts the Gaussian 
curvature of the direction (AX,)) 


: n 
Ry v ¥ =2 K, sin? dj. 
h=1 


It follows that the right side has the same value for all sets of orthogonal 
vectors A). If we identify one of the vectors 4) with A, we get Ricci’s 
original interpretation,+ namely : 
Rye Aay Au’ = Ko + Kg +--+ + Ky. 
For the interpretation of the more general form R,z ¥ p»*, we would have to 
use Peré’s formula (loc. cit.). 
§ 7. The scalar curvature R at (x, x2, --+,%,) is defined by : 
R= Re e* , 
That is, R is the apolar invariant of Ricci tensor and the metrical tensor. 
Hence by a second application of Theorem V, we have: 


THEOREM VIII. If Ag), mr) (b= 1, 2, ---, m) be two mutually orthogonal 
sets of vectors, diz = angle 4)“ me), Krg = Gaussian curvature of the planar 
clement defined by Xz) and ja), © Kyg sin? by, is independent of the choice of 

h,k 


the vectors and equal to the scalar curvature R. 





* Levi-Civita, Absolute Differential Calculus, p. 193. 
t Eisenhart, Riemannian Geometry, p. 113. 
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In particular if we identify the two sets of orthogonal vectors, we see that 
n (n—1) 


>—— Planar directions defined 


the sum of the Gaussian curvatures of the 


by an orthogonal ennuple of vectors is constant and equal to the scalar 
curvature R. 


If the scalar curvature R vanishes, then the forms g”, R,; are apolar: 
since we suppose the metrical form to be definite, it follows that R;; is 
indefinite, and therefore there exist rea! directions A for which R,;  ¥ =0. 
From the usual interpretation of apolarity, there follows the existence of sets 
of x mutually orthogonal vectors, the Gaussian curvatures K,, corresponding 
to which satisfy the n relations : 


= Ky = 0 (A= R) 
h 


Or by Theorem IV there exist two sets of » mutually orthogonal vectors 
AR) Me) Such that Ay) wy are orthogonal for h= k, while A,), py) are 
conjugate directions w.r.t. the Ricci tensor (h = 1, 2,---,m). 
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WHEN spectral lines arising from electronic transitions to the ground term 
and near deep levels are examined for hyperfine structure, one invariably 
notices a self-reversal of the lines irrespective of the source employed for 
the study. Such reversals generally introduce an unnecessary complication 
into the patterns, thus rendering it difficult to arrive at an analysis of the 
lines. Besides this there is the additional disadvantage due to the 
inevitable variations of relative intensity. Near components may completely 
be missed owing to the overlapping caused by the wings of the reversed line. 
Even in sources of the Schiiler type, though the self-reversal is minimised 
when small currents are employed, the lines involving the ground term are 
usually reversed. An examination of such reversed lines in the cases of 
Cul and Mol leads to the conclusion that under favourable circumstances 
the structure of a line could be obtained in spite of the reversal. 


The source employed for the study of the ground lines of copper and 
molybdenum is a hollow cathode of the respective metals with a direct 
discharge current of about 100 mA at 1000 v. in an atmosphere of helium 
at a pressure of about 2 mms. of mercury. 


Copper. 

The two resonance lines of copper 3247-5 (47S,;2—42P3/2) and 3274-0 
(42Sjj2—4?P)/2) have been analysed with a quartz Iummer plate (thickness : 
3-45 cms., and length: 25 cms.). Each line has two components, and 
both these components are seen reversed in Fig. 1 (a and 6). A micrometer 
measurement of the four components as photographically recorded (Fig. 
16) suffices to determine the centre of reversal of each of the two 
components, and from these values the structure could be calculated. 
The following table shows the close agreement between the computed 
structure from the ‘reversed’ pattern and the values of Frisch* and 
Ritchl.+ 





* Frisch, Zeit. f. Physik., 1931, 71, 89. 
t Ritchl, Zeit. f. Physik., 1932, 79, 1. 3 
21 
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: Structure in em.~* 
Line Ain A ; 
Frisch Ritchl | Author 
478... — 4°P,,, 3247-5 0-000 0-000 (4) 0-000 
+0+352 + 0-371 (2) +0-366 
4°8,,— 4°P,,. 3273-9 0-000 0-000 (4) 0-000 
; +0381 + 0-405 (2) + 0-406 

















The fact that a line is self-reversed can be determined by varying the 
discharge current, the criterion for self-reversal being that the components 
separate out with increasing current density. In the course of this 
investigation the following additional lines of the arc spectrum of copper 
have been analysed (Fig. 2) : 

3194-1A m2Dg2 — a4Dse 
2961-2 A m2Ds2 — a2F ye 
2824-44  m2Ds — a2Dsje 
2441-6 A 4°Sjijo — a4Pyyp. 

The first three were completely resolved. Ritchl has also analysed 
these lines and the structure given by him is in agreement with the results 
obtained in the above analysis. The nuclear spins of the copper isotopes 
63 and 65 are each 3/2 and the m?D terms exhibit a positive isotope shift.{ 


Molybdenum. 
The following lines of molybdenum involving the ground term 4 d®5 (°) 
5s a7S3 were found reversed in the hollow cathode discharge : 


4d55s 7S3 — z7Po, 3, 4 4d55s 7S3 —y7Po, 3, 4 
3902-91 A 3194-11 A 
3864-12 A 3170-46 A 
3798-26 A 3132-70 A 


Frisch has given that the first three lines are all single, a fact that can be 
verified from the reversed patterns reproduced in Fig. 3. The existence of 
near satellites is also ruled out because of the equality in intensity of the two 
wings of the reversed line. Similarly one must conclude that the remaining 
three lines (Fig. 4), which have been analysed here for the first time are 
also single. The distance between the reversed components of each of the 
six lines here listed is 0-18840-005 cm.-! Since from the isotopic 
constitution of molybdenum it is known that the odd isotopes 95 and 97 





~ Venkatesachar and Sibaiya, Proc. Ind. Acad. Sci., 1934, 1, 13. 

















Hyperfine Structure of Molybdenum and Copper 323 


exist to the extent of 25%, any structure in molybdenum due to a nuclear 
spin of these odd isotopes must be easily discoverable. The even isotopes 
of molybdenum 92, 94, 96, 98 and 100 must have zero nuclear moment and 
in the lines given above there is no even isotope displacement. The nuclear 
moment of 1/2 for the odd isotopes as suggested by Grace and More§ 
requires that each of the lines considered here should exhibit at least 
two satellites of relative intensity 4:3 with a total intensity equal to a third 
of the main line. Since no satellites have been observed it must be 
concluded that the interval factors are negligibly small. 


™ a Schiiler tube, for moderate current densities, only lines arising 
from transitions to the ground state are reversed. This criterion would be 
of much use in readily identifying such lines in unclassified and incompletely 
classified spectra. Thus the line of molybdenum 3158-28 A (Fig. 4) 
is seen to be reversed, though not to the same extent as the other near 
lines. ‘This suggests that the line is due to an electronic transition to the 
ground state 4d55s 7S, (59560 cm.-!) from a higher complex level at 
27907 cm.! (X). The possibility of this line belonging to the spark spectrum 
is ruled out, because according to Exner and Haschek its intensity is much 
diminished in passing from the arc to the spark discharge. The known 
terms of molybdenum which combine with this new term are given below: 


X = 27907 cm.-! 





Classification | Ain A Observer Vobs. Veale. 





| 
4a°58 a°S,—X | 3158-28 (10) | Exner & Haschek | 31653 31653 
4d°5s a°S,—X | 4786-68 (2) | Hasselberg 20885 20885 
X—4d°7sc°S, | 5417-64 (1) | Hasselberg 18453 18452 

















In conclusion I wish to thank Prof. B. Venkatesachar for his helpful 
guidance. 

Abstract. 

The arc lines of copper and molybdenum from a Schiiler tube have 
been examined for hyperfine structure. Lines arising from transitions 
to the ground state are found to be reversed and it is shown that 
even such self-reversed lines give correct values for the hyperfine structure 
components. The isotopes of copper 63 and 65 have each a nuclear spin 


§ Grace and More, Phys. Rev., 1934, 45, 168. 
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of 3/2 with the m?D terms exhibiting a positive isotope displacement. ‘The 
arc lines of molybdenum 4d54s 78;— y7Pz2, 3, 4 have been newly analysed and 
found single along with the three other lines 4d54s 7S;—z7Pg, 3, 4. All the 
lines show self-reversal and the computed distance between the reversed 
components is 0-188 + 0-005cm.! A nuclear moment of 1/2 for the odd 
isotopes 95 and 97 of molybdenum will, according to the above results, mean 
that, for the levels here analysed and found to be simple, the interval 
factors are unobservably small. aed 
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Somr of the important applications of hydrodynamics to practical problems 
are the study of the effect of pumping and draining on the water-table in 
the sub-soil and the determination of the nature of percolation of water 
from beds, such as those of canals. These investigations are specially of 
importance in areas where irrigation is practised on a large scale, as for 
instance in the Punjab. In such areas where the rain and canal water 
enters the soil, there may be a gradual rise of water-table in the sub-soil 
and in the course of time, the water-table reaches a level where it begins 
to be injurious to the soil. There is no absolute depth which can be fixed 
for this stage, as it depends on a number of factors. Vast areas of canal- 
irrigated Jands in the Punjab have gone out of cultivation as a result of the 
rise of the sub-soil water-table. 


To counteract this rise of water-table, two of the methods employed 
are to pump out the sub-soil water and to adopt drainage schemes. 


Pumping was tried as an experimental measure in the Punjab in the 
districts of Gujranwala and Ferozepur. But it was found that the radius 
of influence of the pump on the lowering of the water-table was small and 
pumping had no permanent effect on lowering the water-table. It was not 
possible, therefore, to adopt it as a scheme. Drainage schemes also exist 
ona small scale. Drains are sometimes cut parallel to the canals to carry 
away the seepage water that enters the soil from the bed of canals. They 
are also cut across the fields to drain away the water from the water-table 
and thus lower the same. The physical aspects of these problems have not 
so far been investigated. If these schemes are to be really effective, there 
are many points to be decided by investigations in the field and in models. 
As for example, the correct distances at which the drains are most effective, 
the increase in seepage caused by drains, the transmission coefficient of the 
soil where the drains are cut, the relation of the direction of seepage flow 
from the bed of canals to the sub-soil water gradient, and many other 
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aspects have to be determined by investigations. Model and field experi. 
ments to decide these questions are among the schemes of research, under- 
taken in the Irrigation Research Institute at Lahore. 


The present work is undertaken to study the effect of the gradient of 
the water-table in the sub-soil, on the direction of flow from the bed of 
canals and to test how far the conclusions of theoretical hydrodynamics can 
be applied to the same. The experiments were carried out in models in the 
I,aboratory. 

Experimental Arrangements. 

The experimental arrangement consists of a glass tank 90 x 60 x 60 cms. 
having three compartments. The ceutral one is 60 cms. long and is to 
contain sand as a model of the sub-soil. The side compartments are each 
15 cms. and are fitted with inlets and outlets for water. The inlet and 
outlet pipes could be so adjusted as to keep the required gradient of the 
water-table in the sand contained in the central compartment. The sand is 
packed under water and a small model of a canal section of base 3 x 4 cms., 
surface 7-5x4 cms. and side 5 cms. is then embedded into the sand. 
This model section is made up of wire-gauze, to enable the water to 
percolate into the sand without disturbing the packing. The model section 
is seen in the centre of the photographs (Fig. 1). 


After fixing the model in the sand, a slow steady stream of water is 
allowed to run into the model of the canal and a steady head is maintained 
in the same. The water percolates from the model through the sand and 
joins the water-table. This corresponds to the seepage taking place in the 
actual field. The water-table in the model is also maintained constant by 
suitable adjustments of the inlets and outlets. The direction of flow of the 
seepage water has now to bedetermined. This was done by the following 
method. 


When the sand was being packed, a few crystals of silver nitrate were 
embedded in the sand, just below the level of the bed of the canal section 
in the model. Instead of water, a constant head of a dilute solution 
of potassium chromate was maintained in the model. When the solution 
enters the sand, it reacts with the silver nitrate, giving a precipitate along 
the line of flow of the seepage water. When the head of potassium chromate 
had been maintained for five hours, it was found that the lines of flow in the 
sub-soil model had been completely traced. The sand was then cut in 
vertical section in the centre, in a plane along the length of the tank and 
one-half of the sand carefully removed. The traces of seepage flow indicat- 
ed by the precipitate of silver chromate under the bed of the model section 
could now be seen. ‘These were then photographed. The sand was packed 
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again as before and the experiment repeated with a different gradient in the 
sub-soil. 
Results. 
The results are shown in Figs. 1 to 5. 


Fig. 1 shows the direction of flow when the gradient of the sub-soil 
water-table is zero. Figs. 2 and 3 are for gradients of 4/15 and 6/15 
respectively of the sub-soil water-table in the model. They show 
the progressive distortion of the lines of flow when the gradients are 
increased. Experiments were also conducted with gradients of 1/15, 2/15, 
3/15 and 5/15, but the results are not shown here. Those given in the 
plates are sufficient to illustrate the general nature of the distortions of the 
lines. The nature of the forces in relation to the direction of flow are 
discussed later. 


Fig. 4 shows the effect of pumping on the direction of seepage 
flow from the bed of the model. The tube representing the model of 
the pump, marked TT in the figure, was inserted at a distance of 10 cms. 
from the model. ‘The water-table was 5 cms. below the bed of the model of 
the canal. It could be seen from the photographs that the lines of flow 
near the end of the tube T are distorted considerably. The other lines also 
reveal slight distortions and these are comparable to those in Fig. 2. 
When a similar experiment was carried out with the tube T at a distance of 
22 cms. from the model of the canal, none of the lines was distorted and 
the lines compared with that in Fig. 1. 


Fig. 5 shows the effect of a drain 10 cms. distant from the model. 
The water-table in this case was 5 cms. below the bed of the model of 
the canal and the bed of the drain 10 cms. below that of the model. 
In this case the distortion of the lines of flow are of a nature different from 
the previous case, 7.¢., the case of pumping. The lines farther away from 
the drain are more affected than in the corresponding case of pumping. 
The effect on other lines are also more gradual. Only the line very near the 
drain seems to be less affected than the corresponding line in the case of 
pumping. These points are of technical application when the relative 
merits of pumping and drainage schemes are discussed. 


Theoretical. 


It is well known that the movement of water in the medium in which 
the above experiments were conducted follows the relationship deduced by 
Darcy in 1856, €.£., 
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where u is the average velocity of flow, h the loss of pressure head between 
two points in the same horizontal line at a distance / apart, andka 
constant for the medium. If this relationship be extended to three 
dimensions and put in differential form we get, 





— , P 
u=k a. 
ioc eae 
v=k oy 
ong et 
tly oz’ 
so that assuming that the law of continuity holds we get 
ey . Fe. Pe. 
on + oy? + a « 
The streamlines given by 
de _ dy _ a 
es vo Ww 


are perpendicular to equi-pressure surfaces and will be known as soon as a 
solution of 

V’p = 0 
is obtained that will satisfy the given boundary conditions. 

In the above experiments the movement was essentially two dimensional 
so that a two dimensional solution of 7? = 0 consistent with the boundary 
condition will be obtained in each case. 

Case No. 7. 

Canal over a Sub-soil of Great Depth—Here, in order to get any 
spreading out of the water in horizontal directions we must assume that the 
pressure at the bottom of the canal is proportional to the height of the 
liquid above it and normal to the bottom, which gives 

for r=a, H—h=0 
when we assume the section of the canal as circular of radius a. The curves 
H — A of equi-pressure and stream function y are given by 








H — h = ——* cos 8, 
24. @2 
p= — 4, — sin 0. 
2, 
= = too (y+ Fs 


so that 
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2 
oY = — 4. (1-$) sin 0 


oy 
n_ 
therefore the flow is along the radius of the circular section of the channel. 


When r = 0, 4=u,,=k,v=0. Hence, the streamlines are given by 
a’ 
=~ —o (y+ 


if the total flow across the canal section be 2g, the bounding streamlines 
will be given by 


*. when r = a, 


2 
j=otg = zk (y+S2), 
2 
or yt? = + q/k = b (say); 


and they will be between the asymptotes 
y= +tb= tc gk. 
This is the case treated in Fig. 6. 


Case No. 2. 

Canal over a Sub-soil of Finite Depth—In general the expression 
sub-soil of finite depth means that the depth of the natural water-table 
below the ground surface is not very great and in the absence of any 
definite knowledge about what happens when a sheet of water meets another 
at an angle, the lower boundary has been treated as impervious and plane, 
which in the case of sub-soil hydraulic is approximately true even though 
the lower layer might not be an impervious soil. In the present case the 
canal is treated as a thin sheet of water of length 2a from which percolation 
is taking place into the sub-soil. This approximation will not affect the 
streamlines at a distance from the canal, only in its vicinity will the 
theoretical lines diverge from the actuals. Hence the boundary conditions are, 

«=0, y=0, ~=0, andu=4u,; 


also e=b, u=0, -=0 

So the solution of 7? 4 = 0 with the above boundary conditions is 
y= — uw, 7 sinh TF 008 SF 

with u = u, cosh aa cos oF 

and v= 4, sinh a sin re 


so that the streamline 4 = 0 coincides with the impervious boundary. 
This refers to Fig. 7 and is shown in the photograph Fig. 1. 
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The above case is not of very great practical importance where the 
sub-soil water-table is very seldom horizontal. We now generalise this case 
by taking into consideration the slope of the water-table. If we denote the 
slope to the horizontal as a we get as a solution with axes perpendicular and 
parallel to the water-table passing through the centre of the canal 


2b : yr xn , 
= — Uy — cos a sinh op COS op + uv, sina x 


which reduces to the previous case when a=0. Here the streamlines 
corresponding to the downward free surface is given by = — g and upward 
free surface ys = g whereas the middle one is given by ¢ = 0. This is given 
in Fig. 8. Similarity between these streamlines and those given in the 
photos (Figs. 2 and 3) is striking. 

Some very interesting deductions can be made from the above 
theoretical relationship. 


1. There is a critical slope in the water-table given by sin a = g/by. 
If the slope is flatter than this then the upward free surface % = q will not 
turn down but begin to pile up and waterlogging will be the result. 


2. If the canal be brought nearer the water-table then the absolute 
value of the seepage from the canal will fall off; but whether this will 
result in a diminution of waterlogging will depend on the rate of variation of 


the ratio b. If 4 increases, 1.¢., if the fall in the rate of seepage be less 
than the corresponding change in 3, then the critical slope required will be 
more than the existing slope and waterlogging will result in spite of the fact 
that there is an absolute fall in seepage. This statement is not so 
paradoxical as it would appear. Though there might be a drop in the 
actual seepage, the slope required in the water-table to drain off being more 
than the existing slope there will be a heaping up of the seepage water on 
the upstream side of the canal and waterlogging will be the result. 


The qualitative agreement found here between the experimental results 
and theory lends support to the applicability of theoretical Hydrodynamics 
to simple cases in models. 


We wish to thank Dr. E. McKenzie Taylor, the Director of the Institute, 
for his keen and continued interest in the progress of the investigation. 


Summary. 


Experiments have been conducted in models to study the direction of 
flow of water from earthen beds such as those of canals. The photographs 
of streamlines in the sub-soil are shown. ‘The theory of the flow is discussed 
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and qualitative agreements between theory and experiment have been 


observed. 
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1. Introduction. 

THE evaluation of the so-called characteristic frequency of the diamond 
lattice is of considerable importance and interest when one realises its 
relation with the specific heat and other physical properties of diamond. 
The problem has consequently attracted the attention of many theorists. 
Finstein! was the first to predict the characteristic frequency to be 909 cm.- 
Later, Nernst and Lindemann? calculated the frequency to be 1333 cm.°! 
from their specific heat measurements and their formula. A little later 
Debye? calculated the maximum value of the characteristic frequency to be 
1250 cm.-! from his specific heat formula. A recalculation by Schroedinger* 
gave 1296 cm.-! The first quantitative investigation of the atomic lattice 
under the so-called elastic forces was undertaken by Born.5 He investigated 
the vibrations of the unit cell of diamond containing only eight atoms and 
then calculated the characteristic frequency to be 990 cm.-! which is not far 
from that of Einstein’s simple calculation. The above comprise, we think, 
the various theoretical calculations. 


The infra-red absorption spectrum of diamond has been successively 
studied by Julius, Angstrém and by Reinkober’ and recently with special 
thoroughness by Robertson, Fox and Martin.? The investigations of Julius 
and Angstrém indicate absorptions in regions with the frequencies 3330 cm.-!, 
1940 cm.-! and 1250 cm.-!, the last being very prominent. On the other 
hand, Reinkober found absorptions in the regions with the frequencies 3333 


1 A. Einstein, Ann, der Phys., 1907, 22, 180. 

2 W. Nernst and F. A. Lindemann, Ber. Berl. Akad., 1911, 1, 494; Zeit. f. Elec. 
Chem., 1911, 17, 817. 

3 P. Debye, Ann. der Phys., 1912, 39, 789. 

* E. Schroedinger, Handbuch der Physik., 1926, 10, 308. 

5 M. Born, Ann. der Phys., 1914, 44, 605. 

6 O, Reinkober, Ann. der Phys., 1911, 34, 343. 

’ Sir R. Robertson, J. J. Fox and A. E. Martin, Phil. Trans. Roy. Soc. (A), 1984, 
232, 463. 

Sir R. Robertson and J. J. Fox, Nature, 1930, 125 (2), 704. 
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em.*!, 2439 cm."!, 2084 cm.-! and 709 cm.! and did not obtain the absorption 
with the frequency 1250 cm.-! reported by Julius and Angstrém. This 
discrepancy has been brought into prominence by the recent work of Robert- 
son and his collaborators.7_ They advance the view that there are two types 
of diamond, one having absorptions in regions 3400 cm.-!, 2480 cm.-!, 2005 
cm.-! and 1289 cm.-! while the other has the same absorptions except the 
one at 1289 cm.-! The absorption in the region 1289 cm.-! has three maxima 
at Ca 1372 cm.!, Cg 1289 cm.-! and Cy 1208 cm."!, the intensity of Ca being 
considerably smaller than that of Cg and Cy. They could not confirm the 
feeble band in the region with the frequency 709 cm.-! reported by Reinkober. 

The Raman spectrum of diamond was first reported upon simultaneously 
by Ramaswamy’ and by Robertson and Fox.?7 Later on Bhagavantam! 
published a very striking investigation of the Raman spectra of numerous 
diamonds, including especially those of two very large dimensions (one of 20 
carats and another of 143 carats) and recorded not only the remarkably 
strong line with the frequency shift 1332 cm.-! reported by the earlier 
investigators but also other faint lines on either side of this line, 
having the frequency shifts 1158 cm.-!, 1288 cm., 1382 cm.-!, 1431 
cm.-!, 1480 cm.-! and 1585 cm.-! These additional lines were obtained 
most clearly with a brilliant white stone of 20 carats apparently 
belonging to the Reinkober class. It will be noticed that the faint 
Raman lines with the shifts 1288 cm.! and 1382 cm.-! reported by 
Bhagavantam coincide with the positions of the infra-red absorption bands 
at 1289 cm.! and 1372 cm.-!, barely noticeable in the Reinkober type of 
diamond and prominently observed in the Julius and Angstrém type of 
diamond. Bhagavantam found that the intensity of the principal Raman 
line 1332 cm.-! varies not only with the size of the diamond but also with the 
class of the diamond ; the line is in fact observed with difficulty in the case of 
certain diamonds which emit a blue fluorescence. Robertson and his colla- 
borators found the principal Raman line undeviated in position with all 
diamonds examined by them. They suggest that the normal mode of 
vibration responsible for the principal Raman line is also responsible for the 
strong infra-red absorption with the frequency 1289 cm.-! If this is the 
case, it would be difficult to understand why the latter should be present in 
some diamonds and absent in some others. If the normal mode of the lattice 
responsible for the principal Raman line is optically active, we should expect 
it to manifest itself in the infra-red absorption of all diamonds. Further, the 
difference between 1332 cm.! and 1289 cm.-! appears too great to be 





8 C. Ramaswamy, Ind. Jour. Phys., 1920, 5(1), 97; Nature, 1930, 125 (2), 704. 
® S, Bhagavantam, Ind. Jour. Phys., 1930, 5(2), 573; 1930, 5 (1), 169. 
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ignored. These objections would not arise if we regard that the faint 
Raman line with the shift 1288 cm.-! and the infra-red absorption at 1289 
em.! in the Julius and Angstrém type of diamond as due to the same origin. 
Why this line should behave differently in the two types of diamond would, 
however, remain to be explained. 

According to Bhagavantam, the scattered radiation with the principal 
Raman frequency shift is not well polarised contrary to the earlier report of 
Ramaswamy. 

The presence of three fluorescent bands? at 4131 A.U., 4157 A.U., and 
4174 A.U. and of a continuous spectrum with its head at about 4240 A.U. 
in the Raman spectrum of diamond is also a fact of great interest. 

The purpose of this investigation is to formulate the equations of 
vibratory motion of the whole lattice, to obtain the expressions for the 
frequencies of certain typical normal modes of vibration of the 
lattice and to interpret the observed vibration spectra. As a result 
of this investigation, we are led to a very simple and striking interpretation 
of the origin of the principal frequency shift observed in the Raman 
effect of diamond. Following Bragg!® and others we can regard the 
diamond lattice as the super-position of two cubic face-centred lattices 
interpenetrating one another in a manner such that each atom of one 
lattice is at the centre of gravity of four equally nearest atoms of the 
other lattice. The origin of the principal Raman frequency is due to the 
vibration of the two lattices relative to one another, each being considered as 
rigid. The vibration can take place in any direction in space, for it is triply 
degenerate. The same type of vibration would not be active (first order) in 
the Raman effect of the rock salt lattice as has been shown by Fermi and 
Rasetti,!! though the sodium atoms form one cubic face-centred lattice and 
the chlorine atoms form another face-centred cubic lattice, for the interpene- 
tration of the two component lattices is such that they form again a face- 
centred cubic lattice in which the elements of the polarisability tensor vanish 
to the first order for the vibration of the lattices relative to one another. 
The vibration of the two component lattices of diamond relative to one 
another is not infra-red active since all the atoms are homonuclear. 


2. The internal force-system of the lattice. 


In my investigation’? of the normal modes of vibration of the AB, 
molecule having tetrahedral symmetry, it was pointed out that the 


10 W. H. Bragg and W. L. Bragg, X-rays and Crystal Structure. 
11 K. Fermi and Rasetti, Zeit. f. Phys., 1931, 71, 689. 
12 N.S, Nagendra Nath, Ind. Jour. Phys., 1934, 8, 581. 
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three forces’ system comprised by the primary valence forces, the 
directed valence forces and the repulsive forces is a fair approximation to 
the correct one and that the correct one was fairly accounted for by 
choosing the suitable type of intra-valence forces whose contribution 
towards the potential energy of the molecule is constituted by the 
cross terms of the variations of the opposite tetrahedral angles. (The 
idea of intra-valence forces was first put forward by Cross and Van 
Vieck.'3 Their idea has been very helpful to interpret the observed 
spectra of some types of polyatomic molecules.) Now, we may assume 
the same type of the internal force-system for the whole diamond lattice. 
This force-system does not differ greatly from the one assumed by 
Born‘ if we neglect the repulsive forces and the intra-valence forces in our 
force-system. The value of our primary valence constant is different 
from that of his, for he defines it to be the force which would double 
the bond following the point of view of elasticity, while we define it 
as the force which would effect a unit displacement. With regard to 
our notation of the directed valence constant, we slightly differ from 
the current terminology. For example if ‘@’ is the variation of the 
valence angle bound by two symmetrical bonds, the contribution towards 
the potential energy function is written as ‘} k /? 6? where ‘1’ is the 
length of the bonds. But the same terminology cannot be applied to 
denote the contribution towards the potential energy function due to 
the variation ‘6’ of the valence angle bound by two unsymmetrical 
bonds whose lengths are different, for we can give no preference to either 
of the bonds. If we write the said contribution as ‘} K 0?’ the notation 


would be applicable in all cases. (k = z 


in the first case.) Recently Bonner!* 


has used the same notation as that of ours. 


3. The structure of the diamond lattice. 


According to Bragg!” we can regard the diamond lattice to be made 
up of two cubic face-centred lattices, one interpenetrating the other 
in a manner such that each atom of one lattice is at the centre of 
gravity of four equally nearest atoms of the other lattice. Any atom 
is bound to its adjacent four atoms of the other lattice by chemical 
bonds at tetrahedral angles. Fig. 1 shows the structure of the lattice. 
All the whites belong to one cubic face-centred lattice and all the 
blacks belong to the other lattice. The coordinates of the atoms of 





13 P. C. Cross and J. H. Van Vleck, Jour. Chem. Phys., 1933, 1, 350. 
14 L, G. Bonner, Phys. Rev., 1934, 46, 458, 







































































Fig. 1. 


the white lattice may be defined by three integral parameters / (a, 6, c) 
by the relations 


bo 


9 
a = m3 (b+e), B = <r (e+a), y = “iy (at) 

where a, 8B and y are the cartesian coordinates of the white atom 
referred to by the parameters a, 6 and c.* Similarly the coordinates of 
the atoms of the black lattice may be defined by three integral parameters 
I'(a’, b’, c’) by the relations 

a! =F (1+2b' +20’), p= rig (1+ 2c’ +2a’), y’ = ly (1+ 2a’ + 2b’) 

where a’, B’ and y’ are the cartesian coordinates of the black atom 
referred to by the parameters a’, b’ and c’. ‘The four directions 
characteristic of the lattice are denoted by k,1,Manan. Now any white 
atom is connected to four black atoms along the directions k, L, M and N 
and we denote the said connections by the suffixest Jl’, where 
r=K,L,.M,N. To specify the lengths in the four directions we introduce 
the letters &, 1, mand n. For example tr, denotes the length of the bond 
between the atom / and the nearest black atom l’, in the direction 7, 


(t=K| I 


\fsk | L 
tn, denotes the length of the bond between the black atom /’ and the nearest 


mikes The same terminology applies to the black atoms. 


white atom 1, in the direction 7, (t= fy { iy . ). At any atom of any 


one lattice there are six tetrahedral angles. We denote those at / by 
af7e where (7s) = KL, KM, KN, LM, MN, NL. 


*p is the distance between any two connected atoms. 
t The letters in the suffixes are slightly smaller than those referred to in the lines 
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Similarly, the angles at l’ are denoted. For example a{”° denotes the 


tetrahedral angle at / bound by directions parallel tor ands. Then we 
consider another type of variations. Any atom of any one lattice has 
twelve equally nearest atoms of its own species. It can be seen that there 
are four plane hexagons having corners at some six of the twelve atoms, 
We denote the twelve distances by 


ro t (v8) = KL, KM, KN, LM, MN, NL. 
and ¢% where 
U¢rs) Chi ctn) (tu) = LK, MK, NK, ML, NM, LN. 


For example f denotes the distance between the white atom / and the 


ro 
U¢rs) 
nearest white atom /;,,. whose nearest black atom in the direction s is 
nearest to / in the direction 7. The zero suffixes in the above lengths and 
angles have been introduced to denote their values in the equilibrium 
configuration. Their variations from the equilibrium configuration are denoted 
by dropping the zero suffixes and not by introducing 5 or A as usual. The 
above procedure is adopted for convenience. Now it is quite easy to see by 
simple geometry 

pay? = v3. trv, — V2. (lp, + 8y,) . .- (I) 
where /’, and /’, are nearest atoms to/ in the directions r and s respectively 
and is the distance between any two connected atoms. If so, it is quite 
easy to see that ty, r= ty. Vv," Such similar relations hold good also at all I’. 


The relations are correct to the first order. It can also be seen that 


= ta” = @ 
(7s) 
by the help of the relations (1) and (3), the latter to be given later. That 


is, the sum of the six variations of the valence angles at any atom of the 
lattice is zero to the first order. 


4. The equations of vibratory motion of the lattice in the cartesian system. 
A crystal lattice containing (N) atoms has (3N) degrees of freedom in 

space. We can choose the (3N) variations of the cartesian coordinates of 
the atoms of the lattice as its coordinates to specify its disturbed con- 
figuration from its initial one. Three of the coordinates correspond to the 
uniform translation of the whole lattice along the axes of reference. The 
rem*ining [3(N-1)] coordinates correspond to the internal coordinates of 
the lattice. They may be chosen by the (3N) cartesian variations them- 
selves but subjecting them to the three relations 

2%, + Lx, 

Z Vv 


2 yr + ZY, 7 
Z y 
£%+2% = 
Z e 








“wo a Le ‘7 


ne 
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which preserve the constancy of the linear momentum of the lattice, where 
Xp ¥, and z, are the variations of the cartesian coordinates of the atom / and 


xy» Jy and 2, are the variations of the cartesian coordinates of the 


atom /’. 
Now the cartesian variations are related to k’s, {’s, m’s and n’s by the 
relations 
pes r a. rT * ane: (ae 
Cw, — (x, = Sy, ) Sty it (y, Vy) Ny,” (2; zy) civ, 
t= ki | I m | mt) 
where via = oe 
— ae ain r + = r 
tics) wate, l Seni )) Siti) * (¥ Vuysy) Mrs) (2, 21,5) Cites) 
‘ iat = t 
Cit) (%,— Xisny) Site) t (% Vien) Nitn) + (2 211) a 
i (r8) = KL, KM, KN, LM, MN, NL (3) 
where (ty) = LK, MK, NK, ML, NM, LN = rs aa 


and other relations at l’ where Sty The, and civ, are the direction cosines of 
the line joining the white atom / and the black atom /’, and Shes) and 


others denote the direction cosines of the line joining the atoms / and i,.,) in 
the equilibrium configuration. The relations are correct to the first order. 


The kinetic energy T of the lattice is given by the form 
2T = MZ (a? + yh + 25) + MZ (a? + 9? + 2?) 
Z v 


where M is the mass of the carbon atom. The potential energy V of the 
lattice under the three forces’ system and the intra-valence force-system 
Sai of in section (2) is given by the form 


= Ki2ty, + KLEE (aj”* +ay”) 
Ws Z tes 


” vied 
+K" 22 2 (ti (ys) + Chics) + PU Gs) +e, Vw) ) 
Ze G@s).tte) 
(re) = KL se; 9 a a 


(rs) a (F (7s) GF (78) = MNINL|LM| KN|KL KM/ 

+OK" SET (al al” + al af”). a: 
Z (rs) = nee pape 
(tu) = NMILN| ML| NK LK |MK 


where K is the force constant of the primary valence bonds, K’ is the force 
constant of the directed valence of the bonds at / and /’, K” is the force 
constant of the repuisions between nearest white or black atoms and K’” is 
the intra-valence force constant at the atoms / and l’. The various variations 
in the potential energy function are connected to the cartesian variations by 
the relations (3) and (1). 


We will now obtain the equations of vibratory motion of the lattice in 
the cartesian system by following the usual Lagrange method. Various 


* The symbol (éu) occurs in the equations. 
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differentiations of the potential energy function with respect to the cartesian 
coordinates are carried out by the help of the relations (3) and (1). We 
will only give a typical cartesian equation. 


é x ./2 s 
—-Me@,=K2ty & — ae ai ( fy, + € iv, ) 


K’ rs r “ . 
” Pp {= aye’ v3 Sirs) Fi v2 fiv,) + Zaye (V3 Sin) = v2Et)} 


K’" /2 3) (tr $ mf r r 
or ee zal” (Liv, + Siv,)+ ak ae (V3 bin,.- V2 Siv,) 


(éu) t i: i 
+ EAD (V3 bin V2 bir.) } 
a? r r ‘ 
bic {2 tives) Sires) + = Cie) Si eu) } + pr. 


where p,, wy, and pw, are Lagrange’s undetermined multipliers corresponding 
to the relations (2). 


If (N) is the number of atoms in the lattice the number of equations 
is of the order (3N) with the three constraints. The frequencies of the 
normal modes of vibration of the lattice are obtained by solving the secular 
determinantal equation corresponding to the above (3N) equations. The 
order of the determinant may be regarded as infinite by letting (N) >. 
But the actual solution of the secular equation obtained by the cartesian 
equation presents innumerable difficulties. But at times we can recognise 
certain factors of the secular equation by seeking certain independent linear 
transformations, for the roots of the secular equation are invariant with 
respect to all independent linear transformations. Supposing it is possible 
to transform the (3N) independent equations to (3N+P) equations by 
certain schemes of linear transformations, then (P) equations of the 
transformed ones will be dependent. If it is possible to select (3N) indepen- 
dent equations of the transformed ones and solve the secular equation 
corresponding to them, or if it is possible to select a few independent 
equations and solve the secular equation corresponding to them, the factors 
will be the same as those of the original secular equation. 


5. Transformation of the cartesian equations and 
a typical root of the secular equation. 


Following the ideas of section 4, we transform the (3N) cartesian 
equations to (8N) equations by the schemes of transformations comprised by 
the relations (3) and (1). That is, we find the equations of motion of all 
the variations of the internuclear distances between connected atoms which 
are (2N) in number and all the variations of the valence angles at all atoms 
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which are (6N) in number. We will only give two typical equations.* The 
suffix J,, refers to the white atom nearest to/’, in the direction s and the 


suffix /’,,, refers to the black atom nearest to /,, in the direction ¢; 7, s, 
t=K, L, M, N. 


i; tas ” K 
—M ky, = 2(K + 2K") hy, - 3 ett, ty, yt, + I, tM he) 


OK" 
Ha (Bir tect Be ect BU tet Big cue t Mbt cave Bet ee) 


M MK 


“ { 4(K’—K’”’)— Kp? | (aj +a7"+ay +ay" ay tae ) 


v2 
3 
=< 


ian +p +ayy +ay. tay. +a +a tay + ayn +a. +aye +are ) 


K 4 9 


(ar +a+ayr +arr tar +a. +ay. +ap +a +a tay tar. ) 


A 


/Z BY ad ” 
3p (2K'+K'p P*) (ar +ayn +a" +a. +ap., +a a 
* /9 - 
(ay "+r, +ay. +a. +a; +a ) 
EL /2 ” 
—Ma, mY (itw.+iw,) + —=(K+3K") (ky,+lv,) 
72 a ¢ ” bags V2 
aa ae 2K eaten + ——— (my, + tr, ) 
pe (Bi a 


_K"y V2 2 
5 (Baten Nit ue) 5 3 (Mg Pet OM + Mie ant Ma ren) 


_ 3k’~— —K’") 
p 


+ (r+ <7 +3K") ar + 1 (F + ~K") aj" 


+ aay +k") (af af saa, -atl aaa) 


(ayi+ar~ +ay" ‘+ap.-ay. ay. -ay". ay.) 


tag 


ec pr (Mh +aj., ~~ — ae, - a7, Ai, ) 
“€ + K” ) (ay. +a <> (ait aie) 
+ i(S ail -k") (az a a PR p (ar. +a" +aj, +a, vo 


The number of equations is of the ude (8N) and we will have to select 
only (3N) independent equations out of them. At present we do not concern 





* One has to remember the usual cosine formula in transforming the cartesian 
equations. 
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ourselves with the reduction and factorisation of the secular equation but 
will find a typical factor of the equation. To recognise it we introduce the 
following linear transformations :— 


%, = 2 Ty, 


It can be easily seen that 2®, = 0. Also one can find that 
2 (ai'+-ai"+aj"-aj"-a" aj") = 2 (ai*-+ap*+ap" aaj" a7") 


=. 2 s6;—6 (6 oe) 
Pp K M N 


_ 40, 72 
Pp 
The equations of motion corresponding to ®’s are 
t.< 2 (x1 Se 
3M Pp r=K, L, M,N. 
We can regard any three of the ®’s as independent and the fourth as the sum 
of the other three with the negative sign. So the mode of vibration corres- 
ponding to ®’s is triply degenerate. The frequency of the modes is 
given by 


8(K’—K’”’) | 
p 


The atoms 3, 12, 13 and 14 are not shown in the figure. 
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The normal mode @, is described when all 


2x 
ky, == 2x, ly, = My, = nw’,, =— 3 
KL KM KN LM M N 4x2 
a =a =a" =-a = —- a" =- a= - = 
r=Il, ? 


where x is the distance moved by the white atoms and the distance moved 
by black atoms in the opposite direction. The normal vibration 9, 
corresponds to the vibration of the two component lattices relative to one 
another considered as rigid in the direction x. 


6. A simple derivation of the lattice oscillation frequency. 


We will also give a simple derivation of the expression for the frequency 
of the modes ®’s. Let us confine our attention to the mode ®,. We will 
make use of the simple principle that in any particular normal mode of 
vibration of a system any component of the system will have also the same 
frequency as that of the normal mode, for there is only one periodic 
coordinate. et us consider the components of all forces which are respoffsible 
for the motion of ‘4’ along (4’ 4). If we find all those terms in the 
potential energy function which involve the cartesian coordinates of ‘4’, 
the total force acting against the motion of ‘4’ can be easily calculated. In 
the mode under consideration all the white atoms move in the same direction 
by a distance x and all the black atoms move in the opposite direction by a 
distance x. The components of the primary valence forces which influence 
the motion of ‘4’ are those due to the variations of the bonds ‘ 4’ 4’, ‘14’, 
‘24’ and ‘34’. The force arising from the variation of ‘ 4’ 4’ is 2Kx which 
acts against the direction of motion of ‘4’. One can easily show that the 


bonds ‘14’, ‘24’ and ‘34’ suffer each the change — = The component 


of the forces along the three bonds acting against the direction of motion of 
‘4’ is 
like atoms are not at all operative in this mode. The component of the 
directed valence forces which influence the motion of ‘4’ are those arising 
due to the variations of the six valence angles at ‘4’, the three valence 
angles at ‘1’ containing the ‘14’ bond, the three valence angles at ‘2’ 
containing the ‘2 4’ bond and the three valence angles at ‘3’ containing the 
‘34’ bond. It can be easily seen that the component of forces arising from 
the variations of the angles at ‘ 4’’ on the atom ‘4’ is zero along (4’4) in 
this normal mode. Let us first consider 6,4 the variation of the valence 
angle bound by (4’ 4) and (14). It can be shown that 


PO y = V3d,y — V2(digt dy 4) = — V2(di4t dy) 


= 





It can be easily seen that repulsive forces between adjacent 
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where d,, denotes the variation of the internuclear distance between the 
atoms ry ands. d,,4 is zero in the normal mode under consideration. The 
force arising from the variation 0,4 acting against the direction of motion 


of ‘4’ is 


a 1 7 } 16 K 
K’y. x os me =;[- V2Udy4 + dv)| [ eh aa hs ) |= a 
‘Therefore the total force acting along (4 4’) due to 0; 4’, 624’ and 034’ is — 
= 


Similarly it can be shown that the other three angles at ‘4’ contribute 
16 Kx 
ee 
the valence forces along (4 4’) due to the variations 646, 947, O49, 94 10, 94 12 
. co . 16 K’ re: 
and 6, 33 is “2 ; “ and those due to O43, 94 1, and 44 yg is 3p dl Similarly, 
the contribution from the intra-valence force system may be calculated. 
Then it can be seen that the total force F acting on ‘4’ against the 
direction of its motion is 





Following the same procedure we can show that the component of 








2 


8 (K’ — ats 
= 


el L = = ——— ——— 
F Mz = ¥ Se | K 


The expression for the frequency is 


éog 8 (KK) 
eat = V [au (& + P )| 


Now, we can Prieta evaluate the value of v in the case of 
diamond if we know the values of the force constants correctly. It 
appears that the calculations of the said constants till now made by the 
vibration spectra data of organic compounds are based on assumptions 
which are questionable. We shall not be far amiss if we take the constants 
to be as K = 4x 10° dyn./cm. and (K’— K’’’)/p?= 0-2 x 10° dyn./em. We get 
v to be 1346 cm.-!. The agreement between 1346 cm.-! and the observed 
1332 cm. corresponding to the principal Raman frequency shift is however 
not to be stressed, as it depends on the tentatively assumed values of the 
force constants. 





Further work is under progress and will be reported later on. The 
author is highly thankful to his professor Sir C. V. Raman for his great 
interest and suggestions throughout the work 

7. Summary. 

(1) The theoretical calculations of the characteristic frequency of 
diamond and the experimental results of the vibration spectra of diamond 
are reviewed in brief ; (Section 1). 


(2) The vibratory equations of motion of the diamond lattice under 
the three forces’ system and the suitable type of intra-valence forces are 
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formulated. A typical factor of the secular equation is then obtained and it is 
found that it corresponds to the vibration of the two component cubic face- 
centred lattices composing the diamond lattice relative to one another, each 
being considered as rigid. The said vibration is triply degenerate. It 
appears that this vibration is Raman-active but optically inactive since all 
the atoms are homonuclear. Hence an explanation for the origin of the 
principal Raman line with the shift 1332 cm.-! and the absence of the 
infra-red band corresponding to 1332 cm.-! follows. 
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1. Introduction. 

Mucu work has been done during the past few years by various authors on 
the optical properties of thin metallic films obtained by cathodic sputtering 
and evaporation in vacuo. But their attention has been so far confined 
mostly to reflection and transmission of light by thin metallic films. The 
phenomenon of scattering of light by these films, which is perhaps more 
striking and characteristic of them, has been more or less neglected. 

Ramdas! studied the scattering of light by polished metallic surfaces. 
He found that much of the light scattered was due to microscopic 
irregularities in the surface. He also found that observed parallel to the 
surface with normally incident unpolarised light with a double image prism, 
the component of the scattered light with its vibrations in the plane of 
observation was very intense while that with its vibrations perpendicular 
was weak. In order to examine metallic surfaces free from irregularities he 
later obtained deposits of gold on freshly split mica surfaces by cathodic 
sputtering.2 The mica-metal contact surface of these films exhibited 
metallic reflection and scattered very little light, much less in fact, than a 
clean mercury surface. This paper deals with an entirely different and far 
more striking phenomenon exhibited by extremely thin films of metal 
obtained by evaporation in vacuo and also cathodic sputtering. 


2. Some Preliminary Observations. 

During silvering the plates of a Fabry and Perot interferometer by 
evaporation of silver in vacuo, in the apparatus shown in Fig. 2, a deposit of 
silver of varying thickness like a wedge, was obtained on the walls of the 
glass jar in which it was done. The colour of the film by transmitted light 
varied from the characteristic blue of silver in the thickest part which 
showed metallic reflection, to a purple and finally an orange yellow. The 
thinnest portions which were orange yellow by transmitted light appeared 
greenish by reflected light and the portions which were purple by 


1 L. A. Ramdas, Proc. Ind. Assoc. Sci., 1925-26, 9, 129-143. 
2 Ibid., 1925-26, 9, 323-327. 
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transmission appeared a pale yellow by reflection. But by scattered light 
these thinner portions presented a remarkable appearance. The scattering 
of light by these portions of the film was so intense as to be capable 
of being demonstrated to a large audience. The scattering was observed to 
begin just where the metallic reflection fell off and the scattered light was 
an intense orange yellow in colour. The thinnest portions which were 
orange yellow by transmitted light appeared a green by scattered light. 
Photographs of a strip of the deposit on the jar taken by transmitted, 
reflected and scattered light are given in Fig. 1. The photograph by 
scattered light was taken through a red filter using a carbon arc for 
illuminating the jar obliquely. The source of light in the other two cases 
was a piece of Bristol board illuminated by a carbon arc. It is clear from 
the photographs that the scattering begins very suddenly just where the 
reflection weakens, at about 5-5 on the scale in B and continues till the 
thickness of the film becomes zero (about 8-0 on the scale). 

Examination of the scattered light with a nicol showed that just as 
in the case of the metallic surfaces examined by Ramdas,? with normally 
incident unpolarised light, the direction of observation being almost 
parallel to the film, the component with its electric vector in the plane of 
observation was much more intense than the one with its electric vector 
perpendicular. If this scattering were the ordinary Rayleigh type of 
colloidal scattering, then the component with its electric vector perpendicular 
to the plane of observation should have been stronger than the one with 
its vector in the plane of observation. This follows from Mie’s‘ theory and 
is found to be the case for the light scattered by colloidal gold and silver. 
Hence the scattering by thin films of metals must essentially be a surface 
effect different from the ordinary type of colloidal scattering. This remarkable 
property and the fact that the thicker portions did not scatter any light 
whatever made it desirable to study this phenomenon more fully using films 
of various metals. 

3. Preparation of the Films. 

Films of silver, aluminium and tin were obtained on clean glass or 
freshly split mica surfaces, by evaporation in vacuo in a modification of the 
well known apparatus of Ritschl,5 shown in Fig. A. A conically wound spiral 





3 Loc. cit. 
* G. Mie, Ann. der Physik, 1908, 25, 427. 
5 R. Ritschl, Zs. Physik. 1931, 69, 578. 
See also 
C. H. Cartwright, Rev. Sci. Instr., 1932, 3, 298. 
C. H. Cartwright and J. Strong, Phys. Rev., 1931, 2, 189. 
R. C. Williams and G. B. Sabine, Astrophys. Journ., 1933, 77, 316. 
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B of 30 gauge tungsten wire was firmly attached to two supports AA of 
thick copper wire. These supports which also served as electrical leads for 
the spiral, passed through C, the brass bed plate of the apparatus. They 
were insulated by means of glass bushes and the joint made vacuum-tight 
with sealing wax. ‘The glass plate D on which the metallic deposit was to 
be obtained was kept inclined inside the jar E as shown. A small piece of 
the metal to be evaporated was kept in B, the joint between the jar and 
the bed plate was rendered vacuum-tight with a putty supplied by Metro- 
politan Vickers and the apparatus was evacuated by means of F with an oil 


ate Ag 












































F 
Fia, A. 
diffusion pump capable of maintaining a vacuum of 10° mm. of mercury. 
After complete evacuation the metal in B was evaporated by passing a 
current of about 6 to 7 amperes through the tungsten spiral. The current 
and the time of evaporation depend upon the particular metal used. For 
instance silver films could easily be prepared with a current of 7 amperes in 
about 5 minutes. 
4. Detailed Study of Silver Films. 

A number of silver films were obtained by the above method on glass 

plates previously cleaned with chromic acid, washed with distilled water and 
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dried in a closed cupboard to minimise the settling of dust. The silver 
films thus obtained were very thick in the centre and thinned off towards 
the edges. By transmitted light the central portion was deep blue in colour, 
The colour progressively varied towards the edges from deep blue in the 
centre, in the sequence—light blue, bluish purple, purple, reddish purple and 
orange yellow—just as in the case of the deposit on the jar mentioned earlier, 
The deep blue portions were highly reflecting, and the light blue portions 
also showed metallic reflection but with diminished intensity. The purple 
portions appeared pale yellow by reflected light and the orange yellow por- 
tions appeared a light green. The light reflected by these thin portions was 
extremely feeble. But by scattered light the film had a remarkable appear- 
ance, the portions with metallic reflection appearing quite black and invisi- 
ble, while the outer portions were successively brilliant orange and green in 
colour. The intense orange scattering was manifest just where the metallic 
reflection fell off, while the thinnest portions appeared green. Examina- 
tion with a nicol showed that with normally incident unpolarised light, the 
direction of observation being almost parallel to the surface of the film, the 
component with its electric vector in the plane of observation was much 
more intense than the one with its electric vector perpendicular. 

In order to test whether the above phenomenon was in any way influenc- 
ed by the nature of the surface of deposition of the film, a number of silver 
films were obtained on freshly split surfaces of mica. Photographs of an 
evaporated silver film on mica, obtained by reflected, scattered and trans- 
mitted light are given in Figs. 2, 3 and 4 respectively. Fig. 2 
was obtained by photographing the silver film by reflected light using a 
piece of Bristol board illuminated by a carbon arc as the source of light. 
Fig. 3 was obtained by photographing the film illuminated by the light from 
a carbon are at grazing incidence. Fig. 4 was obtained by photographing 
the film by transmitted light using a piece of Bristol board illuminated by a 
carbon are as the background. From the photographs it can be seen that 
the metallic reflection ends abruptly and the scattering begins in an equally 
abrupt manner where the metallic reflection ends. The white spots and 
streaks in the photographs are due to imperfections in the mica. 


5. Films of other Metals. 


Films of aluminium and tin obtained by evaporation in vacuo also show 
the scattering of light phenomenon described in this paper, but not so 
strikingly as silver. Neither do they show such remarkable colours by 
transmitted and reflected light as silver films. The light scattered by films 
of aluminium and tin also exhibits anomalous depolarisation which is 
characteristic of metallic surfaces, in very much the same way as silver 
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films. With a heating current of 6 to 7 amperes films of the above metals 
could be obtained in 4 to 5 minutes. With this current it takes about an 
hour to prepare a gold film. But it will probably be contaminated with 
tungsten since a tungsten filament by itself gives an easily discernible film 
with 7 amperes in about half an hour. For this reason gold and copper 
films were prepared by cathodic sputtering, as explained later. 

i 6. Sputtered Films. 


Some films of silver, copper and gold were obtained by sputtering on 
freshly split mica from a circular cathode of silver about 5 mm. in 
diameter. Films similar to the evaporated ones were obtained, the thinner 
portions of which showed exactly similar phenomena. But the central thick 
portions also scattered light quite intensely as observed by Ramdas‘ in some 
sputtered deposits, probably due to very coarse granular structure. 

Another property of the sputtered films is perhaps worth mentioning. 
They exhibit coloured rings of the type observed by Wood, Edwards and 
others,’ both by reflection and by transmission. With obliquely incident light 
these colours are different when viewed through a nicol with the direction of 
vibration parallel to the film, to what they are when it is perpendicular. The 
reflection colours with the nicol parallel to the film are the same as the trans- 
mission colours with the nicol perpendicular; and also, they are comple- 
mentary with the reflection colours obtained with the nicol perpendicular. 

7. Examination of the Films under a Microscope. 

Examined by transmitted light under a microscope the silver films as 
also films of other metals do not reveal any kind of a structure even with 
the highest powers which can be used without oil-immersion. Only the 
colour of the film is visible, which is itself quite continuous and structureless. 
A more thorough examination of the scattered light is possible with the 
“Ultra-opak ’’’ microscope recently introduced by T,eitz and used by Sir 
C. V. Raman’ for the examination of the plumage of birds. The brilliant 
colour of the scattered light is very clearly visible in this microscope. Only 
the faintest semblance of a structure is seen, which is but imperfectly 
resolved. The colour itself is quite uniform and does not show any discon- 
tinuity. It is hard to say definitely whether the films have a structure or 
not without further examination with higher powers and more intense 
illumination than what was used. 





6 Loc. cit. 

R. W. Wood, Phil. Mag., 1902, 4, 428. 

H. W. Edwards, Phys. Rev., 1931, 38, 166. 
L. I. Bockstahler and C. J. Overbeck, Phys. Rev., 1931, 37, 465. 
® Sir C, V. Raman, Proc. Ind. Acad. Sci., 1934, 1, 3, 
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8. Electrical Conductivity of the Films. 

In order to find out whether there is any sudden fall in electrical 
conductivity where the scattering of light begins, the silver film on mica 
was divided into parallel strips 7 or 8 mms. long and about 2 mms. wide by 
ruling lines with a pointed piece of wood. A suitable contact piece was 
made out of two strips of silver foil about a millimetre wide, firmly secured 
2 mms. apart on a piece of mica. The strip of the silver film whose 
resistance was to be measured was kept on the contact piece and weighted 
down by a 100 gram weight in order to ensure good contact between the 
strips of foil and the film. The results obtained are given in Table I. 
Resistances below 100,000 ohms were measured with a post office box and 
the rest with an Evershed “‘ Megger’”’. 


TABLE I. 





Electrical 
resistance 
ohms 


| 
Colour by Colour by Colour by 
transmission reflection scattering 





_ 
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Deep blue, — White, metallic Invisible by seat- 
almost opaque tered light 
do. do. do. 
do. do. do. 
do. do. do. 
do. do. do. 
Blue do. do. 
do. do. do. 
Light blue, Slightly feebler do. 
metallic reflection 
do. do. do. 
do. do. do. 
do. do. do. 
Bluish purple Pale yellow, me- | Intense orange 
tallic reflection start of scattering 
absent 
Purple do. do. = 
do. do. do. 207 
do. do. do. 100,000 
do. do. do. 100 x 10° 
do. do. do. Infinite 
Orange yellow Green, feeble Green do. 
do, do. do. do. 
do. do. do. do. 
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From the Table it is clear that the film can be divided roughly into 
three portions: a metallic part where it is highly conducting, a part where 
the resistance is high but finite and a part where the resistance is infinite. 
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The first of these parts does not scatter any light, the second appears orange 
and the third green by scattered light. The metallic portion of the film is 
definitely crystalline as shown by X-ray observations. One can think of the 
film as existing in three different states: a crystalline state where there is 
complete regularity of arrangement of atoms in a lattice and consequently 
very little scattering, a two-dimensional gaseous state with random distri- 
bution, and an intermediate state between the two. The intermediate state 
is the one in which the film is orange by scattered light and has a high but 
finite resistance. ‘The two-dimensional gaseous state is the one in which the 
film is green by scattered light and has infinite resistance. 

In view of the facts described in the present paper, any explanation of 
the colours of thin metallic films based merely on the optical constants of 
metals, viz. refractive index and absorption cofficient, measured in the 
crystalline condition would necessarily be incorrect. More detailed quanti- 
tative investigations of the scattering of light by thin films of metal and its 
correlation with colours by reflection and transmission and with electrical 
resistance are now in progress. 

It is with much pleasure that I take this opportunity to express my 
sincere thanks for the kind and helpful interest which Sir C. V. Raman has 
taken in this work. 

Summary. 


Observations on a new kind of light scattering shown by thin films of 
metals obtained by evaporation in vacuo and cathodic sputtering are 
described. ‘The light scattered by such films exhibits anomalous depolarisation 
characteristic of metallic surfaces. It is thus essentially a surface effect and 
not the ordinary Rayleigh type of colloidal scattering. The portions 
of the film which are thin enough to show this effect are found to have no 
metallic reflection and either a large or else a practically infinite electrical 
resistance. It is suggested that the metallic film has three possible different 
states: a crystalline state with metallic properties, a two-dimensional 
gaseous state which is not metallic and is non-conducting, and thirdly an 
intermediate state with high electrical resistance. An evaporated silver film 
in the first state scatters little light and is black by scattered light. In the 
intermediate state, it scatters bright orange yellow light, and in the gaseous 
state, a bright green. Observations on the colours of the film by trans- 
mission and reflection examined with a nicol are also recorded. It is hoped 
that a more detailed quantitative investigation of the scattering of light by 
thin films of metals will throw light on their nature. 
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A—Transmitted. 


B—Reflected. 


C—Scattered. 
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Reflected. 


A—Metallic reflection. 
B—Pale yellow reflection. 
C—Pale green reflection. 


Scattered. 


A—Black. No scattering. 
B—Orange yellow scattering. 
C—Green scattering. 


Transmitted. 


A,—Deep blue. 
A.—Light blue. 
B-—-Purple. 
C—Yellow. 
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1. Introduction. 
e—1 
e+2 
the assumption that the molectiles in the medium considered are electrically 
isotropic and spherically symmetric. The “ polarisation field’’ is usually 





Tae Clausius-Mosotti relation x3 equals constant, has been obtained on 


taken to be 2 x E where x is the susceptibility of the medium per unit 


volume and E is the incident field, it being assumed that the polarisation 
field acting on any molecule is independent of its orientation in the field; 
this is true only if the molecules surrounding the given molecule are 
equivalent toa spherically symmetrical arrangement of polarisable matter. 
This assumption is not necessarily true in respect of the molecules near the 
given one and especially when the shape of the molecule departs greatly 
from spherical symmetry. ‘The polarisation field acting on a molecule must 
thus, in general, be a function of its orientation in the external field. 


Raman and Krishnan! have developed a ‘theory of light scattering in 
liquids’ on the basis of the idea of the ‘anisotropy’ of the polarisation 
field. They have also worked out on the same basis, a theory of the 
electric and magnetic birefringence in liquids.2 These have been success- 
fully extended to the case of liquid mixtures by Parthasarathy.? Ina 
recent paper, Narasimhiah* has given a theory of the refractivity of liquid 
mixtures based on the Raman-Krishnan® theory of the optical and electrical 
properties of liquids, which theory again makes use of the idea of the 
anisotropy of the polarisation field. In this paper the theory has been 
extended to the case of the dielectric constant of binary liquid mixtures. 





* Raman and Krishnan, Phil. Mag., 1928, 5, 498. 

? Raman and Krishnan, Proc. Roy. Soc. (A), 1927, 117, 1. 

* Parthasarathy, Ind. J. Physics, 1934, 8, 275. 

* Narasimhiah, Proc. Ind. Acad. Sci., 1934, 1, 34. 

5 Raman and Krishnan, Proc. Roy. Soc. (A), 1928, 117, 589. 
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2. Theory. 


In a binary liquid mixture we have two types of molecules A and B. 
We shall first calculate the mean moment induced in a type of the 
molecule A by unit incident field. 


We shall choose two systems of coordinate axes :—(1) the x, y, z axes 
fixed in space, (2) the &, 7, ¢ axes, the principal axes of the electrical 
polarisability of the molecule, the relative orientations of the two systems of 
axes being given by the usual Eulerian angles 0, ¢, p. Let a), ae, a3 be the 
electrostatic polarisabilities of the molecule in the vapour state along its 
three axes £,, ¢. When an external field is incident along any one of these 
axes, say along the ¢ axis, the polarisation field acting on the molecule will, 
in general, have components along the n, ¢ axes also. Let 9), 912, 913 be the 
factors which determine the polarisation fields acting along the &, », { axes 
when the external field acts along the € axis; similarly 42, 922, q23 and 4s), 
932, 933 > Vik = ki- 

If the molecule is polar, we must take into account its permanent 
electric moment p. Let py, we, ws be the components of p along the 
&, », ¢ axes. 


Let E, the external electrostatic field, be incident in the medium along 
the z axis. If a),a9,a3 are the direction cosines of EF, with respect to the 
&,, ¢ axes, the actual fields acting on the molecule along its electric axes are 


E, = E [a, + X, (gira, + 92102 + 93148) | 
Fo = E [a2+ X, (gi2ai + Yo2a2 + Ys2a8) | 
E3 = E [a3 + X, (9iga1 + Go3a2 + 9330) | 


Now the contribution to the moment along the direction of the incident 
field from the molecule under consideration is 


I, = Ejaja; + Ega@gag + Ezagag + mya, + poaz + psag 
— E [a (1 + qu x.) a)? + ag (1 + 922 X.) ay” + a3 (1 + 933 Xz) ag” 


+ Xe {Giz (a, + a2) ajay + G23 (a2 + ag) agagz + G31 (@3 + a) a3a3}] 


+ pa, + peae + pgag 


If «# represents the potential energy of the molecule in the field due to 
the existence of the permanent moment, 


u = — (mE) + weE2 + u3Es) 
= —(Mja; + Meae+ M3a3) 
where Mj =p; + X-(¢1y + Go1@2+ 9aim3) and likewise for Mz and Ms. 
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By Boltzmann’s theorem, the number of molecules per unit volume whose 
orientations in the field correspond to the range sin 6 d0 d¢ dy is equal to 


u 
ce ‘T sin 6 dé dd dis 
where c is to be evaluated from the relation 
O=n 22 2ru 


I Sf Sce sin 0 d0 db dp=v, 
6=0 0 0 


vy being the number of molecules of the type A in unit volume of the mixture. 
The average contribution from a molecule in the medium to the 
moment along the field is therefore 


SS fern, sin 0 dO dd dy 
SSfe* sin 6 d0 dd dp 


neglecting higher powers of E. On actual evaluation of the integrals, it is 
seen “hy 


=Ha,(1 +4, Xe) +a,(1+- YooXe) + a3,(1+-4s3Xe)] +apm 


4 this expression 

€Em—1 
40 

m', refer to molecules of the type B in the mixture, e, is the dielectric 

constant of the mixture. Making this substitution for X, and also putting 


=m,.E (say) 





aT (M,p, +- M.p.+M,p,) (1) 


= X, = vm, + v'm', since we are considering a mixture. v’ and 


q = +s we get from (1) 


= _ &m +2 1 ad Cu. 1 ! a8, 3. 2 9 , : ] 
at 3 + | + yrs a 3 e+ 3kT (2 S$} + 22 wisedia) 
Em — @ 
Similarly we have 
a + 2 a’, pe? ] Em — =[er + , 9’ =| 
pieinetnc [2 steel ta |” * se 
and hence from the relation 
Em — 1 
4tr 
we get after simplification, 


€m — 1 == a, p -a”( 
Em + 2" (25 2 set) * "Sa Em + * 


= X, = vm, + v'm', 


oH 
+4 =v y¥(29 = v (w+ e 


+ & ae + my 3kT 
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The second and the fourth terms represent the correction terms to the V 
usual additive formula. If in these terms we put, to a first approximation, 
G—-i. &—k . e&-!1 
Em + 2 €é.+2 €, + 2 
where e, and e¢, are the dielectric constants of the components A and B when 

their molecular densities are v and v’ respectively we get, 


ee ee a ee alt! a v[v + ser] ' 








Em t+ 2 a, +2 €, + 2 e,+2 3kT ace 3kT 
This is the formula for the dielectric constant of a binary liquid mixture 
both of whose components contain permanent electric dipoles. It can be 
seen that when the polarisation field is isotropic, this reduces to the simple 
additive law. In this case, it is obvious that it is essential for both types of 
molecules A and B to be electrically isotropic and spherically symmetric. 


In the case when one of the components alone is polar, say the 
first component, we will have @’ = 0. If both are non-polar 8 = 9’ = 0. 
3. Molar Polarisation. 


According to Debye, 
Pio = Pifi + Profs 
where Pj» is the molar polarisation of the mixture which is put equal to 


N : 2 
oS aM 4 J “ae 9 f, and fe being the molecular concentrations - and 


€n + “ v v 





’ 





ae respectively of the two components, M,, M2 the molecular weights of 
v v 


the two liquids and P,, P, the molar polarisations of the pure components. 
But, it can be seen that from the formula for the dielectric constants given 
above we get a slightly different expression for the molar polarisation. 
For, we have, 
d = vM\m + v’Mom where m is the mass of the hydrogen atom. 
= “= (vM, + v’My) where N is the Avogadro number. { 


vy+tov’ 


— {fiMi + foMo} 


o Em —1 _ i eo, # \, &—!1 8 
me (2 3° 3K ) " tae v(¥ ss set) 
ee a’, p? _ a — 1 ’ 
hy (2 eae) hee vo (P+ bd 
from (2) above. 


« Sea 1 fi.M, + f.M, fh dar ( 1 én co) 
as _—d =AZNn(24 + #)+ fr 2S5N (+ se) 


d 4a . . 0’ 
+ Agn(zo+ + fe A>5N( + apr) 




















Em + 2 d 
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which after making the same approximation as before reduces to the form 


P= Pf, + Pf, + vfP et aa) (¥ + aa 


oP, =P,f. + Pfs + — ~~ [P (%" * a + P, (v+2)] 


This is the iene for the molar polarisation of the mixture according 
to the modified theory. 
4. Evaluation of the Constants. 
The quantities to be calculated are the electrostatic polarisabilities 
aj, 42, 43, the constants of the polarisation field g;, 9)2, gi3 and the factor 8 
involving the permanent moment p. 





The electrostatic polarisabilities a), a2, a3 are calculated from the optical 
polarisabilities A), As, As by means of the well-known equation of Gans® 
eo  & a, 8-1 


Ek he 
where 6 is the dielectric constant of the vapour and mp is its refractive index 
outside the field. Usually the molecule is treated as a spheroid of revolu- 
tion and hence a; 2 dz = a3. In the case of a polar molecule, the ratio 
a, ci 


z = *s = 3 where «¢ is the square of the refractive index extrapolated 


1 
for infinite siaduinah 





To calculate the g’s, we may make the simplifying assumption that 
the geometric axes and the electric axes of the molecule coincide in direction ; 
the q’s then become constants characteristic of the ellipsoidal molecule 
depending on its shape. These g’s may be evaluated either from X-ray 
data or from light scattering data. The method of calculation has been 
completely given by Krishnan and Rao.? 

The factor @ can be determined in simple cases from a knowledge of 
the structure of the molecule. In other cases we can evaluate it approxi- 
mately by means . the relation for the _ liquid, viz. :— 


e— a, fh a. © 
= 7 (23 +ia)+s a? 50 (3 ae) i .. (4) 
In the equation « can be obtained experimentally, v is known from measure- 


by 
ments of density, » is known from the vapour values, the quantities = and 


¥ expressing the effect of the deformation of the molecule are calculated by 
the methods explained above. The only unknown 6 expressing the effect of 
the orientation of the molecule is then obtained by a solution of the equation. 


® Gans, Ann. d. Physik., 1921, 65, 97. 
* Krishnan and Rao, Ind. J. Physics, 1929, 4, 46. 
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The formula (3) obtained above has been verified in the case of benzene- 
While the formula for the pure liquid, (4) above, has 
been successfully applied to the case of benzene whose 8@=0 by Krishnan 
it has here been verified to hold good in the case of toluene which has a 


toluene mixtures. 


definite value of 9. 


The toluene molecule is regarded as an oblate spheroid, 
ay = &3 >a; a2 and 4s are in the plane of the ring and a, perpendicular to it. 


5. Consideration of Experimental Results. 


We have now @ = Jyp)?s, +2 Lyjpsgie 


If we make the assumption that » (which lies in the plane of the ring) is 
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along the direction of az (say or a3), then p, = p3 = 0 


In this way 9 is obtained. 
The following are the values :—- 


8= [27S2 = p?S2 





so that 











Substance M1 | Gs=%s Ne x 10**| a, (=a,)x10**| @x10* 
Benzene 6-60 3°00 6°47 12-83 
Toluene 6°75 2-91 7°31 14-70 0-205 

















The following table gives the values of - — 


tures, calculated from Saag coage® 


Debye expression = : “(5 a +h4 


4) above. 





92 
~ 


pe? 
3kT 


- of toluene for various tempera- 
The values obtained from the 
) have also been given. The 


dielectric constants and Sisattina have been taken from Bergholm.® 














Temp. t°C. | Density © (3) | (5). (S)ex 
—20 0-903 2-490 0-3410 0-3319 0-3321 
0 0-884 2-436 0+3306 03237 03223 
20 0-866 2-385 0-3218 0+3154 0.3135 
41°5 0-845 2+330 0-3120 0-3039 0-3072 
60-5 0-828 2-285 0-3041 0- 2992 0+ 2962 
100 0-791 2-200 0- 2888 0+ 2856 0+ 2840 






































D.—Debye’s expression. 





8 Krishnan, Proc. Roy. Soc. (A), 1929, 


E.—Experimental, 


® Bergholm, Ann. d. Phys., 1921, 65, 128. 





126, 155. 


R. K.—Raman-Krishnan theory. 
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Considering the approximations made in the evaluation of the constants, the 
agreement between the Raman-Krishnan theory and the experiment is much 
more satisfactory than that between the Debye theory and experiment. 

In the case of the benzene-toluene mixture, the following results were 
obtained. The dielectric constants and densities for the mixture were taken 
from Martin Griitzmacher.!° The table below gives the results. 




















Wt. % of Toluene (5 A | (eS a (5 a 

0 os 0-2995 

20 0-3022 0- 2985 0-2990 
40 0-3050 0-3001 0-3004 

60 | 0-3076 0-3024 0-3027 

80 |  0+3103 0-3061 0-3070 

100 | 0-3132 

A.—Additivity law. | E.—FExperimental. M. T.—Modified theory. 


Hence we find that the modified theory agrees much better with experiment 
than the simple law of additivity. The results have been plotted graphically. 





3135 eee 
3125 + 3125 
3115 | @ Additivity Law 4 3115 
3105 | ® Experimental 4 3105 
3095 | @ Raman-Krishnan Theory | 3095 
3085 + 4 3085 
_ 3075} 4+ 3075 
= 3065 7 3065 
_* , 3055 1 3055 
l + 3045 + 4 3045 
3035 } 1 3085 
3025 + | 3025 
3015 + } 3015 
3006 F + 3005 
2995 + 2995 
2985 4+ 2985 











0 10 20 30 40 50 60 70 80 90 100 
wt. % of Toluene —> 





10 Griitzmacher, Zeit. f. Phys., 1924, 28, 342. 
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6. Association in Polar Liquids. 


At the present moment it can be said that the deviations from the 
Debye formule are due to two causes: (1) effect of the anisotropy of the 
polarisation field; (2) the effect of association of molecules. In non-polar 
liquids, however, the latter is absent. The effect of association introdiices 
complications and has not been discussed in the present paper. ~The 
benzene-toluene mixture has been chosén because, in this case, due to the 
fact that toluene has a very small electric moment, the effects due to 
association can be considered negligible. The applicability of the theory to 
cases where the magnitudes of these effects are large, is being considered and 
further work on the subject is in progress. 


In conclusion, it is my pleasant duty to express my heartfelt thanks to 
my professor Sir C. V. Raman, kt., F.R.S., N.L., for his kind interest and 
inspiring guidance. I wish also to thank Mr. S. Parthasarathy with whom 
I discussed the problem. 

Summary. 

The Raman-Krishnan theory of the dielectric behaviour of liquids based 
on the idea of an anisotropic polarisation field has been tested in the case of 
toluene in which case, since the electric moment is small, effects due to 
association are negligible. The theory gives very satisfactory results and has 
been extended to the case of binary liquid mixtures and the formula obtained 
has been successfully applied to the case of benzene-toluene mixtures. 
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1. Introduction. 


THE parametric representation 

x= (ul; y=’ (u) sa a (1) 
is frequently employed to deduce geometrical properties of cubic curves with 
the aid of elliptic function formule. Hadamard indicated! that this 
procedure might be reversed and expressed the desire to see a number of 
elliptic function formule deduced with the aid of the geometry of plane 
cubic curves. J,ater on, a number of formulz.were deduced by Gambier? by 
using involution properties of cubics and the method of residuation. 

In this paper I indicate a number of other formule which depend on 
involution properties. I also formulate Hadamard’s problem in an alterna- 
tive way, viz., ‘‘ Given any elliptic function formula to determine the correspond- 
ing geometrical property of the cubic curve’. This formulation which is 
distinct from the usual method of deducing known geometrical properties 
with the aid of elliptic functions has enabled me to deduce a mixed-polar 
property of the cubic which is perhaps new and can be considered 
fundamental. 


I indicate finally a few formule which depend on the method of 
residuation and a metrical property related, to a known elliptic function 
formula. 

2. Basic Theorems. 


It is assumed throughout that, of the two periods, 2w is real and 2w’ 
purely imaginary and w, w’, —(w+w’) have been replaced by a), wo, wz, 
respectively. The curve now becomes bipartite consisting of an oval and an 
infinite branch having an inflexion at infinity (I) corresponding tou=0. If 
P be a point (—2z) on this branch, four real tangents can be drawn to the 
cubic form P, the points of contact M, M;, Mz, M3 having parameters 
U, U+w), U+ we, U+ ws respectively. 





1 Bull. de la Soc. Math. de France, 1923, t. 51. 
2 Ibid., 1926, t. 54, 41 and 1930, t. 58, 220. 
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Among the involution properties of cubics the following two are 
fundamental, viz. :— 

(a) Corresponding points of any particular system subtend an involution 
pencil at any point on the curve. This theorem is substantially equivalent 
to Schroeter’s method?’ of generation of a cubic by the points of intersection 
of two projective involution pencils semi-perspectively situated. 

(6) Tetrads of corresponding points subtend a syzygetic pencil at any 
point on the curve (7.e., a pencil of tetrads containing three perfect squares 
or a pencil of the form /+AH=0, where H is the Hessian of the quartic). 

It may also be remarked ‘that this can be deduced from (A).4 I now 
consider in the following two articles certain elliptic function formule that 
can be deduced by applying (A) or (B). 

3. Involution Pencil through any Point P of Curve. (See Fig. 1.) 


AY 





A 
U+Ww’) 3\- 
( se. R 





“ P'(-2u +) 
Fig. 


From (A) it follows that by joining P to pairs of corresponding points 
on the curve, we get three types of involutions (one elliptic and two 





3 Math. Ann., Bd. 5, S. 63. 
* As shown by R. Vaidyanathaswami, Proc. Camb. Phil. Soc., 24, 4 (last para). 
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hyperbolic) according as the two corresponding points are both on the same 
branch or one on each branch. Thus PM and PM,; PM2 and PM;; PA, and 
PA;; PA, and PI are all corresponding rays of an elliptic involution. Let 
m, M2, M3, m4 and m, m’, m” denote the slopes of PM, PM;, PM2, PM; and 
PA,, PAs, PAs respectively. Let us associate with this pencil an involution 
range formed on the line x=1 by rays through O parallel to those through 
P. Denoting the points on this range by the suffix zero attached to the 
slopes of corresponding rays, we see that for the range considered mp is the 
centre of involution and m0, m29 and mo, M49 corresponding points. 
Hence 
(m—m ,) (m—m2) = (m—ms) (m—m,) sis ie 

This is an elliptic function formula if we remember that 

m, = om 
P’ (2u) 

(2 u) r= OE 

Other formule could be deduced by considering the double points of the 
range considered. To obtain® the double lines of the elliptic involution 
through P, consider the point P’ corresponding to P and on the same branch 
as P. P’ will have the parameter (—2u+w). If P’Q, P’Q’ and P’R, 
P’R’ be the four tangents from P’ to the curve, the lines QPQ’ and RR’P 
will be the required double lines. The points Q and R have parameters 
(w+w/2) and (u+w/2+w'). Hence the slopes of the double lines are 

G'(2u)—O'(u-+e/2) 4 P’(2u)—P’(w+w/2-+w') 
(2u) —P (u-+-w/2) (2u) —P(u+w/2-+w’) 

say jz, and yo. Expressing the fact that mp is the mid-point of 149 p29 we have, 


etc. 


and m = , ete. 





ftp: = 2m 
P'(2u)— P"(ut-eo/2) P'(2u)—P’(u+-w/2+w') _ _20"(2u) 
P (2u) —P (u--w,2) P(2u)— P(u+w/2+w’) 3 
Again, PA, and PAs; being corresponding rays of the same involution we 
can also write down 
(m—m') (m — m") = (m—py)? = (ua — m)? 
The first member of this expression is equal to 
P’(2u)  =—=s_—»_—«P" (2) Q'°(2u) = "(2u) } 
P(2u)—e,  P(2u)—e.$ (P(2u)—e, P(2u)—e, 
= 4{0(2u + w)—e,}, using the relations 
{P (2u + w) —e;} {P (24) —e)} = (€1—€2)(€1—€) 
and ’2(2u) = 4{P (2%) — e;}.4P (2) —e2} {P (2u) — eg}. 


4:0:, 














5 See for e.g., A. Harnack, Math. Ann., Bd. 9, S, 8-10. 
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Hence we can write the formula 
f(s) _ Fu) — P (u + o/2) 5 VP Get a a (4) 





(2%) — e, ~ 8 (Qu) — P (uw + w/2) 

Formulz (2), (3) and (4) can also be derived by application of (B) by 
taking for f the binary quartic whose roots are mm, m2, m3, ms. We can 
deduce by this means the well-known formule, 

b {my, mz, ms, my} = £ {P (2) — ey}* + {P (2u) — e2}# 
+ {@ (2u) — es}# .. (6) 
4. Other Involution Formule. (See Fig. 2.) 

A number of other formulz could be deduced by applying (A) to the 
involution pencils through the corresponding points A, and I. Since I is at 
infinity this pencil can conveniently be represented by an involution 
range on the X-axis, the points of the range being the feet of ordinates 
through corresponding points of the curve. Considering the elliptic involu- 
tion through I, the double points are given by the points of contact of 





tangents from Aj,, to the curve, viz., the two points F G (=), 0 } and 


F’ {9 ( < tu! ), o} and A, will be the centre of involution. Further A; and 
A; are also corresponding points in the same involution whose radius is 
therefore equal to {(e, — e2) (e; — és)}*. 

Since A, is the mid-point of FF’ 


® (hw) +P (fw + w’) = 2, 2 * . @ 
Also 'I’’=twice the radius of the involution. Hence 
P (dw) — @ (kw + w’) = 2 {(e, — 2) (1 — @s)}* .- 


Again, if A,)M, meets the curve in M’, this point is the reflexion of M 
and has parameter — u. Since M and M; are corresponding points, K’ and 
K, are corresponding points in the involution range considered. 

” A, K,-A,K’ = A,F 
but from similar triangles 








MK, _ A,K, 

M’K’ A, K’ 

MK, _ /A,F\ 
we - (Ze 
; 9 P’ (u +- w,) p- a (4 w,) — » (w,) 1. 8 
— §” (u) is Fa i ee 


Instead of considering the elliptic involution through I, let us consider the 
hyperbolic involution through A, whose corresponding rays are A,M3 and 
AiM. Also A,A3, A,;I and A;M»,-A,;M, are corresponding rays of this same 











B 
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involution pencil. Slopes of lines A,A3 and A,I are 0 and oo, Wecan 
therefore write 
Slope of AM; x Slope of A,M=Slope of A,A x Slope of A;B = Const., 7.¢., 








G* (w) _— P(uto’) __ _" (w/2) RP" (w/2 + w') _ gg — 
pane, * Pte) —6, ~~ P@)—«, * F@atar—e, 


Equating this to the product of the slopes of A,;M: and A,M, we deduce 
similarly, 
P’ (wu + w) P’ (wu + wt w’) 
P(ut+w)—e,° P(utwt w’)—e, 
By multiplication, 
II F’ (u + wr) 
IT {P (uw + w,) — ey} 
The denominator is equal to (e;—e)? (e,—e3)?._ Hence 
Q’ (u) Q’(u + ay) P'(u + we) P’'(uU + ws) 
= 16 (€; — 6&3)” (€2 — és)? (eg — e&)? «.. (9) 
5. Mixed Polar Property. 


Let us start with the well-known formula of elliptic functions, viz., 
Pw), Out), Ou+o) , HuU+u) _ 9 
’(u + a) (uw + w,) ’(u + ws) 








= 4(e,—e,). 





= 16 (e, — e,)* 








; 10 
ew) me 
or = My + My + M3 + m=O 

and try to interpret this geometrically. Let PI, and PI,’ (Fig. 2) be the 


ar 








= 


= 
? 


= Fi eae 















Fie, 2. 
fourth harmonics of IPP’ with respect to PM, PM; and PM2, PM3. Formula 
(10) is equivalent to the statement that PI, and PI,’ are equally inclined to 


the X-axis or that P (Q’P’, I,I,’) is a harmonic pencil. Since we can group 
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PM, PM;, PM; and PM; in three different ways into pairs, this statement 
can be given a more general form. Consider the four tangents from P as 
forming a quartic ; the polar line of any‘point on PP’ with respect to this 
quartic is an unique line through P and might be called the polar line of Pp’ 
w.r.t. the pencil of tangents. The statement made above can be replaced by 
the statement that the polar line of PP’ w.r.t. this pencil is the same as PQ’, 

It is well known that if P and Q be two points on a cubic the polar / of 
P w.r.t. the polar conic of Q is the same as the polar of Q w.r.t. the 
polar conic of P and / is called the mixed polar of P and Q. This. 
line passes through R, the point where PQ again meets the curve. 
Let us now consider the mixed polar of I and P’. The polar conic of I is 
made up of the inflexional tangent at infinity and the harmonic polar of 
I which is the X-axis. Hence the polar of P’ w.r.t. this degenerate polar 
conic is a line parallel to the X-axis and must also pass through P. Hence 
the mixed polar of I and P’ is the line PQ’, which we have already proved 
to be the polar line of IP’ with respect to the pencil of tangents from P to 
the cubic. Since only projective relations have been used in the above, we 
might generalise and obtain the Theorem (C): The mixed polar of two points 
P and Q on a cubic coincides with the polar line of PQ with respect to the 
pencil of four tangents to the cubic from the point R in which PQ again meets 
the cubic. 

This geometrical theorem deduced by means of elliptical function 
formula (10) can also be derived directly analytically as follows :— 

Let a,3 = 6,3 = 0 be the equation to the cubic andy, €,z the points 
P,Q, R respectively. The equation to the four tangents drawn to the 
curve from € can be written in the form® 

px' = 4 a,3 bg b, — 3 a,? ag b,? be = 0. 
Polarising this form twice with respect to y we can write the equation 
to the polar line of y with respect to p,* = 0 in the form 
px py = a, b, bg? + 3a, a, by bg? — 3 a, a, b,? ag be = 0 
or a, a, by bg? — 4, a, b,? ag be = 0, since a, = 
The points P, Q, R being collinear, we can write € = y + Az; with this 
substitution the above equation easily reduces to 

a,? a, by (b,? + 2Ab,b, + A 5?) — a, ay by? (a, + Aa,) (by + AD,)=0. 
1.€., Ay? a, (by? b, + Ab, b,?) — Aa, a, a, b,? b, = 0, using 6,3 = 0. 

Since R lies on the curve be = 0, or 03,,, = 0 which gives 
b,? b, + Ad, 62 = 0. 





® See for e.g., Harnack, Math. Ann., Bd. 9, 218, where the form is subjected to 
detailed investigation. 
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Using this equation, the polar line of y with respect to p,4 = 0, finally 
reduces to 
a, a, a, +b, b, =0 

or, Ay Ay a; 0 
since the form },? b, cannot be equal to zero, R being distinct from P. 
This last is evidently the polar of y w.r.t. a,2 a, = 0, the polar conic of z or 
the polar of z w.r.t. a,” a, = 0, the polar conic of y, 7.¢., it is the mixed polar 
of yand z. This proves the mixed polar theorem (C). 

The mixed polar theorem can be considered fundamental and _ itself 
used to derive’ other elliptic function formule. Consider, for example, the 
pencil I (M, M;, M2, M3). If the inflexional tangent at I cuts the harmonic 
polar (X-axis) at the point at infinity X, then it follows from the mixed 
pelar theorem that IP is the linear polar of IX w.r.t. this pencil. Hence it 
follows from the harmonic property relating to a polar line that 

ty + ty, + tu, + Xu, = 42’, 

te. © (u) + @ (uw + a) + P (w + we) + FP (w+ w,) = 40 (2u) .. (11) 

another well-known elliptic function formula. 


6. Method of Residuation. 


It is interesting to observe that formula(6) can be deduced by the method 
of residuation. If A, A and A, B be two of the tangents from A, such that 
the foci of involution F, F’ are the feet of the ordinates through A and B, 
formula (6) will have been proved if it be shown that the parahola touching 
the curve at A and B has its axis parallel to A, I, or that the group of 
points (A A BB) should be residual to (I I). We have, however, (A A A,)=0 
and (BBA,)=0. Hence (A ABB) is residual to (A, A,) which in turn is 
residual to (I I) and this proves the theorem. 

Consider next, the formula 

Gu) _ Out o) _ 29) ii 

@(u) Puta) Pe, _ 
which is proved by Gambier (Joc. cit., 58, p. 220) by using the method of 
tesiduation. An alternative, but equivalent, proof is obtained by observing 
that the points I, M, M’; are the points of contact of a conic with the curve 
since the sum of their parameters is w. From the harmonic property 
associated with a conic inscribed in a triangle it readily follows that the 
tangents at M and M’;, the line MM’, and the inflexional tangent at 
infinity are harmonically situated. This shows that slope of tangent at M x 
slope of tangent at M’,; = 2 slope of M M’), which is exactly formula (12). 


I I 





* My thanks are due to the Referee for drawing my attention to this, suggesting 
the application to formula (11) and also pointing out an alternative proof of the mixed 
polar theorem without the use of symbolic notation. 
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Lastly, consider a group of four points on the cubic (1) the sum of whose By 
parameters is equal to zero. This can be interpreted by saying that the S= 
parabola through these points has its axis parallel to the inflexional tangent tes 


at infinity since I corresponds to the parameter zero. We can take the 
equation to the parabola therefore as 

y = axt?+ dbx +e. If 
Considering its intersections with 

y? = 4x3—gox—gs = 4(x—e,)(x—e2)(x— es) 


we deduce the quartic whose roots are a, B, y, 5 in the form wl 
(ax? + bx + c)?—4(x—e)(x — e2)(x— es) = a*(x—a)(x—B)(x—y)(x—8). 
Substituting successively x = ¢), é2, é3 in this identity and adding the results R 


obtained after extraction of square root and multiplication by (¢.—¢), 
(e,—e,), (e:—e2) respectively, we have® 
2 (es —€,){(a—e) (B—e1)(y-— €1) (8— e,)}# = IT(e2—e,) +» (13) 


a = (mu), etc., and m+ u42+u3+ u4=0, 


7. A Metrical Property. 


Although not connected with the central idea of this paper of associat- 
ing elliptic function formule with typical geometrical properties, I give below 
a theorem relating to the cubic (1) which is nevertheless interesting. 


where 


Consider formula (11) which has been derived above by means of the 
mixed polar theorem. This can also be deduced by ad hoc Cartesian 
manipulation by finding the equation giving the abscisse of the points of 
intersection of the cubic and the first polar of P. By adopting the same 
method to the case where the point P (x’, y’) is not on the curve, I have 
deduced the results 





6 7} 
ZP(u,) = 6x’ 
Palit ! 
! 
Ze"(u,) = —6y' | 
r=] J 


u, being the point of contact of a tangent from P to the curve. ‘This 
leads to the 

Theorem :—The mean centre of the points of contact of tangents drawn 
from any point (not on the curve) to the curve is the reflexion of the point on the 
X-axis. 

The theorem is, however, not true when the point lies on the curve. 
Further, let us denote by S the expression 
S = 4x3—gox—g,—y". 





8 See Whittaker and Watson, Modern Analysis (Second Edition), Ex. 22, 452. 
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By obtaining an equation in (x/y) for the points of intersection of the cubic 
$=0 and the first polar of any point (x’y’) in the plane, we can derive the 


result 

$M 

Pte) ~ erm e 
If (x’y’) lies on the cubic, this reduces to 

4 O(u, 2x'S’ 
which is a well-known formula. 

In conclusion, I wish to thank my colleague Mr. M. Bhimasena 

Rao for helpful discussions and the Referee for suggesting a recasting of the 


paper. 
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1. Introduction. 

THE hydrogen ion concentration at which the precipitation of ferric oxide 
takes place from ferric salt solutions is a factor of considerable significance. 
The literature reveals the scanty data! and the non-reproducible nature 
of the results so far obtained. Britton? has titrated acidified solutions 
of ferric chloride against sodium hydroxide using oxygen electrode. He 
states that coagulation of ferric oxide sets in at pH 6-6. A correct knowledge 
of the pH changes during titrations of ferric salt solutions is necessary for 
a clear understanding of (a) the range of stability of ferric oxide sols, and (0) 
the composition of the ferric oxide at the equivalence point. Results of pH 
determinations of purified ferric oxide sols have been, until recently, rather 
uncertain. Earlier workers? conclude from their measurements using the 
hydrogen electrode that the pH of ferric oxide sols was practically the same 
as that of water, and did not suffer change by coagulation. Mukherjee and 
his co-workers* have experienced difficulties in the measurement of the pH of 
ferric oxide sols. Roy Chowdury in another paper® reports the pH of ferric 
oxide sols to be 6-0 by employing the indicator method. Mukherjee and 
his co-workers* have taken the pH of the liquid obtained by coagulating the 
sol by potassium sulphate to be the hydrogen ion concentration of the 
original sol. In a later part of their paper, however, they state that the 
‘liquid obtained by coagulation has a different hydrogen ion concentration 
from that of the intermicellary liquid’.’ 





1 Vide Britton, Hydrogen Ions, 1932 Edition, p. 325. 

2 J.C.S., 1925, 127, 2148. 

3 Browne, J. Amer. Chem. Soc., 1923, 45, 297; Pauli and Matula, Koll. Zeits., 1917, 
21, 49. 
# J. Ind. Chem. Soc., 1931, 8, 373. 
5 J. Ind. Chem. Soc., 1934, 11, 13. 
® Loe. cit. 
7 Loc. cit., p. 384. 
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W. L. McClatchie$ has shown by a comparative study of different 
electrodes, that glass and quinhydrone electrodes give correct and reproduci- 
ble potentials with ferric oxide sols. He points out that the results obtain- 
ed by earlier workers are unreliable. McClatchie states that the pH of 
ferric oxide sols lies in the range 4-05—4-43 depending upon the concentra- 
tion of the sol and the extent of dialysis of the hot liquid. 

In view of the importance of hydrogen ion concentration in colloid 
chemical analysis® and the elucidation of the nature of reaction at interfaces, 
a systematic investigation of the formation and stability of ferric oxide sols 
has been undertaken in our laboratory. The present paper deals with 
potentiometric titrations of ferric salt solutions against alkali using the 
quinhydrone electrode, the object of the work being to elucidate (a) the 
existence or otherwise of basic salts of definite chemical composition, (b) the 
pH range of stability of ferric oxide sols, (c) the influence of the time of 
contact of the ferric salt solution with alkali on the pH developed, and (d) 
the effect of neutral salts on the course of the titration. The pH of dialys- 
ed ferric oxide sols, and the influence of dilution and neutral salt solutions 
on their pH have also been investigated. 
os 2. Experimental Details. 


Two sets of ferric chloride 
solutions were prepared: (a) 
unacidified solutions, which 
are unstable on long standing, 
(6) acidified solutions contain- 
ing known quantities of hydro- 
chloric acid. The potentio- 
metric titrations were carried 
out in steamed Jena bottles 
which contained known 
volumes of the solution 
saturated with quinhydrone. A 
bright gold electrode was used. 
The potential was measured 
against a saturated calomel 
e ere _ electrode. A U-tube containing 

5 et A am A +, 7 7 eae € oe saturated 
Fic. 1. Titration of acidified Ferric Chloride vs. KCl served as the salt bridge. 

NaOH (Table IV). A Tinsley’s potentiometer 











ci 


—-—> pH values. 
3 B 


Lt Valuce for 3 minules contact. 
H. Values for 24hours contact. 








LL 
8 J. Phys. Chem., 1932, 36, 2087. 
® Cf. Mukherjee, Koll. Zeits., 1933, 63, 43. 
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reading to a millivolt was used for the measurements. The ferric 
chloride solutions were made up in carbonate-free distilled water. 
Carbonate-free alkali of known strength was run in from an automatic 
microburette. Potential measurements were carried 3 minutes after the 
addition of alkali. For studying the effect of time of contact with alkali 
on the potential, the solutions were mixed in stoppered Jena bottles and 
kept for 24 hours and the potential measured again. 


The values are recorded in Tables I to V. Fig. 1 represents a 
typical curve obtained in all these cases. The following points were obsery- 
ed. During the initial stages of the titration corresponding to pH range 
1-06—3-20, the pH steadily increases with time reaching a constant value 
within 24 hours, while in the second stage of the titration corresponding 
to the pH range 3-2—4-5, the pH decreases with time of contact reaching 
a steady value within the same period. For intermediate ranges of pH 
in the neighbourhood of 3-20, the value remains steady with time. 


TABLE I. 
Titration of unactdified ferric chloride solution vs. NaOH. 


Strength of NaOH = 0-0756N. 
Strength of FeCl; soln. = 0-074 M. 





E.M.F. 
|| Vol.of | in 
Remarks NaOH milli- 
volts 


Remarks 





Clear soln. : 229 Opalescent soln. 
222 
“ 4 213 | 4-08 
Slightly red 197 | 4-36 
coloured soln. 
” % : 192 | 4-47 | Practically opaque. 
Opalescent soln. 182 | 4-62 | Partial coagulation. 
Increasingly 160 5-00 ” ” 
opalescent soln. 


% ” 60 | 6-00 | Coagulation 
complete. 























Vol. of FeCl, soln. = 10 e.c. of stock soln. + 10 c.c. of water. 
End point (corresponding to second inflexion in potential) = 27-75 c.c. of alkali. 


Moles of FeCl, 


Ratio of Moles of NaOH 


at end point = 1: 2-81. 
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TABLE II. 


Titration of unacidified FeCl; solution in presence of N. KCI. 
Strength of NaOH and FeCl, (same as in Table I). 





| E.M.F. | : E.M.F. 
milli- pH Remarks homer = milli- pH Remarks 


volts volts 





389 Clear soln. ; 241 | 3-60 | Increasingly 
opalescent 
370 , 233 «(| 3-74 » ” 
2° ° ’ 222 | 3-93 9 °° 
’ , 215 | 4-05 | Practically opaque 
Slightly red : 207 | 4-21 
- Oo , 199 | 4-33 
Becomes opales- . 193 | 4-44 | Partial coagulation 
cent 
” 0 , 177 | 4-71 » 
29 . 4-97 ” ” 


% 0 . 114 | 5-79 | Coagulation 
complete 














td 40 | 7-07 - 














Vol. of FeCl, soln. = 19 c.c. of stock soln. + 10 c.c. of N. KCl. 
End point = 27-75 c.c. 
Moles of FeCl; 


Ratio of NaOH 


at end point = 1: 2-81. 


Whether the ferric chloride solution is initially acidified or unacidified 
one can notice two inflexions. The first inflexion is not very sharp and 
occurs roughly during the pH range 2-0—3-0. It is difficult to assign any 
stoichiometric ratio between the ferric chloride and the added alkali 
(corresponding to this inflexion) because the inflexion is not very sharp. 
Britton! has, however, formulated the existence of basic complexes of the 
type Fe(OH) 9.74 Cle. 26. 


The first inflexion represents the stage at which the free acid formed 
by hydrolysis is neutralised. The pH range 3-20—4-46 represents the 
tange of stability of colloidal ferric oxide. The solution is found to 
become increasingly opalescent during this range and finally becomes 
opaque before coagulation. Partial coagulation sets in at pH 4-46 beyond 
which there is a sharp rise in pH followed by complete coagulation at 





10 Loe. cit. 
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TABLE III. 


Titration of unacidified ferric chloride in presence of 0-57 N. K.SO,. 
= of NaOH and FeCl, (same as in Table I). 


F, | E.M.F. 
| pH | Remarks ; v2) St oe Remarks 
| | 





Vol. of 
NaOH milli- | | 
volts 


NaOH milli- 
| volts 





0-0 c.c. 362 | 1-52 | Clear solution 0 c.c. 219 . Increasing amounts 
coagulated 
4-0 ,, 344 1-83 99 : 211 


8-0 ,, 315 | 2-33 | Red and colloidal ° 198 
10-0 286 2-83 pe 99 : = 172 


11-0 268 | 3-14 ” 9 ° 117 . Coagulation 
complete 
12-0 256 | 3-35 | Partial coagula- : 73 . i 

tion 
14-0 3-62 ” 9 . 27 . 99 


16-0 3-76 | Increasing 
amounts coagu- 
lated 

18.5 3; 225 | 3-88 - °° 


























Vol. of FeCl, soln. = 10 c.c. of stock soin. + 10 ¢.c. of 0-57 N. K,S0O,. 
End point of titration gage t in potential) = 27-0 c.c. 
Molar ratio at end point = L: 2 


TABLE IV. 


Titration of acidified ferric chloride solution, showing the effect of time of 
contact with alkali. 


Strength of FeCl, soln. 0-049 M. 
Strength of soln. with respect to HCl = 0-0052 N 
Strength of NaOH 0-075 N. 








E.M.F. 
after | pH Remarks 
24 hrs. 


Vol. of 
NaOH 


| 
+} | 
| pH Remarks | 





1-33 | Clear solution 0-0 c.c. 373 ‘ Clear solution 
| 
1-85 a 5-0 335 : % 


2-35 | Colloidal and 75 , 3.00 | Colloidal and 
opalescent opalescent 
3-38 | t 10-0 ,, 3-21 e 


| 
12-5 3-78 | Increasing 12-5 , 3-36 an 
| Opa'’escence 
15-0 , 4.02 | a 15-0 3-55 | Increasingly 
opalescent 
17-0 , 4-24 | ” 17-0 3-79 ” 


18-0 4-43 | Coagulation sets | 18-0 4-14 | Coagulation sets in 


in 
19-0 _ ,, 5-22 | Coagulation 19-0 5-00 | Coagulation 
complete . complete 


19-5 ,, 20 | 7-41 ” % 19-5 30 | 7-40 99 























Vol. of FeCl; soln. = 10 c.c. of stock solution + 10 c.c. of water. 
End point (corresponding to inflexion in potential) = 19-25 c.c. in both cases. 
Molar ratio at end point = 1: 2-85. 








=m 
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TABLE V. 


Titration of acidified ferric chloride solution im presence of neutral salts, 


showing also the effect of time of contact with alkali. 


Strengths of solutions (same as in Table IV). 





























—— - D.STN,. In presence of | In presence of | In presence of 
1 K so : K so i N. KCl N, BaCl, N. KNO , 
— S minniee on hamee 3 minutes 3 minutes 3 minutes 
alkali 
E.M.F.| pH | E.M.F.| pH BMF. | pH |E.M.F.| pH E.M.F.| pH 
0-0 c.c 342 1-86 342 1-86 372 1-33 372 1-33 369 1-40 
50 4, 307 | 2-47 303 | 2-53 338 1-83 336 1-84 340 1-83 
ys 294 2-69 270 3-10 288 2-79 284 2-79 313 2-36 
10-0 ,; 232 | 3-76 254 | 3-36 236- 3-69 232 3-70 250 3°49 
1255 ,, 216 4-03 240 3°62 218 4-00 218 4-00 218 4-00 
15-0 ,, 200 4-31 224 3-90 205 4-22 203 4-22 208 4-17 
17-0 ,, 182 4-60 200 4-31 191 4-48 190 4-48 194 4-41 
180 ,, 155 | 5-09 153. | 5-12 176 4-72 174 4-72 183 4-60 
19-0 ,, 20 7-41 50 6-70 123 5-62 122 5-62 132 5°48 
195 ,, 22 7-38 33 7-19 
Vol. of 10 c.c. of stock} 10 c.c. of 10 c.c. of stock | 10 e.c. of stock | 10 c.c. of stock 
FeCl, | soln.+10c.c.| stock soln.+ | soln.+10 c.c. soln.-+10 c.c. soln.+10 c.c. of 
of 0-57N. 10 c.c. of of N. KC] of N. BaCl, N. KNO; 
K,SO, K,S80, 
End point} 18-5 c.c. 18-3-c.c. 19-0 c.c. 19-0 c.c. 19-1 c.c. 
Molar 1: 2-72 1: 2-69 1: 2-80 1: 2-80 1: 2-82 
ratio at 
end point 























pH 6. The molar ratio between sodium hydroxide and ferric chloride 
has been calculated corresponding to the end point of the titration as 


indicated by the second inflexion in potential. 


No stoichiometric ratio 


is found to exist; the concentration of the reaching substances and the 


ion environment determine this value. 
decreases in the order water > NO,’ > Cl’ > SO,” 


Tables I—V show that the ratio 
The end point of 


the titration is not affected by the time of contact of the ferric chloride 


with alkali. 


Experiments have also been conducted to find out if cations 
(Ba*, Mg’) have any influence on the end point of the titration. The 
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results show that the end point is affected by the presence of the chlorides 
of the cations to the same extent as an equivalent amount of KCI. 


3. Experiments with Ferric Oxide Sols. 

A ferric oxide sol was prepared and dialysed according to the method 
of McClatchie.!! The sol was used for the experiments after it had 
‘aged’ fora month. The pH of the sol and its variation with dilution 
have been tabulated below :— 

TABLE VI. 
Effect of dilution on the pH of ferric oxide sols. 


Original sol contains 2-5 gr. of Fe.O,; in 100 c.c. 





Sol 








| 
ee l l 
Dilution ..| Original) = 5 . ta | 10 | 20 
| 





pH | &er | ot | 4-93 | 4-89 








The changes in pH when ferric oxide sols are mixed up with neutral 
salt solutions, have been investigated as these data can be correlated with 
the titration values of ferric salts (in presence of neutral salts). It also 
enables one to form a picture of the disposition of ions in the interfacial 
layer. Previous workers have assumed that the pH of ferric oxide sols 
remains constant when coagulated by neutral salt solutions.!2 Table VII, 
however, shows that there are appreciable changes in pH on coagulation. 


TABLE VII. 


pH of mixtures of ferric oxide sols and neutral salt solutions. 








Mixture used pH (after 24 hours) Remarks 
(a) | Original sol 4-89 
(b) | 10 c.c. sol + 10 c.c. of N/5 K,SO, 7-93 Complete coagulation. 
(c) | 10 c.c. of sol + 0-1 c.c. of N/5 K,SO, 8-10 mn 
(d) | 10 c.c. of sol + 10 c.c. of N. KCl 7-50 : 
(e) | 10 c.c. of sol + 10 c.c. of N. KNO 7-25 be 














4. Discussion of Results. 


The first inflexion in potential which occurs in the pH range 2-0—3-0 
corresponds to the neutralisation of the free acid formed by hydrolysis. 





1t Loe. cit. 
12 Weiser, J. Phys. Chem., 1931, 34, 1. 
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During this period, particles of ferric oxide of amicronic size are being 
formed. ‘his is indicated by the fact that the solution remains perfectly 
clear and the intensity of the Tyndall cone is very slight. 


In the second part of the titration, there is the neutralisation of 
the hydrogen ions from the micelle by the hydroxyl ions of the added 
alkali, This corresponds to the pH range 3-45—4-45. A similar variation 
in pH has been observed in the potentiometric titration of stearic acid sols 
against sodium hydroxide." 

If one assumes the formation of definite basic salts during the 
course of the titration, the pH and CI ion concentration of the solution ought 
to remain constant over a certain range where the basic salt is stable. 
This is, however, contrary to the observations recorded in this paper. 
Weiser, Pauli and others! have shown that the micelles contain varying 
amounts of HCl. ‘The structure of colloidal ferric oxide is represented 
by Weiser as follows :—- 


+ 
. Fe,O3. y.HCl. z.H»O] nH (n—qg)Cl | gq. Cl 
Solid phase bes 2 Potenti trically Potenti trically 

layer inactive active 





Mobile layer 

Weiser has shown that the chlorine ions in the mobile layer are not 
all potentiometrically active. From the inflexion in potential corresponding 
to the end point of the titration, one notices that the molar ratio varies 
between the limits 2-69—2-85, depending upon the anion environment 
in which the titration is carried out; the ratio being least in presence 
of potassuim sulphate and greatest in the absence of any salt. These 
results also run parallel with the changes observed in the sol during 
the titration. An aqueous solution of ferric chloride in the absence of 
a neutral salt is not coagulated until the end point of the titration is 
reached. If the titration is carried in presence of KCl, partial coagulation 
sets in before the end point is reached. In presence of KoSQ,, the 
coagulation sets in at a much earlier stage. This shows that the 
positively charged sol gets coagulated by the anions of the salt. ‘The 
lower molar ratio in presence of neutral salts also shows that a certain 
amount of alkali is liberated during the coagulation of the sol by neutral salt. 


The structure formulated by Weiser! for ferric oxide sols has to be 
modified in view of the experimental evidence obtained in this paper. In 





18 M. P. V. Iyer, J. Mys. University, July 1932, 6. 
14 Loe. cit. 
15 Loe. cit. 
3 
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deciding about the correct structure of the interfacial layer, one has to take 
into consideration the following facts: (a) The pH of the sol is of the order 
4-05-4-45 as shown by McClatchie and confirmed by the present author: 
(6) the chlorine ion concentration of the sols is of the order 0-70 x 10% to 
2-93 x 10-3; Weiser has shown that this depends on the method of prepara- 
tion of the sol and the extent of dialysis; and (c) the liberation of alkali 
when ferric oxide sols are treated with neutral salt solutions. 


The structure of the colloidal ferric oxide may therefore be represented 
as follows :— 
+++ 
Fe 
4 [%. Fe,O3. y. H2O. 2. FeCl] OH } Cl H Cl 
| a 
Particle Primary Potentiometrically Potentiometrically 
layer inactive active 





Mobile layer 

According to this scheme the micelle may be supposed to have in the 
primary layer Fe**+*+, OH” and Cl-ions. The cations are largely in excess 
over the anions. The anions are mainly OH~. It would be unreasonable, 
however, to assume that the primary layer is entirely free of chloride ions. 
With the progress of dialysis of the sol, both the hydrogen and chlorine ion 
concentrations fall off. The fall in concentration of H ion may not be 
exactly equivalent to the fall in concentration of the Cl-ion. (This isa 
point which deserves careful investigation and is now being studied by the 
author.) The liberation of alkali by neutral salts is due to the replace- 
ment of the hydroxyl ions in the primary layer by the anions of the salt. 
Such replacement in the primary layer has been noticed previously.'® 


When barium chloride is the neutral salt employed the same values are 
obtained as with potassium chloride of equivalent concentration, thus 
showing that the cation of the neutral salt has no detectable influence on 
the end point of the titration. Considerations based on the ‘ chemical 
theory ’, 7.e., the formation of basic salts of definite chemical composition 
cannot possibly explain these observations since one would expect for these 
complexes a constancy in composition, pH and solubility. 


Effect of time of contact (with alkali) on the fluctuations in pH. 


In the initial stages of the titration, till pH 3-2 is reached, (point X 
on curve. Fig. 1) the ferric oxide formed is first of all in a molecularly 
dispersed condition; and in course of time forms micelles, A phase 





16 M. P. V. Iyer, J. Ind. Chem. Soc., 1931, 8, 613. 
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separation takes place in the system at this stage. This region corresponds 
to an increase in the total area of the particle-liquid interface. The micelles, 
at the moment of their formation, adsorb primarily on their surface their 
constituent ions (7.e., Fett+ and OH"). This is followed by the reaction 
between the hydrogen ions in the intermicellary liquid and the hydroxyl 
jons in the primary layer. A reaction between the ion in the intermicellary 
liquid and an ion in the primary adsorbed layer is generally recognised 
tobe slow. Thus the intermicellary liquid becomes less acidic with time 
and reaches an equilibrium value in about 24 hours. Corresponding to 
pH 3-2, the acidity of the intermicellary liquid does not alter with time 
of contact with alkali. The Tyndall effect is noticed in solutions above 
pH 3-2. 


In the second stage of the titration corresponding to pH 3-20-4-45, the 
particles of the ferric oxide grow in size with time. The state of coalescence 
is governed by pH of the intermicellary liquid. Aggregation of the micelles 
results in a decrease of the free surface. This brings about a desorption of 
the ferric and hydroxyl ions from the primary layer. Since the number of 
ferric ions is far in excess over the hydroxy] ions (the surface being positively 
charged), the ferric ions released into the intermicellary liquid reacts with 
water to form fresh micelles of ferric oxide liberating at the same time 


hydrogen ions. ‘This explains why at this stage the intermicellary liquid 
becomes more acidic with time. 


Variation in pH of ferric oxide sols on dilution. 


As indicated in the introductory part there have been differences of 
opinion regarding the pH of ferric oxide sols. The results obtained in this 
paper (Table VI) confirm those of McClatchie and indicate also the influence 
of dilution on pH. On diluting the sol the acidity increases and reaches a 
limiting value when the original sol (containing 2-5 gr. of Fe,O3 in 100 c.c.) 
is diluted 8 times. Dilution of a sol brings into operation phenomena which 
work in opposite directions: (1) A decrease in acidity due to mere dilution. 
(2) An increase of the ratio between the liquid to solid phase brings out a 
desorption from the micelles of ferric ions as well as OH™ ions (the latter being 
correspondingly fewer in number). The reaction of ferric ions with water 
(indicated above) results in the production of fresh micelles of ferric oxide and 
an increase in hydrogen ion concentration. This hydrolysis is progressive 
and is essentially governed by the pH of the intermicellary liquid. Since the 
second factor counterbalances the first in the initial stages of the dilution, 
the acidity of the sol first increases on dilution and reaches a limiting value 
at a stage where the two factors just counterbalance. 
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Variation in pH of ferric oxide sols treated with neutral salt solutions. 
When ferric oxide sol is treated with neutral salt solutions, the pH 
increases, the magnitude of the increase following the usual series SO,” > 
Cl’ > NO3. These anions slowly replace the hydroxyl ions in the primary 
layer. The hydroxyl] ions so liberated neutralise the hydrogen ions in the 
mobile layer. If the hydroxyl ions are in sufficient excess, the pH of the 
liquid after coagulation is of the order 7-5-8-0. Attention has already been 
drawn to the relation between the alkali liberated by neutral salts and the 
lower stoichiometric ratio at the end point of the titrations in presence of 
these salts. The ratio varies from 1: 2-69 to 1: 2-85 depending upon the 
nature of the neutral salt; the order being SO,” < Cl’ < NO;’ < water. 
Thus SO,” is most efficient in the replacement of hydroxyl ions from the 
primary layer; so is the amount of alkali required to react with ferric salts 
in presence of SO,” a minimum. 
5. Summary and Conclusion. 

1. Potentiometric titrations of acidified and unacidified ferric chloride 
solutions have been conducted against carbonate-free sodium hydroxide, 
with and without the addition of neutral salts. 

2. The titration curves show that the range of stability of ferric oxide 
sols is between the pH limits 3-20-4-45, the precipitation of ferric oxide 
commences in the neighbourhood of pH 4-5, and is complete at pH 6-0. 

3. The composition of the precipitate of ferric oxide is found to vary 
with the neutral salt added. The molar ratio between ferric chloride and 
sodium hydroxide varies between the limits 1: 2-69 to 1: 2-85, the theore- 
tical ratio being 1: 3-0. The molar ratio at the end point follows the series 
SO,” < Cl’ < NO,’ < water. 

4. The different stages in the formation of micelles of ferric oxide and 
their subsequent coagulation have been elucidated. 

5. ‘The variations in pH of ferric oxide sols with dilution have been 
studied, and the results support the view proposed by the author that there 
is an equilibrium between the ions in the micelle and those in the inter- 
micellary liquid. 

6. Anexplanation has been offered for the development of alkalinity on 
addition of neutral salts to ferric oxide sols. The liberation of OH™ ions on 
addition of salts has been correlated with the lower molar ratio obtained in 
the titrations of ferric chloride against alkali. 

The author wishes to record his indebtedness to Prof. B. Sanjiva Rao 
for the kind interest he has taken in the work at all its stages and for his 
valuable help in preparing the paper. 
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CONGRUENCES WITH BINOMIAL COEFFICIENTS. 


By RICHARD OBLATH, 
Budapest. 


Received November 9, 1934. 
(Communicated by Dr. S. Chowla, Ph.D.) 


We are going to state some congruences containing certain binomial 
coefficients. 

Ist THEOREM.—If p denotes a prime number, a an integer not divisible by 
p and a>B being posttive integers, then 


(th) = ape mod pei 
if p>3, while in case p=3 

I(a). (“3B ) = a32-B mod 3xa-f)+2 
and when p=2 


1). (Sp) 


For the proof we shall want the following theorem which essentially 
derives from I,eudesdorf as I am informed by the recent paper of G. H. 
Hardy and Maitland-Wright.! 

Let » be an integer and 7, 72, .., %» the reduced set of residues of n, 
i., the totality of integers < m and relatively primes to it, and m = ¢(n). 
C, denote the sum of the products of 7;,.., 7%, taken k at a time. 


is Ny ss SRM 
Cy = ZY, Mg. % gig SP Mg 


k 1 1g H.-Y 


a2°-B mod 22a-p)+1 





1 G. H. Hardy and Maitland-Wright, Journal of the London Math. Soc., 1934, 
9, 38; Leudesdorf, Proceedings of the Lond. Math. Soc.,- 1889, 20, 199. Leudesdorf’s 
communication is not largely known, owing perhaps to its difficult style, and so it 
happened that his theorem and parts of it have been newly discovered by other authors. 
Nielsen, T'raité élémentaire d. nombres de Bernoulli, Paris, 1923, pp. 326, 333. Gruder, 
Journ. f. d. reine und angew. Math., 1929, 161, 177. Ricci, Ann. delle Univ. Toscane, 
1930, 13, pp. 177, 199. These data I owe to Signor Givanni Ricci, Pisa. Dickson’s 
treatment, History of the Theory of Numbers I, Washington, 1919, pp. v, vi, 90-91, 95-96, 
99-103, 141, 142, 146, 264-265, 268, 271-275, 332. does not show that the theorem 
is known. Mr. Paul Erdés who, too, found the theorem independently, gave us a 
simple proof by means of primitive roots or where there are no such roots, by means 
of the fundamental systems of Abelian groups, which are successfully employed also 
in other regions of arithmetic. 

See also Moritz, Téh. Math. Journ., 1927, 28, 198. An important special case 
is independently proved also by Mr. Chowla, Journ. Lond. Math. Soc., 1930, 5, 158. 
[See also, Chowla, Journ. Lond. Math. Soc., 1934, 9, 246.] 383 
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then 
(1) Ce = Omodn 


if k is not divisible by any (g—1) number where g may be any prime factor 
of ; but when & is odd 


(2) Cg = 0 mod m? if 24n, 3+ 


= 0 mod “ » 24”, 3|n 


n* 
0 mod > ,, 2|”, 3+” 


~ 


0 mod > n=2 


0 mod = » 2|", 3\” 

In the course of our proof we need but these two cases 
(2, 1) Cr-1 = 0 mod n? if 3+n 

n2 

(2, 1,) = 0 mod > » oi” 

(This being the generalisation of Chowla’s theorem) and 
(1, 1) Cry-2 = 0 mod n 

Proor. Let us write ap% =n, then 


(*5) _ n(n—1)--- (n—pP — 1) = apoB (o— 1) oo’ 


pB tere .. ao 








By separating both in the numerator and in the denominator the 
factors that are divisible by / and simplifying we obtain 


)-C SET > 
(= —1 apet—2  apei— (pha — ») 
1 2 pB-i — 1 
It is clear that the expression in the second bracket is 
a-1 _ 
(Se 1 
As for the first bracket (which we shortly denote by A) the factors of 


its denominator r are the first m = ¢ ( pb) relatively primes to 2b, and the 
factors of its numerator the integers obtained by subtracting these integers 























tor 
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from m, and therefore the expression in the first bracket we may write 
r — Cy 2 + C,,-2 n? + A’ 3 
x 
considering that C,,.; is divisible by ps and C,,2 by pB and since is 
divisible by p% it is clear, that 
A = 1 mod p2Bra 
We now take into consideration that we must multiply the modulus by 
the factor pr. Thus we obtain 


(45) = apoB (Se af 7 mod p2a+B 


by which our binomial coefficient is reduced to benomial coefficients with 
smaller numbers. By an analogous argument (separation of the factors 
divisible by # and of the remaining factors relatively primes to p) applying 
our theorem we obtain 
err’ 3 + 1 2a+f-3 
(Fea = ( pp2 — |) mod p B 


The iteration of the same reasoning leads to our theorem. 


(A’ an integer) 





Some of the cases are of a special independent interest. 


CorRoLLARY I. Let B = 1, then we obtain 


I(1) (*) = ap™! mod p24*! 


CoroLuARY II. Jf B =a, we get 
1(2) 5s = a mod #3 
in which the modulus is independent of a. ‘These two corollaries may be 
regarded as generalisations of Wolstenholme’s theorem? 
* ) = a mod #3 
(% sf 


Hence the demonstration of the formule I(a) and I(b) is evident. 
2ND THEOREM. Let 
n= pi™ eo -ps™s 
(where #,,---, p, are different primes) an odd integer not divisible by 3, and 
a relatively prime ton. Then we have 


* Wolstenholme, Quart. Journ. of Math., 1862, 5, 35. Glaisher, Quart. Journ., - 
1900, 31, pp. 1, 321, and The Mess. of Math., New Series, 1901, 30, pp. 26, 154, 
Obl4th, Math, és Phys. Lapok, 1918, 27, 91, 
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THE CLASS-NUMBER OF BINARY QUADRATIC FORMS. 


By S. CHowLA, PH.D., 


Andhra University, Waltair. 
Received November 13, 1934. 


1. Letrh(A) denote the number of primitive classes of binary quadratic 
forms of negative determinant — A; a(x; k, 1) the number of primes = 
| (mod k) not exceeding x; d(n), Euler’s totient function. I have recently! 
shown that 

(I) Jf m> 4, xB exp (k™), then 
(1) lim (x; k, J) 
k— co x/ d(k) log x 
(II) If (I) ts true for m < 4, then 
(2) h(A)> AP ™€ 
for every « > 0 and every A > Ag (m, €). 


=1 [(k, 1) = 1). 


I gave a complete proof of (I) but only indicated how (II) could be 
proved by a combination of my arguments with transcendental methods due 
to Gronwall and Landau. My object here is to give a direct proof of (II) 
based on elementary reasoning. In fact I prove the slightly stronger result : 

(III) LeéeO<m<}. If there is a positive constant? c such that 
when (k, 1) = 1, 
(3) w(x; k, ) > 
then 
(4) h(A)> At-™-S 
for every «> 0 and all A > Ag (m, €). 


Cx 


$(k) log a [x > exp(k”), k > ko (m) 


2. Notation. 
w denotes a typical prime = 1 (mod 4A) ; 
t is a typical positive integer = 1 (mod 4A) ; 
y = exp. (A”); 


> 


u, v are integers 2 0. 





1 In a paper entitled ‘‘Primes in Arithmetical Progression,’’ Indian Physico- 
Mathematical Journal, 1934, 5, 35-43, I have used (I) to prove an asymptotic formula 
(conjectured by Hardy and Littlewood) for the number of representations of a positive 
integer as a sum of four squares and a prime. See Zentralblatt fiir Mathematik, 1934, 
Band 9, 153. 

2 ¢ is an absolute positive constant. 
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We further assume that A is a prime, but the argument is easily extended 
to general A. 

Under a summation sign 2 we first indicate the variables of summation 
and then the conditions of summation. 

Let (ay, by, Cy) = Ay U2 + 2b, uv+cy,v? be a typical reduced primitive 
form of negative determinant — A, so that by giving m the values 1, 2,..., 
h(A) we get all the (reduced) primitive classes of negative determinant 
—A. Then? 


t 
Ww = (dn, Dns Cn) £ = (dn, bn, Cn) 
way t<y 


Now t= 4a, u?+2b, uv+c, v? gives 
Ayt = (a, ut+d, v)?+ Av?, 
Cyt = (C, utd, “)?+ A, 
which with ¢ < y imply that v can assume at most* 
BAY mY 
A 


consecutive values, and that 4 can assume at most 
B A/c 
A 


consecutive values. Further, for fixed v, the congruence a,, u? + 2b, uv + 
c, v2? = 1 (mod 4A) has B solutions (mod A). From these considerations 
it follows that 
7 Zl = BA See yxy 2 = rH 
( ) BY Mae A A? 
t= (a ba, Cn) 


t 
ns 
t<y 


3 


since 4, ¢, = A+b,? < 4A From (3), (5), (6) and (7) it follows that 
) 


__—$.._. « Xorg 
(A—1) log y A*? 


If h(A) < At—™~€ then (8) is false for all A> Ag (m, €) and hence (4) is 
proved. 


(8) 





8 Since w can be represented by (dn, bn, cn) for some nin 1< n< A(A). 
* The numbers B are less than absolute positive constants, 
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3. As an application of (III) we note the following derivation of a 
well-known result. 

Titchmarsh® has shown that 
If the ‘ extended Riemann hypothesis’ is true then, provided (k, 1) = 1, 


lim -a(a;k,l) _ 
(9) k— co x/d(k) log a2 L [= >. 


From (III) and (9) it follows at once that 
If the ‘ extended Riemann hypothesis’ 1s true then 
h(A) > A*S [A > Ag (6). 
e>0 

The latter result is a special case of results due to Gronwall, Hecke and 
Landau.® 

4, Dr. Heilbronn has drawn my attention to a small error in my 
paper’ ‘‘ An Extension of Heilbronn’s Class-Number Theorem’’. On page 144, 
line 2 of that paper the word “exactly’’ should be replaced by the 


expression ‘“‘ not less than’’. ‘The rest of the proof stands unaltered. 


5 Palermo Rendiconti, 1930, 54, 414-429. The result cited is a special case of 
Theorem 6. 

® See Landau, Géttinger Nachrichten, 1918. The best-known result in this direc- 
tion is due to Littlewood, Proc. Lond. Math. Soc., 2, 1928, 27, 358-372. 

* Proc. Ind. Acad. Sci., A, 1934, 1, 148-144, 
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Synopsis. 
Crrcurts used for the measurement of electro-motive-forces with the aid of 
thermionic valves have been tried, and a modified circuit using a valve 
electrometer coupled to a valve of high mutual conductance as a null 
instrument, has been described. 


With this instrument, the potentials of cells having high internal 
resistance and low capacity could be measured to 0-1 millivolt. A high 
insulation switch of a very simple type has been designed. 


The Poggendorff’s method of measuring electro-motive-force of cells 
though very simple, does not give reliable results when the cell under 
investigation gets polarised with the measuring current even as low as 10% 
to 10° amp. when an ordinary mirror galvanometer is used. 


When an E.M.F. of the cell having an internal resistance as high as 
100,000 ohms, as in the case of glass electrodes, is to be measured, ordinary 
mirror galvanometers cannot be used, and the electrostatic methods of 
measurements with Lindemann’s electrometer are employed. This electro- 
meter, which is used in many measurements, has many disadvantages; ¢.g., 
(i) difficulty in standardisation; (ii) relatively low voltage sensitivity ; 
(iii) lack of constancy at higher sensitivities; (iv) high inertia at higher 
sensitivities ; and (v) sensitivity to temperature fluctuations. 

Most of the above-mentioned difficulties are got over when one makes 
use of the thermionic valve method of measurement. Thermionic valves 
have been used by various workers, who have offered quite convenient 
methods for the E.M.F. measurements. 

It isa well-known fact that when a potential is applied to the grid of 
a thermionic valve, the plate of which is kept at a constant voltage, 4 
definite plate current flows through the system. The magnitude of this current 
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yaries with the voltage, the variation depending upon the amplification 
factor. Goode! showed that when a cell of unknown E.M.F. is placed in 
grid circuit, the E.M.F. is either determined by direct reading from the 
plate current or by the compensation method by means of a counter E.M.F. 
from the potentiometer. 

In the preliminary experiments, the E.M.F.’s of standard cells were 
measured with the valves B405, B409, A441, and pentode, using the ordinary 
Goode’s circuit shown in Fig. 1. The results were very faulty and erroneous 
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ORDINARY GOODE'S CIRCUIT. 














due to the grid current flowing and also due to other stray E.M.F.’s. 
Readings obtained with Phillips B405 valve which was best suited for the 
purpose because of high mutual conductance are given in the following table: 








EB. M. F.’s 


ae aye es . Grid current 
Grid volt Grid leak megohm wrens Difference calculated (amp. ) 





16 x 10° 


2 ae 


Direction reversed 0-984 


0-032 16 x 10° 





1 uae 


Direction reversed 0-998 


0-5 1-020 
0-013 12 x 10°° 


Direction reversed 1-007 














1 J, Amer. Chem. Soc., 1922, 44, 26. 
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From the table one sees that iu spite of —6 volts negative grid bias, a grid 
current of the order of 12x 10° to 16x 10° flows through the circuit, and 
the E.M.F.’s measured were erroneous by the amount depending upon the 
grid leak used. 


In a highly evacuated valve, when the grid is sufficiently negative 
to repel all electrons, the grid current is the algebraic sum of currents 
caused by the following different causes :— 

(i) Leakage over glass insulation and valve base ; 
(ii) Ions formed by gas present in the tube ; 

(iii) Thermionic grid emission due to heating of grid by the filament 

power ; 

(iv) Ions emitted by the filament ; 

(v) Photo-electrons emitted by the control grid under the action of 

light from the filament ; 

(vi) Photo-electrons emitted by the control grid under soft X-rays 

produced by the normal anode current. 

It was found with some valves of American bases the grid got a large 
positive charge owing to leakage from the proximate anode. In order 
to counteract this a large grid bias had to be used. But one had to 
avoid the region of reverse grid current and getting near the bend of 
anode current characteristics. It is therefore very essential to plot the 
grid currents thus measured against various grid voltages, to determine 
the floating potential, the potential at which the grid current is zero. 
At this point of the grid-current grid-voltage characteristic curve, the 
E.M.F.s being measured will therefore be necessarily completely independent 
of any high resistance inserted in the grid circuit. However, this point 
could be only tested by adjustment before each measurement and becomes 
an additional troublesome variable.” 


The use of the valve electrometer developed by Metcalfe and Thompson? 
and N. Nelson* was the obvious way out of the difficulty. 


The valve electrometer is constructed in a manner such that lowest 
possible grid current flows through the system when operated. The electron 
flow from the filament to the grid in case of valve electrometer is prevented 
by placing the grid outside the anode. In addition, the positive ion 
current is minimised by operating the anode at a very low potential, which 





2 Cf. John O. Burton, Harry Matheson and S. F. Acree, Ind. Eng. Chem. Anal. 
Edn., 1934, 6, 79. 

3 Phys. Rev., 1930, 36, 1489. 

* Rev. Sci. Inst., 1930, 1, 281. 
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is below the ionisation potential of any residual gas in the bulb ; again the 
insulation of the grid is made as nearly perfect as possible by bringing 
the grid support out through the top of the bulb. Valves of this type, 
when operated at the floating potential give the grid current as low 
as 104 to 10°5 amp. But the very small mutual conductance (-04) of 
such valve made it insensitive and the drift of anode current was too much 
to permit of the use of a sensitive mirror galvanometer. Recourse was 
therefore had to the use of a two stage amplifier. 

Goode5 used a two stage amplifier with a resistance coupling and 
obtained a sensitivity of 4 milliamps. in the final anode circuit per volt 
change in the cell to be measured. Morton,® Stadie,? Dubois,’ Partridge, 
Elder,!° Fosbinder,!! Muller,!2 Harrison,!3 Voegtline, de Eds and Kahler,'4 
Greville and Maclagan,!5 and Charles Morton,'® have made use of 
thermionic valve method in their E.M.F. measurements. Of all the 
circuits given by these workers, the one (null ballistic) given by Morton is 
characterised by its zero stability. This zero drift is of very great 
consequence when a series of rapid readings are to be taken. The cause of 
the zero drift is mainly due to the variation in the potentials of the several 
batteries used in the circuit. Razek and Mulder!’ have supplied the plate 
of the thermionic valve and the balancing voltage from the same potential 
divider, so that the plate current and the balancing voltage might be affected 
similarly. ‘They obtained a sensitivity of 6000 mms. per volt with a very 
convenient stability. 

L. A. Dubridge!® used a two stage circuit, amplifying currents of 
10 amp. to such a value that they were read on a microammeter. Morton,!® 
Partridge”® and many others have used resistance capacity coupled amplifier 
circuits. 


5 J. Amer. Chem. Soc., 1925, 47, 2483. 
6 Trans, Farad. Soc., 1928, 24, 14. 
7 J. Biol. Chem., 1929, 83, 477. 
® J. Biol. Chem., 1930, 88, 729. 
9 J. Amer. Chem. Soc., 1929, 51, 1. 
10 J, Amer. Chem. Soc., 1929, 51, 3266. 
11 J, Phy. Chem., 1930, 34, 1299. 
Z. Electrochem., 1930, 36, 923. 
J. Chem. Soc., 1930, 1528. 
Amer. J. Physiol., 1929, 91, 225. 
5 Trans, Farad. Soc., 1981, 27, 211. 
J. Chem. Soc., 1931, 2977-83. 
J.O. S. A., 1929, 18, 460. 
Phys. Rev., 1931, 37, 392. 
Loc. cit. 
20 Loe. cit. 
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The requirements of the valve to be used in the second stage of 
amplification are quite different from those for the first stage. A high grid 
resistance is absolutely essential in the valve for the first stage. ‘The 
valve of high mutual conductance is essential for the second stage of 
amplification. 

It was proposed to build up a circuit which remained quite steady and 
which even with a more rugged instrument than the mirror galvanometer 
would be sensitive enough. The resistance capacity coupled circuits could 
not be tried for want of a ballistic galvanometer. Therefore a two stage 
d.c. amplifier circuit was constructed. In the first stage an electrometer 
triode No. 4060 supplied by. the General Electric Company was deemed 
most suitable to minimise the effects caused by the flow of the grid current. 
In the second stage of amplification a Phillips A441 valve was used but 
later on it was substituted by an Osram LP», valve with advantage. The 
circuit is shown in Fig. 2. 
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The electrometer triode was enclosed in an air-tight brass container 
containing silica gel drier to prevent leakage on the outside of the glass 
bulb brought about by humidity. This brass container was also necessary 
in order to avoid the photo-electric currents. Connection to the grid was 
made through the side tube which was insulated by a quartz disc. The 
connection to the anode passed through another side tube, which was also 
insulated by an ebonite disc. The triode was operated at a plate potential 
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of only 4-5 volts, thus preventing increase in the grid current due to photo- 
electric emission caused by soft X-rays. The filament was heated at one 
yolt only thus avoiding the photo-electric emission from the grid due to 
light from the filament. ‘The characteristics of the electrometer triode under 
the operating conditions were as given below :— 


Filament é4 re as oa -. 10 volt, 

Anode = on ee ne os 45 volts. 

Grid .. ‘ ui es ‘a -. —2 volts. 

Filament vonis vs 4 “ -- O-l amp. 

Mutual conductance ‘ : .. 0°04 ma./volt. 
Insulation between grid mar other shiatiatne. -» 10'5 ohms. 

Capacity between grid and other electrodes .. 1-6 micro-micro-farad, 


The total grid current flowing in the electrometer triode. 10-*4 to 16°15 amp. 
The valve used for the second stage of amplification was an Osram LP, 
valve of high mutual conductance. The normal operating conditions were : 


Filament volt ie -- 2-0 volts. Grid volt .. -» — 1-5 volt. 
Filament current ++ O-2 amp. Plate current os 5 milliamps. 
Anode volt cn .. 80-0 volts. Amplification factor. 12 

Mutual conductance -- 3ma./volt. 


The filament of both the valves were heated by a single battery A. 
The fixed resistance F regulated the potential applied to the filament of the 
electrometer triode which was as stated above operated at 1 volt only. The 
anode of the first valve was supplied from battery B, to which was connected 
the coupling resistance of 100,000 ohms. The drop of voltage on this 
tesistance by the anode current of the first valve was compensated by the 
battery Bs of 20 volts so as to make the grid of the second stage valve 1-5 
volt negative. ‘The plate of the second valve was supplied from battery B3. 
The anode current of the second valve was then compensated by a dry cell 
battery By and a resistance of 3000 ohms. The potentiometer used was 
Tinsley’s Vernier type with the following modifications in the circuit. The 
usual standard cell terminals on the potentiometer box were always short 
circuited, and the selector switch kept permanently on the standard cell. 
One of the terminals meant for galvanometer was connected to the negative 
pole of the cell whose E.M.F. was to be measured,- and the other 
always earthed. 


Switch. 


The switch constructed was of the single pole double throw type, 
using a cross made of stiff copper links b e f d as a rocker working into 
mercury cups. These mercury cups were mounted on pyrex glass tubes 
about an inch and a halfin height. All of these components were coated 
with paraffin wax to ensure high insulation. The switch was operated 


at a distance by attaching to the arm be of the cross (see Fig. 2) a long 
4 F 
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glass rod g by means of sealing wax in order to minimise the effects 
caused by hand capacities. A protective resistance of 1 megohm was 
used across the mercury cups a d while measuring the E.M.F. of the 
unknown cell (S), thereby lessening the chances for the cell to get polarised, 
The current in the potentiometer P was adjusted by means of the Weston 
cell N brought into circuit by removing the link ad and connecting the 
links cd. 

The contact at ‘d’ was immediately made after the contact at ‘f’ 
was broken as shown in the side view of the switch in the inset (Fig. 2), 
and vice versa, lest the grid should tend to rise towards the floating 
grid potential due to the breaking of the grid circuit. The switch never 
gave the undesirable kick in the galvanometer needle, and thus even 
amore sensitive mirror galvanometer could be used with advantage in 
place of microammeter, thereby increasing the sensitivity of the system. 

Both the valves, the concomitant resistances and the switch were 
mounted on a well-paraffinned teakwood box. The valves were well 
supported in their holders and protected against mechanical vibrations. 
The switch (and other keys not shown in the circuit) were very highly 
insulated. Great care was taken to make sure that each junction was 
soldered. It was found that screening was not essential. 


Advantages of the circuit used. 

The circuit was tolerably free from drifts caused by fluctuations 
of battery potentials. To attain equilibrium it took usually about an 
hour and a half after the circuit was on. Once it came to a steady point, 
the drift was about 1 microamp. per hour which was of very little 
consequence, as the readings were not taken consecutively but at the 
interval of every fifteen to twenty minutes, and the instrument was used 
as a null point instrument. This drift is considerably less than that 
obtained with single valve owing to drop in the anode current of the 
first stage compensating to some extent that of the second stage. The 
sensitivity of this circuit was 1500 microamps./volt and though the object 
of the circuit, viz., simplicity and ruggedness were entirely satisfied, 
the stability and sensitivity could undoubtedly be increased by using 
two-valve bridge circuit in each stage, 7.e., using two electrometer triodes 
in the first and two Osram I,P2 valves in the second stage. 


Summary. 
The usual thermionic valve circuits for amplifying the small measuring 
current in potentiometric methods cause serious errors due to the 
appreciable grid current present in valves having high mutual conductance. 
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On the other hand, the use of electrometer valve is attended with lack of 
sensitiveness. A d.c. amplifier has been described using an electrometer 
triode coupled to a valve of IP, type. The drift was considerably less 
than ina single valve circuit and electrode potentials could be measured 
to 0-1 millivolt using a unipivot galvanometer. A simple high-insulation 
switch is designed which enables both the standard and secondary cells 
to be operated with ease. 

A series of investigations carried out with the above equipment will 
be communicated in the near future. 

Our thanks are due to Dr. H. E. Watson for his interest in this work. 
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ABSORPTION spectra of molecules formed by tetravalent and hexavalent 
sulphur have been investigated recently by various authors. The results 
obtained by them, however, are not completely concordant. LI,orenz and 
Samuel! could not confirm certain measurements of Getman? whereas Ley 
and Arends* could not find certain bands measured by Lorenz and Samuel 
and doubted the existence of other ones without new investigations of their 
own. We have therefore measured and remeasured the absorption spectra 
of certain sulphur compounds and present the results in this paper. 

The experimental technique for liquids and solutions was the same as 
that normally used in this laboratory and described elsewhere.t In the 
following diagrams the absorption coefficient K is given depending on wave- 


— Ked 
length and is defined by the formula I=Ip 10 wen which Ip and I are the 
intensity of light before and after the absorption, c and d (in cms.) stand 
for concentration of the solution and the thickness of the absorbing layer. 


We have also measured the absorption curve of certain compounds in 
the crystalline state. Since we are not interested for the purpose of this 
paper in the absolute value of the absorption coefficient, which is more easily 
determined in the solutions of these salts, we adopted an extremely simple 
method. We covered a quartz plate with micro-crystalline dust of the salt 
in question and using for the continuous source the Hy spectrum we took a 
spectrogram of the salt and on the same plate the spectrum of the source 
alone. Both spectra were then measured by the recording micro—photometer 
and the difference of Censity traced depending on wave-length. Since the 
layer is not uniform and furthermore direct unabsorbed light reaches the 
slit of the spectrograph through unavoidable interstices quantitative determi- 
nation of K is not possible. So long as the layer is kept thin, the 





1 L. Lorenz and R. Samuel, Zs. Phys. Chem. (B), 1931, 14, 219. 

2 F. H. Getman, J. Physic. Chem., 1926, 39, 266. (Here also the older literature 
Cf. also J. W. Mellor, Comprehensive Treatise, etc., 1930, 10, 198 ff.) 

3 H. Ley and B. Arends, Zs. Phys. Chem., 1932, 15, 311. 

* R. Samuel, Zs. Phys., 1931, 70, 43. 
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maxima come out quite well. If, however, the layer is too thick the curve 
obtained has to be corrected with respect to the diffuse reflection on the 
surface and since very little is known about the diffuse reflection in the 
ultraviolet, and especially very little about the function by which it depends 
on the wave-length in the case of non-metallic substances, this correction 
might produce slight errors. The existence, however, of certain regions of 
selective absorption can be found quite well by this method. Fig. 2 
shows such a curve in which the difference of blackness D of the two spectra 
is traced directly against A. 


The results of both the measurements of solutions (or liquids) and solid 
crystals are presented in the following curves and tables and we will proceed 
at once to discuss the results obtained. 


Compounds of Tetravalent Sulphur. 


The absorption curve of the sulphite ion in Na2SO3, KHSOs, etc., is 
especially interesting since it has a direct bearing on the transition from 
covalent to electrovalent linkage. In NaHSO; Getman found no selective 
absorption in fresh solutions of a strength of 0-05 and 0-025 mol. Only after 
some hours there appeared a selective maximum at about 265 mp which 
after some days shifted to 270 mz. He found further that SO. in water 
possesses a characteristic band just at about 270 mp which agrees quite well 
with the absorption of gaseous sulphur dioxide as measured by Watson and 
Parker. Getman believed therefore this band to belong to the SO2 molecule. 
Lorenz and Samuel found in fresh solutions of NaHSOs; of greater strength 
(1 mol. and 0-1 mol.) a selective absorption band with a main maximum at 
255 mp and a second subsidiary maximum at 275 mp. This band, however, 
does not follow Beer-Lambert’s law but the intensity decreases with dilution. 
The authors ascribe it therefore to the homopolar linkage between hydrogen 
and oxygen which becomes electrovalent on dilution. On the other hand, 
they found a sharp selective maximum at 300 mp in solutions of NagSO, at 
low values of K which therefore belongs to the sulphite ion. This maximum 
should appear in diluted solutions of the sodium hydro-sulphite in case the 
equilibrium is shifted towards the electrovalent form. It was, however, not 
possible to ascertain this point. 


We have measured therefore again the absorption curve of KHSO; and 
of K,SO3 in solutions and of KHSO3 and Na2SO3 in the crystalline state. 


The three curves of KHSO3 (Fig. 1) are taken with 0-01, 0-1 and 1 mol. 
solutions respectively. The two latter ones agree with those of Lorenz and 


5 W. W. Watson and A. E. Parker, Phys. Rev., 1931, 37, 1484. 
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Samuel, again the substance is not found to follow Beer-Lambert’s law. The 
main maximum lies at about 258 my, 
the shape of the curve indicates subsi- 
diary maxima at 275 mp, 315 my and 
335 mp. The first curve, however, 
taken with the weak solution of 0-01 
mol. shows only a broad selective 
absorption whereas the distinct maxi- 
mum at 258 my has disappeared com- 
pletely. This curve does not show 
details any longer. Comparing curves 
2 and 3, we find some indications of 
a new very feeble maximum at about 
295 mp in curve 2 which is entirely 
missing in curve 3 and therefore would 
be clearly brought about in still lower 
dilutions. Its existence, however, 
remains doubtful. 




















The absorption curve of KHSO; 
in the crystalline state (Fig. 2) shows 
maxima at 327, 293 and 254 mp of 
which at least the two latter seem to 
be doubtless genuine. The last of 
them is sharp and well defined, but 
the subsidiary maximum at 275 mp 
has disappeared. In the crystal of 
Na2SO, we find maxima at 312 and 
257 mp, whereas Lorenz and Samuel 
found a sharp maximum 
at 300 and indications of 
a subsidiary maximum at 


245 my in solution. 
J Taking all the results 


together, we obtain Table 
I. Several authors? have 
tried to correlate the 
150 wm 350 a0 y maximum at 275 mp with 
<— Ainmp <— the free SO, molecule. 
Sm. The change of intensity 


on dilution is attributed to a change in equilibrium so that the non-absorbing 


























<— Ainm <— 
Fie. 1. KHSO, in water. 
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TABLE I. 





Substance | Authors Absorption Maxima in mu Remarks 
} 
u 





NaHSO, diff. solutions.) L. &S. 7 
KHSO, sol. 1 mol...) K.&8.}| (335)? (315)? 275 
KASO, oo OE os. | BSS, (295) 275 
KHSO, 9 9-OL , ..| K&S. < broad > 


maxim. 
KHSO, crystal oo] Mice Gs ? 293 254 


Na,80, solution ../L.&S. | (245) 
Na,SO, crystal ..| K&S. 312 257 








forms H,SO, or HSO-; with homopolar linkage between O and H prevail more 
and more and several reactions are suggested to explain this process. It is 
not quite clear why the equilibrium shall shift just in this direction on 
dilution. To our mind just the reverse behaviour would have appeared as 
the more probable one. In any case our results do not seem to agree with 
this explanation. We have been able to split the maximum in question into 
two maxima at 275 and 258 mp and have found the last one in the crystal 
itself ; thus it certainly does not belong to the SO, molecule. If therefore the 
first maximum would belong to sulphur dioxide and the number of SO» 
molecules would decrease with dilution, this would explain the decrease of 
the maximum at 275 mp, but we should expect the maximum at 258 mp to 
increase in the same proportion. This, however, is not the case. On the other 
hand we know that certain radicals give rise to the same selective absorption 
in quite different molecules. A well-known example is the carbonyl group and 








. . . . . Cl Cl 
we might mention also the similarity! of the curves of O= s< pS and S= on 


in which the maxima, according to the vapour spectrum® of SCl,, seem to be 
due to the S-Cl linkage only. Therefore it would not be astonishing at all 
if molecules like H2,SO, or HSO,- would show bands similar to those of SOv. 
From this it is quite clear that the results can best be described in the 
following way: ‘The first region of absorption of all these substances lies at 
about 255 mu. ‘The selective maximum is present in all solutions of different 
strength of the HSO,;~ ion, the SO,2- ion and in the two respective crystals. 


* R. K. Asundi and R. Samuel, Curr. Sci., 1934, 2, 433. 
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We therefore correlate this maximum with the electrovalent form of these 
molecules. The second maximum at 275 my is present only in solutions 
containing the HSO; ion. It does not follow Beer-I,ambert’s law but varies 
in its K value with dilution, and is missing in the crystal of KHSO, and in 
solution and crystal of Na2SO;. We therefore correlate the maximum at 
275 mp with the undissociated ion HSO;. It exists, as long as this linkage 
is covalent but disappears gradually the more the electrovalent form prevails 
and the more the equilibrium favours the existence of the SO, ion. The 
SO;?- ion possesses besides this a weaker maximum at about 300 mp which 
is missing in strong solution of the HSO;- ion. 


Compounds of Hexavalent Sulphur. 


Whereas solutions containing the sulphate ion do not show any selective 
absorption down to the limit of transparency of the quartz spectrograph, 
Iorenz and Samuel found absorption bands in such compounds in which one 








TABLE II. 
| | | 
Substance Authors Absorption Maxima in mp _|Remarks 

Na,SO, solution | L. & 8. Nil 

NaHSsO, solution | L. & §. 305 250 

KHSO, solution .| K. & 8. ~ 300 (250) | very 
broad. 

KHSO, crystal .| K. & 8. |< 330 broad 294—> 262 

max. 

NaCH,SO, solution L& S$ ~ 270 very 
broad. 

NaCH,SO, solution ..|K.&S. ~ 270 very 
broad. 

(CH,),SO, substance ..| L. &S. ~ 275 

(C.H,).SO, solution (in |K. &8 270 

ether) 
(C.H,),SO, substance K.&8 270 
HCISO, substance K.&S 315 270 
l 














or both of the linkages between oxygen and the positive partner might have 
become covalent, 7.¢., in sodium bisulphate, sodium methyl sulphate 
and dimethyl sulphate. These bands appear only at low values of log K, 
i.e., log K= —1 or less (d in cm.) and Ley and Arends could not find the 
bands of NaHSO, and doubt therefore also the existence of those in the 
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other substances mentioned above.* We have therefore repeated some of 
the experiments and added the absorption curves of some other related 
substances. The maxima obtained in sodium bisulphate in solution are 
slightly less sharp than those found by Lorenz and Samuel, their positions 
in the spectrum are, however, not changed (Fig. 3). NaHSO, in the 
crystalline state shows the same maxima, but slightly shifted towards the 
red. In sodium methyl-sulphate we find a broad region of selective 
absorption, whose centre of gravity might be at about 270 mp (Fig. 4). 
Diethyl sulphate measured directly in substance, shows a maximum at 270 
mu, in almost perfect agreement with that found earlier in dimethyl] sulphate. 
The position of this maximum remains unchanged in solution of ether; in 
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Fic. 3. KHSO, in water. Fig. 4. Na»CH ,-SO, in water. 


alcoholic solutions the maximum splits into two at about 272 and°258 my. 
We attribute this to the hydrolysis produced by a small percentage of water 
in the alcohol used and mention it, because it seems to be significant that 
now the bands of (C2H;)2SO,4 and that of the RSO, ion exist side by side. 
In chloro-sulphonic acidt (in substance) in which one of the—OR groups is 
replaced by chlorine, whereas one —OH group remains present, we find a 
maximum at 315 and again a second one at 270 mp. The results are 
summed up in Tabie IT. 


To our mind there does not exist any necessity of formulating these 
substances as genuine complexes in the sense of Werner nor with semi-polar 


* They attribute the disagreement to impurities in the substances, used by the 
earlier authors. This, however, is certainly not the case since the substances used 
by Lorenz and Samuel were purified specially. Since the results of these authors 
are confirmed by us under completely changed conditions, we are inclined to attribute 
the disagreement to the fact, that the continuous Hz spectrum is better suitable as a 
source of light. 

t The values of log K given in Fig. 6, are arbitrarily chosen. 
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Fic. 6. H-Cl-SO, in substance. 
double bonds in the sense of Sidgwick.7 Since we do not believe in the 
existence of different kinds of non-electrostatical linkages (because there does 
not exist a single experimental proof for this assumption),? we use for the 
molecules of tetravalent and hexavalent sulphur the old structural formule 

VI IV 

al s and O a 

oF No —k No —R 
of chemistry in which each valency represents one electron of either atom in 
question which have entered the same energetic group of the molecule accord- 
ing to the electron pair bond theory of wave mechanics. In tetravalent 
sulphur its four outside 3p electrons alone, in hexavalent sulphur all outside 
electrons including the two 3s electrons are active. Thus the linkage is 
brought about by the formation of electronic groups in the molecule ; this, 
































7 Cf. R. Samuel, Report on “Absorption Spectra and Chemical Linkage,” Part IV 
(Indian Ac. of Sc., in Press). R. F. Hunter and R. Samuel, J. Chem. Soc., 1934, 
1180. H. Lessheim, Jul. Meyer and R. Samuel, Zs. f. Phys., 1927, 43, 199; Zs. }. 
Anorg. and Allg. Chem., 1927, 165, 253. 
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however, does not mean that they revolve in the same “ path’’ as in the 
older theory. The transition from covalent to electrovalent linkage is 
therefore described by a second superimposed effect, by the variation so 
to speak of the. topographical position of those two electrons, which form 
the linkage. If the ionisation potential of the positive partner is small 
enough and the electronic affinity of the negative pertner is big enough, the 
electron of the first one will still be coupled to that of the second one, but 
it will be torn off from its own nucleus. To put it in other words: In the 
Frank-Condon diagram the ionic curve will then form the lowest energy 
level of the molecule, and this depends to a certain extent on outside forces, 
molecules may be covalently bound in the vapour state but become electro- 
valent molecules through additional forces present in the. crystal lattice or 
produced by the dipole moments of the molecules of a solvent.. In our case 
alkali atoms will always be bound electrovalently on account of their low 
ionisation potential (Na=5-12, K=4-32 volts), hydrogen with an ionisation 
potential of 13-53 volts will be covalently bound in the isolated molecule but 
probably electrovalently so in crystals and solutions whereas the transition 
to electrovalent linkage becomes impossible if an organic radical is the 
positive partner (mean ionisation potential of tetravalent carbon = 36-2 
volts’). We shall express the electrovalent form of the compounds by a 
formula like 


O O- Nat O- Nat 
ee sites - 
F < and = ‘. 

oF O- Nat O- Nat 


indicating that the binding pair is now completely in the field of the 
negative partner. 

We have already mentioned above that this point of view gives us the 
possibility to describe the results obtained with derivatives of tetravalent 
sulphur in the most simple manner. Again the absorption spectra of com- 
pounds of hexavalent sulphur indicate a similar behaviour. (a) As long as 
both -O-R linkages are electrovalent no selective absorption exists. (b) If 
one of the R’s is replaced by hydrogen, probably in covalent linkage, there 
appear two regions of selective absorption, the first at about 300 my and the 
second at about 250 my in solutions, and 260 mp in the crystalline state. 
(c) If an organic radical replaces one or both alkali atoms in definite covalent 
linkage, the first region of absorption disappears and the second band shifts 
slightly towards the red. 





8 Cf. R. Samuel and L. Lorenz, Zs. f. Phys., 1929, 59, 53. 
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In compounds of tetravalent and hexavalent sulphur containing the 
SO, and SO, group respectively the difference between covalent and electro. 
valent linkage is distinctly marked in the absorption spectra. Thus the 
conditions resemble those of nitric acid, its salts and esters, where similar 
changes are known to take place since a longtime. In the case of KHSQ; 
(and H2SO, of 2) in which the bands reach such high values of K that 
observations in solutions of different strength are possible with absorption 
tubes of reasonable length, the transition from covalent to electrovalent 
linkage with dilution is directly observed. We consider this as a further 
example favouring rather the older structural formula of chemistry, inter- 
preted by the electron pair bond theory, in which there is only a difference 
of degrees but not of quality of the covalent and electrovalent bond in the 
same molecule under different external conditions. 

The figures obtained in both cases are rather similar, irrespective of the 
presence of SO; or SO, group. We find the same regions of absorption at 
about 250, 275 and 300 my. This seems to indicate that the -O-R linkage 
is not influenced to any high degree by the conditions in the centre of the 


molecule. 
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ROTATORY POWER AND CHEMICAL CONSTITUTION. 


Part L The Preparation and Resolution of a-Benzyl-n-Caproic Acid and 
some Derivatives. 


By H. R. BurjorJEE, KAMAKSHI (Miss), B. K. MENON AND 
D. H. PEACOCK, 
University College, Rangoon. 


Received November 21, 1934. 


In an earlier paper! it was shown that the p-toluene sulphonyl! derivative 
of cinchonicine had a much smaller positive rotatory power than the 
benzoyl! derivative while the picryl derivative had a very large negative 
rotation and it was suggested that these changes were due to the effect 
of the substituents upon the intramolecular electrical field of force, and 
the consequent changes in the forces binding the electrons responsible 
for optical activity. Looking at these facts from another point of view 
we see that the dipole produced by the benzoyl group is weaker than 
that produced by the f-toluene sulphonyl group and this in turn weaker 
than the three dipoles formed by the three nitro groups in the picryl group 
and this change first lowers the rotatory power and finally changes its 
sign. The object of these experiments was to determine whether effects 
similar to those observed by Flurscheim in reactivity and strengths of 
acids and bases could also be observed in rotatory powers. Although 
molecular rotatory powers for one wave-length only are not suitable for 
absolute comparisons of optical activity yet when the substances examined 
possess no absorption bands in the neighbourhood of the wave-length used 
for the measurements, qualitative relationships may at least be hoped for. 
In this connection it must be pointed out that the high, negative rotation 
of picry! cinchonicine is possibly bound up with its possessing absorption 
bands in the visible region of the spectrum. 

The effect of a substituent on reactivity is usually considered under 
three heads: the general polar effect and the electromeric effect both of 
which are regarded as transmitted through the chain of atoms and a space 
effect, similar to the general polar effect but transmitted through space. 
In spirane compounds where no asymmetric atoms in the normal sense 
of the word are present optical activity may be regarded as due entirely 





1 Peacock, Proc. Chem. Soc., 1914, 274. 
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to effects transmitted through space and the existence of optical 
activity in such cases shows that the direct or space effect is by no means 
negligible. The general polar effect of substituents upon rotatory power 
has been the subject of extensive work by Betti,? Rule® and others, who 
have obtained valuable results. The object of the experiments to be 
described was the search for an alternating effect similar to that observed 
by Olivier, Lapworth and Shoesmith and others in the reactivity of benzyl 
halides. For this purpose cinchonicine with its two optically active centres 
was unsuitable and so were all compounds in which the group whose effect 
was to be studied was bound to the optically active centre by an oxygen 
atom because it has been shown that an oxygen atom is generally a 
very effective barrier to alternating effects. It has, however, been found 
that in substances of the type X.CgH,.CH2.Y an alternating effect is 
transmitted to Y and therefore it was expected that acids of the type 
X.CgH4.CH,.CH(R).COOH might show such an alternating effect. Reactivity 
measurements have shown that, in substances of the type X.CgH,.CH).Y 
where Y is a halogen, when X is a halogen or the methyl group the 
reactivity is higher with X para than with X meta but that when X is the 
nitro or carboxyl group the reactivity is lower with X para than with X 
meta. There is an exception to this; with trimethyl-amine in benzene 
para nitrobenzyl chloride reacts faster than does meta nitrobenzy] chloride! 
with aromatic amines the meta compound reacts faster than the para. 
This discrepancy is not shown by all substituted benzyl halides when they 
react with aromatic and fatty tertiary amines because Jones and Preston® 
found that with both dimethylaniline and tri-isoamylamine para xylyl 
bromide reacted faster than meta. The reaction studied by Norrish and 
Smith seems therefore to be exceptional. The compounds examined below 
were those of the type X.CgH,y.CH2.CH(C,Hy).COOH where H was H, Br 
meta and para, COOH meta and para. It was expected that if the change 
from the meta position to the para position of the bromine atom produced 
any effect on the rotatory power then the opposite effect would be produced 
by the carboxyl group. No particular difficulty was observed in resolving 
a-benzyl-n-caproic acid and the meta and para brom derivatives but the 
resolution of the meta and para carboxy compounds gave capricious results 
and the rotations observed were very small. The molecular rotations for 
the acids concerned are given below :— 





2 Gazzetta, 1907, 37, I, 62 and later papers. 
3 J.C.S., 1924, 125, 2168 and later papers. 
* Norrish and Smith, J.C.S., 1928, 129. 


5 J.C.S., 1912, 101, 1930. 
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Molecular Rotations of a-Benzyl-n-Caproic Acid and some Derivatives. 


a-Benzyl Acid .. (MJ? + 57-6 
a-p-Brombenzyl Acid 7 + 116-3° 
a-m-Brombenzyl __,, ‘a + 57-0° 
a-p-Carboxybenzyl ,, = + 14-5° 
a-m-Carboxybenzy] ,, i + 23-1° 


All rotations were measured in benzene solution. 


The para brom acid has a greater molecular rotation than the meta 
acid, thus the effect of the position of the bromine atom on rotatory power 
is similar to its effect on the rate of hydrolysis of brombenzyl bromides. 
Assuming that a similar relationship holds for the carboxyl group we should 
expect the effect of this group upon the rate of hydrolysis of the carboxy- 
benzyl bromides (w-brom toluic acids) to be similar to the effect on the 
rotatory powers of meta and para carboxybenzyl-n-caproic acids so that 
the rotatory power of the para acid should be less than that of the meta. 
This is found to be the case but the rotations of the carboxybenzyl acids 
are so small that we do not wish to stress this agreement until the results 
have been confirmed. The present results can be regarded as approximate 
only. 

When we compare the rotations of the benzyl, p-brombenzyl and 
p-carboxybenzyl acids we see that the order is Br > H>COOH. The 
general polar effects of both the bromine atom and the carboxyl group are 
the same, both are electron attracting so that the difference in the 
behaviour of these two groups may tentatively be ascribed to the electro- 
meric effect of the bromine atom. 

Experimental. 

dl-a-benzyl-n-caproic acid.—Sodium (18-4 grs.) was dissolved in 
absolute alcohol (225 grs.) and ethyl aceto-acetate (130 grs.) and n-butyl 
bromide (110 grs.) added. The mixture was boiled under reflux for 28 hours 
but was still faintly alkaline; it was acidified with acetic acid and the 
product worked up in the usual way; yield 78 grams, b.p. 124-7° C./35 mm. 
This was converted to the sodium derivative and condensed with benzyl 
chloride by boiling under reflux for 6 hours. The crude ester obtained was 
saponified by concentrated caustic potash solution and the acid obtained in 
the usual way, b.p. 181-2° C./5 mm. (Found: C, 75-75; H, 8-47; 
CisH},02 requires C, 75-71; H, 8-74%). The silver salt was insoluble 
in water (Found: Ag, 34-28; C\3H);O.Ag requires Ag, 34-59%). 

dl-a-benzyl-n-caproamide.—The acid was converted to the chloride by 
means of thionyl chloride and from the acid chloride the amide was prepared 


da 
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by the action of concentrated aqueous ammonia; crystals from boiling 
water and from dilute alcohol m.p. 97°C. (Found: N, 6-95; C\;HON 
requires N, 6-82%). The anilide prepared by the action of aniline on the 
acid chloride had m.p. 97°C. from aqueous alcohol (Found: N, 4- 69% » 
Ci9H230N requires N, 4-98%). 


d-a-benzyl-n-caproic acid.—The acid (16-48 grams, 0-4 M) was dis- 
solved in benzene and a hot solution of quinine (12-8 grs. 0-2 M) in 
benzene added. After some time crystals of the quinine salt separated, 
m.p. 95°C. These were crystallised twice from benzene; m.p. 95°C, 
[a], — 96° for each crop of crystals. (Found: N, 5-57; Cs3H ON, 
requires N, 5-28%). The free acid was prepared from the salt and the 
rotation in benzene solution determined, [a]? -+ 28°, (M)2, + 57-6°. The 
acid recovered from the mother liquors of the original benzene solution had 
fa]? — 10-5°. 


Gl-a-p-brombenzyl-n-caproic acid.—This was prepared in the usual way 
from p-brombenzyl bromide and ethyl a-aceto-m-caproate. The crude ester 
was saponified by boiling for 24 hours with 50% caustic potash solution. 
The crude acid was purified by distillation: b.p. 209° C./5 mm., m.p. 62°C. 
from a mixture of benzene and petrol ether. (Found: Br, 27-58; 
C)3H);;,O2Br requires Br, 28-07%). The silver salt was prepared in the 
usual way (Found: Ag, 27-3%, ; Ci3HjgO2BrAg requires Ag, 27-5%). The 
amide, m.p. 138°C. from alcohol (Found: Br, 28-21; C)3H,;gONBr requires 
Br, 28-17%) and the anilide, m.p. 116°C. from aqueous alcohol (Found : Br, 
22-53; CigHoxONBr requires Br, 22- 22°) were also prepared. 


d-a-p-brombenzyl-n-caproic acid.—dl-a-p-brombenzyl-n-caproic acid (71-2 
grs. 0-25 M) was dissolved in benzene and quinine (40-5 grs. 0-125 M) 
added gradually to the hot solution. The solution was cooled, ether added 
and the mixture allowed to stand for some days ina refrigerator. The 
separated salt was crystallised from aqueous ethyl alcohol until the rotation 
was constant and the acid isolated. The free acid had [a] + 40-8° 
[M]” + 116-3°. 

dl-a-m-brombenzyl-n-caproic acid.—This was prepared similarly to the 
para acid; b.p. 217° C./8 mm. (Found: Br, 27-52; C,3H,,O.Br requires 
Br, 28-07%). The silver and barium salts were prepared in the usual way. 
(Found: Ag, 26-9; C;H,gO2BrAg requires Ag, 27-5%; Ba, 19-54; 
(C)3H,gO2Br)2Ba requires Ba, 19-48%). The amide crystallised from 
aqueous alcohol; m.p. 91°C. (Found: Br, 27-80; C,3;H,,ONBr requires 
Br, 28-17%). The anilide also crystallised from aqueous alcohol; m.p. 
119°C. (Found: Br, 22-42; CjgH2,ONBr requires Br, 22-22%). 
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d-a-m-brombenzyl-n-caproic acid.—The di acid was resolved similarly to 
the benzyl acid. The free acid had [a] + 20-08°, [Mj] + 57°. 

dl-a-p-carboxybenzyl-n-caproic acid.—p-cyan-benzyl chloride was con- 
densed with the sodium derivative of ethyl a-aceto-n-caproate in the usual 
way. The crude ester was saponified with concentrated caustic potash 
solution when the nitrile group was at the same time hydrolysed. ‘The free 
acid was very soluble in acetone, ethyl acetate and chloroform, soluble in 
ether, benzene, ethyl and methyl alcohols, sparingly soluble in petrol 
ether; m.p. 160°C. (Found: E (by titration), 127-9; C, 67-33; H, 6-78; 
CyH;,0, requires F, 125; C, 67-2; H, 7-2%). The silver salt was 
prepared. (Found: Ag, 46-99; C,,H,g6O,Agy requires Ag, 46-53%). 

d-a-p-carboxybenzyl-n-caproic acid.—The dl acid was resolved by means 
of the normal quinine salt. The free acid had [aj|*+ 5-8°, [M]®+ 14-5°. 
These results need confirmation. 

dl-a-m-carboxybenzyl-n-caproic acid.—This was prepared similarly to the 
para acid; m.p. 115°C. (Found: equivalent, by silver salt, 125-1; C,4H gO. 
requires 125). 

d-a-m-carboxybenzyl-n-caproic acid.—The dl acid was resolved by means 
of the normal brucine salt. The free acid had [a]?+ 9-2°; [M]®%+ 23-1°. 
These figures can only be regarded as approximate. 

We have to thank the University of Rangoon for a grant towards the 
expenses of this investigation which is being continued. 

Summary. 

The following acids have been prepared and resolved: a-benzyl, 
p-brombenzyl, m-brombenzyl, p-carboxybenzyl, m-carboxybenzyl-n-caproic 
acids. ‘The molecular rotatory powers have been measured in order to see 
whether any alternating effect on rotatory power could be detected. It is 
possible that such an effect exists but the results obtained we only put 
forward tentatively. 











ROTATORY POWER AND CHEMICAL CONSTITUTION. 


Part IL. The Preparation and Resolution of a-Benzyl-8 -p-brom-pheny] 
Propionic Acid and Similar Compounds. 


By H. R. BuryjorjEE, B. K. MENON AND J). H. PEACOCK, 
University College, Rangoon, 


Received December 3, 1934. 


1. Introduction. 
In Part I the rotatory powers of a series of a-benzyl-n-caproic acids were 
reported. The present work, a preliminary account of which was given 
earlier by one of us,! had the same object in view, namely, the search for an 
alternating effect upon the rotatory power similar to that observed already 
upon reactivity. The acids prepared were, with one exception. of 
the type :— 


C,H;CH: 1 


I 
4 


X-C, HCH COOH 

where X was a suitable group in the m or p position. As, apart from X, 
two of the groups were the same, the rotations observed owed their existence 
to the group X. The one exception had a substituent in the other benzyl 
group :— 

p- Br C,H,CH. FI 

C (II) 
m- Br C,H, CH; COOH 


The molecular rotations of the resolved acids are given below :— 
Rotations of a-p-brombenzyl-B-phenyl propionic acid and related acids. 


a-p-brombenzyl-f-phenyl propionic acid .. [Mj] +51° 
a-m-brombenzyl-8-phenyl propionic acid .. — 33° 
a-p-chlorbenzyl-8-phenyl propionic acid .. +27° 
a-m-Chlorbenzyl-8-phenyl propionic acid... +22° 
a-benzyl-8-phenyl propionic acid a 0° 


All rotations were measured in benzene solution. 





1 D. H. Peacock, ** Dissertation,’’ London University, 1927, 
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The effect of moving the halogen from the para to the meta position 
is to lower the rotation and is thus similar to the effect on the rate of 
hydrolysis of substituted benzyl halides. If the effect on the rate of 
hydrolysis of the nitro and carboxy benzyl halides is similarly related to the 
effect on rotatory power then the rotations of the m-nitro and carboxy 
acids should be greater than those of the para. Unfortunately we have not 
been able to prepare the required nitro acids nor to resolve the carboxy 
acids. In the case of the carboxy acids very low rotations were observed 
and it cannot be stated with certainty whether the smallness of the 
observed rotation is an intrinsic property of the molecule or due to failure 
of resolution. 


The acid II, a-p-brombenzyl-8-m-bromphenyl propionic acid has also 
resisted all attempts at resolution. In view of the comparative ease of 
resolution of acids of the type I when X = m or f, Br or Cl, it does not seem 
unreasonable to suggest that the acid II has only a very small rotatory 
power owing to a balancing of the effects of the m and p brombenzyl groups 
and hence is difficult to resolve. This conclusion does not.seem to be 
supported, however, by the distinct difference in rotatory powers of the two 
acids I (X=m-Br) and I (X=/-Br). The matter clearly requires further 
experimental evidence. 


The brom acids show larger rotatory powers than the chlor acids and 
the effect of the change to m is greater in the brom acids than in the 
chlor acids. Since the general polar effect of bromine would be expected 
to be weaker than the general polar effect of chlorine this difference between 
the two halogens may he tentatively assigned to the electromeric effect 
of the bromine. It would be expected that electromeric displacement 
would take place more readily in the case of the large atom of bromine 
than in the case of chlorine where the outer shell of electrons is nearer 
to the nucleus. Whether this difference makes itself felt on the force 
holding the electrons responsible for rotation, that is to say on the 
magnitude of the vibration frequency or whether it influences the extinction 


coefficients of the relative bands cannot, on the evidence available, be 
decided. 


2. Experimental. 


aa-p-nitrobenzyl-benzyl malonic ester.—Kthyl benzylmalonate (0-05M),? 
sodium (0-05 atom) and absolute alcohol were mixed and a 5% solution of 
. p-nitrobenzyl chloride (0-05M) in absolute alcohol added. Next day the 





2 Conrad, Ann., 204, 174. 
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solution was boiled until neutral (two hours) and the product worked up in 
the usual way. Yield of crude ester 8 gm. (41%) m.p. 68°C. It was crystal. 
lised from benzene, m.p. 76°C. (Found: C, 65-3; H, 5-96; N, 3.83; 
Cx,H2306N requires C, 65-44; H, 5-97; N, 3-64%). When the -nitro- 
benzyl chloride was dissolved in dry toluene the yield of crude ester was 
raised to 739%, m.p. 73°C. The meta nitrobenzyl ester was prepared simi- 
larly but was not obtained crystalline. It was recovered unchanged after 
boiling for eight hours with aqueous caustic potash. Alcoholic caustic 
potash converted it in the cold to a black, sticky product from which no 
acid could be obtained. Neither ester was hydrolysed by heating tor three 
hours in a sealed tube at 180°C. with concentrated hydrochloric acid or by 
boiling for thirty hours under reflux with concentrated hydrobromic acid. 
No amide was formed (a) by digesting with strong ammonia solution at 
room temperature for a week, (d) by heating under pressure with strong 
ammonia at 100°C, (c) by heating with alcoholic ammonia in a sealed tube 
at 170°C. 

dl-a-para-chlorbenzyl-B-phenyl propionic acid.—(Acid 1; X=/f-Cl). Para 
chlorbenzyl bromide was prepared by brominating p-chlortoluene in chloro- 
form solution in sunlight. It was condensed with the sodium derivative of 
ethyi benzylmalonate but the product was very difficult to hydrolyse; 
it was not acted upon when heated for four hours in a sealed tube with 
concentrated hydrochloric acid and was only hydrolysed to the extent of 
about 30% when boiled for 25 hours with 25% alcoholic caustic potash. 
Para chlorbenzyl bromide was therefore condensed with ethyl benzylaceto- 
acetate* and the product worked up in the usual way. The crude acid was 
drained on porous tile and crystallised from glacial acetic acid. Yield 40%, 
m.p. 86°C. (Found : equivalent by silver salt 271-7 ; Cl, 12-65 ; C,gH);0,Cl 
requires E, 274-5; Cl, 12-91%). 


d-a-p-chlorbenzyl-B-phenyl propionic acid.—Quinine (24-3 gms.) and the 
acid I (X=/-Cl; 20-1 gms.) were dissolved in hot ethyl alcohol and the solu- 
tions mixed. After 24 hours the first crop of crystals, weight 35 gms., m.p. 
172°C. was filtered off and crystallised. The product from the second crystal- 
lisation had m.p. 178°C., [a]? --95-8°, fourth crystallisation m.p. 182°C., [a]? 
—91-1°, sixth crystallisation, m.p. 183°C., [a]? —91-5°. All rotations were 
measured in absolute alcohol. (Found: C, 72-5; H, 6-8; Cag Hyg No O,Cl 
requires C, 72-1; H, 6-5%). The molecular rotation of the salt was 
—547-6°; for quinine hydrochloride in absolute alcohol [M]”? is — 601-9. 





3 Schramm, Ber., 17, 2922 ; Thomson and Stevens, J.C.S., 1932, 61. 
* Christ, Ann., 268, 122. 
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Therefore the acid was dextrorotatory. The quinine salt was decomposed 
by dilute sulphuric acid, the crude acid dissolved in ammonia, filtered 
and reprecipitated; yield 3gms., m.p. 74°C. (Found: KE, by titration 
with caustic soda, 276-2; calculated, 274-5). [a]**° in absolute alcohol 
(¢ = 2-528), + 5-93°, [M]5 + 16-7°. In benzene [a]%° (c = 4-3660), 
4+10-19°, [M]*%° + 27-97°. 

dl-a-m-chlorbenzyl-B-phenvl propionic acid.—(Acid I, X=m-Cl). Meta 
chlortoluene was brominated at the boiling point as bromination in the side 
chain did not take place in the sunlight. The acid was then prepared as 
described under the para acid; yield 44%, of theory, m.p. 64°C. (Found: 
E, by silver salt, 272-6; Cl, 12-69; Calculated for C,gH,;02Cl, E, 274-5; 
Cl, 12-91%). 

d-a-m-chlorbenzyl-B-phenyl propionic acid.—The dl acid I (K==m-Cl) was 
resolved by means of the quinine salt. Resolution was complete after four 
crystallisations from alcohol; m.p. 173°C., [a]3° —90-5°, [Mj --541-6°. 
(Found: N, 4-45; CsgHygN.O,Cl requires N, 4-68%). The free acid 
weighed 2-5 gms.; m.p. 73-5°C. (Found: E, 267-7; Calculated 274-5). 
faj*-5 in benzene solution (c=3-788) + 8-18°, [M]*®* + 22-45°. 

dl-a-p-brombenzyl-B-phenyl propionic acidi—(Acid I, X=p-Br). Para 
bromtoluene was readily brominated in the side chain at the ordinary 
temperature in sunlight. This was condensed with ethyl benzylmalonate 
but the ester obtained could not readily be hydrolysed. The acid was, 
therefore, prepared by way of ethyl a-aceto-8-phenyl propionate. Yield 39%, 
m.p. 92°C. (Found: E, by silver salt, 315-9; Br, 24-69; CjgH,,;0.Br 
requires K, 319; Br, 25-08%). 


d-a-p-brombenzyl-B-phenyl propionic acid.—The dl acid was resolved by 
means of the quinine salt. Resolution was complete after four crystallisa- 
tions from alcohol; m.p. 175°C., [a]3° —89-8°, [Mj® —576-4°. (Found: 
N, 4-76; CsgHggN.O,Br requires N, 4-36%). The yield of active acid was 
7-5 gms.; m.p. 90°C. (Found: E, 314-3; Calculated, 319-0). [a]*5 in 
benzene solution (c=3-2644) + 16-1°, [M]*%5 +51-35°. 

dl-a-m-brombenzyl-B-phenyl propionic acid.—(Acid I, X=m-Br). Meta 
bromtoluene could not be brominated in the side chain on exposure to 
sunlight but only at the boiling point. The meta acid was prepared 
similarly to the para acid; yield 72%, m.p. 81°C. (Found: E, by silver 
salt, 319-6; Br, 24-77; CjgH);02Br requires E, 319-0; Br, 25-08%). 

l-a-m-brombenzyl-B-phenyl propionic acid.—The acid was resolved by 


crystallising the quinine salt from alcohol, resolution was complete after four 
ctystallisations, The quinine salt, m.p. 161°C. had [a]® —96.3°, [M]® 
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—619-2°. (Found: N, 4-6; CsgHggNoO,Br requires N, 4-36%). The free 
acid was isolated in the usual way. Yield 8-5 gms.; m.p. 89-5°. (Found: 
E, by titration 319-3; required 319). The acid had [aj in benzene 
solution (c=4-5396) —10-46° ; [M]%%> —33.4°. 
dl-a-m-brombenzyl-B-p-bromphenyl propionic acid.—(Acid II). This was 
prepared by condensing first -brombenzyl bromide with sodio-aceto-acetic 
ester and then m-brombenzyl bromide. The crude ester was saponified and 
the crude acid converted to the potassium salt which was dried and 
extracted with benzene and ether to remove oily bye-products. The 
potassium salt was then converted to the acid which was dissolved in 
benzene and shaken with about one-fifth the calculated amount of sodium 
bicarbonate dissolved in water. This removed 8-p-bromphenyl! propionic 
acid. ‘The benzene solution was then extracted with caustic soda and from 
this solution fractional precipitation with hydrochloric acid gave the 
acid II, m.p. 110°C. from benzene and petrol ether. (Found: Br, 40-26; 
CigH,4O2Br, requires Br, 40-29%). The amide was crystallised from aqueous 
alcohol, m.p. 138-9°C. (Found: N, 3-72; CjgH);ONBr2 requires N, 3-52%). 
The anilide, m.p. 156°C., from aqueous alcohol was also prepared. (Found: 
Br, 33-88; CsoHjgONBry requires Br, 33-83%). The quinine salt was 
obtained crystalline but the acid could not be resolved by its means. 

B-p-bromphenyl propionic acid was prepared in the usual way; m.p. 
134-5°C. from petrol ether and benzene. (Found: Br, 34-68; CyHgO.Br 
requires Br, 34-93%). 

B-m-bromphenyl propionic acid was also prepared, m.p. 71°C., from 
benzene and petrol ether. (Found: Br, 34-01: CgH gO.Br requires Br, 
34-93%). 

dl-a-p-carboxybenzyl-B-phenyl propionic acid.—(Acid I, X=pf-COOH). 
Para cyanbenzyl bromide (30 gms.) was condensed with the sodium deriva- 
tive of a-aceto-8-phenyl propionic ester ; after boiling for seven hours under 
reflux in absolute alcohol solution reaction was complete. The crude ester 
so obtained was saponified by heating with concentrated aqueous alcoholic 
caustic potash in a boiling water bath. After two hours no more ammonia 
was evolved and the product was worked up. The crude acid weighed 50 gms. 
and was crystallised from boiling aqueous alcohol, m.p. 212°C.(Found: 
C, 71-8; H, 5-63; C);H gO, requires C, 71-8; H, 5-63%). The acid and 
normal quinine salts and the normal cinchonine salt were obtained crystal- 
line but repeated crystallisations failed to give a salt yielding an active acid. 

dl-a-m-carboxybenzyl-B-phenyl propionic acid.—(Acid I, X=m-COOH). 
This was prepared similarly to the para acid and crystallised from a 
mixture of acetone, ethyl alcohol and water, m.p.159°C. (Found: C, 71-8; 
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H, 5-65; C)7HyeO, requires C, 71-8; H, 5-63%). The acid and normal 
quinine salts were obtained crystalline but after repeated crystallisation 
gave only the inactive acid. 
This work is being continued. 
We desire to thank the University of Rangoon for a grant towards the 
expenses of this investigation. 
3. Summary. 


The following acids have been prepared and resolved: a-- 
brombenzyl, m-brombenzyl, p-chlorbenzyl, m-chlorbenzyl-8-phenyl propionic 
acids. The rotations of the para derivatives are greater than those of the 
meta and the rotations of the bromo compounds are greater than those of 
the chloro. 
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1. Introduction. 


In a series of communications (Bhagavantam, 1933 and Veerabhadra 
Rao, 1934) certain significant results have been described concerning the 
distribution of intensity within the rotational wings exhibited by liquids. 
Quantitative investigations have revealed that the phenomenon in liquids 
is characterised by certain prominent features which are ordinarily not to 
be noticed in the case of gases. In this respect the experimental results 
so far obtained with gases may be regarded as quite satisfactory inasmuch 
as they are in good agreement with the existing theories of the rotational 
Raman effect. In liquids, however, it is obvious from the results that 
complicating features have set in and no satisfactory and simple theoretical 
explanation is forthcoming as in the case of gases. It is of utmost impor- 
tance, from the standpoint of the theory of the rotational Raman effect 
and its relation to the nature of the liquid state, to reconcile the two 
apparently different types of intensity distribution obtained in liquids 
and gases respectively. It is obvious that this can be done experimentally 
by following up the alterations produced in the rotational patterns conse- 
quent on either gradually (i) heating up a liquid subject to the pressure 
of its own vapour or (ii) compressing a gas at temperatures lower than its 
critical temperature. In the first case the liquid may be expected to 
develop the features characteristic of its vapour whereas in the second the 
gas may be expected to develop the features characteristic of the corres- 
ponding liquid. Inthe present paper, the problem is approached on the 
lines of the latter alternative and carbon dioxide and nitrous oxide are 
chosen for the investigation in view of their moderate critical pressures and 
the close proximity of their critical temperatures to the room temperature. 


2. Experimental Arrangements. 

The container used for the gas is a thick-walled transparent silica tube 
enclosed in steel casing. With suitably devised washers, the apparatus can 
be used without leak at pressures upto 50 atmospheres. Details of its con- 
struction have already been described in earlier papers by one of us 
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(Bhagavantam, 1932) and will not therefore be repeated here. Light froma 
mercury arc is condensed on to the gas tube, the length of the illuminated 
portion of the gas being about 5 inches. The scattered light is photo- 
graphed with a 2 prism glass spectrograph of high light gathering power. 
Suitable apertures are placed in the track of the scattered beam so as to 
eliminate the stray light as completely as possible. ‘This precaution is 
necessary as otherwise the Rayleigh line would be so heavily exposed as to 
mask the features of the rotational wing to a large extent. Several photo- 
graphs of varying intensities of the rotational wing have been obtained 
with carbon dioxide and nitrous oxide at low and high pressures and the 
intensity distribution on each plate is computed with the help of a set of 
intensity marks recorded on the same plate by the method of varying slit 
widths. The best representative values are given in the next section. In 
each experiment alow pressure picture and a high pressure picture are 
photographed along with the intensity marks on the same plate keeping the 
other arrangements unaltered. The low pressure picture is exposed fora 
correspondingly longer period so as to obtain an intensity comparable with 
that in the high pressure picture. The long exposures involved have 
resulted in a broadening of the undisplaced line to an appreciable extent 
and points in its vicinity which are likely to be affected by such a broaden- 
ing have not been taken account of. 
3. Results. 

Owing to the insufficient resolving power of the instrument, separate 
rotation lines have not been observed and the results in Table I represent 
the intensities in the continuous wing at various points whose respective 
wave number distances from the central line are given as Av. ‘The figures 
are only relative and have no absolute significance. 

TABLE I. 





| 


| | | | 
A v (cm."') | 18+5 | 21-6| 24-6| 27-7 30-8 38-5 | 46-2 |53-9 sai tenia Vide 92-4 


‘oae | 


Low pressure /| 47-3) 51+5/|53-0/53-0| 51-5 | 40-4 | 29-7 | 20-8) 13-2] 6-8 | — | — 























(7 atm.) 
CO. 
High pressure | 62-6} 58-8 | 54-6|51-7| 48-5/| 38-8| 30-2/21-5|15-6/12-7) — | — 
(47 atm.) 
| 
Low pressure — | — | 47-0] 48-3] 48-3] 43-0/35-0| 26-7 | 18-6| 13-2) 7-2 | 2-2 
(7 atm.) 
N.O 


| | 
High pressure 45-2 | 52-0 | 52-0 49-0/| 47-0 41-0 | 32-6 24-9| 18-8 | 13-8} 10-7} 8-1 
(37 atm.) | | 


| | | 
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These results are represented graphically in Figs. 1 and 2. The crosses 
are the observed points at high pressures and the circles with dots inset are 


a 
Intensity. 











Fie. 1. CO,z Avcm,-} 











Fie. 2. N2O Av cm,-} 


the observed points at low pressures. The smooth curves starting from 
zero intensity at the centre in each case and extending to Av=75 in COz 
: (Fig. 1) and to Av=90 in N2O (Fig. 2) are drawn on the basis of the theory 
of the rotational Raman effect developed by Manneback (1930) assuming 
70-2 x 10-4 and 59-4 x 10 respectively for the moments of inertia of 
| CO; and N,O molecules. In the case of COz, only alternate rotation lines 
tepresenting transitions between even levels are assumed to be present 
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(Houston and Lewis, 1931). In N2O no such assumption need be made and 
all the lines are given the same weight factor (Plyler and Barker, 1931), 


4. Discussion of the Results. 


The following prominent features, easily noticeable from Figs. 1 and 2, 
may be recorded here. ‘The experimental points obtained at low pressures 
for both the gases deviate very little from the courses of the corresponding 
theoretical curves. Although it has not been found possible to obtain 
reliable points close to the Rayleigh line, the observations distinctly show 
that at the expected place, there is a maximum of intensity and that on 
either side of this maximum is a fading off of the wing in satisfactory 
accordance with the theory applicable to gaseous molecules. The positions 
of the intensity maxima in the low pressure pictures are measured from the 
microphotometric records and they correspond to a moment of inertia 
69 x 10- for CO. and 62 x 10-4 for N2O in good agreement with 70-1 x 
10-# and 59-4 x 10-4 deduced respectively for these molecules earlier from 
infra-red absorption spectra (Adel and Dennison, 1933 and Plyler and 
Barker, 1931). 


On the other hand, the observed points at higher pressures show 
considerable deviations from the courses of the theoretical curves and 
suggest that the intensity distribution within the wing has been appreciably 
affected by the increased pressure. Inthe case of carbon dioxide (Fig. 1) 
at a pressure of 47 atmospheres, we have not been able to locate any 
maximum at or near the expected place. The intensity falls off gradually 
and the gradient appears to be somewhat less than in the case of the same 
gas at lower pressures. Nitrous oxide (Fig. 2) at a pressure of 37 atmos- 
pheres exhibits similar characters. The observed points deviate considerably 
from the course of the theoretical curve. Maxinium is not located at the 
expected place but much closer to the central line. The intensity falls off 
less rapidly at the higher pressure than at the lower pressure. It must, 
however, be noted that these characters are not so marked in N2O as in COz, 
an observation which may be attributed tothe fact that the pressure 
employed in the former case is only 37 atmospheres as against 47 atmos- 
pheres in the latter. 


Two typical sets of curves obtained by us and reproduced in Figs. 3 
and 4 bring out the above features in a very clear manner. Figs. 3a and 
3b are the microphotometric records of the rotation wing accompanying the 
\ 4077 mercury line in carbon dioxide at 47 and 7 atmospheres respectively. 
The presence of a distinct maximum shown by the arrow at low pressures 
[Fig. 3(b)] and its absence at high pressures [Fig. 3(a)] are easily noticeable. 
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There is a redistribution of intensity at high pressures and the tendency is 
towards a concentration at points close to the central line. Exactly the 
same features are seen in Fig. 4 which contains the microphotometric 
records of the rotation wing accompanying the A 4046 mercury line. The 
fatness of the curve in the vicinity of the central line [Fig. 4(b)] at low 
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pressures and the relatively larger concentration of intensity in this region 
at higher pressures [Fig. 4(a)] is easily recognised. A relatively large 
concentration of intensity in the close neighbourhood of the Rayleigh line 
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and the absence of a maximum, contrary to what is indicated by the 
theory, have hitherto been regarded as features specially characteristic of 
the liquid state and it is of very great significance that these are now recog- 
nised also in gases but only at high pressures. Such phenomena are 
evidently connected with the fact that at the higher pressures employed 
both CO. and NO are near their critical states thus resembling the liquids 
in certain respects. This view is further supported by the fact that no 
such observations have been made with either hydrogen or oxygen although 
they have been investigated at reasonably high pressures (Bhagavantam, 
1932; Trumpy, 1932). 
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7. Introduction. 


THE study of light scattering in all transparent substances has proved beyond 
doubt that molecules are generally optically anisotropic and the observed 
depolarisation of the scattered light together with the refractive index 
affords us with an experimental method of determining the optic moments 
in the case of axially symmetrical molecules such as benzene. In the 
general case, where the molecule has three unequal principal optic moments, 
we can evaluate them if we make use of more than one phenomenon in 
which the optical anisotropy takes part, say for example, the depolarisation 
of the scattered light and the magnetic double-refraction, provided we know 
independently the magnetic characters of the molecule. Naphthalene 
presents a case in which all the requisite data are available. Krishnan (1934) 
has published recently the moments of the naphthalene molecule calculated 
in this manner. It is, however, to be pointed out that in his calculation he 
does not take into account the fact that the polarisation field is anisotropic. 
As the influence of the anisotropy of the polarisation field on the refractive 
index and the magnetic double-refraction is likely to be considerable in a 
case like naphthalene, it is proposed in this paper to recalculate the optic 
moments with due reference to the same. 

An altogether different method of evaluating the optic moments of a 
molecule based on a knowledge of the orientation of the molecules and the 
refractive indices in the crystalline state is also presented here for the first 
time. ‘The results obtained by these two entirely different methods are 
compared with each other. 


2. Calculation of the Optic Moments of the Naphthalene Molecule. 


In this section we follow the same method as Krishnan but employ 
more rigorous formule which take into account the anisotropic polarisa- 
tion field. Thus the refractive index of a liquid is given by 


ye oe v (b, + b, + ds) 
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instead of 
n* —1 M 4 b, +6b,-+-b ; 


The expression for the Cotton-Mouton constant (Raman and Krishnan, 1927) 
is 
n? — 1 2 (a, — a,) (b, 7 b.) 











Cu = sonaeT * — 6, +b, +b, 
(n? — 1)? z (eq = a,) (bp, cy b,p.) 
* 80rn AKT a b, + b, + bd, - 
instead of 
en 3M (n? — 1)° 2 (a, — a,) (b, — b,) 2(b) 








807nAKTN p (6, + 6, + b,)? 
The expression for the optical anisotropy 5 in the vapour state, however, 
remains unaltered and is given by 
by? + b.? + by? — Dib, — xb, — bd, ” i 7a 
(b, + b, + b,)? 

In the above formulz /), p2, £3 are the coefficients of anisotropic polarisa- 
tion field. These have been evaluated on the assumption that naphthalene 
molecule has the dimensions 8-7 x 7x 3 A.U. (Mack Jr., 1925). The method 
of evaluating them is given in an earlier paper by the author (1929). The 
values of #);, f2 and #3 are respectively 1-8, 2-8 and 8-0. The rest of the 
data required in the calculation are exactly the same as those utilised by 
Krishnan. ‘The values of };, b2 and 03 calculated in this manner are given 
in column 3 of Table I. 





3. Theory of Birefringence in Organic Crystals. 


A rigorous method of correlating the optic moments of individual 
molecules with the refractive indices of the crystal involves a detailed 
consideration of the influence of all the surrounding molecules taking into 
account their respective positions and orientations. Such a process is some- 
what lengthy and is avoided here by making use of an alternative but 
approximate method. The calculated results show that the approximations 
made are not unjustified. 


The method is similar to the one made use of by Raman and Krishnan 
(1928) in deriving an expression for the refractive index of a liquid taking 
the anisotropy of polarisation field into account. We imagine, as in the case 
of liquids, the molecule to be surrounded by an anisotropic polarisation field 
but here the orientations are not random but fixed relative to the direction 
of the incident light vector. This is strictly true only if we ignore the small 
thermal motions of the molecules which give rise to the phenomenon of 
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scattering of light in crystals. This is justified as their effect on our results 
will be only of a second order. 


Let the light vector be incident along x, one of the principal optic axes 
of the crystal, and let its magnitude be E,. and let the corresponding polari- 
sation field be P,. so that 


Pad _ te —1 
_. Xe = 4 =” 





the optical susceptibility of the medium along the x direction. If 0}, bo, bg 
are the optic moments of the molecule along its axes which are inclined 
to the direction of the incident light vector at angles whose direction cosines 
are respectively /,,, 12, and /3,, then it can be shown that the contribution 
by the molecule towards the optic moment in the x direction is 


px = by (Ex + fi Px) Pie + b2 (Be + Pz Px) Pox + bs (Ex + Ps Px) Poe 
If there are vy such molecules per c.c., then the polarisability is given as 


P, = vy = v {by (Ky + fi Px) Pix + 02 (Ex + po Px) Poy +3 (Ex+p3 Px) 3,}. 
Then 


Pp; Nx” —] Vv (bP ix + bl? 22 + bzl? 52) 
E. = Xx = = a 
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Similar formule can be derived for the refractive indices in the other 
directions. If we are, however, considering the case of a liquid, we have 
to take the average of the squares of the direction cosines involved over all 
possible orientations and then the above formula becomes 

n* —1 het tae (b, + b. +e 
Atr o— (b,p, ai bo Peo + b.p;) 
which is the same as formula 1(a) given in section 2. It can readily be seen 
that the usual Lorentz formula follows from the above by putting 
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4, Application of the above Theory to Naphthalene. 


The principal refractive indices made use of in calculating the optic 
moments are 1-442; 1-775 and 1-932 (Bhagavantam, 1929). The orientations 
assumed are the same as those given by Banerjee (1930). The following 
table furnishes the angles which the principal optic axes of the molecule 
make with the principal optic axes of the crystal. The optic axes of the 
molecule are assumed to lie (1) along the length of the molecule, (2) along 
a direction perpendicular to the above in the plane of the molecule, and 
(3) along a direction which is perpendicular to both the above. 
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90° 12° 
114° 25’ 25° 84° 58’ 


27° 27’ 65° 100° 52’ 
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The values of p;, 2, p3 are those already used in section 2. The density 
of the crystal has been taken as 1-172 grams per c.c. (Ashu Tosh Mukherjee, 
1933). 

5. Discussion. 

In Table I, the optic moments of the naphthalene molecule obtained 

according to different methods are given. 
TABLE I. 


Optic moments of the naphthalene molecule. 





Krishnan Author Author 
(isotropic (anisotropic (from the refractive 
polarisation polarisation indices of the 
field) field) crystal) 


Optic moments 





b, x 10** 26°7 


b, X 10% 14:2 


b, x 10° 11-5 9-00 














There is better agreement between the last two columns than between 
either of them and Krishnan’s values. Such a discrepancy may firstly 
be traced to the fact that Krishnan, in attempting to evaluate the anisotropy 
factor* in the vapour from the observed Cotton-Mouton constants in the 
molten state, has effected an extrapolation to an arbitrary extent for which 
we do not see any obvious reasons. Apart from this the total neglect of 
the anisotropic nature of the polarisation field has-also considerably affected 
the results. Such a procedure is definitely not justified in the case of a highly 





* Anisotropy factor referred to here is 
i 2 (a; - a2) (b, — be) 
(b, + bg + bs)* 
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anisotropic molecule like naphthalene and as such the moments given in the 
last two columns are to be preferred to those given in the second column. 
That neglecting the anisotropy of the polarisation field in this case has led 
to considerable discrepancies will be further evident from the following 
remarks : 

(1) The value of the refractive index of the molten liquid calculated 
from the optic moments given by Krishnan (column 2) on the basis of the 
more rigorous formula 1(a@) comes out as 1-542 as against the observed 
refractive index 1-583. 

(2) The Cotton-Mouton constant calculated from these moments 
according to formula 2(a) is 4-97 x 10-8 against the observed value 
17-26 x 107-8, 

(3) The refractive indices of the crystal calculated from these optic 
moments on the basis of the theory developed in this paper come out as 
1-614, 1-522 and 1-873 in the x, y, z directions respectively. A compari- 
son of these indices with the corresponding observed ones,* viz., 1-442, 
1:775 and 1-933 shows that (i) the agreement is very unsatisfactory, 
(ii) the directions of the intermediate and the minimum refractive index 
interchange places, (iii) the intermediate refractive index in the calculated 
set of values is much closer to the minimum than the maximum contrary 
to the situation in the observed set of values. Although we may not 
attach much significance to the discrepancy (i) in view of a possible 
unreliability in the experimental refractive indices, we must, however, 
note that (ii) and (iii) would mean that the crystal is strongly positively 
birefringent and the plane of the optic axes is bc whereas even a casual 
observation of the interference figure afforded by naphthalene clearly shows 
that the crystals are strongly negatively birefringent and the plane of the 
optic axes is ac and not bc. 

With regard to the choice between the two sets of values given in 
columns 3 and 4 respectively, it is of interest to note that the latter, 
when substituted in equation l(a), give 1-585 for the refractive index 
of the molten liquid in satisfactory agreement with the observed value 
1-583 whereas the Cotton-Mouton constant calculated from these moments 
with the help of equation 2(a) is 25-3 x 107!3 against the observed value 
17-26 10-3, This high value for the Cotton-Mouton constant suggests 
that while the sum of the optic moments given in column 4 is probably 


* Hendricks and Jefferson (1933) have given 1-5238, 1-7182 and > 1-85 for the 
refractive indices of naphthalene but do not give any information regarding the 
orientations of the principal axes. 





430 M. Ramanadham 


correct, their differences are unduly large. This would mean that the 
experimentally determined value of the highest refractive index is a 
little too high and that of the lowest is a little too low. This in fact 
is suggested by the alternative set of values available from the recent 
work of Hendricks and Jefferson already referred to, but no definite 
conclusions can, however, be drawn at present in view of the incompleteness 
of the data available. 
6. Summary. 

The principal optical polarisabilities of the naphthalene molecule are 
calculated from the observed depolarisation factor for the vapour and 
the Cotton-Mouton constant and refractive index in the molten state 
taking into account the influence of the anisotropic polarisation field. 
They come out as 25-85x10-4, 22-25x104 and 9-00x10-*4. A new 
method based on the theory of anisotropic polarisation field is given for 
correlating the optic moments of the individual molecules with the 
refractive indices of the crystal. In the case of naphthalene, the optic 
moments calculated from the observed refractive indices in this manner 
come out as 28-72x 10-74, 22-97x 10-4 and 6-91x10-™ in agreement with 
the previous set of values. The discrepancies may probably be ascribed 
to a certain amount of uncertainty in the measured refractive indices. 


The author is highly grateful to Mr. S. Bhagavantam for his keen 
interest in this work and to the Syndicate of the Andhra University for 
the grant of a research scholarship. 
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SEVERAL phenylacetic acids have been synthesised by Meldrum and colla- 
borators,' through three successive reactions, viz., 

(i) Condensation of a hydroxy-benzoic acid with chloral, 

(ii) Reduction of the group CHOHCCl, to CH»CHCl, with zine and 

acetic acid, and then 
(iii) Simultaneous hydrolysis and oxidation of CH,CHCl, to CH;COOH 
with sulphuric acid. 

The present work was undertaken to extend this method to the 
preparation of phenylacetic acids from gallic acid and its methyl ethers. 

Gallic acid (I) when condensed with chloral in presence of sulphuric 
acid yielded the 3-4-5-trihydroxy-2-a-trichloromethyl-phthalide (II).2 The 
acetyl derivative on reduction with zinc and acetic acid gave 3-4-5- 
triacetyl-2-B-dichloroethyl benzoic acid (III), which on treatment with 
concentrated sulphuric acid yielded 2-3-4-trihydroxy-6-carboxy-1-phenyl- 
acetic acid (IV). 

The same reactions were tried with the derivatives of gallic acid, viz., 
trimethyl-gallic acid (VIII) and syringic acid (XIII). 

3-4-5-trimethoxy-2-f-trichloromethylphthalide (IX)? gave on reduction 
with acetic acid and zinc, 3-4-5-trimethoxy-2-B-dichloroethyl benzoic acid (X), 
which with sulphuric acid yielded 2-3-4-trimethoxy-6-carboxy-1-phenylacetic 
acid (XT). 

3-5-dimethoxy-4-hydroxy-2-a-trichloromethylphthalide (XIV)* was 
tediiced to 3-5-dimethoxy-6-hydroxy-2-B-dichloroethyl benzoic acid (XV). 


1 Alimchandani and Meldrum, J., 1921, 119, 201; Shah and Alimchandani, J. Ind. 
Chem, Soc., 1931, 8, 261; Meldrum and Kapadia, J. Ind. Chem. Soc., 1932, 9, 483. 

2 Alimchandani and Meldrum, J., 119, 206. 

3 Bargelline and Molina, Atti. R. Accad, Lincei., 1912, V, 21, 11, 146. 

* Alimchandani and Meldrum, J., 1920, 117, 964. 
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The reduction product yielded 2-4-dimethoxy-3-hydroxy-6-carboxy-1- 
phenylacetic acid (XVI) with sulphuric acid. 

The reactions have also been used to produce a phenyl bisacetic acid by 
further condensing the phenylacetic acid (IV) to (V), subsequent reduction 
of (V) to (VI) and converting (VI) to 2-3-4-trthydroxy-6-carboxy phenylene 
1-5 bisacetic acid (VII) as usual. 
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Experimental. 
3-4-5-triacetyl-2-B-dichloroethyl benzoic acid (III).—3-4-5-triacetyl-2-B- 
dichloroethy] phthalide (II) was dissolved in glacial acetic acid (70 c.c.), 
zinc dust (10 g.) was added in portions while the mixture was automatically 
shaken and occasionally heated on the water-bath. The reduction product 
separated. After about two hours the mass was treated with hot acetic 
acid and filtered from unchanged zinc. ‘The filtrate was then diluted with 
water when a white crystalline solid was obtained. This was crystallised 
from dilute alcohol in feathery concentric needles, m.p. 189°. (Found: 
Equiv. 389-0; Cl, 18-26; Cy; Hj4O, Cl, requires Equiv. 393-0; Cl, 18-07 
per cent.). The substance is soluble in alcohol, acetone, benzene, chloroform, 
moderately so in glacial acetic acid and insoluble in petrol-ether, carbon- 
disulphide, toluene and water. 
3-4-5-trihydroxy-2-B-dichloroethyl benzoic acid (IIIa).—(III) (5 g.) was 
dissolved in methyl alcohol (30 c.c.). Concentrated sulphuric acid (15 c.c. 98%) 
was added and the mixture was heated on the water-bath until no smell of 
methyl acetate was to be observed. The mixture was poured into water 
and extracted with ether. It crystallised from chloroform in white shining 
needles, m.p. 131°. (Found: Cl, 25-19; Cio Hig OsCle requires 25-27 per cent.). 
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The substance is the methyl-ester. It was hydrolysed with sulphuric acid 
(60%). Crystallised from a mixture of acetone and petrol-ether, in rectangular 
plates, m.p. 178°-179°. (Found: Cl, 26-46; Cy HgO; Cle requires, Cl, 26.55 
per cent.). The substance is soluble in alcohol, acetone, ether, toluene, 
acetic acid, water, insoluble in benzene, petrol-ether, chloroform and carbon 
disulphide. 


2-3-4-trihydroxy-6-carboxy-1-phenylacetic acid (IV).—(III) (10 g.) was 
treated with concentrated sulphuric acid when hydrogen chloride was evolved. 
The temperature of the mixture should not be allowed to rise more than 
80°. The yellow mixture was then poured on to crushed ice when a solid 
separated. ‘This was filtered, washed, and finally crystallised in long needles, 
The substance has no definite m.p. but turns brown at 252° and completely 
black at 260°-265°. (Found: C, 47-21; H, 3-48; Cy Hg O7 requires C, 47-35, 
H, 3-53 per cent.). The substance is very soluble in alcohol and hot water, 
insoluble in ether, chloroform, benzene, toluene and petrol-ether. 


The ethyl ester crystallised from dilute alcohol in concentric needles, 
m.p. 228°-229°. (Found: C, 54-80; H, 5-6 per cent.; C3 Hyg O; requires 
C, 54-94; H, 5-67 per cent.). The acetyl derivative was prepared by the 
acetic anhydride method. It crystallised from absolute alcohol in slender 
white needles, m.p. 206°-207°. (Found: C, 50-77; H, 3-96; Cys Hys Oj 
requires C, 50-83 ; H, 3-98 per cent.). 

2-3-4-trihydroxy-6-a-trichloromethyl phthalide phenylacetic acid (V).—(IV) 
was condensed with chloral in the usual way. The substance crystallised 
from a mixture of acetone and chloroform in colourless needles. It becomes 
brown at 242° and black at 275°. (Found: Cl, 29-69; C,,; H; O; Cl; requires 
Cl, 29-74 per cent.). It is soluble in alcohol, acetone and acetic acid; 
insoluble in benzene, petrol-ether, chloroform, toluene, carbon disulphide, 
ether and water. Acetyl derivative crystallised from toluene in slender 
needles, m.p. 179°-180°. (Found: Cl, 21-87; C)7 Hig Oj) Clg requires Cl, 
22-02 per cent.). 

2-3-4-triacetoxy-5-B-dichloroethyl-6-carboxy-1-phenylacetic acid (V1a).—The 
acetyl derivative of (V) was reduced with zinc and acetic acid as usual. The 
product crystallised from acetic acid and chloroform in needles, m.p. 
220°-222°. (Found: Cl, 15-63; C7 Hig Oy Cle requires Cl, 15-71 per cent.). 
The substance is soluble in ethy] and methyl alcohol, acetone, chloroform, 
acetic acid, benzene and toluene; insoluble in petrol-ether, ether and water. © 


2-3-4-trthydroxy-6-carboxy phenylene-1: 5-bisacetic acid (VII).—(VIa) was 
hydrolysed and oxidised with sulphuric acid in the usual way. ‘The product 
crystallised from acetone in needles. It turns brown at 258° and black at 
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990°. (Found: C, 46-02; H, 3-43; Cj, Hig Og requires C, 46-16; H, 3-52 
per cent.). The acid is soluble in alcohol, acetone, and insoluble in benzene, 
chloroform, carbon disulphide, toluene, ether and water. 

Acetyl derivative was crystallised from alcohol in slender colourless 
needles, m.p. 239°-243° (decomposes). (Found: C, 49-4; H, 3-96; 
C)7HieO12 requires C, 49-51; H, 3-91 per cent.). 

3-4-5-trimethoxy-2-B-dichloroethyl benzoic acid (X).—3-4-5-trimethoxy- 
9-8-trichloromethyl phthalide (IX)5 was reduced with zine and acetic 
acid as usual. The product was crystallised from a mixture of 
acetone and petrol ether in white rectangular plates, m.p. 124°. (Found: 
Equiv., 307-5; Cl, 22-95; CysH)sO;Cl, requires Equiv., 309; Cl, 22-98 
percent.). It is soluble in alcohol, acetone, benzene, ether, toluene, xylene, 
carbon tetrachloride, acetic acid, insoluble in petrol ether, chloroform 
and water. 

Lead salt insoluble in water. (Found: Pb, 24-92; (Cy2H 30;5Cl.)2Pb 
requires Pb, 25-16 per cent.). 

2-3-4-trimethoxy-6-carboxy-1-phenylacetic acid (XI).—(X) was hydrolysed 
and oxidised with concentrated sulphuric acid in the usual way. The pro- 
duct was obtained as a pasty mass. This was ground with water and a few 
drops of methyl alcohol and then with benzene when it solidified. It 
crystallised from benzene and acetone in double pyramids, m.p. 149°. 
The substance is soluble in alcohol acetone, chloroform, ether, acetic acid, 
sparingly soluble in benzene, water and toluene, insoluble in _petrol- 
ether and carbon tetrachloride. The substance crystallises with 4 mol. 
of benzene of crystallisation. (Found: Equiv., 308-6; C, 58-11; H, 5-41; 
Ci2H 407, $(CgH¢) requires Equiv., 309-2; C, 58-25; H, 5-5 per cent.). 

Methylester prepared as usual m.p. 48°-50°. B.P. 220°-225° at 23-25 mm. 
(Found: C, 56-2; H, 6-15; CjgH),0; requires C, 56-37; H, 6-04 per cent.). 

Ethylester.—B.P. 225°-230° at 20 mm. (Found: C, 58-66; H, 6-58; 
CigH220; requires C, 58-87; H, 6-79 per cent.). 

Calcium salt was crystallised from water in prismatic needles with 
8H,O of which only 2H,O are removed at 110°-115°. (Found: Ca, 8-78; 
C\2H}20;Ca, 8H,O requires Ca, 8-85 per cent.). After heating at 110°-115° 
to constant weight. (Found Ca, 10-07; Cj2.H)20;Ca, 6H2O requires Ca 9-63 
per cent.). 

Lead salt crystallises with 3H.O of which 1H,O can be removed at 
115°-120°. (Found: Pb, 38-5: Cj:H)20;Pb, 3H2O requires Pb, 39-13 


5 Loc. cit. 
2 F 
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per cent.). After heating at 115°-120° to constant weight (Found: Ph, 
39-99 ; CjoH)207 Pb, 2H2O requires Pb, 40-15 per cent.). 

The Anhydride was prepared by heating the acid at m.p. It was 
crystallised from benzene in rectangular plates m.p. 121°. (Found: Equiv., 
267-2 ; CjoH\4O7 requires Equiv., 270). 

2-3-4-trimethoxy-6-a-trichloromethyl phthalide phenylacetic acid (XII).—(XI) 
was condensed with chloral in presence of sulphuric acid. The pasty 
mass was dissolved in acetic acid which was then diluted with water. The 
process was repeated till a solid mass was obtained. This was crystallised 
from acetone in square plates m.p. 194°. (Found: Cl, 26-57; C,4H);0;Cl, 
requires Cl, 26-67 per cent.). The substance is soluble in alcohol, acetone, 
chloroform, ether, acetic acid, toluene and insoluble in _ petrol-ether 
and benzene. 

3-5-dimethoxy-4-hydroxy-2-B-dichloroethyl benzoic acid (XV).—3: 5-di- 
methoxy-4-hydroxy-2-8-trichloromethyl phthalide (XIV) was reduced by 
acetic acid and zinc. The product was crystallised from benzene in 
rectangular plates, m.p. 158°. (Found : Equiv., 292-7; Cl, 23-93 ; C,,;H)20;Cl, 
requires Equiv., 295 ; Cl, 24-07 per cent.). The substance is soluble in alcohol, 
acetone, toluene, ether, acetic acid, chloroform, sparingly soluble in 
benzene and insoluble in petrol-ether, carbon tetrachloride and water. 
(A further yield is obtained by neutralising the mother-liquor with sodium 
bicarbonate and extracting with ether.) 

Acetyl derivative crystallised from benzene in needles, m.p. 178°-179° 
with effervescence. (Found: Equiv., 335-8; Cl, 21-16; Cj3H)4OgCly requires 
Equiv., 337-0; Cl, 21-04 per cent.). 

2-4-dimethoxy-3-hydroxy-6-carboxy-phenylacetic acid (XVI).—(XV) 
was hydrolised and oxidised with sulphuric acid. The solid was 
crystallised from acetone in rectangular plates, m.p. 243°. (Found: Equiv., 
256-4; C, 51-42; H, 4-61; C,,)H,2O; requires Equiv., 256; C, 51-57; 
H, 4-71 per cent.). 

Acetyl derivative was crystallised from benzene in rectangular plates, 
m.p. 189°-190°. (Found : Equiv., 295-8; C);H,4Og requires Equiv., 298.) 
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m-HEMIPINIC acid has been obtained as a degradation product of many 
alkaloids such as corydaline, berberine, papavarine and narcotine and is 
important as it serves to establish the constitution of alkaloids. 

Gilbody, Perkin and Yates! obtained m-hemipinic acid from brasilin- 
trimethylether ; Perkin and Weizmann obtained it? from 4-5-dimethoxy-2- 
methyl benzaldehyde by oxidation with potassium permanganate (20 p.c.). 

It has now been synthesised by a useful method from veratric acid. 

Veratric acid (I) when condensed with chloral in presence of sulphuric 
acid yields 3-4-dimethoxy-6-a-trichloromethyl phthalide (II). This is reduced to 
3-4-dimethoxy-6-B-dichloroethyl benzoic acid (III) with zinc and acetic acid. 
This is oxidised to m-hemipinic acid (IV) with alkaline potassium per- 
manganate solutions. ‘The acid obtained had m.p. 174°-176°. 

The m.p. alone does not establish its identity as different m.p.’s are 
recorded for the same acid by different workers. 

For identification, therefore, the characteristic ethylimide and anhydride 
were prepared. 

The ethylimide from (IV) melts at 229°-230° and the anhydride melts at 
175°. This proves the acid (IV) to be m-hemipinic acid. The linking of the 
chloral group in (II) therefore is at the p-position to the 3-methoxy group. 
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Experimental. 


3-4-dimethoxy-6-a-trichloromethyl phthalide (II).—Veratric acid (I) (15 g.), 
chloral (40 g.) and sulphuric acid (40 c.c. 96-98%) when mixed together 
dissolved to a clear solution. After 3 days the reaction mixture was poured 
over pounded ice when a solid substance separated. This was found to be 
a mixture of acid and its condensation product. ‘The mixture was treated 
with dilute sodium hydroxide solution to remove the veratric acid from the 
condensation product. This crystallised from acetone in hexagonal prisms, 
m.p. 146°. (Found: Cl, 34-09; C,)H 9O,.Clz; requires 34-19%). The 
substance is soluble in methyl and ethyl alcohol, acetone, ether, acetic 
acid, insoluble in petrol-ether, benzene, chloroform and water. 

3-4-dimethoxy-6-a-carboxy phthalide (IIa).—(II) (4g.) and sodium 
hydroxide 50 c.c. of 20% solution were mixed and heated on the water-bath 
when the substance slowly goes into solution. After heating for four hours 
the mixture was neutralised with hydrochloric acid when the sodium salt 
of the acid was obtained. This was crystallised from hot water. ‘The free 
acid was obtained from the salt by heating with sulphuric acid (40%) till the 
salt went into solution. On cooling the acid separated. This was 
crystallised from acetone m.p. 212°. (Found: Equiv., 236-1; C, 55-33; 
H, 4-33; C,;HjoOg requires Equiv., 238-1; C, 55-47; H, 4-23%). The 
substance is soluble in alcohol, ether, acetone, acetic acid and hot water, 
insoluble in petrol-ether, chloroform, toluene and carbon tetrachloride. 


The sodium salt crystallised with 3H,O which are removed on heating 
at 110°. (Found: Na, 7-01; C,,HgOgNa, 3H2O requires Na, 7-32%). 
After heating at 110° to constant weight (Found: Na, 8-57; C,,;H9O.¢ Na 
requires Na, 8-84%). 


3-4-dimethoxy-6-B-dichloroethyl benzoic acid (III).—(II) (10 g.) was reduced 
with zinc 5g. and acetic acid (40c.c.). The product crystallised from 
benzene in slender silky needles, m.p. 201°. (Found: Equiv., 277-9; 
Cl, 25-23; C,,;Hy2OCly requires Equiv., 279; Cl, 25-45%). The substance 
is soluble in alcohol, acetone, chloroform, hot benzene, ether, acetic acid, 
toluene ; insoluble in petrol-ether, carbon disulphide and water. 


Calcium sali crystallised from water in needles with 4H,O. (Found: 
Ca, 5-89; (Cy,)H,,O,Cl,)2 Ca, 4H2,O requires 5-98%). After heating to 
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constant weight at 110° (Found: Ca, 6-60; (C,,;H),O,Cl)2Ca requires 
Ca, 6-71%). 

m-Hemipinic acid (IV).—(III) (5g.) was dissolved in $otassium 
hydroxide solution (5 g. in 25c.c.) and to the hot solution potassium 
permanganate (10g. in 110c.c.) was added in small quantities at a time. The 
reaction mixture was heated on the water-bath for one hour. The oxidation 
was rapid in the beginning. After keeping for 24 hours the manganese 
dioxide was filtered off and the bluish green colour of the filtrate was 
removed with sulphur dioxide. The solution was evaporated to a small 
bulk, treated with dilute sulphuric acid and extracted 15 times with ether. 
The yellowish white mass was crystallised from water in needles. 

The ethylimide was prepared by dissolving m-hemipinic acid in an 
aqueous solution of ethylamine, evaporating to dryness on the water-bath, 
distilling the residue from a retort, and crystallising the distillate from 
methyl alcohol in yellowish needles, m.p. 229°— 230°. 

The anhydride was prepared by digesting the acid with acetic 
anhydride and heating on the water-bath for two hours. On cooling, 
m-hemipinic anhydride separated, m.p. 175°. 
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KNOEVENAGEL! (1898) brought about the condensation of salicylaldehyde 
with malonic acid in the presence of a minimum quantity of piperidine, with 
the formation of coumarin-carboxylic acid. Dutt? reported (1925) a conden- 
sation “‘in presence of piperidine in pyridine solution’ with a poor yield of 
o-coumaric acid. In Part I of this series, it has been shown (Kurien, 
Pandya and Surange,? 1934) that (1) the simpler aromatic aldehydes could 
be condensed with malonic acid in the presence of pyridine alone and 
without the piperidine, the base, the acid and the aldehyde being in 
equimolar proportions, and the yields, under suitable conditions, could be 
up to 96% of theory; that (2) under the same conditions the aromatic 
hydroxy-aldehydes, including salicylaldehyde, showed no condensation at 
all; but that (3) the condensation did occur, with yields up to 57% of 
coumarin-carboxylic acid, if traces, instead of molecular quantities, of 
pyridine were used ; and that, lastly, in the condensations of other aldehydes 
also the trace of pyridine was equally, if not more, efficacious (piperonal 
giving 100% yield, in contrast with the 76% reported by Dutt?). 

In the present paper the study of this condensation is extended to the 
use of other organic bases in place of piperidine or pyridine, such as have 
not been hitherto tried, viz., lutidine, quinoline, iso-quinoline, a-naptho- 
quinoline, quinaldine, cinchonine, dimethylaniline, diethylaniline, benzyl- 
methylaniline, acridine and methylacridine : the aldehyde being in all cases 
salicylaldehyde. 


A preliminary experiment, under conditions of maximum yield with 
pyridine, but without the use of any base or another reagent, was tried. It 





1 Knoevenagel, Ber., 1898, 31, 2585. 
2 Dutt, Jour. Ind. Chem. Soc., 1925,1, 298, 300. 
8 Kurien, Pandya and Surange, Jour. Ind. Chem. Soc., 1934, 11, 823. 
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showed that salicylaldehyde and malonic acid alone, on heating for five 
hours at 100° C. and then keeping overnight, reacted with the formation of 
the usual coumarin-carboxylic acid (m.p. 187-188°), but the yield was only 
11% of the theory. 

A detailed examination with varying molecular proportions of lutidine 
added to the acid and the aldehyde, was undertaken. The observations 
(Table I) show that there is no condensation when the base is from 1 to 0-2 
mole. Indeed, when full molar proportions are tried, carbon dioxide is 
given out as soon as heating is started. As this never happens when the 
condensation results in the formation of coumarin-carboxylic acid, it is 
clear that, if there is any condensation in this case, the product should be 
either coumarin or o-coumaric acid. None of these is, however, to be found 
at the end, while the reaction mixture gives back almost all the aldehyde, 
the base and acetic acid. 

When the base was in lesser proportion, the usual condensation-product 
made its appearance in increasing amounts till under the most favourable 
conditions, the yield rose to 74%(Table I). 

The other bases were used on the same principle, the product in all 
cases being the same coumarin-carboxylic acid, which, though slightly and 
differently coloured, was always pure enough to give the same melting 
point and good analysis. The yields are comparable, in many cases 
favourably, with the figures obtained by Dalal and Dutt* who employed 
molecular quantities of bases with aldehydes. Though salicylaldehyde 
does not occur in their table, it is remarkable that methyl- 
acridine gives them with benzaldehyde their lowest yield (1-3%), 
and the same base gives us with salicylaldehyde our highest (77%). 
Knoevenagel thinks that the aldehyde combines first with the base 
piperidine which then reacts with malonic acid. It has been found 
while the experiments described in Part I were in progress, that pyridine 
and malonic acid when warmed together in molecular proportions gave a 
white solid product which analysis showed to be pyridine malonate and 
which, after isolation, could also be used in condensations with 
benzaldehyde. Quinoline malonate has also been obtained in the same 
way and decomposes just above its melting-point, 90° C., giving off carbon 
dioxide, acetic acid and the base. When, however, it is mixed with 
salicylaldehyde, the decomposition starts even at 50° C. As the temperature 
of the condensation is higher, 80° C. or so, no condensation is thus possible. 
The decomposition is avoided when malonic ester is used in place of 





4 Dalal and Dutt, Jour. Ind. Chem. Soc., 1932, 9, 309. 
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the acid, and then, as other investigations to be reported in Part III show, 
the condensations take place even when 0-5 mole. of the base is present. 


Experimental. 


Condensation without a base—5 grams malonic acid (Sch. Kahl Baum, 
pure for scientific purposes, dried at 100° C., and kept in a desiccator) and 
6 c.c. of salicylaldehyde (Merck, pure synthetic) were mixed and kept 
in a dry flask on the water-bath at 100° C. for 5 hours and then left 
overnight to cool. The product, acidified with hydrochloric acid, was 
steam-distilled till the remaining aldehyde was removed. The contents of 
the flask were taken out and cooled; crystals separated, which on 
drying and after arecrystallisation from alcohol, melted at 187-188°C. 
The yield was 11% (Table I). 

Condensations with lutidine.—The same experiment was repeated with 
different proportions of purified and redistilled lutidine and later with 
different conditions of heating, etc. (Tables I and II). The highest yield 
was 74%, obtained with 0-05 mole. (0-25 c.c.) of lutidine, on heating at 
80° C. for 12 hours and then keeping it for a week at the ordinary 
temperature. 


Condensations with quinoline—The acid and the aldehyde were 
heated together on a water-bath till the acid passed in solution. The 
base was then added and the mixture kept at laboratory temperature 
(15-20° C.) for some time and then heated on water-bath for definite 
time (Table III). 


Condensations in the presence of the remaining bases were carried 


out in the same way, the results and details are given in Tables IV and 
V (isoquinoline in Table IV and all the bases in Table V). 


The identity of the product was confirmed not only by comparison 
with known samples, but also by analysis. The equivalent weight (by 
titration against standard baryta) was 190-5. Found: C, 62-6%; H, 3-19%; 
CigHgO4 requires 190-0, 63-1 %, and 3-25 % respectively. 
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TABLE I. 





Quantity of Base 
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TABLE II. 





Quantity of Base | 





c.cs. 


Mol. Prop. | 


Temp. 
Cc. 


Time of 
heating 
Hours 


Time of 
keeping 
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0-05 
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0-05 
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5 4 
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TABLE III. 





Quantity of Base 





c.cs,. 


Mol. Prop. 


Temp. 
C, 


Time of 
heating 
Hours 











0-008 

0-016 
0-024 

0-032 
0-04 
0-08 
0-16 
0-32 
0-48 
0-64 
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The Condensation of Aldehydes 


TABLE IV. 





Quantity of Base Time of 





Temp. 
. 


( heating 
c.cs. | Mol. Prop. #3 Hours 
| 





0: 0-024 
0-032 
0-04 
0-08 


0-04 




















TABLE V. 








| Quantity of Base 





Base Yield at Yield at | ae 





| Lutidine | 0-25 «| (0-05 BB 66 White 
| 
| Quinoline a | 0-04 50 66 
| Iso-Quinoline .. | 0-04 52 66 


a-Naphtho- 
Quinoline 55 66 Grey 


Quinaldine ee . 55 66 White 


Di-methyl- 
aniline nae , 60 Green 


Di-ethyl]-aniline . 60 Green 
Cinchonidine .. . 55 ) Yellow 


Benzyl-methyl- 
aniline ae . 55 Green 


Acridine oe . 58 Yellow 


Methyl-acridine . 60 Grey 
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A priREcT method of the calculation of the class-number of an algebraic 
field does not seem to exist. The indirect method that is available is based 
on the formula 







hk =1t.(s-1 5 
s—>1 m=1 ™ 






















where / is the class-number, Rk a known constant and k,, the number of 
ideals whose norm is m. In the case of the general algebraic field the calcu- 
lation of k,, is by no means easy. Moreover, we have to calculate k,, for 
a large number of values of m in order to obtain. By itself the formula 
is very important as it gives remarkable formule for / in the case of certain 
particular fields such as the quadratic and the cyclotomic fields. In this 
paper a method is developed by means of which the various classes them- 
selves are determined by a finite number of rational operations. Moreover 
the method also shews how we can find the structure of the class-group 
itself. As a secondary result it enables us to find out whether the diophan- 
tine equation N(a) = k, where N(a) is the norm of an algebraic integer of a 
given field is soluble and if so it also shews how we can get the solution 
by means of a finite number of rational operations. 





Let K be any algebraic integral field. Let its basis be given by 
{w), w2,....w,}. [If an equation defining any primitive number out of & is 
given, then this can be calculated by means ofa finite number of operations. ] 
Now it is known? that in order to find out the classes of ideals out of K, 
it is enough if we determine the number of non-equivalent ideals out of a 
finite number of them. This requires only the solution of the following 
problem, viz.—Given two ideals A and B, to determine whether they 
belong to the same class or not. Now, we can determine an ideal A’ whose 
basis is determined rationally in terms of the basis of A, such that AA’ is 
a unit-basal [equivalent to the German word ‘‘haupt”’] ideal!. In order 
to solve the original problem we have to determine whether BA’ is unit- 
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basal or not. In Hecke’s Vor. uber. Alg. Zahlen the problem is solved 
in a similar way in the case of the quadratic field ; but the problem in the 
case of the real quadratic field requires continued-fraction’s theory or we 
may say diophantine approximations. Therefore the solution of the problem 
in the case of the general algebraic field does not appear to be capable of 
solution without the powerful methods of diophantine approximations. 


Suppose an ideal A is unit-basal, t.e. = {a}. Then | N(a) | < | N(f) | 
where f is any other number out of A. Therefore if we find out a 
number in A which has the least absolute norm (apart from units, 
this is understood always), then the necessary and sufficient condition that 
Ais unit-basal is that a should divide every one of the basis elements of A. 
A number out of A with the least absolute norm is determined by means 
of a finite number of rational operations as follows. 


Let 7,, 9,.----7 be a system of fundamental units of the field. We 
assume {>0, as t=0, occurs in the case of the imaginary quadratic field 
only, and in this case the problem has already been solved. Let the normal 
basis? of A be {a), ag,....a,}. This can be found out in a finite number 
of steps from the basis of the field?. Now let a be a number in it with 
the least absolute norm m. Then? m < N(A).VA, where A is the 
fundamental number [Grund-Zahl] of the field and N(A) as usual represents 
the norm of A. Hence if the method of finding out whether a given 
positive integer is the absolute norm of a number in A or not is known, 
then the problem is solved. 


Now suppose there exists an a out of A, such that | N(a)| =k. Let 
a’, a”, ---,a("-1) be the conjugates of a. Now we shall first of all prove that 
it is possible to multiply a by a unit y in such a way that all the conjugates 
of a other than a itself lie in absolute value between limits which do not 
depend on a but only on the field. First of all we prove the following 
lemma : 


1. Let 
Ay X%y + Ay Xo + ees + Ay Xp 
Ag) X1 + deg Xo + ++++ + Aon Xp 
oi ie be TS cin ewe Ae 
et Sa | ree 
Any Xt Ang Kg + +++ + Ann Xp 


be linear forms in x’s with real coefficients and let the determinant D = 
| |a,;| | +0. Let cy, cz, +++ C,, be any m given real numbers. Then 
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there exists an M which depends only upon the a’s and independent of the 
c’s and an integral system of values x), x2, --+ %,, in such a way that 
| 2 ap, %, + ¢ | <M forr = 1, 2, 3, ---,”. 

8 


Proof :—Now let us consider a space of m dimensions wherein the 


coordinates are represented by means of x), %2,--- x,. Tet us divide the - 


space into unit-cubes by drawing hyperplanes parallel to the axis through 
every point with integral coordinates. Now consider the planes 2 a,, x,=0. 
8 


y= 1, 2,3,--+,m”. By Minkowski’s theorem on linear forms? it is possible 
to find a lattice point X = {x,, %2,....%,} in such a way that | 2a,, x, | 
ne 8 
< VD. Let Pi, po, «++, Py be the lengths of the 1° from X to the planes. 
Then | ~,| < vD. va a’,.. Let the planes 2 a,,x,+c, = 0, intersect 
& 
at A= {Aj, Ao, ---, An}. Now take a lattice point A’ = {A’), A’, ---, X,} 
which is nearest to A. Now draw planes through A’ parallel to the planes 
through the origin. Then there is a lattice point X’ = {x’), xo, ---, x’y} 
whose distances from the planes through 2’ are equal to 1, po, «++, py 


respectively. Let ’),---, p’, be the distances of X’ to planes through 
A parallel to the planes through the origin. Then 


lpr 1< lol +vm< VD.V 24,2 + vn. 


| ~ ays x’, + Cs | 





Now |= ——— 
| Pr | V2 ays” 
8 
| Zax, +e,|< VD+ vn. 2 a,2 
s & 

Thus the lemma is found to be true. 

Now let 7 be the number of real roots of the equation defining K and 
2s the number of its imaginary roots. Then the number of independent 
units equalst=r+s—1. Let the numbers a, a’, ---, a‘), denote all the 


real conjugates of a and s imaginary conjugates {a(?) a(z) = | als) | 2 for any 
two of these numbers}. Now consider the ¢ linear forms 


t 
Log | al*) | + 2 os Log |‘) |. k=1, 2, 8,-++8. 


Now the determinant | Log | y,(*) | is not zero. Hence by means of 
the preceding lemma we deduce that integers x), x2, ---, x, and an M 
depending only upon the units exist satisfying the following inequalities. 


t 
Log | a(*) | + Z %, Log | ns(*) | <M fork = 1, 2,---,#. 
s=1 


or by putting B = a7,%1, 7,%---- nt, we get a number f all of whose 
conjugates {apart from f} lie in absolute value between e™ and e™. But 
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|N(8) | = | N(@@) |, and B also belongs to A. We will shew further 
that numbers of the type 8 containing in A are only finite in number. Let 
B = yi ay + Yoag + +++ + yay 
where y's are rational integers. Now all the conjugates of f lie between 
¢™ and e“ in absolute value. .. we deduce 
ke-Mn < | yi ay + Yoag + ++++ + Yn ay | < kerm 
eM <|mait yra'gt +--+ + Yna'n | < em 
ds dk. bine, ake dase ex ES ona pes 
HH, 60. HH cece 


Now if all the conjugates of a are real then it is obvious from geometrical 
considerations that there exists only a finite number of values of y which 
satisfy these inequalities. Now if some of the conjugates of a are imaginary 
we can easily replace this set of inequalities by means of another set in 
which only real quantities occur as is done in the case of the application of 
Minkowski’s theorem to the proof that the number of classes is finite.? 
Therefore by means of a finite number of trials it is possible to find out 
whether a number a out of A exists whose absolute norm equals k. Hence 
we can determine a number in A with the least absolute norm in a finite 
number of steps. ‘Therefore we can determine the various classes also. 

Now the class group is abelian, and the process of finding its structure 
requires the solution of the following question only, viz.—Given two ideals 
A and B, to find out whether they belong to the same class or not. 

The solution of our problem contains that of finding whether a rational 
integer k is the absolute norm of an integer in K or not; for this only 
requires the replacing of A by K. If there is such a number its norm = + &, 
Suppose it is + k; then if an integer with norm equal to — k exists then 
there should be a unit with norm = — 1 and vice versa. But this question 
is settled on account of the fact that if such a unit exists then a fundamental 
unit with norm = — 1 also exists and vice versa. Hence we obtain the 
following result. 

Given any algebraic field (the equation which defines one of the 
primitive numbers) we can determine in a finite number of steps whether the 
diophantine equation N (a) = & is soluble and if it is so we can find out the 
general solution. 

This includes a large number of diophantine equations. In particular 
we may consider the equations of the form x” — dy” = k where d is not 
an nb power. 

Note :—Hilbert in his Zahl-Bericht (which was available to me only 
tecently), p. 226, refers to the same problem and says that the ideal classes 
can be determined by means of the proof of Theorem 50 (there exists in 
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every class of ideals an ideal whose norm does not exceed VD) on p. 224, 
and Theorem 46 [in every ideal A, there is a number whose norm is less 
than N(A) VD] on p. 213. He says, ‘‘ Dass dies (t.e., the determination of a 
number of a given ideal whose norm has the least absolute value) ebenfalls 
nur eine endliche Anzahl von Operationen erfordert, erkennen wir aus dem 
Satze 46.” I do not think that it is so apparent ; for, even in the case of a 
simple field such as the real quadratic field the only known methods are 
those based on continued fractions, which is the same thing as the theory of 
units in the field. Hence the use of the theory of units appears to me to be 
indispensable in the general case. 
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1. GOLDBACH conjectured that every even number > 6 isasum of 2 
primes. Nobody has yet been able to show that this statement is true. 
However, Hardy and Littlewood proved (1920), that if ‘‘ the extended 
Riemann hypothesis’’ is true, then every large odd number is a sum of 3 
primes. More recently (1931) Schnirelmann showed that there is an absolute 
constant k such that every positive integer is a sum of c, primes and Cs unities, 
where c, and cy are non-negative integers whose sum does not exceed &. 

As shown in this note there is some ground for believing! that every 
positive integer is asum of c, squares of primes and cy unities, where c, and cy, 
are non-negative integers whose sum does not exceed 8. In fact it is 
verified that this is true for all positive integers N < 30,000. The main 
object of this note is to show how the verification can be made with 
astonishing rapidity. 

We say that ‘‘ Nisa PP,’ when N can be expressed as a sum of ¢ 
squares of primes and cz unities where c; + c. < ¢. If N is a P, which is not 
a P, for s<t, we say that “N isa Q,’. 

In this paper it is shown that 

THEOREM A. Every N < 30,000 ts a Pg. 
THEOREM B.?2 Every N < 10'* 1s a Pj3. 
Theorem A is proved in sections 2—4, Theorem B in section 5. 


We shall express the relation 


N= ay? + jceside + a, 
by writing 
N.= (a, cees a,). 


1 An apology is needed for making a conjecture of this type. It has been said that 
in the theory of numbers it is singularly easy to conjecture but often terribly difficult to 
prove. 

2 Theorem B was obtained by Dr. S. Chowla, who deduced it from my Theorem A 
and a recent table calculated by A. E. Western [see foot-note *]. 

451 


3 F 












I. Chowla 


THEOREM 1. 
(a) 24 ts the smallest Q; ; 
(6) 73 is the smallest Q6g ; 
(c) 266 is the smallest Q; ; 
(d) 795 ts the smallest Qs. 
Remark.—In other words : 
e) every N < 23 isa Py, 24 is a Qs. 
)every N < 72 isa P;, 73 is a Qg. 
7) every N < 265 is a Pg, 266 is a Q,. 
h) every N < 794 is a Pz, 795 is a Qg. 


It is in these forms that Theorem 1 is used in the sequel. 


( 
( 
(g 
( 


Proof.—(a) and (b) [in the forms (e) and (f)] are easily verified by 
direct calculation. We note that 
24 = (3, 3, 2, 1, 1)?; 
73 = (7, 3, 3, 2,1, 1); 
266 = (13, 7, 5, 3, 3, 2, 1)?; 
795 = (23, 13, 7, 5, 3, 3, 2, 1)?. 

(c) [(g)]. Since 49 is a Pj, it follows from (/) that every N < 49+ 72 
= 121, isa Pg. Again 121 is a P,, whence from (f) every N with 
121 < N< 193 is a Pg; further, 169 is a P}, so that from (f) every N in 
169< N < 169+72 = 241 is a Pg; again 242 = (11, 11)? isa Py; henceit 
follows from (e) that every N in 242 < N < 242+23 = 265 isa Pg. These 
remarks prove (g) and hence (c). 

(d) [(h)]. From (g), every N in 1< N< 265 is a Pg; but 169 is a P,; 
hence every N in 169 < N < 169+ 265 = 434 isa P;. Similarly, every N in 
361 < N < 361+ 265 = 626 isa P;, and every N in 529< N < 529+ 265 
= 794isa P;. Since the overlapping intervals (169, 434), (361, 626), 
(529, 794) completely fill the interval (266, 794), (a) and therefore (d) is 
proved. 

3. If p and q stand for consecutive primes [ p> gq], we have p?—q* <794 
for 3</<73. It now follows from the argument repeatedly used in the 
last section that every N < 7324-794 = 6123 is a Pg. 

The gap between 732 and 79? is 912 (which is greater than 794) is 
naturally too large to bridge with the help of (x). It remains to bridge the 
gap between 6124 and 79? = 6241. This is effected by noting that 

6002 = 712+ 312 = 5041 + 96lisa Py. Further every N < 265 isa Po. 
Hence every N in 6002 < N < 6002 +265 = 6267 is a Pg. Since the interval 
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(6002, 6267) includes the interval (6124, 6241) we have proved that every 
N < 6241 = 79 is a Py. Further 832— 792 < 794, so that every N < 837+ 794 
= 6889 1S a Px. 

4. The interval from 6890 to 30,000 is now completed by a succession 
of arguments of the type described above. Hence, every N < 30,000 ts a Px. 

5. We have frequently made use of the following principle which we 
now state as a 

Lemma. If everyn< N isa Py, then everyn<N+p? is @ Py», where 
p is the largest prime satisfying p?--q? < N[p and q are consecutive primes 
with p> q/]. 

Let p, denote the mth prime, d,, = fys:—Py,. The table? given below 
shows all the abnormally large values of d,, for p, < 107. The meaning of 
this table is as follows. Denoting the values of the suffix » in two conse- 
cutive lines by s and ¢, then 
d,<d, (m<~s), 
d,<d, (t>m>s), 
dy, < 153 (4,652,353 < p, < 107) 


























| Pn d, Pn d, | Pn d,, 
| 

: eis 1,129 | 22 370,261 | 112 
7 4 1,327 | 34 492,113 | 114 
, 23 | 6 9,551 | 36 1,349,533 | 118 
| s9 | 8 15,683 | 44 1,357,201 | 132 
| 113 | 14 19,609 | 52 2,010,733 | 148 
| 523 | 18 31,397 | 72 4,652,353 | 154 

887 | 20 155,921 | 86 


From our lemma, Theorem A, and the above table the verification of 
Theorem B is the work of a few minutes. 





3 A, E. Western, Jour. Lond. Math. Soc., 1934, 9, 276-78 (278). 
3a 
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THE problems of upward transmission of momentum and temperature 
discontinuity have been investigated by many workers. Often the two 
phenomena have been taken to be, and treated as, essentially similar. 
Momentum is transferred by convective process alone, while heat may 
be transferred by radiation also. The additional effect of radiation 
was taken into account by Brunt! who concluded that to a certain degree 
of approximation radiative heat transfer was similar to convective diffusion. 
The effect of radiation is felt not only by adjacent layers but also to a 
greater or less degree by the most distant layers, depending of course 
on the absorption in the intervening space. The convective process depends 
at least as used in theory, only on the thermal structure in the immediate 
neighbourhood of the point under consideration. It was shown by Roberts? 
that it would not be quite accurate to treat radiation as analogous to 
convection. It was also found by the author and Ramdas® that, in a case 
when the effect of radiation could be expected to play a large part, Brunt’s 
type of equation was inadequate. A preliminary attempt made to study 
the effect of radiation may be of interest. 





The amount of heat that crosses a layer of unit area at height z per 


unit time owing to convection may be put as —k 3 where @ is the tempera- 


ture and & the eddy conductivity. 

The amount of upward radiation across the same laver per unit time 
may be put as R. It is assumed that the levels of equal absorptive matter 
and levels of equal temperature are horizontal. z is the height measured 
vertically upwards. If p be the density and c, the specific heat at constant 
pressure, the differential equation of thermal equilibrium would be 


* Abstract was presented to the Silver Jubilee Conference of the Indian Mathemati- 
cal Society at Bombay, December 1932. 
1 Brunt, Proc. Roy. Soc. Lond., 1929, 124, 201; and also 1930, 130, 98. 
2 Roberts, Proc. Roy. Soc. Edin., 1929-30, 50, 225. 
3 Malurkar and Ramdas, Ind. Jour. Phys., 1932, 6, 495 and also 1932, 7, 1. 
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0°70 oR d6 

ae te a 

For the purpose of this paper it may be assumed that & is sensibly constant. 
R depends on the distribution of temperature and the amount of absorptive 


matter in space. In a previous paper the form of R was found to consist of 


terms of type* 
[sep ¥ ( / “1(0,) dé at 


Let us further assume that the maximum temperature variation in the 
whole space under consideration is small compared with the absolute tem- 





perature of any point. Then = would be of form F(6,). Hence the above 


equation of heat equilibrium could be reduced to 
0°0 d0 
Let us put that 6 = 09+¢ and neglect the second and higher powers of ¢, 
we obtain F(#) = Fy+ Fié where Fo and F, are sensibly constants in the 
whole layer. Then 
a ad 
k ‘D2? — Pep dt 7 F, d + F,. 


—F,t/pep _ F 


By the transformation ¢ = X e P’ the equation reduces to 


SX = pep * 2 Lo 
which is of the same form as the eddy equation of Taylor® and Schmidt. 
In Taylor’s equation of the above form x is the potential temperature, and 
in Brunt’s modified equation it is the actual temperature, and & is the 
modified diffusion coefficient, being the sum of convective and radiative 
diffusion. The solution of the equation (A) in particular cases was put by 
Taylor in form 


k 


4kt 
where y% represented certain restricted type of functions. The boundary 
conditions under which the above equation was solved were either 
(a) X decreases uniformly with time #, i.e., X=Xj—/Pt, or (b) X suddenly 
changes from the value 0 to Xp and thereafter remained constant. 
In both the functions X being a function of z?/t only the value of X is 
the same for corresponding values of z and ¢ when z®/¢ is constant, in other 


X= Xv sl ) 





4 See Gerland’s Beitrage z. Geophys., 1932, 37, 4, 411. 
5 Taylor, Trans. Roy. Soc. of Lond., 1915, 215, 1 et seq. 
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words, the value of x is propagated undiminished (or without damping) to 
all heights under consideration. 

If similar boundary conditions were adopted for the equation where 
the effect of radiation is considered as analogous to convective diffusion, we 
obtain a similar result with the modified value of k which is the sum of the 
two diffusivities. 


For the problem in this paper the boundary conditions are taken as 
$+ F/Fi = Oat t=0 
¢ + Fo/Fi = f(t); z=0 
we get the solution 


[1 fA-e/akit—£)—-F,t-O)} _ 


+ FF = Vin (Oh 


The integral cannot in general be evaluated. But we can study its 
behaviour. We assume that /(é) has always the same sign in the ranges 


of values €=0 to =1. eo Milt-8) ig g monotonically increasing function of 


é in the same range. So we can approximate to the integral as 
ee et 


—22/4Kt-&) ae 
WE jf fe) Ee) 


where 0 < « < 1. 


It follows that the effect of introducing the radiation term into the 
differential equation has been the factor e “Fit which denotes a sort of 
damping or diminution function with time. This diminution is quite 
distinct from any effect that may be exercised by the eddy diffusion. 
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7. Introduction. 


THE main object of this paper is to study, in relation to a rational norm 
curve R,, in [7] null-systems and the linear complexes defined by them, on lines 
suggested by similar work, on the other more familiar type of involutary 
correlation, viz., the quadric polarity. 


Given R, any correlation determines and is determined by a 
double binary (m,n) form G (x,y), which when equated to zero, gives 
the (”,n) correspondence between the points on R,, with the binary 
parameters x and y respectively, which are conjugate with respect to the 
correlation.* Hence the study of the correlation in relation to R,, provides 
a geometric method of studying the double-binary (”,) form in cogredient 
variables. ‘The method is particularly suited for the theory of the rank of 
the double-binary form, since it is identical with that of the correlation. 
Following this method, we have in Theorem 1, a set of necessary and 
sufficient conditions, that a double-binary form G (x,y) should have an 
assigned rank, in terms of a series of binary covariants of G (x,y). 


If the correlation is a null-system, certain distinctive features follow 
from the fundamental property of the null-system that its rank is always 
even, and these have their counterpart in the theory of the corresponding 
double-binary form, which is skew-symmetric in the variables. This is the 
topic of §3. In§4 the null-system, defined by a linear complex, outpolar 
to the norm curve, and the corresponding double-binary form, are taken up 
for study. Since, in this case, the linear complex and the corresponding 
double-binary form are uniquely determined by a single binary form of order 
(2n—2), our method of study of a double-binary form, by means of its binary 
covariants, is more effective. 





* Walsch, ‘“‘ Uber binére formen und die correlationen mehrdimensionaler R&éume,”’ 
Manaitshefte fiir Mathematik und Physik, 1895, 6, §§ 1—5. 
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Here we have the most striking result of the investigation, namely, a 
geometric interpretation of the fourth-transvectant series of covariants 
F) (x), Fz (x), etc., of a binary form a,2"-? where 

Fy(x) = (@,ao)*....(ayag)*... . (@g_y ap)? ayz?*®~*H+? 0. apt - th +2, 
Besides the fourth transvectant,* F2(x), the rest in the above series do not 
seem to have attracted attention, although the above series is similar to the 
Wronskian series of covariants W,(x) of a binary form a,?"-? where 


W(x) = (ayaz)?... . (ayag)®. . . « (@pey ag)? ayy 2P 7... apy 2m 2h 
which admit of a geometric interpretation, by taking a quadric outpolar to 
the norm curve.t In §5 the application of a correspondencet between linear 
complexes in [m] and quadrics in [n—1], leads us from the theory of the rank 
of an outpolar linear complex to the theory of simplexes inscribed in an 
outpolar quadric in [{m—1] and circumscribed to the norm curve R,,, In §6 
outpolar complexes of minimum rank 2, are taken up, and their existence is 
found to depend upon that of remarkable binary forms, which have been 
investigated by the author in a previous paper||. The study of the linear 
complex and its covariants is much facilitated by the use of Dr. Weitzen- 
béck’s complex symbols. 
2. Correlation in relation to a norm curve. 

Any correlation C in [m]{ defines a series of correspondences G, (7=0, 
1..”) between the subspaces [vy]. The primes which correspond in C to the 
points of a [vy] intersect in a [m-r-1], and G, is the correspondence between 
any [r] and the [7]’s intersecting the corresponding [n-r-1]._ Any [7] is said to 
be self-conjugate if it intersects the corresponding [n-r—1]. Let us now confine 
ourselves to the osculating regions which are conjugate with respect toC. Let 
Go (x,v) =0 be the equation of the (m,n) correspondence between the points 
x and v on R, such that the point y is conjugate to the point x with 
respect to C; and similarly let G, (x,y) = 0 be the equation of the corres- 
pondence between the points x and y, such that the osculating [7] at y to 
R,, is conjugate, with respect to C, to the osculating [7] at x to R,. Since, 





* Klein, Gesammelte Abhandlungen, 1922, Bd. 2, 286-293. Klein has proved that 
the only non-trivial forms, whose fourth-transvectants vanish are the forms associated 
with the regular solids. 

+ Vaidyanathaswamy (1) ‘* On closed forms and polar forms,”’ Jour. Ind. Math. 
Soc., 18, 168-176. 

{ Vaidyanathaswamy (2) ‘¢ On the rational norm curve TI,’’ Jour. Lond. Math. Soc., 
1932, 7, 52-57. 

| Ramamurti (1) “ On quadrics poristically related to a rational norm curve.” 
In the course of publication in the Proc. Camb. Phil. Soc. 


§ [r] denotes a projective flat space of dimensions r, 
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given Gy (x,y), the correlation C is uniquely determined, G, (x,y), Ge (x,y) 
....etc., must be covariants of Gp (x,y) in cogredient variables x andy. In 
fact it is known that G, (x,y) is a covariant of Gp (x,v), even when x and y 
are digredient, and further the identical vanishing of G, (x,y) is the 
necessary and sufficient condition that Gp (*,) should be of rank 7.* Hence 
G, (x,y) is called the rth rank covariant of Gp (x,y). In the cogredient 
theory, the fixed points of G, (x,y), namely C, (x) = G, (x,x), which is of 
order 2(7+1) (n—r) is a binary covariant of Gp (x,y), and plays a special 
tole. Geometrically the covariant C, (x) gives parametrically the 2(r+1) (n—r) 
points on R,, the osculating [r]’s at which are self-conjugate with respect to the 
correlation determined by Go (x,y) (2-1) 

If G, (x, y)=0, then C, (x) = 0. ButifC, (x)=0, G, (x,y) need not vanish 
identically. Only it must have the invariant factor (xy). It is then 
said to have defect 1.t We shall now prove the following fundamental 
theorem. 

THEOREM 1. A necessary and sufficient condition that a double-binary 
(nn) form Go (x,y) should be of rank ris that the binary covariant C,_, (x) 
does not vanish identically, while the succeeding covartants C, (x), C,41 (x)... 
C, vanish identically. 

To prove the theorem we require the following lemmas. 

LemMA 1. There can be no {n—r—1] tntersecting all the osculating [r]’s 
of Ry. 

Lemma 2. If every osculating [r]| of R,, is self-conjugate with respect to a 
correlation, the correlation cannot be of rank (r+ 1). 

Let us take any [n—r—1]. Any (r+1) linearly independent primes 
through it, cut out on R, point-sets given parametrically by (7+ 1) binary 
n-ics, which are also linearly independent. Hence the Jacobian of the linear 
oo’ system defined by them, which is the form of order (y+1) (n—r), whose 
roots are those of members of the system of multiplicity (7+1), cannot 
vanish identically.{ If ais a root of the Jacobian, the osculating [7] at the 
point a of R, must meet the [n—r—1] and conversely. Hence, if every 
osculating [vy] meets the [n—r—1], the Jacobian must vanish identically, which 
as pointed above cannot be the case. Thus we have lemma 1, and there 
are only (r+1) (n—7r) osculating [7]’s intersecting any [n—r—1]. 





* Vaidyanathaswamy (3) ** On the rank of the double-binary form,’’ Proc. Lond. 
Math. Soc., 1925, 24, 83-102. Also Vaidyanathaswamy (1), loc. cit. 


+ The term ‘ defect’ corresponds to the term ‘ wertigkeit’ as used by WAlsch. 


t The vanishing of the Jacobian is the necessary and sufficient condition for the 
linear dependence of the (r + 1) binary forms. 
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To prove lemma 2, let us suppose that the correlation C is of rank (r+), 
Then the points conjugate in C, to every point in [m] form a [n—r—}], 
and the points to which every point is conjugate form another [n—7r—1]}, 
and we shall denote them by [A] and [B] respectively.* Then any [r] 
intersecting neither [A] nor {Bj cannot be self-conjugate. If it is self- 
conjugate, there must be at least one point P in it conjugate to every point 
in it. Also from the definition of [B], P is conjugate to every point in [B). 
Since the [v] and [B] do not intersect, P is then conjugate to every point in 
(nj, and hence it must be a point in [A]. This cannot be, since [7] does not 
intersect [A]. From lemma |], we can always find an osculating [7] intersect- 
ing neither [A] nor [B], and this then cannot be self-conjugate. This 
contradicts the hypothesis in lemma 2. Hence the correlation cannot 
be of rank (ry + 1). To prove Theorem 1, let us take the correlation C in [mn] 
determined by the double-binary form Gp (x,y). If the covariant C, (x) of 
Go (x,y) vanishes identically, from (2-1) every osculating [r] is self-conjugate 
with respect to C, and hence from lemma 2, C cannot be of rank (r+ 1). If 
further the succeeding covariants C,,)(x), C,s2(x)--C, also vanish identi- 
cally C cannot be of rank greater than 7. Nor can C be of rank less than r if 
C,;(~) #0. For suppose it is of rank (y—A). The singular region [A] isa 
[n—r+A] and any osculating [y—1] will cut [A] ina [A—1], and hence be 
self-conjugate. Then C,_; = 0, which contradicts the hypothesis. Hence the 


correlation C, and the corresponding double-binary form Gp (x,y) must be 
of rank r. 


3. Null-system in relation to a norm curve. 
The correlation defined by the bilinear equation 

2 Au x; ye = 0 i, k, = 0, 1,----n (3-1) 
is a null-system, when the matrix || A,, || is skew-symmetric. The rank of 
the skew-symmetric matrix || A;, || which is also, by definition, the rank of the 
null-system, is always an even number, say 2k. Then the singular region of 
the null-system is a [m — 2k]. Hence in [2m] the maximum rank is 2m, 
so that any null-system has at least one singular point. If the null-system 
in [2m + 1] is singular, the maximum rank is 2m, so that there is at least a 
line of singular points. Turning to self-conjugate regions of a null-system, 
every point is self-conjugate, and the self-conjugate lines are the lines of the 

associated linear complex, whose equation in line coordinates z;z is 
= Ay me = 0 (3-2) 
Taking any sub-space [7], the lines of the linear complex I, which lie in this 
space form a linear complex, which may be called the section of I, by the [7]. 





* [A] and [B] are identical in the case of an involutary correlation. 
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This is singular if the [r] is self-conjugate and conversely. Since any linear 
complex in [2] is singular, we have 

With respect to a null-system every [2k] ts self-conjugate (3-3) 
Any linear complex in [2k — 1], if it is singular, must have a line of singular 
points, and following Weitzenbéck, let us call such a complex a null- 
variant complex. Then we have 

The self-conjugate [2k — 1}’s of a null-system form a linear complex I,. 
Such [2k — 1]’s may also be characterised as those cutting the assoctated linear 
complex in null-variant complexes.* (3-4) 

If the equation of L be symbolically 

aa? = (mm Ay + m Ay +++ + m Ay)? = 0 (3-5) 
where the A’s are complex symbols so that A, A, = — A, A,, the equation 
of I", in the coordinates 7** of a [2k — 1] 

mA, 7Ag +++ mAz, = O (3-6) 
where A,?, Aj? -- A,? are complex symbols equivalent to A? in (3-5). 

The double-binary form, Gp (x,y) determined by a null-system, with 
reference to a norm curve R,, is skew-symmetric in x and y. From (3-3) 
every [2k] and in particular every osculating [2h] is self-conjugate, and from 
(2-1) the covariant C2, (x) of Gy (x,y) must vanish identically. Hence 
we have 

The binary covariant Coz (x), whose roots are the fixed points of any even 
rank-covariant Gog (x,y) of a skew-symmetric form Go (x,y) vanishes tdenti- 
cally ; in other words, Goz (x,y) is a defective form. (3-7) 

To find the self-conjugate osculating [2k — 1]’s of a null-system, we 
have to substitute in the equation of I, (3-6), the coordinates of the 
osculating [2k — 1] of the norm curve. Since these coordinates can be easily 
shown to be of degree 2k (1 — 2k +1) in the parameter, there are 2k 
(n — 2k + 1) self-conjugate osculating [2k — 1]’s. From the characterisation 
of self-conjugate [2k — 1]’s given in (3-4), we have 

Given a rational norm curve, and a linear complex, there are 2k (n—2k + 1) 
points on the norm curve, the osculating [2k — 1]’s at which cut the linear 
complex in null-variant complexes. (3-8) 

Since there are only 2k (n — 2k + 1) self-conjugate osculating [2k—1]’s, 





* For the treatment of the null-system reference may be made to :— 
Enzyklopidie der math Wissenschaften, III c. 7. Segre Mehrdimensionaler 
Raiume § 22. 
Kantor “ Theorie der linearer strahlen complexe in Riume von r dimensionen’’, 
Journ. fiir reine und angewandte Mathematic, Bd. 118. Theorems 27-32. 
t Weitzenbéck, Complex-symbolik, 1908, 166-172. 
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there is then only an equal number of fixed points of the (2k—1)th rank 
covariant Go, (x,y). But in general, the fixed points of Go,4 (x,y) are 
given by C2g_; (x), which is of order 4k (n — 2k + 1). The explanation is to 
be found in the fact, that, whereas in any correlation, the self-conjugate 
[2k — 1]’s form a quadratic complex, in the case of a null-system, the 
quadratic complex breaks into two identical linear complexes I’;.* The 
corresponding result in double-binary forms is 


The binary covariant, Co, (x), whose roots are the fixed points of the 
(2k — 1)th rank covariant of a skew-symmetric double-binary form, is the square 
of a form T, (x) of order 2k (n—2k+1). (3-9) 


From (3-7) and (3-9), it follows that it is enough to state Theorem 1 in the 
case of a skew-symmetric form thus: 


THEOREM 2. A necessary and sufficient condition that a skew-symmetric 
form Go (x,y) should be of rank 2k, is that the covariant T, (x) should not 
vanish identically, while the succeeding covaxiants should vanish identically, 


4. Outpolar Complexes. 


Let us now take the null-system defined by a linear complex outpolar to 
the norm curve R,,, 7.e., apolar to all the linear [»— 2]—complexes containing 
the osculating [v—2]’s of R,. It is known that there is a unique linear 
complex, outpolar to R,, and containing any (2”—2) tangents of R,. If 
the points of contact of the tangents are given parametrically by the binary 
form ts it can be shown that the skew-symmetric form Gp (x,y) deter- 


‘ - z-1l nx-1 
mined by the linear complex is symbolically (xy) a, ay f. Tet us call 


this a defective polar form, and refer hereafter to the outpolar complex as 
2n—2 . wz—-1l xw-l, ¢ 

) (a,” ). As the defective polar form (xy) a4, ay is uniquely deter- 
e 2n—2 . . . 

mined by the binary form a, , and (xy) is an invariant factor, any 
binary covariant of the former must also be a covariant of the latter. We 
shall now identify the covariants T(x), T2(x)---etc. of the defective polar 
form, with the fourth-transvectant series of covariants F(x), F2(x) etc. of 

2n—2 
the binary form Ax , where 
2u—4k+2 2u—4k+2 
Fg (x) = (aayas)* (aya)*- + -(ayag)*+ ++ (ag-aag)* ain +++ ae 


9 ial : 
In particular T\(x) is the form ay itself, and T.(x) its fourth-trans- 
vectant. 





* Segre, loc, cit., footnotes 175 and 313. 
t This result, though not explicitly mentioned, can be easily obtained from the 
results in §17. WéAlsch, loc. cit. 
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2n—2 i 
The outpolar complex ia, ) determines on R, the correspondence 


given by 
- : nu—l nu—l1 
Go (%,y) = (xy) de ty = 2 


If we replace the homogeneous quantities —, 4 by x and a, the equation 


becomes 
(x—y) (ax+1)""* (ay+1)""' =0. (4-1) 
Let the equation of I, in line coordinates be 
7,2 = & A,, tm; = 0 (4-2) 
If R, be given by 
% = Ct (ry = 0,1,2+ + +2) 
the points x and y on R,, are conjugate with respect to L, if 
Z Ars + nlp nC, (x75 — xsyr) = 0 (4-3) 


Then (4-1) and (4-3) must be identical. Comparing the two, we have 
A,, = (r—s) a’**~! but for a factor = (4.4) 
As observed in §3, the covariant T,(x) of Go(x,y) gives the parameters of 
points on R,, the osculating [2k—1]’s at which cut the linear complex I, in 
null-variant complexes. Hence T,(x) is obtained by substituting in the 
equation I, = (3-6) the coordinates of the osculating [2k—1] of R,,. 
The coordinates of the osculating (2k—1) at the point x on R,, are the 
determinants of the matrix || a;;|! 
d' (x?) ;=0,1,2----m 
dx? ;=0,1, ----- (2k—1) 
The highest degree of x, in these coordinates is 2k (n—2k-+ 1) and this 


occurs only in the coordinate 
2k 


™n,n-1,+++n-2k+1 (4-5) 
1.¢., the determinant of the matrix formed by the last 2k columns. The 
coefficient of the above coordinate in I", is 


where 4,; = nc; 





(A;? A,? of gal is A,”) nm, m-l, * * * * m-2k+l. 
Aj, n Aj, mu-l + . . . Aj, n—-2k+1 
Aj, n Aj, Seki 65" 8S fess Aj, n-2k+1 
; (4 b 6) 
1.é, 
Ag, n Ag. n-1 . 2h @ , Ag, n-2k+1 
Ag, n Ag, weet +. «8. 2% Az, n-2k+1 
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intersect. 
coincide with ¢,. 





Ind. Math. Soc., 1933, 20, 192. 
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n n—-1l 
a, 
n—-1 n—2 
na, (n—l)a 
nw n-l 
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Nap (n— l)az 
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om Z 


r,-1 


1\a , 128 


r2 


ay 


T,—-1 


713A, 2 
Ts 
a2 


Ys 
13a2 


(n—2k+ la, 


(n—2k+ Nar” 


Ijet us take any determinant formed from the first four rows, say 


"4 
ay 


Ts id l 
14a, 


"% 
a2 


-1 m%,-—1 


14a 


T2-1 


n—2k+1 
a 


n-2k+1 
a 





where A,”, A,?---A,? are complex symbols equivalent to A? in (4-2), 
From (4-4) the complex determinant 


(4-7 


Hence the determinant (4-6) is, but for a numerical factor k, equal to the 
following determinant in ordinary symbols. 


(48) 





(4+9) 


We shall now prove geometrically* that the above determinant has the 


re 
factor (a,--4a2)*. If we take the rational curve in [3] given by x, = 0 ' 
k =1, 2,3, 4, it is easily seen that (4-9) equated to zero, gives the 
condition that the tangents at the points a, and a, on the curve should 
Of the tangents which intersect the tangent ¢; at a,, four must 
For since the planes containing ¢, cut the curve in point- 
sets given parametrically by a pencil of 7-ics, each member of which 
contains a, twice, the Jacobian of the pencil, which gives the point of 
contact of tangents which intersect ¢, contains a, four times. 
has the factor (a,—4,2)* for any set of distinct values of 7, 72, 73, %: 
Therefore (a@,—4@2)* is also a factor of (4-8). 


Hence (4-9) 


Then it follows from the 


* For an algebraic proof, which is not quite elegant, see Ramamurti (2), Jour. 
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symmetrical nature of (4-8) in the equivalent symbols a, a2 ---- a, that it 
has all the factors 
(@—@3)* (@;—a@3)* - + + (@—ag)* - + (ag1—ay)4 (4-9) (i) 


The least index of any one of the symbols a in (4-8) is (2n—4k+2) so 
that (4-8) has also the factor. 
2n—4k+2 2n—4k4+-2 2n—4442 


a, a, stv ae (4-9) (ii) 
We note that in the product of (4-9)(i) and (4-9)(ii), we have the requisite 
degree, namely, (2n—2) in each of the symbolsa. Hence, it follows on 


substituting homogeneous symbols on for each symbol a,, that (4-8) is, but 


for a numerical factor (which may be omitted), equivalent to 


2u—4k+2 2n-444+2 
(ay @z)* (a, ag)*....(@y ag)*.... (apy ag)! @,, % ak, 


This then must be the coefficient of the leading sie in the covariant T,(x). 
It is evident from its form, that it is a semi-invariant, and hence the 


corresponding covariant T(x) is identical with 
2n—-4k+2 2n—4£+2 
Fz (x) = (a@ya2)*....(@yaz)*....(@g_yag)* @,, «+ Bhe 


Hence we have the following geometric intrepretation of the fourth transvec- 
tant series of covariants. 

THEOREM 3.* If we take the unique linear complex 1, in[n] outpolar to a 
rational norm curve R,, and containing the tangents of R, at the points given 


2n—2 
parametrically by the binary form az the covariant 


2n—4k+2 2n—4k+2 
F(x) =(ayag)*. .. . (ayag)*... . (ag.y—ag)* a, , oe Oke 


gives paramertically the 2k (n--2k+1) points on R,,, the osculating [2k—1]’s 
at which cut I, in null-variant complexes. 

In particular F\(x), which is the form itself gives the point of contact 
of the (2n—2) tangents which belong to I,, and F(x), which is the fourth- 
transvectant, gives the (4m--12) points of R,, the osculating [3]’s at which 
cut L, in special complexes. 

From the above specification for T,(x) in the case of defective polar 


n—l an 


—1 
form (xy) a, a, we have from Theorem 2, 





* The geometric interpretation of the covariants F;(z) may be compared with that of 
the Wronskians Wy (xz). The nature of the enquiry, which leads to either, can be recog- 
nised to be identical. It is simply to find the self-conjugate osculating regions of an out- 
polar quadric and outpolar linear complex respectively. In the case of the quadric, 
they are the tangential regions, and in the case of the linear complex, however, sub- 
spaces of even dimensions are not significant for our purpose, since every one of them is 
self-conjugate and the self-conjugate odd spaces are those cutting the linear complex 
in null-variant complexes. 
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THEOREM 4. A necessary and sufficient condition that the outpolar linear 
z-1l n-1 


complex I, os and hence the defective polar form (xy) ax ay should 
be of rank 2k 1s that the covariant F(x) should not vanish identically, while 
the covariants Fy,)(x), Fe,2(x), etc., should vanish identically. 

We shall now consider important special cases of Theorem 4. Suppose 
n=(2m+1). Then the last covariant I',,,; in the series is an invariant. 
If this vanishes, from Theorem 3, the linear complex is null-variant. ‘Thus 
we have 


THEOREM 5.* The necessary and sufficient condition that the outpolar 


complex I, (a ) in [2m+1] should be nui-variant is the vanishing of the 


invariant (ayaz)*... «(Apap 4i)*. - . «(Am Ame41)*- 

The above theorem may be regarded as a generalisation of the well- 
known result that a linear complex in [3] apolar to a twisted cubic Rs, and 
containing the tangents of R; at the points given by the binary quartic 
a,*, is special if the invariant (a@,a@2)* of a,* vanishes. 

Suppose » = 2m. The last covariant in the series is F,,(x) which is of 
order 2m. ‘The osculating primes of Ro, at the points on it given by F,,(x) 
must cut I, (a,*"-) in null-variant complexes. Any linear complex L in 
[2m] must have at least one singular point. From Theorem 4, I, (a,‘”) will 
have only one singular point if F,,(x) #0. In this case any prime cutting 
L, in a null-variant complex, and in particular the osculating primes of Roy, 
at the points given by F,,,(x) must pass through the singular point. Hence 
we have 

THEOREM 6. Any outpolar linear complex L(a,*”"-*) in [2m] has im 
general a single singular point, which is the point of intersection of the osculat- 
ing primes of the norm curve, at the points given parametrically by the 
covariant (ajao)*....(ayayy)*....(Am-1m)* Ayz?...- Ame. If this covariant 
vanishes identically, it has at least a plane of singular points. 

The following special case of the above theorem, when m=2 is note- 
worthy as it gives a geometric specification of the fourth transvectant of a 
binary sextic. 

THEOREM 7. Any linear complex in [4] outpolar to a norm curve Rg has 
in general a single singular point. If the points of contact of tangents of Rg 
which belong to the linear complex are given parametrically by a,°, the singular 


* This result may be compared with the condition for the degeneracy of the 
outpolar quadric determined by the binary form a,?”. which is the vanishing of. the 
catelecticant (a, a2)?.... (1441)? -+++(AnAn41)*. 





} W&lsch, loc. cit., 35, where the singular point in [4] alone is identified. 
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point is the point of intersection of the osculating primes of Rg at the points 
given parametrically by the fourth- -transvectant. If the linear complex has more 
than one and hence co? singular points, the fourth-transvectant vanishes identi- 
cally and conversely. 


5. Outpolar Quadrics. 


We shall now consider a one-to-one correspondence between quadrics 
n{mw—1] and linear line complexes in [m], established by Vaidyanatha- 
swamy, which enables us to pass on from the theory of the rank of an 
outpolar complex to the theory of simplexes inscribed in an outpolar 
quadric and circumscribed to the norm curve.* Any simplex circumscribed 
tothe norm curve R,,_, in[#~—1] can be specified by the binary n-ic a,” giving 
the parameters of the osculating primes which are the faces of the simplex. 
let this simplex be made to correspond to the point in (”] through which 
pass the osculating primes of a norm curve R,, at the points given para- 
metrically by a,”. Any outpolar quadric determines a pencil of simplexes 
inscribed in it and circumscribed to R,-,; and thereby a line in [mn]. Then 
the lines in [] corresponding to outpolar quadrics inpolar to a quadric 
locus Q belong to a linear complex L. This correspondence between Q and 
L is useful to us, since 

To an outpolar complex I, ors in [n] corresponds the outpolar quadric 


2n— 


Q (a; " in [n—1], 1.¢., the outpolar quadric passing through the (2n—2) 
n—2 
points of Ry-1 given iinisbi dela by (a, )t (5-1) 


The singular points of I, correspond to the simplexes inscribed in the 
quadric Q and circumscribed to the norm curve R,; (5-2) 


Before proceeding further, we require the following parallel theorems 
on the sections of an outpolar quadric Q in (m—1) and the corresponding 
linear complex I, in [7]. 


2n—2 . 
THEOREM 8. The section of the outpolar quadric Q(az’ ) in [n—1] 
by the osculating [n—r—1] at any point a on the norm curve Ry; ts a quadric 
outpolar to the osculant in that region, and determined by the binary form 


2r 2n-2r-—2 
aq ax 





* Vaidyanathaswamy (2), loc. cit. The correspondence considered in this paper 
is between linear complexes in [n] and quadric envelopes in[nm—1]. If we take the 
reciprocal of the latter with respect to the norm-correlation, we get the correspondence 
described above. This isconvenient, as we are going to study corresponding section of 
the linear complex and the quadric. 

t Vaidyanathaswamy and Ramamurti, ‘‘ On the Rational Norm Curve III,’’ com- 
municated to the London Math. Soc. 
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2n-2 
THEOREM 9. The section of the outpolar complex Ua my ) in [n] by 
the osculating [n—r] at any point a of the norm curve R, ts a linear complex 


outpolar to the osculant in that region and determined by the binary form 
2r 2n-2r-2 


aa ax 

The osculant in the oseulating [»—r—1] at any point on R,,, is the 
rational norm curve R,,_,-;, which is the locus of the point of intersection of 
the [{7—r—1] with the osculating [7]’s of R,).* If we assume that corres- 
ponding points on R,_,; and R,,; have the same parameter, then any 
point in the [{s—r—1] determining with respect to the osculant R,,_,_, the 


binary form cr . determines with respect to R,_, the binary form 
(ax)” — ' ‘The points A and B in the [n—r—l], corresponding to 
(ax)’ * eines , (ax)" * ag : respectively are conjugate with respect to the out- 
polar quadric Q i"? if the product of (ax)” ” nigigbe and (ax)” F 
is apolar to caging Then the product at a lpi is apolar to 
PF eco Hence the points A and B are conjugate with respect to the 
quadric in the [m—r—1] outpolar to the osculant, and determined by 
a eo This quadric is then the locus of points in the {n—r—1} 


which lie on the quadric Q, and thus Theorem 8 is proved. 
To prove Theorem 9, let A and B be two points in the osculating [n—7] - 


=F r %--? 


: : 7 r 
at the point a of R,, corresponding to the binary forms agc, , a, dy 
respectively. It is well known that the line joining them belongs to the out- 


r Sr-P 


2u—2 . . a r 
polar linear complex L( ay ) if the Jacobian of Pi Se and a, d, 


7 2n—2 : u—r u—r., 
is apolar to a, . Then the Jacobian of c, and d, is apolar to 
2r 2 2 


2n—2r—2 


Ga Gx ; so that the line A B belongs to the linear complex in the 
[~—r], outpolar to the osculant R,_, and determined by the binary form 


2r 2n—2r—2 


aa ax 
From the above two theorems and (5-1) we have 


THEOREM 10: In Vaidyanathaswamy’s correspondence between quadric 
loct in[n—1] and linear line complexes in [n], not only does an outpolar quadric Q 
vieiing! . 7 ( 2n-2)\ . 
ax in [n—1] correspond to an outpolar linear complex L\ax ) in [n]J, 
but also the section of Q by the osculating [n--r—1] at any point on the norm 
curve R,_ corresponds to the section of the linear complex by the osculating 


[n—r] at the corresponding point on the norm curve R,,, the norm curves m 





* Segre, loc. cit. 327 and footnote 371. 
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the two regions being the osculants in these regions of the norm curves R, -1 
and R,, respectively. 
From the above theorem and (5-2) it follows that if the osculating 
z Yn—2\ . : 
[(2k—1] at any point of R,, cuts the linear complex 1( ax ) in a null-vari- 
ant complex, the osculating [2k—2] at the corresponding point of R,,, 
22-2). : , . is : 
will cut the quadric Q (ay” dina quadric, which has co! inscribed simplexes, 
circumscribed to the osculant in the [2k—2]. Hence jwe have from 
Theorem 3, the following interpretation of the fourth-trans'éctant series of 
2n-2 ; 2u-2 
covariants of ay by taking the outpolar quadric Q (a ¥ ), 
THEOREM 11. If we take the quadric Qin |n—1] outpolar to the norm 


curve R,1, and passing through the points on R,\, given parametrically by 
9 


9 
Lum a 


ar , the covariant 
. 2u--4k+2 2n—4h42 
Fy=(aiae)®. .. ...(@yaq)*.... . . Gpnp)® «--- Bye cccecs Akx 
gives parametrically the points on Ry, 1, the osculating [2k—2]| at any one of 
which cuts Q in a quadric, which has oo} inscribed simplexes circumscribed to 
osculant in that {|2k—2}. 
From (6-2), if I, the linear complex is of rank 2k and hence the 
, , , 5 are ‘ : n—2k 
singular region is a [n—2kj, the quadric in [m— 1] will have a linear oo 
system of inscribed simplexes circumscribed to the norm curve. Hence 
we have, corresponding to Theorem 4, 


THEOREM 12. The necessary and sufficient condition that the outpolar 
quadricQ(a-"~*) in [{n—1] should have a linear — system of inscribed 
simplexes circumscribed to the norm curve R,_, ts that the kth member F, in 
the fourth-transvectant series of covariants of — should not vanish identi- 
cally, while all succeeding members vanish identically. 


~ 


Corresponding to Theorem 5 we have 


THEOREM 13. The necessary and sufficient condition that the outpolar 
quadric Q (a,*”) in [2m] should have one and hence oo! simplexes inscribed in it 
and circumscribed to the norm curve Ro», ts the vanishing of the invariant 
(aja2)*- re (Ajay41)*: on (QmQm+1)*. 

This may be regarded as a generalisation of the well-known result in the 
plane that a conic Q outpolar to a norm conic Rg», and cutting out on Rp» 
the points given parametrically by a binary quartic a,*, admits co! triangles 
inscribed in it and circumscribed to Rg if the invariant (a@,a2)* = 0. 


Lastly we have corresponding to Theorem 6 
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THEOREM 14.* Any outpolar quadric Q (a,*”-*) in [2m—1] has in 
general a single simplex inscribed in it and circumscribed to the norm curve 
Rom-1, and the prime faces of the simplex are the osculating primes to Rom_) at 
the points given parametrically by the covariant 

F,,(%) = (@,@2)*- - - (AAm)* + + + (€yp—1 Am)* + Ay y2Ao,7? +++ Amz. If F(x) = 0, 

there are at least co? such simplexes. 

The special case of this, when m=2, is the following known result. 

THEOREM 15.t There ts in general a unique tetrahedron circumscribed to a 
twisted cubic Rs in [3], and inscribed in a quadric Q outpolar to it. If a,’ 
gives parametrically the points of intersection of Q with Rs, then the faces of 
the tetrahedron are the osculating planes of Rs; at the points given parametrically 
by the fourth-transvectant of a,8. If this covariant vanishes identically, there 
are co? such tetrahedra and conversely. 


6. Special Outpolar Complexes. 

Let us call a linear complex special if it is of minimum rank 2. Sucha 
complex is noteworthy as it is completely determined by its singular region 
which is a {m—2] and the lines of the linear complex are only those inter- 
secting the singular [v-—2]. We shall now consider special complexes which 
are also outpolar. 

If a special line complex be apolar to a linear [n—2} complex it can be 
easily seen, that the singular [n—2] of the former belongs to the latter. 
Hence we have, from the definition of the outpolar complex, 

THEOREM 16. The singular [n—2] of a special outpolar complex belongs 
to all the linear [n —2] complexes containing the osculating [n—2]’s of the norm 
curve. 

If the linear complex in [#] is special, the quadric in [{~—1], corres- 
ponding to it as in § 5, has inscribed in it the maximum number of linearly 
independent simplexes circumscribed to the norm curve, namely, [m—l]. 
Such a quadric is called an outsimplexal quadric. If the special linear 
complex is also outpolar, the corresponding quadric must be both outpolar 
and outsimplexal. Such a quadric has been studied and is called a 
remarkable quadric,t and the corresponding binary [2n—2]ic which it 
determines, is called a remarkable form. ‘Thus we have 





* This result, which led to the present investigation, was proved by the author in 
the Jour. Ind. Math. Soc., 1933, 20, 192. 

t+ See Miss Telling, Proc. Camb. Phil. Soc., 1932, 28, 412. 

t The name ‘remarkable quadric’ is due to Vaidyanathaswamy. For the 
properties of such a quadric in [8], see Vaidyanathaswamy, Proc. Camb. Phil. Soc., 
1930, 26, 206-219. 
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THEOREM 17. The outpolar complex 1, (a,”*~) im {nj ts special if the 
corresponding quadric Q (a,*”~*) in [n—1] ts 4 remarkable quadric, and hence 
a," is a remarkable form. 

Then from Theorem 4 we have 

THEOREM 18.* A necessary and sufficient condition that a binary form 
a2"-2 should be a remarkable form is that the fourth-transvectant, and the 


'z 
succeeding covariants, in the fourth-transvectant series must vanish identically. 


We shall now obtain the special outpolar complexes in spaces of various 
dimensions. In [3] there is only one linear complex containing the tangents 
of a twisted cubic R3, and if we call the lines of this linear complex, the 
complex lines of R;, we get from Theorem 16, that the directrix of a special 
outpolar complex must be a complex line. The parameters of the points of 
contact of tangents, which intersect a complex line form a self-apolar 
quartic, which is then the remarkable quartic. This is also evident 
from Theorem 18. 

In [4] there are co? plane complexes containing the osculating planes 
of a norm curve Ry, so that they must have oo3 planes incommon. ‘To 
find them, we may make use of the known results on the remarkable 
quadric in [3]. The co? tetrahedra inscribed in a remarkable quadric are 
given parametrically by a net of quartics, apolar to a syzegetic pencil. 
Hence in [4] the singular points of a special outpolar complex must be 
one, the primes through which cut out on R,, point-sets given by a 
syzegetic pencil of quartics.| The remarkable sextic is the Jacobian 
of this pencil, which is the product of three mutually apolar quadratics. 
From Theorem 18, we get the known result, that the fourth-transvectant of 
such a sextic vanishes identically. 

Ina space of dimensions greater than 3, it has been proved that 
non-degenerate remarkable quadrics do not exist, and the only trivial one 
is, as a locus, the prime-pair consisting of the osculating prime at any 
pointon the norm curve, and any other prime through the osculating 
[n—2] at that point.t The circumscribed simplexes of the norm curve, 





* This set of conditions is more direct than that given in Ramamurti (1), loc. cit. 
Theorem 1. It is curious that while the binary forms associated with the regular solids, 
the tetrahedron, the octohedron, and the icosahedron, are the only non-trivial forms, 
for which the fourth-transvectant vanishes identically, the binary forms associated 
with the first two solids are the only non-trivial remarkable forms. We may conclude 
from the above theorem, that for the icosahedral form a,z1?, the covariants F(a) and 
F,() do not vanish identically. 

+ See Miss Telling, Proc. Camb. Phil. Soc., 1932, 28, 412. 

¢ Ramamurti (1), loc. cit. 
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which are inscribed in the quadric are given parametrically by (n+l)ics 
apolar to a pencil of the type a,”t!+ Aa,”"18,? where a, and £, are linear 
forms. Hence the singular region of a special outpolar complex in [+1] 
must be one the primes through which cut out on the norm curve 
R,,41, point-sets given by a pencil of the above type. Hence we have 


THEOREM 19. In aspace of dimensions greater than 4, the only special 
outpolar complex is the one formed by lines intersecting a [n—2] contained 
in, and containing, the osculating [n—1] and the osculating [n—3] respectively, 
at any point on the norm curve. 

Incidentally from Theorem 16, it follows that in a space [m] of 
dimensions greater than 4, the linear [m—2] complexes containing the 
osculating [~—2]’s of a norm curve R,, have no other [m—2]’s in common 
besides those contained in, and containing, the osculating [m~—1] and the 
osculating [v—3] respectively, at any point on the norm curve. 
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1. Introductory Remarks. 


In Part I! the author has established, successfully for the first time using 
for this purpose a Fabry-Perot Etalon, the reality of the presence of the two 
Doppler components accompanying the Rayleigh line in the spectrum of the 
light scattered by a liquid, the frequency shifts being given by the formula 


ae 
dv= +2v° sin 5 cs ae oe (1) 


where v=frequency of incident radiation, 0=the angle of scattering, 
v and c the velocities of sound and light waves in the medium. In 
the same paper the dependence of the frequency shift (i) on @ the angle 
of scattering, and (ii) on v the frequency of the incident radiation has been 
checked for an angle of scattering of 180° for the mercury lines A 4047 A, 
44078 A and A 4358 A. Attention has also been drawn to the fact that 
the unmodified central line is always present, being distinctly brighter 
than the accompanying Doppler components. 

In continuation of the previous work on benzene, it was thought 
desirable to investigate with improved experimental technique, this problem 
of the fine structure of the Rayleigh line, in the case of a highly 
anisotropic molecule like that of toluene and a very weakly anisotropic 
molecule like that of carbon tetrachloride, with the object of finding out the 
influence, if any, of the anisotropy of the scattering molecule on the struc- 
ture of the Rayleigh line. This investigation was also undertaken to settle 
whether the alleged red shift of the centre of the Rayleigh line was real. 


2. Experimental Arrangements. 


The high resolving power interferometer used in this investigation 
was the same Fabry-Perot Etalon with invar distance pieces, specially 





1 B. V. R. Rao, Proc. Ind. Acad. Sci., 1934, 1, 261. 
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made by Herr Lesche of Potsdam, Germany, and silvered by Professor 
Ritschl by his evaporation method. 

The Wood’s tube was also of the same design as in the previous 
communication of the author except that this time it was slightly bigger 
in size so as to allow more of the scattered light to fall on the Etalon. 

The illuminating source of light had to be redesigned for the following 
obvious reasons. The source of light used in the work described in Part I 
consisted of two lamps with water-cooled mercury cathodes and tungsten 
anodes. In the present work the two lamps were replaced by a single lamp 
with two vertical branches with a common water-cooled mercury cathode 
and two tungsten anodes. This modification was necessary to ensure 
continuous action of the two branches. In the previous arrangement it was 
not always easy to maintain the two lamps working 














r together. Fig. 1 represents the newly designed mercury 

To Pump vapour lamp with the vertical cross section of the 

Wood’s tube in the background. The common mercury 

A (~\ * cathode C contains clean mercury up to the level indi- 

“cated in figure and the discharge runs along the two 

vertical branches CA, and CA». The tungsten anode 

B is intended for passing a preliminary discharge from 

ra C to B by means of a small induction coil to facilitate 

( 0 | the striking of the arc. The spherical bulb at the top 

g is meant for the mercury vapour to condense and fall 

be back into the cathode. The cathode was cooled by a 

sititn current of cold water kept circulating in the outer 

J tube enclosing the cathode as indicated in figure. 

ins The arc was run with a current of 4 amps. in each 
t of the branches from a 220 D.C. supply. 

eel , The experimental arrangements regarding the align- 


ment of the apparatus and other experimental 
details were the same as in the previous paper by the author on this subject. 


Fig. 2 represents the distribution of the hyperfine structure satellites 
of the mercury lines 14047 A, 24078 A and A4358 4 in the interference 
pattern of the light obtained with a 5 mm. distance piece between the two 
quartz plates of the Etalon. The wave-numbers and the relative intensities 
of these satellites have been taken from the work of Schiiler and Keyston.? 
The. dotted lines indicate the positions of the Doppler components due to 
scattering in the case of liquids toluene and carbon tetrachloride. 





? H. Schiiler and Keyston, Zeits. f. Phys., 1931, 72, 423. 
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In order to minimise the complications arising from the presence of 
these hyperfine structure satellites of the incident radiation, the following 
procedure was adopted. A photograph of the interference pattern of the 
unscattered light was taken, the exposure being so reduced that the pattern 
was free from any hyperfine structure satellites. Next a photograph of the 
interference pattern of the scattered light was taken with an exposure which 
showed the unmodified central component with nearly the same intensity as 
the corresponding main component in the pattern of the direct light. On 
comparison of the two it was found that the pattern of the scattered light 
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contained the Doppler components in the space corresponding to the blank 
space in the pattern of the direct light. This procedure is specially suited 
in cases where the hyperfine structure satellites are much fainter than the 
two fine structure components due to scattering. 

3. Cabannes’ Red Shift. 

Reference has already been made to the red shift of the centre of the 
Rayleigh line reported by Cabannes.3 For examining this point toluene 
was selected as a suitable liquid since the time of exposure need not be long 
and any effect of an alteration in the temperature and pressure of the 
surrounding medium during an exposure on the pattern be minimised. A 
photograph was taken with the pattern of the scattered light falling on 
one half of the slit width of the spectrograph. Then the pattern of the 
direct light was arranged to fall only on the other half of the slit anda 
photograph taken. The result was that the two patterns were in juxta- 
position facilitating comparison. An examination of the patterns reproduced 
in Plate XIV reveals no measurable contraction of the interference pattern of 
the scattered light. 

Having settled this point, various experiments were conducted to 
examine the conditions under which a spurious red shift may be obtained. 
It was found that the interference pattern was influenced by long exposures 
to the scattered light, due to temperature and pressure variations in the 
surrounding atmosphere. The temperature and pressure variation of the 
surrounding atmosphere influences the interference pattern to such an 
extent that one might notice a contraction of the pattern of the incident 
light itself. This effect is clearly noticeable in the photographic reproduction 
of the interference patterns of the direct light shown in Plate XIV. The 
pattern (a) was taken early in the morning as soon as the mercury lamp was 
started and after allowing the lamp to work for about 12 hours the pattern 
(b) was taken after which the mercury lamp was taken off. The pattern (c) 
was taken the next morning when the conditions of the surrounding 
medium were almost the same as those in the previous morning. 
A comparison of these interference patterns indicates that in pattern 
(b) the ring system has contracted due to a change in the condition of the 
surrounding medium, and in (a) and (c) the patterns are almost identical. 
From the foregoing it is evident that one ought to take great care in avoid- 
ing all disturbing influences like variations in the temperature and pressure of 
the surrounding medium, before one can arrive at any conclusive evidence 
of a shift in the centre of the Rayleigh line. 





8 J, Cabannes, Trans. Farad. Soc., 1929, 72, 800. 
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4. Results. 


Carbon Tetrachloride.—The interference pattern given by the light scat- 
tered by this liquid was characterised by a clear background enabling one to 
distinguish clearly the Doppler components from the hyperfine structure 
satellites. The photographic reproduction of the patterns of A 4047 A and 
\ 4358 A in the direct and scattered light is therefore particularly striking. In 
the interference pattern of the direct light for A 4047 A there are two satellites 
one of them being stronger and wider than the other, the former corres- 
ponding to the blend of the hyperfine structure satellites (—0-743, +0-270 
and +0-330)cm.-! and the latter corresponding to the blend of the satellites 
(—0-394 and + 0-668)cm.-! The pattern of the scattered light on the other hand 
contains two equally sharp and equally displaced components of the same 
intensity at + 0-251 cm.-! and —0-251 cm.-! with the fainter of the hyperfine 
structure satellites (— 0-394 and +0-668) cm.-! appearing clearly separated 
from the —0-251 cm.! Doppler component. The Doppler shifts for the 
other mercury lines A 4078 A and A 4358 A were also examined for carbon 
tetrachloride and are to be found tabulated in Table I. 


TABLE I. 
Angle of Scattering 180°. 





Liquid Radiation la Observed |dv Calculated) Difference 





Carbon tetrachloride ..| 4047 A -251cem.7| 0-238em.7" | 0-013 em.7 
4078 A -250 ;, -236 ,, 0-014 ,, 
4358 A - 230 +221 0-009 
Toluene mo .-| 4047 A . . 0-013 

4078 A . . 0-015 

4358 A 0- 0- 0-005 


5461 A 0- 0- 0-014 

















Toluene.—In the case of toluene it was found that an exposure ranging 
from an hour or two was sufficient to bring out the components due to 
scattering. This fact enabled the determination of the frequency shifts of 
the green radiation A 5461 A of mercury, for which an exposure of 30 hours 
was necessary. An interesting feature that was noticed, was the appearance 
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of a continuous background of the interference pattern in the case of 
toluene even when the exposure was of the order of an hour, while in the 
case of carbon tetrachloride* an extended exposure of about 16 hours left 
the interference pattern free from any appreciable continuous background, 
This shows that this continuous background is a characteristic feature of 
the anisotropy of the molecules of the liquid. 


5. Theoretical Discussion. 


The theory of the scattering of light in liquids has been worked out in 
detail by Ramanathan,t Raman and Krishnan,> Gans® and others. 
According to these authors, there is, in addition to the polarised scattering 
due to density fluctuations, an unpolarised scattering due to local anisotropy 
in the medium which may be ascribed to the orientations of the molecules in 
the liquid. The total intensity of light scattering is the sum of the intensities 
of the ‘‘density’’ and ‘“‘orientation”’ scattering. The ‘‘density”’ scattering is 
given by the well-known theory of fluctuations of density and the factor of 
multiplication to be applied to the expression given by that theory in order 
6(1+-r) 
6—Tr 
depolarisation of transversely scattered light. The ‘‘orientation’’ scattering 
may be expected to appear partly as a radiation of unaltered wave-length 
(Q branch ) and partly as a radiation of altered wave-length extending out 
as “‘wings”’ on either side of the Rayleigh line. We may tentatively assume 
that the whole of the ‘‘density’’ scattering arises from the presence of sound 
waves of various wave-lengths associated with the thermal energy of the 
medium and is therefore to be associated wholly with the two Doppler 
components on either side of the Rayleigh line. On this view we should 
expect the ratio of the intensity of the central main component to the sum 
of the intensities of the two outer Doppler components, to be the same as 
the ratio of the intensity of the Q branch of the “‘orientation”’ scattering to 
the ‘‘density”’ scattering. What this ratio is, can be estimated roughly from 
the known depolarisation of transversely scattered light observed with a 
spectrograph using a narrow slit to exclude the “wings” on either side of 
the Rayleigh line as completely as possible. Bhagavantam,’ Venkateswaran,’ 


to include the “‘ orientation’’ scattering is where 7 is the observed 





*The Wood’s tube used in conducting experiments with carbon tetrachloride was 
slightly smaller than that used later for toluene. 
4 K. R. Ramanathan, Proc. Ind. Assoc. Cult. Sci., 1923, 8, 1 and 18. 
C. V. Raman and K. S. Krishnan, Phil. Mag., 1928, 5, 498. 
R, Gans, Zeits. f. Phys., 1923, 17, 353. 
C. V, Raman and S. Bhagavantam, Ind. Jour. Phys., 1931, 6, 363. 
S. Venkateswaran, Phil. Mag., 1932, 14, 258, 
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Rousset? and others have made observations by this method. Using 
Venkateswaran’s observations of the depolarisation of transversely scattered 
light with a narrow slit and a spectrograph, the intensities of ‘‘ density’’ and 
“orientation” scatterings respectively have been calculated for light scatter- 
ed at 180°. 


The table below gives the intensities of light scattering calculated on 
the above hypothesis. 








TABLE II. 
| 
** Density ”’ Scattering+ “Density” | ** Orientation ” 
Liquid “ Orientation” Scattering | goattering | Scattering 
(Q-branch) 7 ne (Q-branch) 
Carbon tetrachloride, . 0-97 0°93 0-04 
Toluene ae 1-63 0:96 0:67 











Considering the figures in Table II and accepting the view stated above, 
it would appear in the case of carbon tetrachloride, the intensity of the 
central undisplaced component ought to be very weak in comparison with 
the intensity of the Doppler components accompanying it. The actual state 
of affairs is quite the contrary as can be judged from the photographs 
obtained with this liquid though the total intensity of scattering in carbon 
tetrachloride is smaller than in toluene as is clearly indicated by the expo- 
sures necessary, the central undisplaced line for carbon tetrachloride is not 
only very much greater in intensity than either of the outer components, 
but it is even stronger relatively to them than in the case of toluene. 
Moreover, in no case of a liquid has the central component been found to be 
less intense than the Doppler components. This contradiction with the facts 
appears definitely to indicate that the explanation of the origin of the 
Rayleigh line and its Doppler components indicated above is untenable. 


Before discussing further the nature of the light scattered by a liquid, it 
would be interesting to consider the nature of the light scattered by gases 
and solids. In the case of light scattered by a gas, leaving aside the Raman 
effects due to the rotations and vibrations of the molecules, we may expect 
to find a Doppler broadening of the Rayleigh line, the intensity distribution 
being of the Maxwellian type. The broadening would also be a function of 
the angle of scattering being zero in the direction of the incident light and 





® Rousset, C. R., 1933, 197, 1033, 
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maximum in the opposite direction.!° In the case of a solid, Brillouin! has 
worked out the problem and shown that the light reflected from the sound 
wave trains should exhibit a Doppler effect which would take the very 
simple form of a doubling of the lines in the scattered light, the frequency 
shifts being given by the formula (1) already given. Moreover, according 
to this view, the central undisplaced component should be completely 
absent being replaced by this doublet. 


It is hardly to be expected that the Brillouin equation would completely 
describe the Doppler effect observed in the light scattered by any actual 
liquid, as the theory ignores the molecular structure of the medium and is 
therefore an idealisation. It is only in the case of a crystal that we can 
expect the observed phenomena to agree most closely with Brillouin’s theory, 
The phenomena to be expected in the light scattered by liquids should 
evidently be intermediate between those characteristic of a crystal and a gas, 
An insight into the actual state of affairs taking place in a liquid is given by 
the suggestion put forward by Raman!? in a communication to Nature in 
which he has shown that the equation of Brillouin is only a special case of a 
more general treatment of the problem on quantum principles. Raman treats 
the medium scattering light as an assemblage of photons having energy /y; and 


momentum m, material particles having translatory energy 4$MV? and 


linear momentum MV and associated with the latter, quanta of sound (or 
‘phonons’ to use the name given later by Frenkel!8), having energy hy, and 


hv; 


momentum Next he treats an individual encounter as satisfying the 


equations similar to the Compton type and gets two equations the first 
being a scalar and the second a vector equation as given below :— 


4 MV? + hy, + hy, = § MV” + hy,’ + hv’ 

> > > > > 

mv + fe AY ye 4 ee 

a ec a ce 

If we ignore the energy and momenta of the material particles we immedi- 
ately get Brillouin’s result, and if we omit the energy and momenta of the 
sound quanta we get the classical Maxwellian broadening, these being two 
extreme cases. In general we have to look upon both these phenomena to be 
present, influencing one another in the case of a liquid. 


10 ©, V. Raman, Nature, 1919, 103, 165. 

11 L, Brillouin, Ann. der Phys., 1922, 17, 88. 

12 ©, V. Raman, Nature, 1931, 128, 636. 

13 J, Frenkel, Wave Mechanics—Elementary Theory, p. 266. 
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From the experimental data obtained in this investigation it is very 
clear that the central undisplaced component is conspicuously present 
in all photographs of the scattered light and is found to be distinctly 
brighter than the outer Doppler components. ‘The fact that with such 
weakly anisotropic molecules like those of carbon tetrachloride, the 
central component is very strong (in fact stronger than in the case of 
toluene), leads us to the conclusion that though the anisotropy of the 
molecules does contribute towards the central line (Q branch), it is not in 
main responsible for the appearance of the central undisplaced component. 


These results lead us to postulate that the molecules in the liquid should 
be regarded as being divided into two sets of molecules, one set of molecules 
resembling those in a ‘vapour’ or gaseous state and the other set of 
molecules resembling those in a ‘ crystalline’ or solid state; the former set 
giving rise to the central undisplaced component and the latter set of 
molecules giving rise to the two outer Doppler components. This is 
essentially the picture of the molecules in the liquid state put forward by 
Raman!‘ in two significant letters to Nature dealing with the theory 
proposed by him for the viscosity of liquids. In the same paper, an 
expression for the ratio of the number of molecules in the two states has 
been arrived at. If we call E, to be the work required to separate a pair of 
molecules in the ‘ vapour’ state and Ep» the work required to separate a pair 
of molecules in the ‘ crystalline’ state, and apply the Boltzmann distribution 
law, we may, as a first approximation, take the relative abundance of the 
molecules in the solid and the ‘vapour’ states to be e "-™/®T, where’ R is 
the gas constant and T the absolute temperature. Here (E2-E,) should be 
taken to be the latent heat of fusion of the liquid under consideration. This 
expression works out at room temperature 27°C. to be 2-9 and 53-0 respec- 
tively for carbon tetrachloride and toluene. It must, however, be remembered 
that the intensities of the central undisplaced and the outer components will 
not bear the same ratio as the relative abundance of the molecules in the 
solid and ‘vapour’ states, since the scattering power in a solid will be 
telatively very small in value. This picture of the molecules in the liquid 
state will not only explain the fact that the central undisplaced component 
is distinctly brighter than the outer Doppler components, but it will also 
explain the relative intensity of the central to the outer components being 
greater in the case of carbon tetrachloride than in the case of toluene. Thus 
we see that this viewpoint is in better agreement with the observed 
phenomena than that suggested previously. 





14 ©, V. Raman, Nature, 1923, 111, 532 and 600. 
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From the foregoing discussion it is clear that it would be of very great 
interest to study the modifications of the Rayleigh line when the liquid 
scattering light is maintained at different temperatures. We can picture 
to ourselves, without anticipating the results of the experiment under 
observation, the changes that will take place in the structure of the 
Rayleigh line. At very low temperatures the number of molecules in 
the ‘vapour’ state will be very few and the stratifications of optical 
density in the medium due tothe large number of molecules in the 
‘crystalline’ state will be very sharp, with the result that the spectrum of 
the scattered radiation will have a very weak central component flanked by 
two sharp and intense Doppler components. As the temperature is raised, 
the number of molecules in the ‘ vapour’ state will begin to increase, and 
the stratifications of optical density become less dense and sharp; in the 
spectrum of the scattered radiation, the main component would brighten 
up and widen at the same time, while the outer components get weaker 
till finally at a particular temperature, they will merge into the central 
component. ‘The scattering would then possess the characters observed in 
the light diffused by a gas. Support to the views suggested above is 
furnished by the experiments with Quartz by Gross!5 and with vapours by 
Cabannes.!6 


Experiments are now under progress for the study of the structure of 
the Rayleigh line, the scattering liquid being maintained at different 
temperatures ; their results may be expected to lead toa clearer under- 
standing of this aspect of the liquid state, and will form the subject-matter 
of a separate communication. 

In conclusion I desire to express my grateful thanks to my professor 
Sir C. V. Raman for his kind interest and helpful guidance during the 
progress of this work. 

Summary. 


In continuation of the author’s previous work on benzene, the study 
of the fine structure of the Rayleigh line has been extended to the cases of 
carbon tetrachloride and toluene with improved experimental technique. 
Very clear photographs of the interference pattern free from continuous 
background have been obtained with carbon tetrachloride and it has been 
found that the relative intensities of the central and the outer Doppler 
components is much greater in the case of carbon tetrachloride than in 
toluene. This fact leads us to the conclusion that, though the anisotropy of 


15 Bf. Gross, Zeits. f. Phys., 1930, 63, 800, 
16 J, Cabannes, loc. cit, 
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Scattered. 


Direct. 


This plate shows the interference patterns of the scattered and direct light taken 
side by side in the manner described in the body of the paper (page 476) to test the 
reality of the Cabannes’ red shift. The centre of the interference pattern is purposely 
shifted so that the contraction of the rings in the scattered pattern, if any, may be 
noticed with greater ease. It will be noticed that the ring system is perfectly continuous 
without any break when we pass from the scattered to the direct pattern, showing that 
there is no measurable shift either to the red or to the violet region of the spectrum. 


A 4358 A 





(a) (b) (e) 


(a) Interference pattern of direct light early in the morning. 
(b) ao re 5 late in the noon. 
(e) = - “ early next morning, 

In the interference pattern of A 4358 A the centre of the pattern has changed from a 
bright spot surrounded by a dark ring as shown in (a) and (c) to a dark spot surrounded 
by a bright ring as in (b) and vice versa in the case of A 4047 A. 

These pictures are intended to show how the variations of temperature and pressure 
of the surrounding medium influence the interference pattern of the direct light itself. 
giving a false shift of the centre of the main radiation. 
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the molecules does contribute towards the central line (Q branch), it is not 
in main responsible for the appearance of the central undisplaced com- 
ponent. It is only the wings on either side of the Rayleigh line, which 
become more and more prominent with increase of anisotropy of the mole- 
cules constituting the scattering medium. On account of the high 
scattering power of toluene, it was pwssible to extend the observation 
and test the Doppler shifts of \ 5461 A, in agreement with equation (1), 
The experimental data obtained in the investigation have been examined 
and some relevant theoretical aspects of the problem are discussed in the 
last section of the paper. 


The question of the reality of the red shift of the centre of the 
Rayleigh line observed by Cabannes has been investigated and it has been 
shown that there is no shift of such a nature. The conditions under which 
a spurious red shift might be observed have been examined and it is found 
that temperature and pressure variations of the surrounding atmosphere 
affect the interference pattern of the scattered light when exposures are 
of very long duration. 
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THE band spectrum of cadmium has been investigated by a number of 
observers including Mohler and Moore,! Winans,? Hamada,? Kuhn and 
Arrhenius* and Mrozowski.5 Winans has also discussed the origin of the 
bands and indicated the molecular states involved ; he has also drawn some 
conclusions regarding the heat of dissociation of the cadmium molecule 
in the ground state, but Kuhn has shown that there is no basis for these 
conclusions. Kuhn and Arrhenius have tried to determine the heat of 
dissociation by studying the absorption of cadmium vapour at different 
temperatures. All these authors assume that the potential curve for the 
ground state possesses a very small depression with few vibrational levels and 
that the structure observed in several of the bands is almost entirely due to 
the vibrational levels of the upper states involved in their emission. A 
similar assumption has been made in the case of mercury and zinc. Ina 
recent paper® the author has succeeded in arriving at a vibrational analysis of 
five of the band systems of mercury and in thereby explaining a number of 
points which appeared obscure. This work, however, revealed a peculiarity 
in the behaviour of the AF’s of the ground state in that instead of 
decreasing steadily, they first went on increasing and then began to 
decrease, A*F during the decrease being the same as during the 
increase. This peculiarity made it difficult to draw definite conclu- 
sions regarding the heat of dissociation of the ground state. Since 
the similarity to be expected between the band spectra of zinc, 
cadmium and mercury has been experimentally proved to exist, it was 
thought that further light would be thrown on the question if the bands of 
cadmium were analysed and their structure compared with the structure of 





1 Journ. Opt. Soc. America, 1927, 15, 74. 
2 Phil. Mag., 1929, 7, 556. 

3 Phil, Mag., 1931, 12, 50. 

4 Zs. f. Phys., 1933, 82, 716. 

5 Zs. f. Phys., 1934, 91, 600. 

8 Proc. Ind, Acad. Sci., 1934, 1, 166. 
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the corresponding bands of mercury. Accordingly the bands measured by 
Hamada were investigated and a vibrational analysis of these bands was 
made. It was found that by comparing their structure with that of the 
previously analysed bands of mercury, the bands corresponding to similar 
molecular transitions could be picked out without ambiguity. It was also 
found that the result so obtained was in entire agreement with the expecta- 
tions of Hamada based on experimental grounds. For the sake of 
comparison the analysis of the bands attributed by Hamada to transitions 
from the 1S)+3P, state to the ground state is given in Table I while Table 
Il gives the analysis of the corresponding bands of mercury observed by 








TABLE I. 
1Sot7So | 
1§,+3P, | 26062 854 25208 486 24722 
626 652 659 
26688 828 25860 479 25381 362 25019 205 24814? 92 24722* 
597 595 586 596 567 569 
27285 830 26455 488 25967 352 25615 234 25381 90 25291 
463 488 479 482 
26918 463 26455* 25860 87 25773 








* Used twice. 
Hamada and attributed by him to a similar transition. ‘Table -III 
similarly contains the analysis of the cadmium bands attributed to 
transitions from the !S)+ Pp, state and Table IV gives the results obtained 
for the similar Volkringer bands of mercury. Of the band systems 
observed by Mohler and Moore, Walter and Barratt’ attribute group II 
to CdO, groups III, IV and V to cadmium chloride and groups VI and VII 
to thallium chloride. Mrozowski,’ however, has established that group 
V belongs to Cd,. On examining the bands of group II it was found 
that they fitted into the present scheme of vibrational levels (Table V) 
and their structure showed them to be analogous to the Steubing bands 
of mercury (given in Table VI). This similarity in their structure lends 
support to the opinion of Winans that the group II is due to transitions 
from the ground state to the !S)+!P) state by absorption, and not due 
toCdO as Walter and Barratt think. The other groups given by Mohler 
and Moore do not seem to fit into the present scheme, except group V 
in which the difference = 205 cm. characteristic of the ground state 
occurs twice in a system containing only five bands. This group may 
therefore belong to Cd, as has been shown by Mrozowski. From the 





+ Proc. Roy. Soc. A., 1929, 122, 201. 
8 Zs. f. Phys., 1930, 62, 314. 
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TABLE II. 


Hamada’s Bands of Mercury. 








(29961) 

496? 
30457 
525 
30982 


31810 1067 30743 735 
337 
31080 719 
483 


31760 728 31032 479 30265 99 30166 55 
288 291 

10 30553* 96 30457* 44 
é 240 

11 2 30697* 48 
194 

12 30982* 91 30891* 51 
149 141 

13 31131* 99 31032* 50 
99 

14 31131 51 


| 51 
15 | 31182 51 





* Used twice. 


TABLE III. 








23020 

128 

23507 359 23148 
‘ 124 
357 23272 

114 

23747 361 23386 








present analysis we find that the peculiarity observed in the AF’s of 
the ground state of mercury is present .also in that of cadmium. Since 
the bands corresponding to the ‘wing’ bands of mercury have not 
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TABLE IV. 


Volkringer’s Bands. 








26164 
228 
26392 
196 
26588 
200? 
26788 ? 902? 








* Used twice. 


TABLE V. 














* Used twice. 


been measured in cadmium, the vibration quantum numbers could not 
be fixed. As in the case of mercury it is difficult to determine the heat 
of dissociation of the ground state. Since the data are not even as 
extensive as in the case of mercury it is difficult even to determine the 
telative position of the v’=0 level with respect to the 1S9+!1Sq electronic 
level as has been possible to do in the case of mercury. If the assumption 
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TABLE VI. 
Steubing’s Bands. 








46572 
18+ 3P, 183 214 
48035 479 47556 770? ©46786 
162 1277 2138 
48197 464 47733 734 46999 857 46142 
161 148 182 227? 
48650 292 48358 477 47881 700 47181 812 46369 
138 146 154 
48788 284 48504 469 48035* 
126 146 
48914 264 48650 








* Used twice. 


is made that the similarity in the structure of the bands of mercury 
and cadmium extends to all the details, we may estimate the difference 
between v"=0 and the 148)+3So electronic level as 0-18 volt while it 
is 0-25 volt in mercury. Because of the difficulty involved in the 
measurement of these diffuse and weak bands great accuracy is not found. 
At the present stage, therefore, the attempt to draw potential curves for 
the various states has been abandoned. T‘ive of the bands recorded by 
Hamada could not be fitted into the present analysis so that their vibration 
quantum numbers relative to the rest could not be fixed. The numerical 
analysis shows, however, that the peculiar behaviour of the ground state 
in having AF°’s which increase at first and then decrease, and in having 
a large anharmonic term is common to both mercury and cadmium. 
When this behaviour is explained, the structure of the band spectra 
of these metals will be better understood. 
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THE experimental work of the present report was commenced as early as in 
July 1933 as a logical sequence to a preceding investigation on the effect of 
solvent on the moment of ethylene bromide.! The moment of this compound 
as measured with the help of the methods and apparatus of increased 
accuracy described in our paper on the moments of pyridine derivatives,” 
changed considerably from solvent to solvent, but it was difficult to decide 
iow much of this change was due to the effect of the solvent and how 
much to the degree of freedom of intra-molecular oscillations in the 
molecule. It was necessary therefore to study the effects on a less complex 
substance, whose moment was independent of any intra-molecular rotations 
and nitrobenzene was the choice as it had a high moment and polarisation, 
the changes in which ought to be very appreciable. During the progress of 
the investigation two papers on the very subject were published by Miiller® 
and Jenkinst. A short while later, two more papers were published first 
by Millers’ and then by Jenkins® purporting to show the effect of this 
solvent influence on the course of the Debye P:,,—1/T law. Quite different 
empirical equations were found, however, to fit the two series of experimental 
data in different solvents, and at the General Discussions of the Faraday 
Society’? the rival claims of these and other empirical rules had to be left 
unjudged, pending further work. Our own results support neither Jenkins’ 
nor Miiller’s as seen from Fig. 1, where the polarisation data are plotted 





1M. A. Govinda Rau and B. N. Narayanaswamy, Proc. Ind. Acad. Sci. (A), 
1934, 1, 14. 
M. A. Govinda Rau and B. N. Narayanaswamy, Z. physikal Ch. (B), 1934, 26, 23. 
F. H. Miiller, Physik. Z., 1933, 34, 689. 
H. O. Jenkins, J. Chem. Soc., 1934, 480. 
F. H. Miiller, Physik. Z., 1934, 35, 346. 
H. O. Jenkins, Trans. Farad. Soc., 1934, 30, 739. 
Trans. Farad. Soc., 1934, 30, 746. 
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against the dielectric constants as reported by each author, and connected 
together attaching the same weight to each of the points. In contrast 
to the others, our results fall on a regular curve, exhibiting a uniform 
decrease of P2,, with increasing dielectric constant over the observed range. 
Rather than fit yet another empirical equation to this curve, an attempt has 
been made§® to find a logical explanation for the observed solvent influences 
on the basis of the theory of Raman and Krishnan? where the Lorenz- 
Lorentz and its counter part Clausius —- Mosotti equation is sought to be 
modified for the liquid state. 














Experimental. 

A sample of pure mitrobenzene (Kahlbaum: prepared from crystallised 
benzene, free from thiophene) was dried over phosphorous peritoxide and 
fractionally distilled under reduced pressure. The distillate boiling at a 
constant temperature was further purified by recrystallisation. It was 
finally dried over phosphorous pentoxide and slowly distilled under reduced 
pressure. B.P. 96° (17 mm.). The solvents benzene, carbon tetrachloride and cyclo- 
hexane were purified as described in a previous paper.!° Heptane (E. de Haen) 
was treated successively with concentrated sulphuric acid, sodium hydroxide 
solution, and mercury, and finally dried and fractionally distilled over 
phosphorous pentoxide. A sample boiling steadily at 99°-0 (760 mm.) was 
collected foruse. Hexane (Kahlbaum: aus petroleum) was treated exactly 
as above, and a fraction boiling steadily at 69° (760 mm.) was collected. 

























8 M. A. Govinda Rau, Proc. Ind. Acad. Sci. (A), 1934, 1, 498. 
® C. V. Raman and K. S. Krishnan, Proc. Roy. Suc. (A), 1927, 117, 589. 

10 M. A. Govinda Rau and B. N. Narayanaswamy, Proc. Ind. Acad. Sei. (A), 
1934, 1, 14. 
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Dioxane (E. de Haen: pure) was dried over sodium wire for a week, and 
fractionally distilled. A steadily boiling sample was further purified by 
recrystallisation, dried again for a week over sodium wire, refluxed over 
sodium for a few hours and then fractionally distilled. B.P. 100°-1 (760 mm.) 


Solvent: Hexane. 




























































































I. 

. d 10° | 20° 30° 40° 
Concentration in ce (ete: Cem <psiadt ass 
mol. fraction E | d | E d E | Po d 

3 { 3 | 
0 1-923 | 0-6888 | 1-907 | 0-6796 1-892 | 0-6703 1-877 | 0-6612 
0-00977 2-071 | 0-6931 2-049 | 0-6840 2-027 | 0-6748 2-006 | 0+6657 
0-01537 2-156 - 2-130; — 2-104 _- 2-078 - 
0-02025 2-234 — 2-204 | = 2-175 _- 2-144 _ 
0-02815 _ 0-7012 | - | 0-6922 - 0-6831 — 0 -6740 
0-03238 2-422 | 0-7032 | 2-384 | 0-6940 2+345 | 0-6848 2-307 | 0-6756 
0 -03738 _ 0-7052 — | 0-6961 - 0-6870 — 0-6779 
iz: 
1° a. B | Pro | pe x 1028 
' { 
10 15-43 0-446 | 399°5 4°08 
20 14-74 0-449 | 389-8 4-10 
30 | 14-03 0-450 379-6 4-10 
40 | 13-27 0-450 | 367°3 4-10 
Solvent : Heptane. 
if 
10° 20° 30° 40° 
Concentration in VEER 
mol, fraction E d BE a E 4 E d 
0 1-928 | 0-7165 | 1-915 | 0-7081 1-902 | 0-6997 1-889 | 0-6908 
0-01563 2-141 | 0-7223 2-118 | 0-7138 | 2-094 | 0-7053 2-070 | 0-6967 
0-02122 2-220 | 0-7244 | 2-193 | 0-7160 | 2-166 | 0-7074 | 2-139 | 0-6988 
0-03535 2-417 | 0-7298 | 2-380 | 0-7212 | 2-344 | 0-7126 2+307 | 0-7039 
0-04276 0-7325 2-481 | 0-7239 | 2-440 | 0-7153 | 2-398 | 0-7064 
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Solvent : Cyclohexane. 


} 








Concentration in 
mol. fraction 





0 
0-01273 
0-02163 
0-03400 
0-04464 




























































Solvent : Carbon tetrachloride. 
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5 
10° 20° 80° 40° 
Concentration in 
mol. fraction E d E a E a E d 
0 2-256 | 1-6123 | 2-287 | 1-5930 | 2-218 | 1-5735 | 2-199 | 1-5542 
0-01091 2-501 | 1-6077 | 2-470 | 1-5885 | 2-439 | 1-5694| 2-408 | 1-5503 
0-01751 2-646 | 1-6052 | 2-608 | 1-5861 | 2+570 | 1-5670 | 2-533 | 1-5478 
002519 2-824 | 1-6024 | 2-777 | 1+5832 | 2-730 | 1-5641 | 2-683 | 1-5450 
0+03335 3-006 | 1-5988 | 2-950 | 1-5799 | 2-894 | 1-5609 | 2-838 | 1-5420 
0-04357 3-243 | 1-5950 | 3-176 | 1-5760 | 3-109 | 1-5570 | 3-042 | 1-5380 
HH 
| | 
#° a —B Pees pe Xx 1018 
| ; | 
10 | 22-55 0-402 386+1 4-00 
| 
20 21-46 0-389 375-8 4-02 
30 20-37 0-379 365-1 4-02 
40 19-26 0-368 353-8 4-02 
Solvent : Benzene. 
I. 
| 10° 20° 30° 40° 
Concentration in | ao oe — 
mol. fraction | E | d E d E d E d 
0 2-303 | 0-8886 2-283 | 0-8778 2-263 | 0-8671 2-243 | 0-8563 
0-02849 2-999 | 0-8994 | 2-948 | 0-8886 | 2-895 | 0-8779 | 2-843 | 0-8672 
0-03430 3-140 | 0-9014 3-083 | 0-8908 3-024 | 0-8802 2-965 | 0-8696 
0-04715 3-456 | 0-9063 | 3-383 | 0-8957 | 3-309 | 0-8851 | 3-235 | 0-8745 
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Polarisation values : 
against 1/T, the points do not fall on a straight line, but the line joining 
them shows a distinct curvature, which is concave to the 1/T axis (Fig. 2). 


3-96 

20 23-32 0-380 369-8 3-98 

30 22-19 0-382 360-1 3-99 

40 21-05 0-387 | 349-7 3-99 

| 
Solvent: Dioxane. 
E 
10° 20° 80° 40° 
Concentration in 
mol. fraction E d E d E d E d 
ee = | 
0 2-353 | 1-0404 | 2-328 | 1-0292 | 2-303 | 1-0178 | 2-278 | 1-0064 
0-01508 2-730 | 1.0436 | 2-687 | 1-0323 | 2-645 | 1-0210 | 2-603 | 1-0098 
| 
0-02064 2-868 | 1-0449 | 2-820 | 1-0335 | 2-772 | 1-0222 | 2-725 | 1-0107 
0-02677 3-022 | 1-0462 | 2-966 | 1-0348 | 2-912 | 1-0236 | 2-857 | 1-0121 
0-03096 3-128 | 1-0469 | 3-067 | 1-0353 | 3-007 | 1-0234| 2-947 | 1-0119 
ug 
t° | a | B Rive | x 1088 
| | 

10 25 +02 0-214 366-8 3-90 

20 23 -86 0-205 358-6 3-91 

30 22-75 0-210 350-0 3-93 

40 21-64 0-204 341-9 3-94 

Discussion. 


When the Psc. values in any solvent are plotted 
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This is as it should be, for, starting from any point A and assuming some 
finite value for the moment, the calculated values of Ps, should fall on 
a straight line as 1/T increases, 7.e., as the temperature decreases. But 
on account of the increasing dielectric constant of the solvent with the fall 
in temperature, the experimental values of P2,, will be more and more 
below the calculated values, and thus the curve will be concave to the 
1/T axis. 

Dipole moment: The high moment of nitrobenzene has been regarded 
as due to the presence of a semi-polar or ‘‘co-ordinate’’ link in the —NO, 
group. The existence of this co-ordinate link is supported by parachor!! 
and other evidences, and indeed, on the assumption that the moment of 
—NO, is mostly due to the N-O link and therefore has its negative end 
towards oxygen, Williams!? successfully deduced the directions of the 
moments of other groups from the moment values of mixed para-di-deriva- 
tives of benzene. A closer examination of the moment of the —-NO, group, 
however, presents some difficulties. For, the moment of nitrosobenzene, 
CsH;NO, which differs from CgH;NO, by exactly the absence of the N>O 
link, amounts to as much as 3-14.13 The direction of this moment has been 


11 Sugden, The Parachor and Valency, London, 1930, p. 118. 
12 J, W. Williams, Physikal Z., 1928, 29, 174; also N. V. Sidgwick, The Covalent Link 
in Chemistry, p. 151. 
13 PD. L. Hammick, R. C. A. New, and L. E. Sutton, J. Chem. Soc., 1932, p. 742. 
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determined as making an angle of 22°-3 with the C—N axis, from a compa- 
rison with the moment of para-chloro-nitrosobenzene. If now, the moment 
of nitrobenzene is taken to be 4-0, as a good average, and also the general 
consensus of opinion that its direction is along the C—N axis, then it is 
possible to calculate the direction and moment of the NO link from a 
vector diagram (Fig. 3a). The magnitude of the moment is 1-61, and it 
makes an angle of 48°-2 with the C—N axis. There is a curious coincidence 
between this value of 1-61 and the value 1-71 reported for azoxybenzene, 
in which according to Gehrckens and Miiller!* the two benzene rings are in 
the trans-position about the —N=N-— and therefore the moment is solely 
due to the N0 link (neglecting for the present any unequal electromeric 
effects). 
N—C,H; 


Vi 
CsH;—N p=1-71. 


O 


The value of 1-61 for the moment of NO is, however, much smaller 
than what one should expect for a link of this type. If the nuclear separa- 
tion in NO is taken as 1-41 A.U., the electronic charge as 4-77x 10 
e.s.u., and the probable moment of N—O as 0-5, then the calculated value!’ 
of moment for NO is 6-73+0-5=7-23. On the other hand, if we assume 
this value for the moment of NO, and further that the angle between 
C—N and NO is 110° the tetrahedral valency angle, then the resultant 
between this and the moment of nitrosobenzene is 7-77 and makes an angle 
46°.2 with the C—N axis (Fig. 3b). Neither the value of this moment, nor 
its direction agrees with the experimental value for nitrobenzene. Still, if as 
Jenkins'* has postulated, the nitro group exists in a state of quantum 


O 
O 
resonance between —_ and —N@ , then the resultant moment will 
™e 


be along the C—N axis, and have a value 5-38, which is somewhat nearer 
to the experimental value of 4-0. 





14K, A. Gehrckens and E. Miiller, Ann. Chem., 1933, 500, 296. 


15 Following the method of D. L. Hammick, R. C, A. New, N. V. Sidgwick and 
L. E. Sutton, J. Chem. Soc., 1930, p. 1876. 


16 H. O. Jenkins, Nature, 1934, 134, 217. 
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It is also interesting to note in this connection that Zahn!’ finds a 
definite moment of 0-6+ 0-1 for NoO, which must have the structure 
O O 


mo, . If this observation is confirmed!’ it would mean that the 


0 
O 


resultant moment of each i group is not along the N—N axis, but 


O 
inclined to the same. Further work is therefore necessary before the 
moment of nitrobenzene can be completely explained. 


Summary. 

1. The polarisations and moments of nitrobenzene in six solvents, 
hexane, heptane, cyclohexane, carbon tetrachloride, benzene and dioxane, 
have been determined over the temperature range 10° to 40° C. 

2. The polarisation values in each solvent, when plotted against 1/T, 
fall on a line which is concave to the 1/T axis. 


3. The bond moment for NO calculated from the observed moment 
of nitrobenzene is only 1-61, as against the expected value of 7-23. If on 
the other hand 7-23 is assumed to be the order of the moment for 
N+>O, the structure of the —NO,: group must be one which is in a state 
of quantum resonance between two equivalent structures. 


170. T. Zahn, Physikal Z., 1933, 34, 461. 
18 J. W. Williams, C. H. Schwingel and C. H. Winnig, J. Amer. Chem. Soc., 1934, 
56, 1427, find the moment to be nearly zero. 
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DeEBYE! was the first to point out that on the analogy of the kinetic 
behaviour of a solute in a dilute solution, the equation developed for the 
molar polarisation of a substance in the ideal gaseous state could be applicable 
to the value of the polarisation calculated for a solute in an infinitely dilute 
solution in a non-polar solvent, provided there is no specific mutual interaction. 
A considerable volume of earlier measurements were carried out using benzene 
almost invariably as the solvent, and the moments thus measured were found 
to be comparable, and capable of satisfactory interpretations. | When other 
solvents were tried,* definite though small influences on the values of the 
moment were soon noticed, but with the growing interest almost wholly 
concentrated on the values for the moments and their bearing on the 
chemical constitution, benzene was adopted as a conventional solvent? and 
work proceeded with. Miiller+ was the first to carry out and publish the results 
of a systematic work on the subject of the influence of the solvent. Other 
papers’ on the same subject have since been published. Meanwhile Van 
Arkel and Snoek® studied closely the change of polarisation of a solute with 
concentration in a non-polar solvent, and formed some semi-empirical equa- 
tions to explain and interpret such changes. It has also been known for some 
time that the course of change of polarisation with concentration of the 
solute is different in different solvents, and indeed in such a manner that 
a simple interpretation of these changes on the sole basis of association 





1 P, Debye, Handb. d. Radiologie, 1925, 6, 597. 
2 J. W. Williams, Physikal Z., 1928, 29, 174; K. L. Wolf, Z. physikal Ch. (B), 1928, 
2,39; O. Hassel and A. H. Uhl, tbid., 1930, 8, 187; C. P. Smyth and W. N. Stoops, 
J. Amer. Chem. Soc., 1929, 51, 3312; C. P. Smyth and W.S. Walls, ibid., 1932, 54, 1854, 
3230; H. M. Smallwood, Z. physikal Ch. (B), 1932, 19, 242. 
3 O. Fuchs and H. L. Donle, ibid., 1933, 22, 4. 
C. P. Smyth and W.S. Walls, J. Amer. Chem. Soc., 1932, 54, 2261. 

4 H. Miller, Physikal Z., 1932, 33, 731. 

5 H. Miiller, ibid., 1933, 34, 689; 1934, 35, 346; Trans. Farad, Soc., 1934, 30, 729. 
H. O. Jenkins, J. Chem. Soc., 1934, 480; Trans. Farad. Soc., 1934, 30, 739. 

6 A. BE. V. Arkel and J. L. Snoek, Physikal Z., 1932, 33, 662; Trans. Farad, Sovc., 
1934, 30, 707. 
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of solute molecules could not be supported’: thus, the results for nitro- 
benzene would show, contrary to expectation, a greater association in 
solvents of higher dielectric constant.® All the different aspects of the subject 
have been recently discussed in the Faraday Society Symposium,? without, 
however, coming to any definite conclusions apart from listing the various 
empirical equations so far proposed. It will be the object of the present 
paper to show that the majority of the empirical equations have for their 
theoretical background the formula proposed by Raman and Krishnan!? 
nearly seven years ago, and based upon a knowledge of the structure of liquids 
gained from optical and X-ray scattering data. Goss!! appears to be the 
first to draw pointed attention to this theory, but his application of the 
same to the problem under consideration has not been carried out in a 
rigorous manner. A paper by Weigle! may be referred to in this connection 
in which a serious attempt is made to tackle the specific question of a dipole 
completely surrounded by a non-polar solvent from purely molecular con- 
siderations. The calculations are admittedly only approximate, but the 
conclusions regarding the réle of the shape of the dipole and solvent 
molecules are exactly in the sense of the Raman-Krishnan theory. 

It may be worth briefly recapitulating here the ideas leading up to the 
Raman-Krishnan theory. While a considerable amount of knowledge has 
accrued concerning the gaseous and crystalline states of matter, still very 
little is known regarding the nature of the liquid state. The success attending 
the thermodynamic treatment of solutions, the phenomena of Brownian 
movements, etc., have tended to over-emphasise the analogy between the 
liquid and the gaseous states. On the other hand, there are many factors 
such as refractive index, density, and heat conductivity, which indicate a 
remarkable relationship between the liquid and solid states.% In particular, 
the X-ray diffraction patterns of crystalline powders and liquids under same 
conditions of temperature and pressure show a close relationship, the pattern 
of the prominent rings of the crystalline powder persisting in the liquid 
state with but slight modifications.‘ One can therefore speak of a 





7 J.Malsch, Physikal Z., 1932, 33,383; L. G. Davy and N. V. Sidgwick, J. Chem. 
Soc., 1933, 281; A. E. V. Arkel and J. L. Snoek. loc. cit. 

8 N. V. Sidgwick, The Covalent Link in Chemistry, p. 174. 

9 Trans. Farad. Soc., 1934, 30, 679-903. 

10 ©, V. Raman and K. S. Krishnan, Proc. Roy. Soc. (A), 1927, 117, 589. 

11 F, R. Goss, J. Chem. Soc., 1933, 1341; 1934, 696. Also, R. Sanger, Physikal Z., 

1930, 31, 307. 

12 J. Weigle, Helv. phys. Acta, 1933, 6, 68. 

13 G. W. Stewart, Koll. Z., 1934, 67, 130. 

14 P, Krishnamurti, Ind. J. Phys., 1928, 3, 225; G. W. Stewart and R. M. Morrow, 
Phys. Rev., 1927, 30, 232; R. M. Morrow, ibid., 1928, 31, 10, 
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definite liquid structure, which assumes statistically a crystalline form.s 
Nothing definite is, however, known regarding the nature and extent of 
the deviations from the statistical average, in spite of increasing amount 
of theoretical and experimental work, but it is sufficient for our purpose 
to know that the inter-molecular forces in the liquid state do not permit 
of a perfect randomness of orientation, and that there is a tendency 
for the molecules to be packed with some regularity over regions extending 
from 100 to 1000 molecules. 

A direct consequence of even this amount of information is that 
one can no more regard as valid the fundamental and well-known 
assumption made by Lorentz, viz., that the molecules in the immediate 
vicinity of any one molecule and contained in a_ spherical cavity 
surrounding it, can be considered to be distributed with spherical symmetry 
and with perfect freedom of orientation. Lorentz, however, was not 
unaware of the weakness of this assumption, and actually suggested that 
there may be an additional field of type 4asP, where P is the polarisation 
of the medium, and s a factor due to the molecules inside the sphere.'6 
It can easily be shown that s will vanish for a symmetrical distribution 
of matter and perfect freedom of orientation of molecules, as then the 
integral / NF dv where N is the number of doublets in a volume element 
dv, and F the force exerted by each doublet at the origin, will be zero. 

Now, a study of the optical scattering in the gaseous state has shown 
that the great majority of molecules are anisotropic and non-spherical 
in shape. When such non-spherical molecules tend in the liquid state 
to be packed in an orderly manner to whatsoever a degree, as directly 
shown by X-ray patterns, it is obvious that the distribution of the 
molecules in any small element of volume will be no more isotropic, 
although the distribution will tend to be so more and more as the 
temperature is raised or the medium made otherwise less dense. A 
systematic study of the scattering of light in liquids led Raman and 
his colleagues!’ to the same conclusion. They were able to show with 
the simplifying assumption that the distribution alone is unsymmetrical 
while the orientations are at random, that the considerably decreased 
values for the anisotropy calculated for the liquid state must be due 
to unequal mutual inductions between neighbouring molecules, a kind 





15 J. D. Bernal and R. H. Fowler, J. Chem. Phys., 1933, 1, 515; G. W. Stewart and 
R. M. Morrow, loc. cit. 

16 J. Malsch, loc. cit., H. A. Lorentz, Wied. Ann., 1880, 9, 641. 

17 K. R. Ramanathan, Jnd. J. Phys., 1927,1, 413; I. R. Row, ibid., 1928, 2, 61; 
S. Ramachandra Rao, ibid., 1928, 3, 1, 21. 
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of Ramanathan!8 effect between them. Finally, Raman and Krishnan! 
showed that this is exactly equivalent to saying that the local 
polarisation field acting on a molecule is anisotropic, the field acting 
along its longest axis being least, and that along its shortest axis most. 
The actual values of the field could be calculated by regarding the 
molecule as placed inside a uniformly polarisable non-spherical cavity 
of dimensions given by X-ray data, the medium outside being considered 
as isotropic. The theory fitted satisfactorily with experimental facts, 
and the anisotropy calculated for the liquid state gradually increased 
with temperature until at the critical point, it was equal to the gaseous 
value.22 Some discrepant values were, however, observed, which on a 
rigorous examination, proved to be due to certain experimental difficulties.! 
This general success of the theory, in spite of the simplifying assumptions 
made, led Raman and Krishnan to apply it to other physical properties 
of the liquid state, such as refractive and electric polarisations,?? electric 
double refraction,?* etc. 

Briefly, the modified expression for the polarisation, with which 
alone we are concerned here, in the liquid state is worked out as follows: 
Let a), 42, 43 represent the electrostatic polarisability of the free molecule 
(as calculated from the data for the gaseous state) along three mutually 
perpendicular principal axes, mu), w2, ws the components of the permanent 
moment along these axes, and 41, 922, 933 (91, 92, 93 for short) the constants 
of the static polarisation fields also acting along these axes when the 
incident field is parallel to each one of them. Then from the expressions 
for the moments induced in a molecule along each of its axes, the fields 
acting along them, and the potential energy of the molecule, the average 
contribution from a molecule in the medium to the moment along the field 
is given by 


a,(1+4q,,X.) +a,(1+9,,X.)+a,(1+q,,X%) , 1 . 
1h ee en en et + og (Me + Myo, +My) (1) 


where x, is the electrical susceptibility of the medium=v.m,= st (v being 


the number of molecules per c.c. and ¢« the dielectric constant), and M, the 
effective moment along each axis. The expressions of the type 4,(1+ q11x,) in 





18 K, R. Ramanathan, Proc. Roy. Soc., (A), 1925, 107, 684; 1926, 110, 123; also. L. 
Silberstein, Phil. Mag., 1917, 33, 92, 215, 521. 

19 ©. V. Raman and K.S. Krishnan, Phil. Mag., 1928, 5, 498. 

20 §. Ramachandra Rao, Ind. J. Phys., 1927, 2, 7, 179. 

21 H. A. Stuart (Ergeb. Exact. Naturwiss., 1931,10, 205) appears to overlook this. 

22 ©. V. Raman and K. S. Krishnan, Proc. Roy. Soc., (A), 1927, 117, 589. 

23 C, V. Raman and K. S. Krishnan, ibid., 1927, 117, 1. 
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the first term can obviously be regarded as representing the modified aniso. 
tropy of the molecule in the liquid state. As the fields of the type qj, gos will 


be quite negligible, one can in general write down gq), = = +S}, Joo = ~ +5», 
933 = = +5, where s; + s2+s3 = 0. Substituting these relationships and 


also the value for x,, the final expression derived is 


e—l1 4a a a 2 ) 
= = - 7 “+ ——— > — + —— ee = 
e+2 ( 3 a ae” (¥: an)  @ 


where, ¥ = }(a@,s, + aoS2 + 4353) 
and = @ = py?sy + py?S2 + pz’S3 + 2(ip29i2 + HoM3qo3 + 143}41931)- 
The corresponding expression for the molar polarisation is given by 


e-1 M_4n $4 #),o1n(p+ §) 
es haar Meals n(2 3 * gen) * ora NY + app) ~ & 


where M is the molecular weight and N the Avogadro number. 





The success of this and the corresponding expression for the optical 
refractivity to represent the observed data for the liquids have been demon- 
strated by the work of Krishnan,?4 Ramanadham?* and others. Proceeding 
purely from the values of 9), g2, 93, derived from the theory of the scattering 
of light in liquids, it has been shown by Krishnan, that in the case of 
benzene, not only the dielectric constant and refractive index, but also 
their change with temperature and pressure are faithfully reproduced. It 
must, however, be pointed out here, that although the expressions derived 
above are rigorously correct, they are not quite complete, as a rigid method 
for evaluating q, g, and gs has not been completely worked out. Their 
values derived from optical scattering, although they fit in remarkably in a 
number of cases do not do so in several others, possibly on account of the 
defect in the simplifying assumption regarding the degree of freedom of 
orientation of molecules that has been made in deriving the expression for 
the scattering of light in liquids.26 Further progress in this direction is 
apparently delayed by the necessity of a more intimate knowledge regarding 
the structure of liquids, as from X-rays. 


Recently the theory has been extended to the case of refractivity?? 
and polarisation®$ of liquid mixtures. Here also the expressions derived are 
perfectly rigorous so long as the symbols employed are understood in 





24 K.S. Krishnan, Proc. Roy. Soc., (A), 1929, 126, 155. 

°5 M. Ramanadham, Proc. Ind. Acad. Sci., (A), 1934, 1, 281. 
26 C, V. Raman and K. S. Krishnan, Phil. Mag., 1928, 5, 498. 
27 G. Narasimhaiah, Proc. Ind. Acad. Sci., (A), 1934, 1, 34. 

28 D. S. Subbaramaiah, ibid., 1934, 1, 355. 











2 








Solvent Effect in Dipole Moment Measurements 503 


the correct sense. Thus, in the expression for the molar polarisation of a 


liquid mixture 
—— 1 x M, 2 4 wT 


a #¢ 4% wy 9, 
xh gN( 24 ang sin) +455 a (*. + sin) 


+4,9N(2% 4+ iver: = n(¥, + 5h ve AO 


where f, and fy stand for the mol. fractions of the components, the 
anisotropic field constants contained in the expressions for the symbols 
Y,, 0), V2 and @, refer to the actual fields acting on each of the two 
types of molecules under the conditions prevailing in the mixture. The 
use in their place of the corresponding values for the homogeneous liquids 
is only a rough approximation, and the success of this device in the 
case of simple types of liquids serves no more than to indicate the 
correctness of the theory. 





The limiting case of a mixture provided by an infinitely dilute 
solution of one component in the other, presents, however, a simple picture 
in which each solute molecule is completely surrounded only by the 
solvent molecules, and not by a mixture of both kinds as in the more 
concentrated solutions. The constants of the anisotropic field acting on 
the solute molecule should be more easily amenable to theoretical 
treatment, perhaps on the lines of the approximate calculations of Weigle. 
We shall, however, only apply the rigorous expression (4) for the polarisation 
of a mixture as it stands to calculate the molar polarisation of a polar 
solute at infinite dilution in a non-polar solvent after eliminating the 
influence of the solvent. This is obviously equivalent to deriving an 
expression for the molar polarisation of the solute in the ideal gaseous 
state, from measurements made in the solution state. 


As one of the components, namely, the solvent, is non-polar, the 
expression (4) for the ae.” of wr mixture can be written as 


e—1 i M, » 4m N NY, ey path yN(E% ihe 


——. _ = N 


e+2 ds 13 





3) 
+ i, SN i + an) .. (5) 


Here, Tn(s% 4. is the same as the molar polarisation P, of the 


aT 
4 " 
solute in the gaseous state, and > N 2 3 which stands for the molar 


polarisation P, of the non-polar solvent - ey gaseous state can be written 


, e,—1 _ M, 
down according to (3) as ene x : be 3 In Y. Thus, from (5) the 


value of P, is given by 
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- - fe“. os ee a—) 
<7 (FS . a. <,+2 * i)- BP, 3 e+2 €,+2 
— N (¥. + a) .. (6) 


For sufficiently low concentrations « and dj)» change linearly with 
concentration, and can be expressed as e=e,(l+af2), and dj, = 
d, (1+Bf2). Then for the limit f.>0, Po=Po., e=€), dy.2=d,, and fi=1 
Hedestrand?® has shown that the first term on the right in (6), commonly 
called polarisation at infinite dilution P),., reduces for this zero limit of fo to 

«.—1 M,— AM, 4 3M, a ¢, 

€,+2 d d, (€, +2)?” 
The second term in (6) can also be similarly reduced by substituting for 
e« and expanding as 


NY, fi flex. +af.)—1] [e, +2]—[e,—1] [e, A taf.) + = 





1 








"ht [e,(1 +af,) +2] [e,+2] 
3aé€, 
=NYi ffi e(1+af,) +2) ara 
=NW, 3%. for the limit f, > 0. 


(«, +2) 


The third term in (6) obviously reduces for this same limit of f2 to 


ara (¥: + arn) 
+2 2 SET 


Thus, the value for P. in the ideal gaseous state is given by 


Pp ec! M,—fM, 3M, a €, NY 3ae, €,—1 (¥, + ae) 


— x —_— .— ——— 
2 €,+2 d, d,(e, +2) 1 (€,+2)? e,+2 kT 











Bae 6-1, 6-1 _ NO 1 
* (s, +a ache Cas ot oe J - 
Here, the significance of the symbols ¥;, WY, and @ must be 
emphasised. The anisotropic field constants contained in ¥; are clearly those 
prevailing in the homogeneous solvent, but the field constants contained 
in Y, and @ are those effective on the solute molecule in the state of 
infinitely dilute solution in the solvent, and not those prevailing in the 
pure homogeneous solute. One can regard equation (7) as giving three 
correction terms to be applied to P»,, in order to obtain the value of 
P, in the ideal gaseous state. Of the three terms, the sign of the first 
two will be positive as the values of Y, and 2 are necessarily negative.” 
But the sign of the third term, which is the most significant correction 


= P..— NY, 








29 G. Hedestrand, Z. physikal Ch., (B), 1929, 2, 428. 
30 ©, V. Raman and K.S. Krishnan, Proc. Roy. Soc., (A), 1927, 117, 596. 
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is extremely interesting; for @ can be negative or positive according 
as the moment is along the axis of greatest polarisability or not, in 
other words, approximately according as the solute has a positive or a 
negative Kerr constant. In the great majority of cases, the moment 
lies along the axis of maximum polarisability,3! and s,; will be negative 
and hence the third correction term will also be positive. Some cases 
where the total correction is negative have been brought to light recently 
by Higasi,*2 who observes that all such substances have a pronounced 
negative Kerr constant. The Raman-Krishnan theory is the only one 
so far that can supply a most natural explanation for this observation. 
Even chloroform and ether? which have negative Kerr constants, tend 
to show an increased moment in benzene and carbon tetrachloride, 
compared to the value obtained for the gaseous state. While the theory 
is thus undoubtedly in the correct direction and rigorous so far as equation 
(7) goes, it is, however, by no means complete, and indeed for the same 
reasons as already explained. The values of the anisotropic field constants 
can only be roughly estimated and not rigorously. 

An attempt has now been made to apply equation (7) to the case of 
nitro-benzene in different solvents from the data published in the previous 
paper. The constants in Y, for each of the solvents have been taken from 
published data, except in the case of dioxane, for which as the necessary 
data are lacking, the same values have been assumed as in cyclohexane. The 
field constants used in YW: and @ have been tentatively calculated for an 
ellipsoidal cavity of shape same as in benzene, following the method recom- 
mended by Raman and Krishnan. The value of p, the moment, is also 
tentatively taken as 4-0 x 10-8 being an average of values calculated from 
Poco in different solvents. It is, however, obvious, that when the anisotropic 
field constants can be calculated rigorously, the correct value of yw for the 
free molecule can be obtained by the method of successive approximations. 
The values of P, thus calculated by applying equation (7) to the experimen- 
tal data in different solvents are given in Table I. They can be compared 
with the value of P, obtained from measurements in the gaseous state by 
Sugden.3* Allowing for a 1% error in either of the two values, the agree- 
ment between them is remarkably close, with the exception of dioxane : 





31 H. A. Stuart, Molekulstruktur, pp. 221-222. 

32 K. Higasi, Bull. Inst. Phys. Chem. Res., 1934, 13, 1167. 

33 Trans. Farad. Soc., 1934, 30, table of dipole moments, p. XX XVI and p. XLI. 

34 M. A.Govinda Rau and B. N. Narayanaswamy, Proc. Ind. Acad, Sci. (A), 
1934, 1, 489. 

35 K. S. Krishnan and S. Ramachandra Row, loc. cit. 

36 J,. G. Groves and S. Sugden, J. Chem. Soc., 1934, 1094, 
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TABLE I. 



























































Solvent |#°C.| Pico |NPi— 95 Sheer S-1.N8 me 

Heptane ..| 10 | 400-7 6-0 1-0 23-8 431°+5 

40 | 366-6 5+3 0-9 20-8 393-6 
Cyclohexane,| 10 | 395-1 3-4 1-1 25-9 425°5 

40 | 366-1 3+1 1-0 22-6 392-8 
Carbon tetra- 

chloride ..| 10 | 386-1 — 1°2 29-7 417-0 

40 | 353°8 — 1°2 26-0 381-0 
Benzene ..| 10 | 378-1 13-5 1-3 30°5 423-4 

40 | 319-7 12-0 1-2 26-7 389-6 
Dioxane ..| 10 | 366-8 4-0 1-3 31-3 403-4 

40 | 341-9 3-6 1-2 27-3 374-0 
Vapour value calculated from data of Groves and Sugden 426-2 | 389-0 

Constants used in the above calculations. 
x 10° 
. | 8, 8, 8, ea “, “ 

Heptane «+| —2-09 1-0 1-0 185 132 132 
Cyclohexane .-| —O°75 | —O0-75 | 1-5 131 131 98 
Carbon tetrachloride .. 0 0 0 
Benzene 





Nitro-benzene 
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even here assuming the discrepancy to be solely in the value of s,, and 
calculating back from the gas value of Py, s; comes out as —2-10 at 10° or 
—1-88 at 40°, which is of the correct order of magnitude. It may be worth 


noting that the value of s;=q,— ) when calculated in this manner back 


from the experimental data for gases and solutions according to equation 
(7), should never exceed 4- 19=—*, as the sum total of the field constants 


acting on a molecule inside a cavity of ellipsoidal shape is 47. As a further 
test, the value of s, for the case of chloro-benzene in benzene has been 
calculated from the experimental data of Tiganik®’ for solutions and Sugden 
for vapour, and comes out as —2-58. Yet another difficulty in applying 
rigorously the Raman-—Krishnan theory at present is that s; is not inde- 
pendent of temperature, but has a small temperature co-efficient.3* In spite 
of all these handicaps, Table I shows how remarkably successful the theory 
is in at least interpreting the difference between P2 and the Py. values in 
non-polar solvents. One must, however, await further developments in 
deriving rigidly the values of s,, etc., in different solvents before the theory 
is rendered even more useful to calculate the value of P, for the gaseous 
state from the value of Py, in any non-polar solvent. 


It now remains to examine how far the several empirical equations, to 
which different degrees of success have been claimed,?9 bear any resem- 
blance to the fundamental expression derived from purely theoretical consi- 


derations by Raman and Krishnan. To start with we can consider Sugden’s 
-1 


€=- 
e+2 





equation? Pj’ = P,** +a— Py (Ps! = molar polarisation calculated 
by directly applying mixture law to solutions, P,** the total polarisation 
deduced from vapour measurements, a is a small constant, and Py is the 
orientation polarisation) as it has been tested for a number of cases, and 
recently Fairbrother*! has successfully applied it to calculate the moment of 
free nitro-benzene molecule. The weaknesses of this equation in failing to 
reproduce all the experimental data are also detailed in this paper. Further, 
it can be shown that the several empirical equations so far proposed reduce 
to the type of Sugden’s. 


Sugden’s equation can be rewritten as 


P,=P/—a+ 1 


an 
e+2 





Pu. 





37 L Tiganik, Z. physikal. Ch. (B), 1931, 13, 425. 

38 K.S. Krishnan and S. Ramachandra Row, loc. cit. 
39 Trans. Farad. Soc., 1934, 30, 745, etc. 

40 S. Sugden, Trans. Farad Soc., 1934, 30, 720. 

41 F, Fairbrother, J. Chem. Soc., 1934, 1846. 
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Equation (6) can ae be re-cast into the same form, thus: 
il. 1 [x4  . ¥ (2 mi M, NW “I -<I a N 
d,., 











2 ft € +3 * d, *¢+2 €- . A 
@ H+ RP + 6h) 
_ B2fe-t ek 5 G3 a ey 
“alee a x¥, (SS £23) 
«— | 3 NO 


Now, there are three nati of interest in ieee (8) : (i) the first term is 
a eo to P,' calculated in the usual manner, since N¥, 


(-Az 


bec hacen phe the second term containing it will also be very small, and 
thus correspond to Sugden’s a ;(iii) “fi = bag s, will in general be negative and 





will be only a small correction term ; (ii) (W2—¥)) will bea 


as s, is of the order of magnitude + the third term containing 9 will 


“ , 
ci = Nu. : 
be positive and correspond to — x oe. 1.€., to Py. Thus Sugden’s 


empirical equation closely resembles Raman and Krishnan’s theoretical 
expression. 

Another formula which has also met with some success is that of Van 
Arkel and Snoek,® v7z., 


Py 
>= - aa 
mht Vibe 


where refers to the volume polarisation, p2 of the solute, py the optical 
part of the solute, p, the dipole part of the solute, c is a constant, and V, 
the volume fraction of the solute. Snoek‘? has already shown how this 
formula is closely analogous to Sugden’s. The empirical equation due to 





Miiller,** 

?.— —R, ) liquid — at vt \2 

a ee 
where k=0-075+ 0-005, can also be re-cast somewhat into the Sugden form 
thus: 


(Po—Re) gas = (P2—Re) tig, [1 +% (€—1)?] 
to a certain approximation 
Ps gas — Ps lia. ss iii k. Pop. 


If («—1)? k is replaced by "5, the analogy with Sugden’s equation is 


cae 
















42 Toe. cit, 
43 J, L. Snoek, 7'rans. Farad, Soc., 1934, 30, 721. 
44 Loc. cit. 
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obvious. Finally, Jenkins’ equation,“ P.., = A+ c can be converted 
€ 


into the Sugden form by rewriting as A+C=P.,., + “<4 C, (A+C) represent- 
ing the polarisation for the ideal gaseous state when «= 1. 

Thus all the apparently different empirical equations that have been 
tested bear a close resemblance to each other, and to the fundamental 
expression derived by Raman and Krishnan. Hence the demands made at 
the Faraday Society General Discussion both by the President (Prof. N. V. 
Sidgwick) for ‘“‘ a general expression which would enable us to eliminate the 
effect of the solvent,’’ and by Prof. P. Debye for at least ‘‘a qualitative 
picture which explains the apparent dissociation of the moment with 
increasing dielectric constant,’’ are both more than met by this theory of 
anisotropic fields prevailing in a liquid. The theory, however, has to be 
further perfected in the directions indicated and seems also capable of 
extension to the case of polar solvents. 

My best thanks are to Prof. Sir C. V. Raman for his general guidance 
and encouragement and to Mr. S. Satyanarayana Rao for some useful 
discussions. 

Summary. 

1. The ideas leading up to Raman and Krishnan’s theory of aniso- 
tropic field constants prevailing in a liquid medium are briefly recounted. 

2. On the basis of this theory a rigorous expression is derived for the 
polarisation of a solute in infinite dilution in a non-polar solvent, after 
eliminating the influence of the solvent. 

3. This equation is successfully applied to the data on the polarisation 
of nitro-benzene in different solvents. 

4. It is shown that the several empirical equations proposed to represent 
the solvent influence on the polarisation of the solute, all closely resemble 
the rigorous expression derived from the theory of Raman and Krishnan. 





45 Loe. cit. 
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METHYL ethers of B- and y- coccinic acids were synthesised by Meldrum! by 
Fritsch’s method. Methyl-5-methoxy-m-toluate was condensed with chloral 
when a mixture of two isomeric trichloromethyl-phthalides (I 8, I y) was 
obtained which was ultimately converted into the methyl ether of the 
known f-coccinic acid (II 8) and the methyl ether of what was named 
y-coccinic acid. (IIy) 

CH; CH, 


i ue CH-CCls fs COOH 


CH,0 COOH 
ee 


(11 B) 
OCHs; 


COOH 


CH, oa 


be 


(II y) 

The present work was undertaken to investigate in detail the con- 
densation of methyl-5-methoxy-m-toluate with chloral, and to synthesise 
substances related to cochinillic and carminic acids through the condensa- 
tion of chloral with 5-hydroxy-m-toluic acid. 


A. Synthesis of B- and y- Coccinic Acids. 


With a view to isolate the B- and y- isomers of the trichloro-methy]l- 
phthalides, a constant melting mixture of which was obtained by Meldrum’ 
(m.p. 117°), the effect of temperature on the condensation was studied. At 





1 J.C.S. Trans., 1911, 99, 1712. 
2 Loc. cit. 
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0° the product was identical with that of Meldrum, while at 50° the amount 
of the y-isomer was considerably greater and both the isomers could be 
C separated. 

The constitution of each of the isomers was established by converting 
it by hydrolysis into the corresponding carboxylic acid of known constitu- 
tion.? 

The same conditions of temperature were found to hold in the 
condensation with the 5-hydroxy-m-toluic acid. 

The constitutions of the isomers obtained by the condensation of 
5-hydroxy-m-toluic acid with chloral were established as follows :— 


y Each of the methoxy-trichloro-methyl-phthalides of the known consti- 
i tutiont was demethylated, when the corresponding hydroxy isomer was 
S obtained, and hence the constitution of the latter was proved. Further 
e the hydroxy isomers were methylated when the methoxy isomers of the 
1 known constitutions were obtained. Further confirmation was obtained by 


hydrolysing the hydroxy-trichloro-methyl-phthalides to the corresponding 
acids and methylating them to obtain the corresponding methoxy acids of 
known constitutions. The methoxy acids were also demethylated to obtain 
the hydroxy acids. The results are indicated in the following table: 














Trichloro methyl phthalide from Carboxylic acid from 
(a) () (2) (i 
hydroxy acid methoxy acid methoxy hydroxy 
Methylation Methylation 
B- Series. m.p. 178° [__”_ m.p. 118° —~+ m.p. 170° <—— m.p. 223° 
| Demethylation t 
Methylation Methylation 
y- Series. m.p. 184° 7” m.p. 138° —> m.p. 190° <—— m.p. 214° 
| Demethylation + 





Since the acid m.p. 170° belongs to the f- series, so also do the 
phthalides m.p. 178° and 118°; the acid m.p. 190° belongs to the y- series, 
so also the phthalides m.p. 184° and 138°. 

It was found impracticable to obtain the f- and y- coccinic acids by 
demethylation of the methyl ethers synthesised by Meldrum® and therefore 
a new synthesis was effected from 5-hydroxy-m-toluic acid and chloral. 

5-hydroxy-3-methyl-2-trichloro-methyl-phthalide (m.p. 178°) (I 8) was 
reduced by Zn and acetic acid to 3-hydroxy-6-8-dichloro-methyl-m-toluic 





3 Loc. cit. 
* Loc. cit. 
5 Loe, cit. 
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6-methyl-phenylacetic acid (III §). 


acid (IV f). 
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3-hydroxy-5-methyl-2-trichloro-methyl-phthalide (I y). 


H,C 


The conversion of the group CH,CH-Cly into CH,COOH, which was 
observed for the first time (in this synthesis) was subsequently noticed by 


HO 








I 
™ 


(III B) 


CHsg 

/\_cH-cch 
No 

\ 7-60 


(1B) 


CH, 


AN CH.-COOH 





OH 


“\__cH-CCl; 


[ I 


\ Pe 


(I y) 


COOH 


Zn + Acetic Acid 
—a > 








Oxidation 








> 


Alimchandani,? Kapadia® and Parikh.®* 


B. Synthesis of 4: 6 Dibromo-5-Hydroxy-3-Methyl-phthalic-Anhydride 


CH, 


™, 





HO NP 
(II B) 


CH, 


fs 


= 


be A 








(IV B) 








acid (II 8).6 On treatment with H,SO, the latter gave 2-carboxy-4-hydroxy- 
This on oxidation yielded B-coccinic 
In the same way y- coccinic acid (IV y) was obtained from 


CH. -CHCl, 


COOH 





COOH 


COOH 


and 4: 6 Dibromo-3-Hydroxy-5-Methyl-phthalic-A nhydride. 


In continuation of the work already described these substances were 


synthesised from the isomeric hydroxy-trichloro-methyl-phthalides.® 


4: 6-dibromo-5-hydroxy-3-methyl-phthalic-anhydride was obtained by 
Will and Leyman” from a- and B-bromo-carmines by oxidation with alkaline 
potassium permanganate, and by Miller and Rhode! by boiling a-bromo- 
carmine with excess of sodium hydroxide solution. 


This substance was 


synthesised from 5-hydroxy-m-toluic acid and chloral as follows :— 





6 Cf. .1.C.S. Trans., 1921, 119, 201; 
7 J. Ind. Chem. Soc., 1929, 6, 253. 
8 J. Ind. Chem. Soc., 1932, 9, 483. 


J. Ind. Chem. Soc., 1925, 2, 9. 


8@ Proc. Ind. Acad. Sci., 1935, 1, 431-440. 


® Loc. cit. 


10 Ber., 1885, 18, 3180. 


11 Ber., 1893, 26, 2663. 
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5-hydroxy-3-methy]-2-trichloro-methyl-phthalide m.p. 178° (I 8) was 

brominated when 4: 6- dibromo-5-hydroxy-3-methyl-2-trichloro-methyl- 

m phthalide (II 8) was obtained. The latter on hydrolysis with NaOH gave 
4: 6- dibromo-3-methyl-phthalide-2 carboxylic acid (III 8). This on oxidation 
with alkaline permanganate afforded 4:6- dibromo-5-hydroxy-3-methyl- 
phthalic acid (IV 8) which yielded by elimination of a molecule of H,O, the 
anhydride (V f). 



































CH, CH, CH, 
/ \_cHCCl,; Br / \_cH-C-Cl, Br \_cH-cooH 
B NaOH 
| > | O acon O 
HO —CO HO —COo HO —Cco 
YS / / 
Br Br 
(I B) (II B) (III B) 
CH, CH; 
Br * COOH Br A °c 
KMnO, —H,0 Ss 
HO coohHt*«~‘t‘sé‘«SD oo” 
~ aad a 
Br Br 


(IV B) (VB) 
By a similar series of reactions the isomeric 4: 6- dibromo-3-hydroxy-5- 
methyl-phthalic acid (IV y) and its anhydride (V y) were synthesised. 
: OH OH OH 


‘ ins CH-CCl, Br P 














= —COOH —H.0 Br pr 
O —_—— _- Pa 
H;C “s H,C —COOH CH; pO seas 
Br Br 
(I y) (IV y) (V y) 


It is possible that 4:6- dibromo-3-hydroxy-5-methyl-phthalic acid or its 
anhydride is formed’ along with 4 : 6- dibromo-5-hydroxy-3-methyl-phthalic 
anhydride when carminic acid is treated with bromine although no traces 
have been detected. 

C. Synthesis of Cochinillic Acid. 

Finally, Fritsch’s method!” of synthesising o-phthalic acids, has been 
extended, and the syntheses of cochinillic acid and its methyl ether 
together were effected, the B- and y- coccinic acids, the degradation products 
of cochinillic acid, being already synthesised from 5-hydroxy-m-toluic acid 
and chloral. Lieberman and Voswinckel!® proved it to have the constitution 








12 Loc, cit. 
13 Ber., 1897, 30, 688, 
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5-hydroxy-1-methyl-benzene-2 : 3: 4-tricarboxylic acid.!4 Schleussner and 
Voswinckel” attempted to synthesise cochinillic acid from y-coccinic acid 
but were unsuccessful as y-coccinic acid did not condense with chloral, 


The present synthesis starts with 3-methoxy-5-methyl-2-trichloro- 
methyl-phthalide (Iy) or 5-methoxy-3-methy]-2-trichloro-methyl-phthalide 
(I8).16 When the former was treated with zinc and acetic acid, it gave 
3-methoxy-2-f-dichloro-ethyl-m-toluic acid (II y), which on treatment with 
H.SO, gave 2-methoxy-4-methyl-6-carboxyl-phenyl-acetic acid (III y). This 
was agaiu condensed with chloral when 2-methoxy-4-methyl-5 : 6- trichloro- 
methyl-phthalide-phenyl-acetic acid (IV y) was formed. Reduction of this 
substance with zinc and acetic acid yielded 2-methoxy-4-methy1-5-8-dichloro- 
ethyl-6-carboxy-phenyl-acetic acid (Vy). Treatment with H,SO, afforded 
3-methoxy-5-methyl-1l-carboxy-phenylene-2 : 6- bis acetic acid. The last 
mentioned substance was also obtained when 5-methoxy-3-methyl-2-trichloro- 
methyl-phthalide was subjected to the same treatment. When it was 
oxidised with potassium permanganate, a small quantity of cochinillic acid 
and a larger yield of its methyl ether were obtained. 















\ 








SF 


(II y) 


OCH; 


fs 











14 Ber., 1897, 30, 1733. 
15 Annalen, 1921, 422, 125. 
16 Loe. cit. 
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CH,-COOH 
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CcH—O CH, 
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nd OCH, CH, 
cid 4 \ cx,-coon \\ coon 
H2SO4 KMnO,4 

awe (on me) 
ro H,C COOH CH;0 COOH 
de CH,.-COOH COOH 
ve Two observations have been made on the hydrolysis of the methyl 
th ether. Firstly, a solution of KOH stronger than that produced from 
1S KMnO, hydrolyses the methyl ether quite slowly. Evidently, certain 
O- conditions of the oxidation promote hydrolysis. Secondly, the oxide of 
US manganese carries down with it the methyl ether, so that the methyl ether 
a is withdrawn from the operation of these specific conditions. 


For purposes of identification, cochinillic acid was prepared from 
at cochineal through carminic acid. ‘The synthesised acid had m.p. 225° 
and mixed m.p. with cochinillic acid prepared from carminic acid m.p, 
" 224°-225°. 
d Experimental. 

A. 5-hydroxy-m-toluic acid. 

The modified method of Perkin for the preparation of 5-hydroxy-m- 
toluic acid from m-toluic acid!” was further improved and a better yield of 
the sulpho-acid was obtained. The actual method consisted in heating 
(70 g.) pure m-toluic acid and 210 c.c. HySO, (sp. gr. 1-84) at 172° for nine 
hours. The product on cooling was mixed with water (250 c.c.) and left 
overnight when crystals of the acid separated. It was crystallised from 
water. Yield 105 g. (94 per cent. theory). 

5-sulpho-m-toluic acid (50 g.) was fused with potassium hydroxide 
(150 g.) according to the original method when 5-hydroxy-m-toluic acid 
was obtained. It was crystallised from water. Yield 79 g. (79 per cent. 
theory). 

Condensation of methyl-5-methoxy-m-toluate with chloral. 
3-methoxy-5-methyl-2-trichloro-methyl-phthalide and 5-methoxy-3-methyl- 
2-trichloro-methyl-phthalide. 

Methyl-5-methoxy-m-toluate (10 g.), chloral hydrate (10 g.) and H2SO, 
(50 c.c.) were mixed together and the clear solution obtained heated at 
49°-50°. The solid obtained on diluting the solution with water after 24 
hours was crystallised from methyl alcohol when rectangular plates m.p. 
138° separated first. 

(Found : Cl, 36-0 per cent. ; Cj; H,O3Cls requires Cl, 36-0 per cent.) 





17 Cf. Jabson, Ber., 1881, 14, 2357. 








516 A. N. Meldrum and K. S. Vaidyanathan 


The second crop consisting of two isomers was recrystallised from 
methyl alcohol when after the crystals m.p. 138° separated, the crystals of 
the other isomer were recovered from the mother liquor, and were recrystal- 
lised from ethyl alcohol when double pyramids m.p. 118° were obtained. 


(Found : Cl, 36-0 per cent. ; Cj; H,O3Cl; requires Cl, 36-0 per cent.) 
The mixed m.p. of the substances m.p. 138° and 118° was 116°. 


The same condensation when effected at 0° gave crystals m.p. 
116°-117°.!8 


Identification of the isomeric trichloro-methyl-phthalides. 
Hydrolysis of 3-methoxy-5-methyl-2-trichloro-methyl-phthalide and 5- 
methoxy-3-methyl-2-trichloro-methyl-phthalide. 
3-methoxy-5-methyl-phthalide-2-carboxylic acid and 5-methoxy-3-methyl- 
phthalide-2-carboxylic acid. 


The substance m.p. 138° (5 g.) was refluxed in alcoholic NaOH and 
after cooling acidified when the acid was precipitated. On crystallisation 
from glacial acetic acid stout prisms m.p. 190° were obtained. This acid is 
3-methoxy-5-methyl-phthalide-2-carboxylic acid obtained by Meldrum!9 and 
hence the substance m.p. 138° is 3-methoxy-5-methyl-2-trichloro-methyl- 
phthalide. 

The trichloro-methyl-phthalide m.p. 118° was similarly hydrolysed 
when an acid m.p. 170° was obtained. This is the other acid obtained by 
Meldrum? on hydrolysis of the condensation product m.p. 116°-117° and 
hence the substance m.p. 118° is 5-methoxy-3-methyl-2-trichloro-methyl- 
phthalide. 

Condensation of 5-hydroxy-m-toluic acid with chloral. 
3-hydroxy-5-methyl-2-trichloro-methyl-phthalide and 5-hydroxy-3-methyl- 
2-trichloro-methyl-phthalide. 

5-hydroxy-m-toluic acid (10 g.) was condensed with chloral hydrate 
(11 g.) in the presence of H,SO, in the same way as the corresponding 
methoxy compound?! at 50°. The product on crystallisation from glacial 
acetic acid gave crystals m.p. 184°; yield 8 g. 

(Found : Cl, 37-9 per cent. ; CjpH7O3Cls requires Cl, 37-8 per cent.) 

3-hydroxy-5-methyl-2-trichloro-methyl-phthalide recovered as a pasty 
solid from the mother liquor was crystallized from benzene after the 








18 Cf. Meldram, J.C.S. Trans., 1911, 99, 1712. 
19 Loc. cit. 
20 Loc. cit. 
21 Loc. cit, 
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deposition of crystals m.p. 184° rectangular crystals m.p. 178° were obtained ; 
yield 4 g. 

(Found : Cl, 37-8 per cent. ; CjpH;O3Cl; requires Cl, 37-8 per cent.) 

The mixed m.p. of the substance m.p. 184° and m.p. 178° was 
160°-165°. 

The same condensation when carried out at 0° gave large yield of the 
isomer m.p. 187° and extremely smail yield of the substance m.p. 178°. 

Acetyl derivative of 3-hydroxy-5-methyl-2-trichloro-methyl-phthalide. 

It was prepared by the action of acetic anhydride and few drops of 
concentrated H SO, on the trichloro-methyl-phthalide. It crystallised 
from absolute alcohol in rectangular prisms m.p. 164°. 

(Found : Cl, 33-0 per cent. ; C)2H9O4Cl3 requires Cl, 32-9 per cent.) 

Acetyl derivative of 5-hydroxy-3-methyl-2-trichloro-methyl-phthalide. 

It was prepared in the same way as the above and was crystallized 
from absolute alcohol when rectangular prisms m.p. 128° were obtained. 

(Found : Cl, 33-0 per cent. ; Cj2zH O,4Cl, requires Cl, 32-9 per cent.) 

Benzoylation of 3-hydroxy-5-methyl-2-trichloro-methyl-phthalide ; formation 
of 2-benzoyl-4-methyl-6-carboxy-mandelic acid. 

3-hydroxy-5-methy]-2-trichloro-methyl-phthalide (5 g.) was dissolved in 
pyridine 5c.c., and treated with benzoyl chloride (3 g.) in the warm. On 
cooling, the product was diluted with water and dilute HySO, added. An 
oily liquid was obtained which on keeping in a freezing mixture formed 
needle-shaped crystals, which were crystallised from petroleum ether and 
recrystallised from absolute alcohol, m.p. 45°; yield 2 g. 

The substance gave no colouration with FeCl; and an aqueous solution 
reacted acidic to litmus. It was found to be identical with the substance 
obtained by the action of pyridine and benzoyl chloride on 3-hydroxy- 
5-methyl-phthalide-2-carboxylic acid (described later). 

(Equivalent obtained 165-2; C,,;H,4O7 requires equivalent 165.) 

Identification of the condensation products of 5-hydroxy-m-toluic acid and 
chloral hydrate. 

Demethylation of 3-methoxy-5-methyl-2-trichloro-methyl-phthalide. 

3-methoxy-5-methyl-2-trichloro-methyl-phthalide m.p. 138° was hydro- 
lysed by passing hydriodic acid gas into its solution heated at 125°-129° for 
five hours when crystals of the demethylated product separated. It was 
crystallised from benzene when needles m.p. 184° were obtained. The 
mixed m.p. of this substance and 3-hydroxy-5-methyl-2-trichloro-methyl- 
phthalide was 184°. 
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Methylation of 3-hydroxy-5-methyl-2-trichloro-methyl-phthalide. 
3-hydroxy-5-methyl-2-trichloro-methyl-phthalide m.p. 184° was dis- 
solved in dilute NaOH, and methylated by the addition of dimethyl 
sulphate, the mixture being cooled during the reaction. It crystallised 
from alcohol in rectangular prisms m.p. 138°. The mixed m.p. of this 
substance and 3-methoxy-5-methyl-2-trichloro-methyl-phthalide m.p. 138° 
showed no depression. 

Demethylation of 5-methoxy-3-methly-2-trichloro-methyl-phthalide. 

The reaction was carried out in the same way as the demethylation of 
3-methoxy-5-methyl-2-trichloro-methyl-phthalide.*!_ It forms crystals m.p, 
178° which showed no depression in melting point when mixed with the 
substance obtained by the condensation of 5-hydroxy-m-toluic acid with 
chloral m.p. 178°. 

Methylation of 5-hydroxy-3-methyl-2-trichloro-methyl-phthalide. 

It was methylated in the same way as 3-hydroxy-5-methyl-2-trichloro- 
methyl-phthalide.22. It crystallises from ethyl alcohol in double pyramids 
m.p. 118°. The mixed m.p. of this substance and 5-methoxy-3-methyl-2- 
trichloro-methyl-phthalide m.p. 118° was also 118°. 

The identification of the condensation products of 5-hydroxy-m-toluic 
acid with chloral was further confirmed by hydrolysing the isomers and 
methylating the carboxylic acids obtained. 

3-hydroxy-5-methyl-phthalide-2-carboxylic acid. 

3-hydroxy-5-methy]-2-trichloro-methyl-phthalide (5 g.) was dissolved in 
NaOH (10g. in 25c.c.) and the mixture heated on the water bath for 15 
minutes. On cooling crystals separated from the solution. They were 
dissolved in water, acidified with dilute H.,SO, and extracted with ether; 
when a white solid was obtained which was crystallised from water when 
colourless plates m.p. 214° were got; yield 2-5 g. (Found : equivalent 207-7; 
CipHgO; requires equivalent 208.) 

Benzoylation of 3-hydroxy-5-methyl-phthalide-2-carboxylic acid ; formation 
of 2-benzoyl-4-methyl-6-carboxy-mandelic acid. 

3-hydroxy-5-methyl-phthalide-2-carboxylic acid (5 g.) was benzoylated 
with benzoyl chloride (3 g.) in the same way as 3-hydroxy-5-methyl- 
2-trichloro-methyl-phthalide.23 The oily product which solidified was crystal- 
lised from petroleum ether and then from ethyl alcohol when needle-shaped 
crystals m.p. 45° were obtained. The substance formed is 2-benzoyl-4- 
methyl-6-carboxy-mandelic acid, and is identical with the substance 





22 Loe. cit. 
23 Loe. cit 
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obtained by the action of pyridine and benzoyl chloride on 3-hydroxy-5- 


dis. methyl-2-trichloro-methyl-phthalide.24* In this case although the trichloro- 
thy! methyl phthalide group is already hydrolysed pyridine has helped to break 
ised up the phthalide ring yielding a dicarboxylic acid. 

this (Found : equivalent 165-4; C,;H,,O; requires equivalent 163.) 

38° 3 methoxy-5-methyl-phthalide-2-carboxylic acid. 


The acid m.p. 214°%5 (5 g.) dissolved in dilute NaOH was methylated 
with dimethyl sulphate in the usual way. It was crystallised from water 


| of when crystals m.p. 170° were obtained. It was found identical with 3- 
.P, methoxy-5-methyl-phthalide-2-carboxylic acid m.p. 190° obtained by 
the Meldrum?6, 

ith 


5-hydroxy-3-methyl-phthalide-2-carboxylic acid. 
5-hydroxy-3-methyl-2-trichloro-methyl-phthalide m.p. 178° was hydro- 
lysed by NaOH solution.27 The acid was purified by converting it 


pres into its Ba salt, and then reconverting the Ba salt into the free acid. 

“ It crystallised from water in rhombic plates m.p. 223°. 

(Found: equivalent, 207-6 ; CjopH,O; requires equivalent 208.) 

tic 5-methoxy-3-methyl-phthalide-2-carboxylic acid. 

nd The substance m.p. 223° 28 was methylated with dimethyl sulphate in 
NaOH solution as usual. The methylated product crystallised from acetone 
in plates m.p. 170°. It was found to be identical with 5-methoxy-3-methyl- 

in phthalide-2-carboxylic acid. 

15 Synthesis of y- and B-Coccinic Acids. 

Te y-Coccinic Acid. 

a 3-hydroxy-2-B-dichloro-ethyl-m-toluic acid. 

a 3-hydroxy-5-methyl-2-trichloro-methyl-phthalide m.p. 184° (10 g.) was 


mixed with glacial acetic acid (20 c.c.) and Zn dust (3-5 g.) added to it. 
After shaking for three hours the mixture was filtered and the filtrate diluted 
- with water when the reduction product precipitated. It was crystallised 
from glacial acetic acid when crystals m.p. 179° were obtained ; yield 7 g. 
ed (75 per cent. theory). 





: (Found : Cl, 28-5 per cent ; CjgHi9O3Cly requires Cl, 28-5 per cent.) 
" (Equivalent obtained 248 ; CioHi9O3Cly requires equivalent 248-9.) 
4. 
? 24 Loc. cit. 
“€ 25 Loc. cit. 

26 Loc. cit. 


27 Loc. cit. 
Loe. cit. 
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Acetyl derwative. 
It was prepared by acetylating the compound with acetic anhydride 
mixed with a few drops of H,SO,. It crystallised from petroleum ether in 
needles m.p. 138°. 

(Found: Cl, 24-4 per cent. ; Cj2H)204Cl, requires Cl, 24-4 per cent.) 

(Equivalent obtained 290-6 ; CjoH)204Cly requires Cl, 290-9.) 

2-hydroxy-4-methyl-6-carboxy-phenyl-acetic acid. 

3-hydroxy-2-f-dichloro-ethyl-m-toluic acid (5 g.) was treated with 
H,SO, (10 c.c.) when there was a vigorous effervescence and clouds of HCl 
gas were evolved. The substance went completely into solution in about 10 
minutes, after which the solution was diluted with water. The precipitate 
was filtered and crystallised from ethyl alcohol when needle-shaped crystals 
m.p. 254° were obtained. 

(Equivalent obtained 105-4; CoH oO; requires equivalent 105.) 

y-Coccinic Acid. 

2-hydroxy-4-methyl-6-carboxy-phenyl-acetic acid m.p. 254° (5 g.) was 
dissolved in NaOH solution (5 g. in 100 c.c.) and a solution of potassium 
permanganate (5 g. in 175 c.c.) was added gradually. After 5 hours, the 
colour of permanganate had disappeared, and manganese oxide had separated. 
A stream of SOz2 was passed into the solution until the precipitate completely 
dissolved. ‘The solution was concentrated to 200 c.c., acidified with dilute 
H.SO, and extracted with ether. The solid obtained from the ether 
extract was crystallised from water. It was purified by converting it into 
the Ba salt, and then reconverting the Ba salt into the free acid. The acid 
thus obtained crystallised from water in plates m.p. 227° (Schleussner and 
Voswinckel*® give m.p. 226°-228°). 

(Equivalent obtained 97-92 ; CogH,O; requires equivalent 98-00.) 

(Found: C, 55-0 per cent., H, 4-1 per cent. ; CgH,O; requires C, 55-1 
per cent., H, 4-1 per cent.) 

The anhydride was prepared by heating the acid in an air oven at 200° 
for an hour. It crystallised from benzene in colourless needles m.p. 210° 
(Schleussner and Voswinckel®° give m.p. 209°). 

3-hydroxy-6-B-dichloro-ethyl-m-toluic acid. 

It was prepared in the same way as 3-hydroxy-2-8-dichloro-ethyl-m- 
toluic acid’! by the reduction of 5-hydroxy-3-methyl-2-trichloro-methyl- 





29 Loc. cit. 
30 Loc. cit: 
31 Loc. cit. 
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It crystallised from 





phthalide m.p. 178° with Zn and glacial acetic acid. 
glacial acetic acid in crystals m.p. 229°. 































ride 
- in (Found : Cl, 28-6 per cent. ; CjoH9O3Clz requires Cl, 28-5 per cent.) 
2-carboxy-4-hydroxy-6-methyl-phenyl-acetic acid. 

When 3-hydroxy-6-f-dichloro-ethyl-m-toluic acid m.p. 229° was treated 
with concentrated H2SO,4, the reaction product dissolved without effer- 
vescence. But when a crystal of the isomeride m.p. 179°32 was added there 

‘ith was a brisk effervescence. After the effervescence was over, the solution 
ICI _ was diluted with water, and the solid separated crystallised from water 
10 when crystals m.p. 210° were obtained. 

ate (Found : C, 57-5 per cent., H, 4-8 percent. ; CygpHioO5 requires C, 57-1 
-als per cent., H, 4-8 per cent.) 

B-Coccimic Acid. 

It was prepared in the same way as y-coccinic acid*’ from 2-carboxy-4- 
hydroxy-6-methyl-phenyl-acetic acid m.p. 210° (5 g.). For purification, it 

ai was converted into the anhydride m.p. 168° by treating it at 150° for an 
a hour. The anhydride was boiled with water, dissolved in NaOH solution, 
tie heated again for 5 minutes, acidified with dilute H,SO, and extracted with 


ed ether. The solid recovered from the ether extract was crystallised from 
water when crystals m.p. 158° were obtained ; yield 2 g. 


ite (Equivalent obtained 97-5; CyH,O; requires equivalent 98.) 
1er (Found: C, 55 per cent., H, 4-1 percent.; CyH,O; requires C, 55-1 
ito per cent., H, 4-1 per cent.) 
“id Lieberman and Voswinckel?4 give m.p. 155°-157°; m.p. of anhydride 
nd 166°-168°. 
B. Synthesis of 4 : 6-dibromo-5-hydroxy-3-methyl-phthalic anhydride and 
of 4: 6- dibromo-3-hydroxy-5-methyl-phthalic anhydride. 
iz (1) Synthesis of 4 : 6-dibromo-5-hydroxy-3-methyl-phthalic-anhydride. 
4 : 6-dibromo-5-hydroxy-3-methyl-2-trichloro-methyl-phthalide. 
10° 5-hydroxy-3-methyl-2-trichloro-methyl-phthalide m.p. 178° (10 g.) was 
L0° dissolved in glacial acetic acid (15 c.c.) liquid bromine (4-5 g.) added in small 
quantities, and the mixture heated at 100° for an hour. On cooling, the 
crystals of the brominated compound separated. The product was filtered, 
m- washed with water and crystallised from glacial acetic acid. On 
yl- tecrystallisation from benzene leaflets m.p. 214° were obtained ; yield 11 g. 








32 Loc. cit. 
33 Loc. cit. 
84 Ber., 1897, 30, 1744. 
t 
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(Amount of AgCl+AgBr formed for 100 g: 184-5g. CioH;O;BroCl, 
requires 183-4 g.) 

4 : 6-dibromo-5-hydroxy-3-methyl-phihalide-2-carboxylic acid. 

4; 6-dibromo-5-hydroxy-3-methyl-2-trichloro-methyl-phthalide m.p, 
214° (10g.) was treated with NaOH solution (10g. in 50 c.c.). Heat 
was evolved, and the hydrolysis was complete in a few minutes. On 
acidification with dilute H:SO, the free acid was recovered as a pasty 
solid which soon solidified. For purification, it was converted into the 
sodium salt by dissolving in excess of NaOH solution and the free acid 
was obtained again by acidifying the aqueous solution of the salt. 
It was crystallised first from glacial acetic acid and then from alcohol 
when crystals m.p. 268° were obtained ; yield 6 g. 

(Found: Br (i) 43-9 percent., (ii) 43-6 per cent ; CjpHyO;Br. requires 
Br, 43-7 per cent.) 

(Equivalent obtained 364-3; CjpHgO;Br2 requires equivalent 365-8.) 

4 : 6-dibromo-5-hydroxy-3-methyl-phthalic acid. 

4 : 6-dibromo-5-hydroxy-3-methyl-phthalide-2-carboxylic acid m.p. 268° 
(10 g.) was dissolved in NaOH (8 g. in 100 c.c.) and a solution of potassium 
permanganate (12 g. in 300 c.c.) gradually added. After 5 hours, the deposit 
of the hydrated oxide of manganese which had collected was dissolved by 
passing a stream of sulphur dioxide, the solution evaporated to a small bulk 
and acidified. The free acid obtained was crystallised from 50 per cent. 
alcohol when needles m.p. 128° were obtained ; vield 5 g. 

(Found: Br, 45-5 per cent. ; CgHgO;Brz requires Br, 45-2 per cent.) 

(Equivalent obtained 177-6; CyHgO;Br2 requires equivalent 176-9.) 

The analysis indicates that the acid is mixed with some of its anhydride. 

4 : 6-dibromo-5-hydroxy-3-methyl-phthalic-anhydride. 

The acid was treated in an air oven for three hours at 100°—110°. It 
crystallised from ethyl alcohol in needles m.p. 197°. 

(Found : Br, 47-6 per cent. ; CgH,O4Brz requires Br, 47-6 per cent.) 

(Equivalent obtained 167-4 ; CyH,O,Br2 requires equivalent 167-9.) 

(17) Synthesis of 4 : 6-dibromo-3-hydroxy-5-methyl-phthalic-anhydride. 

4 : 6-dibromo-3-hydroxy-5-methyl-2-trichloro-methyl-phthalide. 

It was prepared in the same way as 4: 6-dibromo-5-hydroxy-3-methyl. 
2-trichloro-methy]-phthalide.25 It crystallised from glacial acetic acid in 


needles m.p. 216°. 
(Found: AgCl + AgBr, 183-1 g.; CjopH;O3Br2Cl, requires 183-4.) 





35 Loc. cit. 
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4 : 6-dibromo-3-hydroxy-5-methyl-phthalide-2-carboxylic acid. 

It was also prepared in the same way as 4: 6-dibromo-5-hydroxy-3- 
methyl-phthalide-2-carboxylic acid?6 by hydrolysis of 3-hydroxy-4: 6- 
dibromo-5-methyl1-2-trichloro-methyl-phthalide m.p. 216° with NaOH 
solution. It crystallises from benzene in rectangular plates m.p. 230° with 
effervescence. It gives a violet colouration with FeCl, solution. 

(Found: Br, 43-7 rer cent. ; CjpHgO;Br2 requires Br, 43-7 per cent.) 

4: 6-dibromo-3-h, _oxy-5-methyl-phthalic acid. 

4: 6-dibromo-3-hydroxy-5-methyl-phthalide-2-carboxylic acid m.p. 230° 
(5g.) was treated with potassium permanganate solution (6g. in 150c.c.) in 
the same way as 4: 6-dibromo-5-hydroxy-3-methyl-phthalide-2-carboxylic 
acid’? ; after passing SO, the solution was acidified with H2SO, and extracted 
with ether. The product obtained from the ether extract was crystallised 
from water when silvery needles sintering at 105° and melting with efferves- 
cence at 187° were obtained. In contrast with 4: 6-dibromo-5-hydroxy- 
3-methyl-phthalic acid, this substance gives a violet colouration with 
FeCl, solution. 

4 : 6-dibromo-3-hydroxy-5-methyl-phthalic-anhydride. 

It was prepared by heating the acid (2 g.) for half an hour at 200°. 
It was crystallised from alcohol when crystals m.p. 272° were obtained. 

(Percentage loss of water 5-1; CyH,OQ4Bro requires percentage loss of 
water 5-1.) 

(Found : Br, 47-8 per cent. ; CgHsO4Br2 requires Br, 47-60 per cent.) 

(Equivalent obtained 166-9 ; CgH,O,Bry requires equivalent 167 -9.) 

C. Synthesis of Cochinillic Actd. 
5-methoxy-2-B-dichloro-ethyl-m-toluic acid. 

It was prepared in the same way as 3-hydroxy-2-8-dichloro-ethyl-m- 
toluic acid38 by reduction of 3-methoxy-5-methy1-2-trichloro-methyl-phthalide 
m.p. 138° (10 g.) with glacial acetic acid (20 c.c.) and Zn dust (3 g.). It 
crystallised from glacial acetic acid in rectangular crystals m.p. 174°; yield 
7 g. (about 75 per cent. theory). 

(Found : Cl, 26-9 per cent. ; C);Hj203Cl, requires 27-0 per cent.) 

(Equivalent obtained 261-9 ; Cj;H;203Cl2 requires equivalent 262-9.) 

2-methoxy-4-methyl-6-carboxy-phenyl-acetic acid. 

3-methoxy-2-8-dichloro-ethyl-m-toluic acid m.p. 174° (5 g.) was treated 
with H.SO, (10 c.c.) when there was a brisk effervescence... The substance 





36 Loc. cit. 
37 Loe, cit. 
38 Loc, cit. 
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went completely into solution in about 10 minutes after which the solution 
was diluted with water when granular crystals m.p. 209° were obtained ; 
yield 3-5 g. 

(Equivalent obtained 112-2 ; Cy, H)203 requires equivalent 112.) 

The anhydride prepared by heating the acid in vacuum at 200° crystal- 
lised from benzene in crystals m.p. 160°. 

Methyl Ether of y-Coccinic Acid. 

2-methoxy-4-methy]-6-carboxy-phenyl-acetic acid m.p. 209° was oxidised 
with alkaline potassium permanganate?? when an acid m.p. 200°—201° was 
obtained. This is the methyl ether of y-coccinic acid obtained by Meldrum” 
and Schleussner and Voswinckel.*! 

2-methoxy-4-methyl-5 : 6-trichloro-methyl-phthalide-phenyl-acetic acid. 

2-methoxy-4-methyl-6-carboxy-phenyl-acetic acid m.p. 209° (13 g.) 
chloral hydrate 8 g. and H,SO, (50 c.c.) were mixed when a vigorous effer- 
vescence took place. After 24 hours, the solution was diluted with water, 
and the condensation product which separated was filtered. It crystallised 
from glacial acetic acid in rectangular plates m.p. 241°; yield 18 g. 

(Found: Cl, 30-2 per cent. ; C)3H ,,O5;Cls requires Cl, 30-1 per cent.) 

(Equivalent obtained 353-1 ; C)3H,,O;Cl3 requires equivalent 353-4.) 

2-methoxy-4-methyl-5-B-dichloro-ethyl-6-carboxy-phenyl-acetic actd. 

The pure condensation product m.p. 241° (7 g.) was treated with glacial 
acetic acid (15c.c.) and Zn dust (4g.). The mixture was shaken automatic- 
ally, and heated in the water bath occasionally. After 4 hours, it was filtered, 
the filtrate nearly neutralised with NasCO;, evaporated to a small bulk, 
and extracted with ether. The product obtained from the ether extract 
was crystallised from benzene when tabular plates m.p. 145° were obtained ; 
yield 4 g. 

(Found: Cl, 22-1 per cent. ; CjgH14O5Cl. requires Cl, 22-1 per cent.) 

(Equivalent obtained (i) 160-6, (ii) 160-2; C)3H)4O5Cle requires equi- 
valent 160-5.) 

3-methyl-5-methoxy-1-carboxy-phenylene-2 : 6-bis-acetic acid. 

The reduction product m.p. 145° (5 g.) was heated with H.SO, (10 c.c.) 
when effervescence took place and fumes of HCl were evolved. After the 
effervescence was over the solution was diluted with water and extracted 





39 Loc. cit, 
40 Loc. cit. 
41 Loc, cit, 
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with ether. The crude product recovered from the ether extract on 
crystallisation first from acetone and benzene and then from acetone 
yielded granular crystals m.p. 254°; yield 3 g. 

(Equivalent obtained 93-4; C3H,,O7 requires equivalent 94-0.) 

5-methoxy-2-B-dichloro-ethyl-m-toluic acid. 

It was prepared in the same way as 3-methoxy-2-dichloro-ethyl-m- 
toluic acid‘? from 5-methoxy-3-methyl-2-trichloro-methyl-phthalide m.p. 
118°; m.p. 143°; yield 70 per cent. theory. 

(Found : Cl, 27-1 per cent. ; C,,Hi20O3Cl, requires Cl, 27-0 per cent.) 

(Equivalent obtained 263-2; Cj)Hi203Cl, requires equivalent 262-9.) 

2-methyl-4-methoxy-6-carboxy-phenyl-acetic acid. 

It was prepared in the same way as 2-methoxy-4-methyl-6-carboxy- 
phenyl-acetic acid from 5-methoxy-2-8-dichloro-ethyl-m-toluic acid m.p. 
143° (5g.) and H,SO, (10 c.c.). It crystallised from water in granular 
crystals m.p. 180°; yield 3-5 g. 

(Equivalent obtained 112-8: C,,Hj205 requires equivalent 112.) 

The anhydride was prepared by heating the dibasic acid in vacuum 
at 200°. It crystallised from benzene in crystaJs m.p. 134°. 

(Percentage loss of water 8-10; Ci:Hi9O, requires percentage loss 
of water 8-04.) 


Methyl ether of B-Coccinic Acid. 


It was prepared in the same manner as methyl ether of y-coccinic 
acid? by oxidation of 2-methyl-4-methoxy-6-carboxy-phenyl-acetic acid 
m.p. 180° with alkaline potassium permanganate. It is the same as 
the methyl ether of coccinic acid obtained by Meldrum.‘ 


2-methyl-4-methoxy-5 : 6- trichloro-methyl-phthalide-phenyl-acetic acid. 

It was prepared in the same way as 2-methoxy-4-methyl-5: 6-trichloro- 
methyl-phthalide-phenyl-acetic acid from 2-methyl-4-methoxy-6-carboxy- 
phenyl-acetic acid m.p. 180° (10g.), chloral hydrate (6 g.) and H2SO, 
(50 c.c.). It crystallised from methyl alcohol in tiny plates m.p. 221° ; 
yield 12 g. 

(Found: Cl, 30-20 per cent. ; Cj3H ,05Cl; requires Cl, 30-10 per cent.) 

(Equivalent obtained 352-8; C)g3H,,O;Cl; requires equivalent 353-4.) 


42 Loe. cit. 
43 Loc. cit. 
#4 Loc. cit. 
#5 Loc. cit. 
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2-methyl-4-methoxy-5-B-dichloro-ethyl-6-carboxy-phenyl-acetic acid, 
It was prepared in the same way as 2-methoxy-4-methyl-3-f-dichloro- 
ethyl-6-carboxy-phenyl-acetic acid** from 2-methyl-4-methoxy-5: 6-trichloro- 
methyl-phthalide-phenyl-acetic acid m.p. 221°.47 It crystallised from 
dilute acetic acid in clusters of needles m.p. 136°; yield 3g. from 10g. 
condensation product. 

(Found : Cl, 22-10 per cent. ; C)3H,yO;Cly requires Cl, 22-10 per cent.) 

(Equivalent obtained 163-6 ; Cj3H)4O5Clz requires equivalent 160-5.) 

3-methyl-5-methoxy-1-carboxy-phenylene 2 : 6-bis-acetic acid. 

This acid was again obtained when 2-methyl-4-methoxy-5-B-dichloro- 
ethyl-6-carboxy-phenyl-acetic acid (5 g.)#8 was treated with H,SO, (10 c.c.) 
(cf. 3-methyl-5-methoxy-1-carboxy-phenylene-2 : 6-bis-acetic acid obtained 
from 4-methyl-2-methoxy-5-8-dichloro-ethyl-6-carboxy-phenyl-acetic acid.) 
It was crystallised from acetone and benzene and recrystallised from 
acetone when granular crystals melting and effervescing at 254°were obtained. 
It was identical in all respects with the substance formed by the action of 
H.SO, on 2-methoxy-4-methyl-5-8-dichloro-ethyl-6-carboxy-phenyl-acetic 
acid.49 The mixed m.p. of two substances was 254°. 

(Equivalent obtained 93-6; C)3H,,4O7 requires equivalent 94-0.) 

Cochimillic Acid, 

3-methyl-5-methoxy-1-carboxy-phenylene-2 : 6-bis-acetic acid (5 g.) was 
dissolved in dilute potassium hydroxide solution (6g. in 100 c.c.) and a 
solution of potassium permanganate (8 g. in 200 c.c.) was added gradually 
with shaking. The oxidation mixture was kept at 50°-60° for 48 hours. 
The solution was filtered and the brown precipitate kept for further 
treatment. The filtrate was evaporated to a small bulk, acidified with 
dilute H,SO, and extracted with ether. The product obtained from the ether 
extract was crystallized from ether when needles m.p. 224° were obtained. 
It gave a red colouration with ferric chloride solution ; yield 0-2 g. 

(Equivalent obtained 80-30 ; CjpHgO; requires equivalent 80-00.) 

(Found : C, 50-5 per cent. ; H, 3-5 per cent. ; CjgH,O7 requires C, 50-00 
per cent. ; H, 3-3 per cent.) 

This specimen contained a small amount of methyl ether and was 
therefore dissolved in water and treated with HCl. The methyl! ether was 

46 Loe. cit. 
47 Loe. cit. 
48 Loe. cit. 
Loe. 
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precipitated. The solution was filtered, the filtrate evaporated to a small 
bulk, and the solid obtained crysta"'ised from ether; needles m.p. 225° were 
got. Lieberman and Voswinckel® give m.p. 224°-225°. 

(Found: C, 50-2 per cent., H, 3-3 per cent. ; CjgHgO7 requires C, 50-00 
per cent. ; H, 3-30 per cent.) 

Preparation of Cochinillic Acid from Cochineal. 
For the sake of confirmation, cochinillic acid was also prepared from 
cochineal according to Dimroth’s method.5! 

The mixed m.p. of natural and synthetic cochinillic acids was 224°. 

The Methyl Ether of Cochinillic Acid. 
) The brown deposit of manganese dioxide which was obtained during 
| the preparation of cochinillic acid®* was suspended in water and SO, passed 
) into the solution till the precipitate was dissolved. The clear solution was 
evaporated to a small bulk, acidified with dilute H2SO, and extracted with 
ether. The solid recovered from the ether extract was recrystallised from 
ether when needles m.p. 200° were obtained. The substance did not give 
any colouration with ferric chloride solution ; yield 2-5 g. 

(Equivalent obtained (i) 84-3, (ii) 84-5; C,)HjjO, requires equivalent 
84-7.) 

(Found: C, 51-9 per cent. ; H, 4-0 per cent. ; Cj)Hj9O7 requires C, 52-0 
per cent. ; H, 3-9 per cent.) 

The methyl ether of cochinillic acid was first prepared by Dimroth® 
from the tri-methyl-ether of kermesic acid. He gives m.p. 200°. The syn- 
thetic methyl ether closely resembles in properties this methyl ether. 





50 Loe. cit. 
51 Annalen, 1913, 399, 8. 
52 Loc. cit. 

53 Ber., 1910, 43, 1397. 
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1. We denote by N(&) the least value of m such that the equation 

(I) ay” + ++ + Ay” = db)" +--+ + by,” (leon<h) has a non-trivial 
solution in which a, (1<r< _m) and }, (l < s < m) are positive integers, 

Pillai! has recently shown that 


ok 
(1) N@ =0(—), 
and Wright? (independently) has proved the stronger result : 
(2) N(k) = 0 ((260)49). 
On the other hand, it is trivial that N(k) >k+ 1. It is known that 
N(k) =k+1 (k= 2, 3, 5, 7), 
N(6) = 8. 
I shail show here that 
(3) N(18) < 68. 
From (3) and a process described by Wright? we at once deduce that 
(4) N(e) = 0 (436/49), 
which is an improvement of (2). 
In the sequel we shall frequently employ the following: 
Lemma 1. If 
(5) ay) se, Am 
then 
(6) a,,°° 


1? 


kb 


bays ey bm 


k+1 
*y Gmy 0, +2,°°*, Dy t+ =—b,,°°*, Dixy @, +H,°°*, Aut @. 


Suppose that in (5) the a’s and b’s are written in ascending order of 
magnitude. Further let dj be the number of solutions of y =a, —4, 
(r> s), d, the number of solutions of y=b,—0, (r>s), d=d,+dp. 





1 Pillai, 1. See also a paper by A. Moessner in the same issue. 
2 Wright, 1. 

3 Loc. cit. 

4 (5) is an abbreviated form of (I). 
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On Sums of Powers 


Then the number of terms in (6) when x is put equal to y and terms 
common to both sides are cancelled, is 2m—d. 
Lemma 2. 
1, 5, 10, 24, 28, 42, 47, 51 = 2, 3, 12, 21, 31, 40, 49, 50. 
Lemmas 1 and 2 are due to Tarry.5 
We apply lemma 1 to lemma 2 with 
y=9, d= 2, dg=4 (d=6). This gives 


Lemma 3. 
al 8 
1, 5, 11, 24, 28, 30, 42, 47, 58, 59 = 


whence N(8) < 10. 
We now apply lemma 1 in succession, starting with lemma 3. 


2, 3, 14, 19, 31, 33, 37, 50, 56, 60. 


We use 
(7) y= 4, di = 2, d, = 2 (d= 4) on iemma3. Thus N(9) < 16. 
(8s) y= 1, 4a,=> 4, dg = 7 (€=11) on (7). Hence N(10) < 21. 
(9) = 6 @,= 6, d,= 6 (€=12) on (8). Hence N(11) < 30. 
(10) y= 7, d, =14, d, =16 (4d = 30) on (9). Hence N(12) < 30. 
(11) y= 5, d, =13, d, =13 (d = 26) on (10). Hence N(13) < 34. 
(12) y= 2, d, =14, d,= 8 (d= 22) on (11). Hence N(14) < 46. 
(13) y= 3, d, = 24, d,=24 (d = 48) on (12). Hence N(15) < 44. 
(14) y= 1, d, =18, d, =16 (d = 34) on (13). Hence N(16) < 54. 
(15) y=19, d, =19, d, =19 (d = 38) on (14). Hence N(17) < 70. 
(16) y=17, d, =34, d, = 38 (d=72) on (15). Hence N(18) < 68. 


Our final results expressing (15) and (16) are, 
(17) 1, 3, 4, 4, 4, 8, 8, 12, 14, 14, 20, 21, 21, 21, 25, 26, 26, 31, 35, 35, 37, 
37, 37, 37, 38, 38, 41, 42, 47, 51, 51, 52, 54, 54, 54, 55, 55, 55, 57, 58, 58, 62, 
67, 68, 71, 71, 72, 72, 72, 72, 74, 74, 78, 83, 83, 84, 88, 88, 88, 89, 95, 95, 97, 


101, 101, 105, 105, 105, 106, 108 7 9, 2, 2, 6, 6, 7, 7, 10, 16, 17, 19, 19, 19, 22, 
23, 28, 29, 32, 33, 33, 36, 36, 36, 39, 39, 39, 40, 44, 48, 49, 50, 53, 53, 53, 53, 56, 
56, 56, 56, 59, 60, 61, 65, 69, 70, 70, 70, 73, 73, 73, 76, 76, 77, 80, 81, 86, 87, 90, 
90, 90, 92, 93, 99, 102, 102, 103, 103, 107, 107, 107. 

(18) 1, 3, 4, 4, 4, 8, 8, 12, 14, 14, 23, 24, 24, 26, 26, 27, 34, 35, 35, 37, 37, 
37, 41, 45, 46, 47, 50, 51, 51, 55, 57, 57, 58, 62, 66, 67, 67, 70, 72, 73, 74, 78, 
18, 82, 83, 83, 87, 87, 88, 93, 94, 95, 97, 97, 98, 101, 104, 108, 109, 110, 116, 
119, 119, 120, 120, 124, 124, 124 — 2, 2, 2, 6, 6, 7, 7, 10, 16, 17, 18, 22, 25, 28, 
29, 29, 31, 32, 33, 38, 39, 39, 43, 43, 44, 48, 48, 52, 53, 54, 56, 59, 59, 60, 64, 
68, 69, 69, 71, 75, 75, 76, 79, 80, 81, 85, 89, 89, 89, 91, 91, 92, 99, 100, 100, 
102, 102, 103, 112, 112, 114, 118, 118, 122, 122, 122, 123, 125. 





5 See Dickson’s History of the Theory of Numbers, II, 705-713 (710). 
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The latter result implies 


(19) (@ +1) + +++ + (w +124) = (a + 2) + ++ 


Integrating twice we get 


(20) {(@ + 1) + +++ + (@ + 124)} — {(@ + 2) + 


where there are 136 terms on the left side. 
As with Wright (20) implies 
(21) Nik) =O (cas6)«n8), 
which is (4). 
REFERENCES. 


Pillai, 1, Mathematics Student (Madras), Sept. 1934. 
Wright, 1, Jour. Lond. Math. Soc., 1934, 9, 267-272. 


+ (@ +125)", 


eee or (x + 125)*°} 


= Cr+D 





SOME INFINITE SERIES. 


By S. CHOWLA, 
Andhra University, Waltair. 


Received January 21, 1935. 


1. Do there exist real a, b for which! 


(1) = oo one + O(1) ? 


The present note arose out of an attempt to throw some light on this 
question. ‘Though the results obtained here have little connection with the 
problem suggested, they seem to be of some interest in themselves. 


Let k denote a positive integer. I show that? 


9 1 25771 
(I) cos ™ — 2 cos +s cos —— ++ 


257rn 


9mrn 
q 8 7 — cos — + cos ri 


= (-1) : 


k+17Vn 7mm 
° E 


1 
— +--+ to os terms | 


1 


where n = ye 


1 9nn i 257rn 
II > ee, + Wane ee ae 
(II) cos r 3 cos rs + z cos | aa 


, HH , . Onn a. 1 
= (—1)4 — [ sin 7" — sin — + sin bee —-+.:-- to : terms | 


1 


where nn = 4g+i 





1 This problem is due to Davenport and Heilbronn. After writing this note I 
learnt that Dr. Spaiek of Prague has answered the problem in the negative. In fact he 
proves that 


S| 27ian* 
+t 2 ian .. = 
an e sin nB = O(1) 


uniformly ina, 8 (real numbers) and N. 


2 In the series on the left side of (I) the signs are alternately + and —. The 
numbers 1, 9, 25,-++ are the squares of odd numbers, 
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2. Ramanujan’ has proved that 


— 


co Cos 2tx - 
——— cos tnx’ dx 
cosh 7a 


—5t 2514H 


mn —3: 
cos _ 
4 


—; 9mrn 
=|e cos — — @ cos —— 
| 0 3 e r +e 


t? w —3¢t/n 


(=- e 
= 4 pon ix) itor 


when n= Veo this becomes 


co 86—cos 2tx eee ee 
——— cos 7mnx* dx = |e 
cosh 72# 


(—1* cos (t?/7n) 
V¥n 2 cosh t/n 


Integrating the last result between the limits ¢ = O and t= T (T > 0) 


we obtain 





cosh 7x 


lim. | ie sin zn COs 7nx” 


T— oo 


co 

I 
= + — co 
s=] 8 


ee - cos ant? 
vn tf cosh zt. dt 
But the limit on the left side of the above equation is equal to (put 


1 co sin y 
2 } ri aaa 
Hence we obtain 


co 2 

1 7NS" . TS 

(2) & —cos —— sin — 
° s=1 8 4 2 


2 


2Tx = y) 


7 k+1 7V c cos mnx* dx 
ptr Sf a 
2 cosh 7x 
0 





3 Collected Papers, Cambridge, 1927, p. 62, formula (19). 




















Some Infinite Sertes 
Again, by Ramanujan,‘ 


°° COs 7x” 
(3) 2 





cosh 7x 
0 
| cm [cos Sn a oe 
pe 4 4 4 
— + to 4 terms | 
n 
(a 
yn 


(I) follows immediately from (2) and (3). 


] 3. The proof of (II) is similar, and details are omitted. 


ut 





a 


* Loe. cit., this is a special case of formula (21), p. 62, 
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m nn 
1. We write (m)*=(n)* when 2 x,4= Ly has a solution in positive 
a=} t=] 
integers %),--+, Xm, Vis°**» V_ With (%1,°+-, Xm, Vin°* +» Vn) =1, and if (in case 






m=n) the y’s are not merely a permutation of the x’s. Rao! has recently 
given examples of , 






(3)®= (3)® and (7)8=(7)8. 
It seems very likely that (m)*=(m)* is always possible? for some m <k. We 
prove this here for k=10, m=9. 
In contradistinction to Rao’s work, ours involves only the simplest 


















calculations. 
2. Let 
i ee ee 
signify 
(2) ay” + ag” + +++ =)" +0." +---(lemegh) 
Tarry® has observed that (1) implies 
(3) @y, 42,°-+, 0b) +%,b24+%,-- 7 by, bo,+++, Ay +X, dg+%,+*° 


Applying Tarry’s observation to his result 
(4) 1, 5, 10, 24, 28, 42, 47, 5142, 3, 12, 21, 31, 40, 49, 50 
with’ x=9, x=19, x=17, x=6 in succession (the order is 
relevant), we obtain finally 
(5) 1, 5, 8, 9, 20, 21, 24, 36, 51, 52, 67, 79, 82, 83, 94, 95, 98, 102 
ig, 3, 7, 14, 17, 18, 27, 39, 43, 60, 64, 76, 85, 86, 89, 96, 100, 101. 





1 Journ. London Math. Soc., 1934, 9, 172-173. 

Math. Ztschr., 1934, 39, 240-243. 

We remark that (m)* =(m)é is trivial for m>k+1. 

If not, then Hypothesis K (in Hardy and Littlewood’s Researches on Waring’s 
Problem) is true. See Math. Zischr., 1925, 23, 1-37 (4). 

See Dickson, History of the Theory of Numbers, II, page 710. 

Dickson, loc. cit., page 710. 

The first step with z=9 is worked out on p. 710 of Dickson, loe. cit. 
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On Sums of Powers 


It is known that (1) implies 


k 
(6) Z+@,, Z+@o,°°+ = z2+6,,2+bo, --- 


Applying (6) to (5) with z= — = we obtain 


101 101 93 


ae ee 
63 61 


2° 2 


Hence the desired result: 
(8) 110+ 3110 + 5510+ 6110+ 6310 + 8510 + 87104 9310 + 10110— 1710 + 2510 
+ 4910 + 6710 + 6910+ 75104 89104 9710 + ggi0. 








CHEMICAL STUDIES ON COAL. 
By P. K. SESHAN, 


Research Scholar, Indian Association for the Cultivation of Science, Calcutta. 
Received January 28, 1935. 


(Communicated by Prof. K. S, Krishnan, D.sc.) 


7. Introduction. 


IN a recent paper Dr. Mahadevan! has analysed some specimens of 
Indian coal specially for their cellulose and lignin contents. He finds that 
at the early stages of coalification the cellulose content rapidly decreases, 
while the lignin is relatively more resistant; 7.e., the lignin-cellulose ratio 
increases rapidly with the progress of coalification. From the rapid decay 
of cellulose at these early stages one would have expected that by the time 
the coalification process reaches the stage of lignite the cellulose content 
would have almost disappeared. It is found, however, that even in fairly 
mature lignites the cellulose content is appreciable. The residual cellulose 
that persists in the maturer specimens of lignite is apparently even more 


resistant than lignin, the lignin-cellulose ratio now actually decreasing with 
maturity. The lignin-cellulose ratio of a specimen of coal, according to 
Mahadevan, offers a reliable index of its degree of maturity. 


The present work is a continuation of Dr. Mahadevan’s, and a large 
number of coals from the Indian and the American coal-fields have been 
investigated specially with a view to follow up the gradual decay of cellulose 
and lignin through the various stages of coalification. 


2. Materials Studied. 


Some fifteen specimens of coal were studied and they were chosen so as 
to be representative of the various stages of coalification, viz., peats, peaty 
lignites, lignites, bituminites and anthracites. They were either Indian ot 
American. The American specimens were obtained from Ward’s Natural 
Science Establishment and the Indian specimens were obtained through the 
kindness of the Director of the Geological Survey of India. The American 
samples were from the well-known coal-fields of Pennsylvania, Montana, 
Wyoming, Utah and Canada. The Indian specimens were from the coal 
mines in Burma, Assam, Dehra Dun and Bikaner. 





1 Ind. Jour. Phys., 1933, 8, 259. 
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The specimen of peat included in our list was from Alfred Ontario, 
Canada, representing a very early stage in coalification. Both of the peaty 
lignites were from the Palana coal-fields in Bikaner State, India. One of 
them was dark and the other brown, both belonging to the lower eocene. 
Tney had no lustre and could be easily powdered. 

Our list naturally includes a large number of lignites. The least 
mature of them was from the middle eocene, collected from Namma in North 
Shan States in Burma. ‘Three were from the coal mines of Assam; one was 
from Karibari, Goalpur District, and another from Turagaro Hills, Assam, 
both belonging to the middle eocene. ‘The coal mines in Karibari Hills are 
situated in a sandstone area. These mines in Assam, as also those in 
Burma, have been subjected to considerable disturbances, From the 
Siwalik Strata of Dehra Dun and the mines in Chindwin, Burma, were 
obtained samples of coal belonging to the upper eocene. The specimen from 
Chirrapunji belongs to the oligocene. From amine in the Sheridan county 
in Wyoming and one near Vernal in Utah were chosen two specimens of 
lignites. Though the two mines belong to the same geological age, viz., 
eocene, the geological records show that the Utah coal-fields have been 
subjected to greater pressure than the Wyoming coal mines, and the lignites 
from the former locality are, therefore, more mature than the Wyoming 
lignites. 

The final stages in coalification are represented in our collection by a 
brown coal from Penzberg, Bavaria, a sub-bituminite from Red Lodge, 
Montana, a bituminite from Pittsberg,. Pennsylvania and an anthracite 
from Jeddo, Pennsylvania. 

3. Experimental. 


The main constituents of coal are coal substance, lignin, cellulose, 
mineral matter and resin. Of these we concern ourselves mainly with cellulose 
and lignin in this paper, for reasons mentioned in the Introduction. All these 
specimens were powdered well and made to pass through a sieve of 30 
meshes an inch, and the powdered coals were preserved in well-corked tubes. 
Their moisture contents were estimated by drying a known weight of the 
powder in an air oven, kept at a temperature of 105-110°C. (according to 
standard methods). These moisture content determinations had to be 
repeated at various stages of the investigation, since it was found to vary 
on prolonged storing. 

The determination of the ash content was made by calcining a known 
amount of dry coal powder in a weighed crucible over a direct bunsen 
flame. First the heating was done carefully to let the volatile matter 

i) F 
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escape very slowly, and then the crucible was heated strongly till the 
weight of ash was constant. 


Cellulose—The cellulose contents of the samples were determined by 
the well-known methods of extraction by acid. 72°% H2.SO, was preferred 
to fuming 42% HCl for the purpose. One gram of dry powdered 
coal was extracted with 15 c.c. of 72% H2SOy, of sp. gr. 1-72, for 20 hours at 
laboratory temperature. It was diluted to 3% and reflexed for an hour. The 
residue was carefully separated from the extract by filtration in a weighed 
Gooch crucible. The residue was washed till it was free from acid, and 
after drying at 105°C., was weighed, and the total loss in weight due to acid 
extraction was determined. 

It should be mentioned here that in addition to the cellulose there is a 
possibility of some of the mineral matters present in the coal which go to 
form the ash, going into solution in the acid. The error due to this cause 
was not, however, serious, since in the first place the total mineral content 
was small and secondly it was only a small fraction of it that was extracted 
by acid, as was evidenced by the observation that the ash content of the 
acid-extracted coal was only slightly less than that of the original untreated 
coal. 


Lignin.—The usual method for the estimation of lignin content is by 


alkali extraction and re-precipitation of the lignin by addition of acid. 
Recently, a different method has been used by Powel and Whittaker? and 
by Venkateswaran.? By chlorination the lignin is converted into chloro- 
lignin, which is freely soluble in alkalis, and can, therefore, be readily 
estimated. The latter method was adopted in the present analyses. One 
gram of powdered moisture-free coal was suspended in 15 c.c. of CCly, and a 
slow stream of dry chlorine was bubbled through it for an hour till the 
chlorination was complete. After separating the CCl, by filtering in a 
weighed Gooch crucible the brownish red chlorinated coal was suspended in 
40c.c. of a solution containing 3° NaHSO; and 3% NaOH, and boiled. The 
chlorolignin went into solution readily, yielding a dark magenta-coloured 
liquid. This was washed by decantation till the residue was free from alkali, 
and the loss of weight by removal of lignin by chlorination was estimated. 
In some of our preliminary measurements we used the alkali extraction 
method also for the estimation of lignin. One gram of coal was extracted 
with 10% NaOH in an autoclave kept at a temperature of 140° to 145° C. 
for about 6 hours. The dark viscous lignin extract was separated from 





2 Jour. Chem. Soc., 1925, 125, 357. 
3 Jour. Ind. Chem. Soc., 1925, 2, 253. 
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undissolved coal by filtration in a weighed Gooch crucible, and the residue 
was washed free from alkali and weighed. Thus the amount of material 
extracted by the alkali was determined. It was found, however, that this 
alkali-soluble product was consistently higher than the amount of lignin 
determined by the chlorination method, as can be seen from Table I. 








TABLE I. 

ete [tele ao eee 

s | a im a s 

¢ g si\¢a)| 

Locality 4a = S | = | E e5\e@8| 

_ a | DQ m2 = ont j~) — 

S CS S RQ mR o | «| a 

| = — Ai< <q A B= Oo 

% extracted by alkali.) 84 78 26 22 18 13 | 6 | 1 
| 
en 

°% chlorinated ..| 78 | 64 24 20 17 12 | 4 | 0-5 
| 
| | 














This discrepancy is easily understood, since the alkali-soluble part will 
contain, in addition to lignin, the resins which are present in the coal in 
appreciable quantities. The resin contents of most of these coals have been 
estimated by Dr. Mahadevan, who finds that the low grade Palana coals 
contain a much higher resin content (about 10%) than the other mature 
coals. It can be found from the Tables that the excess of the alkali- 
extracted matter over the chlorinatable product is of the same order of 
magnitude as the estimated resin content, as we should expect. 


The above explanation was further verified by precipitating the alkali 
extracted product by the addition of acid and extracting the lignin from the 
precipitate with a mixture of acetone and water. The resinous matter, be- 
ing insoluble in acetone-water mixture, would be left over. The lignin was 
then re-precipitated from the extract by pouring into hot 20% HCl. The 
whole of the lignin was thus recovered and it was actually found to be of 
the same order of magnitude as was determined by the chlorination of the 
original sample. 


In the above analyses for the cellulose and lignin contents we started in 
general for both the determinations with the original sample of coal powder, 
since this was found to be convenient. In a few typical cases, however, the 
following analyses were also made: (1) The acid-extracted residue of the 
coal was studied for its lignin content by the chlorination method, and it 
was found to be the same as the lignin content determined directly from the 
original sample of coal. (2) After extracting the lignin from the original 












540 P. K. Seshan 


sample of coal by the chlorination method the residue left over was treated 
with 72% H.SO,, and the acid-soluble part of this residue was found 
to be equal to the acid-soluble part of the original sample of coal before 
chlorination. 


4. Results. 

In Table II are tabulated the experimental results of the analyses. 
The coals are arranged in the order of increasing maturity as deduced from 
geological data. 

5. Discussion of Results. 


The data given in the above table fully confirm and extend Dr. 
Mahadevan’s conclusions referred to in an earlier part of this paper. 


Firstly, the ‘“‘ coal substance’’ is found to increase continually from peat 
to anthracite, as we should expect. Wood usually contains about 40% 
cellulose and 30% lignin and some resin. In peat we find that the cellulose 
content is about 12% and the lignin about 85%. This clearly shows that in 
the earliest stage of coalification most of the cellulose undergoes destruction. 
At this stage the destruction of lignin must be relatively much slower, since 
in the process of peatification of wood the lignin-cellulose ratio increases 
about 10 times from 0-75 to 7-1. When we come to lignite of low maturity, 
as represented by Brown Palana, the ratio reaches as high a value as 14. 
From thereon the ratio continually decreases showing that after this stage 
the cellulose that is left over is relatively more resistant than lignin, 
in strong contrast to the earlier stages when the reverse is the case. 


6. Summary and Conclusion. 


The chief constituents of wood are cellulose and lignin. It would, 
therefore, be natural to enquire how these two constituents are gradually 
destroyed in the process of coalification and to follow them up through the 
various stages. Doing so we find, in agreement with Dr. Mahadevan, that 
while both these components are being continually destroyed, their rates of 
destruction are very different ; cellulose is destroyed very much more rapidly 
than lignin at the earlier stages, and more slowly than lignin at the 
latter stages of coalification. The relative proportion of cellulose and lignin 
is found to be characteristic of the stage of maturity, and thus forms a 
ready and very reliable index of the stage of maturity which the specimen 
has reached in the coalification process. 


The author wishes to express his grateful thanks to Prof. K. S. 
Krishnan for his guidance and keen interest in the progress of the work. 








“ 
S 
°° 
) 
iS 
8 
% 
‘8 
3 
SS 
Y 
~. 
S 
» 
Sy 
3 
1S) 





onDeyUYy 
ii) 
SNOUTUN} Ig 


aus003110 


2us207q 


“ 


saddQ 


ty 


2u9909 9/PPI 
aus007q 

oe 
9U9909 19MO'T 


Ayeag 


O°1L 
Gt 
6°1€ 
dl | 


O-€ 








uMOIg, JySTT 
Sv 
a7tUM 


ovTUM 


umoig daaq 
pay ystumosg 
umolg 

pey ystumoig 
aT M 

pew qsuMorgy 
Kai) 

uga15) YSIMOTII A 
MoTaA daa 
MOTIPA 3491] 


MOT[9A 


** (etuvalAsuuag ‘oppef) s}oRqjUy 
(etuealAsuuag ‘diaqs}iig ) ayulMnzig 
(evuejuop ‘adpo'y pay) ayturwnyziq-qng 
(wessy ‘ifundeutyd) [eos 
++ (BeAr ‘d19qzu9ag) [eoD uMOIg 
** (Ye “feuaa) =“ 
(euung ‘ulmpury) ) 
(ung eiyaq ‘Beg yyeMIS) 
(wessy ‘indjeoy ‘uequey ) 
** (messy ‘s[[I}] O1edein | ) 
** (Bung ‘*S’S‘N ‘eumwey ) 
(Surmof yy ‘Ayunoy uepusys) 
** (Buryeg) uMmoig 
(asueyig ‘eueeg) yreq oyusry 


(epeuey ‘ouejuO pasty) yeag 





asy 
jen1doloay 





aso[ny[ag 
ulusry 


| usy + 
ursayy + 
aourysqng | 
[BOD Jo % | 


ulusry 
jo% 








ysy jo inojog 











ainyslofy 
jo % 








ajdwieg pue aoejg jo owen 





‘ON 
jeuss 














ON THE ABSORPTION SPECTRA OF SOME ORGANO- 
METALLIC COMPOUNDS. 


By R. K. Asunpi, C. M. BHASKER RAO 
AND 
R. SAMUEL, 
Department of Physics, Muslim University, Aligarh. 


Received January 24, 1935. 


As a result of theoretical investigations regarding the term systems of 
polyatomic molecules, the absorption spectra of such molecules in the 
vapour state have received considerable attention during the past few years. 
For a summary of investigations done in this line we would refer to a paper 
by one of us.! In the present paper a report of experiments on the absorp- 
tion spectra of some organo-metallic compounds is given. For the normal 
ultra-violet region the substances were introduced in a silicon absorption 
tube ; the continuous hydrogen spectrum as the source of light and a Hilger 
E3 quartz spectrograph as the resolving instrument were used. For the 
Schumann region a small fluorite vacuum spectrograph after Cario and 
Schmidt-Ott? was employed. In this case the vapours were introduced 
into a metal chamber permanently attached to the spectrograph and 
separated inside from it by a fluorite window and closed on the opposite side 
also by a fluorite window. The continuous hydrogen spectrum was 
produced in a discharge tube having a fluorite window. The tube was 
slightly pressed on to the outside window above referred to. In using such 
a disposition of the apparatus a thin layer of air of some tenths of a mm. 
cannot be avoided, but it does not prevent us from reaching down to 
wave-length of 1500 A.U. in favourable cases. As against the usual method 
where the source of light is also under vacuum, this procedure has the 
advantage that the source of light can be easily exchanged for a discharge 
tube showing the CO emission bands or the aluminium spark spectrum (in 
vacuum) which we used as standard wave-lengths. 


Fig. 1 shows the CO emission bands, the continuous hydrogen spectrum 
through the vapour of mercury dimethyl and the continuous spectrum alone. 
The plates (Eastman Kodak type 3 U.V. sensitive for the Schumann region 
and anti-screen plates for the usual ultra-violet region) were then measured 
by the Zeiss recording microphotometer. Figs. 2 and 3 are reproductions 
of the microphotometer plates of (CH3).Hg and (CgH;)HgCl respectively 
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Fic. 1. 
(a) CO Spectrum, 
(b) Absorption through mercury dimetbyl. 
(¢) Continuous Hydrogen Spectrum, 
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Fic. 2. (CH3;)2Hg. 


thus obtained. The grain of the U.V. sensitive plates is rather coarse and 
therefore it is difficult to distinguish weak absorption bands in a continuous 
background of kinks due to the grain. We have utilised only such bands 
as stand prominently above the general background and are always present 
on different microphotograms taken from the original plates, but it is quite 
likely that more genuine bands are present but difficult to distinguish, 
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Fia. 3. (C,H;)HgCl. 


Some of the substances used in this investigation were kindly put at our 
disposal by Dr. Lorenz of the Breslau University. 


Dimethyl mercury gives a continuous absorption spectrum which at 
0-1 mm. pressure in the metal chamber 20 cm. long and at about 25°C. extends 
from 2250 A.U. onwards towards shorter wave-lengths. It shows two 
maxima at 2040 and 1660 A.U., the point of retransmission being at 1835 
A.U. There are two sets of bands, one just on the long wave-length side 
before the absorption and the other in the neighbourhood of the first 
maximum and superimposed upon the absorption. The following table 
gives the data of these bands. 





Band A (air) v (vac) A (air) 





43090. 2062-0 
B64 

136514 2040-0 
44087 7433 
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2. (C2H5) oHg. 


At a pressure of 0-06 mm. in the metal chamber and at about 25°C., 
this shows a continuous absorption beginning at 2600 A.U. and extending 
towards the Schumann region till about 1650 A.U. It has two maxima at 
about 2250 and 1955 A.U. and the following bands at the neighbourhood 
of the point of retransmission. 





Band | A(air) | v(vae) 
| | 





2065-0 48410\. 


1078 
2020-0 194884 


a 


2010-0 49735 7 ~ 











3. (CsH;)HegCl. 


This is asolid and since the heating arrangement for the vacuum 
spectrograph is not yet complete we had to confine ourselves to the quartz 
region of the ultra-violet end for this and the rest of the substances. 
(C;H;)HgCl shows a prominent continuous absorption beginning at about 
3200 A.U. anda maximum at 2366 A.U. at 190°C. in a silicon tube 10 cms, 
long. No bands were found. 


4. (CgH;)2Hg. 


The continuous spectrum starts at 2830 A.U. with a maximum at 
about 2600 A.U. Two very prominent bands were found in the neigh- 
bourhood of the maximum (temp. 205°C.; tube 10 cms.). 





Band A (air) v (vac) 





2639-0 STSRGN 
852 


2580-0 38748 











5. (CgH;)HegCl. 


The red wave-length limit of the absorption spectrum lies at 2730 A.U. 
It shows two maxima of absorption at 2595 and 2378 A.U. and the following 
bands (temp. 260°C. ; tube 10 cms.). 
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A (air) v (vac) Band 


| 
| 


2567 °1 SeOEN 





78 
2562°3 390207 

















Band 





3a 2505-5 | 39900 
| S30 





3b 2503-6 399307 





2a— 1a=590 cm.-!; 3a—2a= 368 cm.-!, 


6. (CgH;)4Pb. 

It shows ~ continuous absorption whose long wave-length limit lies at 
2900 A.U. and whose maximum is at 2550 A.U. (temp. 225°C. ; tube 10 cms.). 
No bands could be traced. This did not seem to agree with the strong 
bands recorded by Thompson? for tetra-ethyl-lead since one would expect to 
find rather a greater number of bands for (CsH;),Pb. We noted that the 
wave-lengths listed by Thompson agree very well with the main maxima 
of the complicated band system of benzene.* In order to satisfy ourselves 
about this point we took the absorption spectrum of benzene vapour 
in a silicon tube of 20 cms. length and ata pressure of about 0-05 mm. 
Hg with the result that the bands obtained with a Hilger medium quartz 
spectrograph agreed completely in wave-length and appearance with those 
recorded by Thompson. This evidently explains why Duncan and Murray 
could not obtain these bands in their repetition of Thompson’s experiments.* 


Discussion. 


The experimental results are summarised in Table I and Fig. 4. We 
shall first discuss the continuous absorption spectra. Evidently, we have 
to interpret them as transitions from the ground state to repulsive curves. 
The process of photo-dissociation obtained here is concerned with the 
C—Hg linkage since the C—H linkage itself has already a dissociation energy 
of about 100 K. Cal./mol. and a photo-dissociation involving two electronic 
levels will therefore give a higher value than what we obtain in these 
experiments. Indication of such a splitting of the C—H link is always 


* We have communicated our point of view to Dr. Thompson who agrees with us. 
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(C2H;)2Hg 





(C.H,)HgCl 





(CoHs)oHg 





(C,H,;)HgCl 





(CoH;)4Pb 
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Fia. 4. 


found in the Schumann region at much shorter wave-lengths only. We 
shall take for the red wave-length limit the value which we obtain as the 
shortest wave-‘ength at which absorption starts. Moreover, it is quite 
possible to shift this limit towards higher wave-lengths with increase 
in temperature or pressure but this indicates only the presence of 
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molecules in higher vibrational states, but does not give the real value 
of the photo-dissociation of the vibrationless molecule.t Since. neither 
thermochemical data for the heat of dissociation of these molecules are 
known nor are the bands found numerous enough to extrapolate the heat 
of dissociation of the ground state, we have to consider all possibilities 
obtainable from Frank-Condon curves. ‘The most probable of such curves 
are indicated in the three diagrams of Fig. 5. . 

If, however, we want to find out the thé¥imochemical value of the 
energy of a C—Hg link and not the adiabatic dissociation of the ground 
level, we can confine ourselves only to diagrams b) andc. Because for this 
u 


©) 


XN 


~~ R’+ Hg R 
R+HgR 














purpose it is enough to know the difference between the ground state 
of the molecule and the level of the separated system R-+HgR (unexcited). 
As in diagram a, if the energy curve for the ground state does not 
originate in this level of the separated systems but intersects the repulsive 
curve, the energy 5 represents only an energy of activation which is 
unimportant for this purpose. In any case the red wave-length absorption 
value gives an upper limit to the thermochemical energy of dissociation. 
How much greater such a value is than the actual, depends firstly on the 
slope of the repulsive curves, as shown in the diagrams 6 andc. In order 
to decide if the lower of the two repulsive curves has to be correlated to 
the dissociation of the molecule into two unexcited radicals (R+HgR) 
or into two radicals one of which is excited, we take into account certain 
similarities between our measurements for diethyl mercury and those 
recorded by Scheibe and Grieneisen® for diethyl ether. From the diagrams 
in that paper, we evaluate for the energetic difference between the first two 
maxima of continuous absorption in diethyl ether 7200 cm.-!; for diethyl 
mercury we get nearly the same figure, 7.e., 6600 cm.“ ; therefore it seems 


| For detailed discussion of this point vide reference 1. 
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probable that this figure represents an energy of excitation of the radical 
C:H;. This radical is comparable in mass with the Cl atom but represents 
of course a different dynamical system. In such a system the effective 
nuclear field acting on the series electron will be considerably weaker 
than if it were moving in the field of a united atom which certainly the 
radical is not. ‘The energy of excitation between the two spin components 
of the ground level will therefore be larger, as a matter of fact, in this 
case as large as in the iodine atom. If we assume therefore that in the 
absorption spectra of both of these substances, the upper repulsive curve 
is correlated to the same excited radical (C,H;)* the lower one will belong 
to two unexcited radicals R+HgR and R+OR respectively since an 
excitation of both the radicals in the upper curve is highly improbable. 
Therefore we rather favour diagram c which in this respect is identical 
with a. 


In (CH3),Hg the corresponding radical CH; will have much smaller 
mass which is comparable with that of F but also the dynamical system 
is strengthened and is a better approximation to the united atom. Asa 
result the energy difference will be considerably smaller and probably 
cannot be found in the absorption curves for the same reason that in 
NaCl the maxima due to the excitation of Cl cannot be found, whereas 
the corresponding maxima of I and Br have been found in many such 
alkali salts. So we assume that the second maximum in (CHs;).Hg 
has a different origin. 


In (CgH;)HgCl the energetic difference between the two absorption 
maxima, 7.¢., 3500 cm.-! probably represents the excitation energy of the 
CsH; radical. The absorption curve of (C,H;)HgCl, however, is distinctly 
different from those of other mercury compounds since it extends 
considerably more to longer waves and does not show any bands. 
Probably in this case the Hg—Cl link is highly polarised and may be, 
it is this link which is affected first in this process by photo-dissociation. 


To summarise, we assume that in substances 1, 2, 4 and 5, the red 
wave-length limits correspond to a photolytical splitting of the C—Hg link 
giving rise to unexcited radicals ; in cases 3 and 6, however, the splitting 
corresponds in the same way to the HgCl and C—Pb links respectively. 
The steepness of the repulsive curve can be judged from the breadth 
of the absorption region and also from the shift of the red wave-length 
limit of absorption by an increase of temperature or pressure.? This 
brings about molecules in higher states of vibration, and we thus obtain 
transitions from different parts of the Frank-Condon curve to the 
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repulsive curve and this gives us a possibility of judging the steepness of 
the repulsive curve. In our case all continuous spectra are rather broad 
and we get a considerable shift in (CgH;),4Pb and (CsHs)2Hg but not in 
(C5H;)HgCl. The following table summarises these observations. 





A Red wave- 


Substance limit 





(C,H,)HgCl ~ 2730 
2730 
~ 2800 


200 2900 
220 ~ 3400 


205 2830 
210 ~ 2830 
250 ~ 3300 

















This indicates that the repulsive curve is very steep at least for 
such compounds as do not contain an additional halogen atom. From the 
values given in Table I, we estimate about 60 K. Cal./mol.* as the heat of 
formation for the bond between Hg and an aliphatic carbon atom and 
probably slightly less between Hg and an aromatic carbon atom. Similarly, 
it is evident from Thompson’s work? that the repulsive curve in the zinc 
dialkyls is also steep. In this case too we have to consider first the /ighest 
energy value for the red-wave limit as that of the vibrationless molecule and 
then correct this value for the steepness of the repulsive curve to arrive at 
the heat of formation. If we do this we obtain a value of about 50 
K. Cal./mol. which represents the heat of formation of the Zn—C bond. Also 
the Raman frequencies for the zinc dialkyls are slightly less than those for 
the mercury dialkyls. Both these agree with the well-known fact that the 
ionisation potential of mercury is slightly higher than that of zinc on account 
of certain irregularities in the d-shell among the preceding atoms®; these 
react on the bond in the mercury derivatives. 

Turning now to the bands observed, these give us some information 
regarding the excited molecules. In (C:H;)2Hg we observe bands due to an 





* This value agrees also with that estimated by Terenin, J. Chem. Phys., 1934, 2, 441. 
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upper electronic level which is binding and the energy of excitation of which 
is 48410 cm.-! The vibrational differences 1078 and 1325 may be taken as 
belonging to the C—H linkages, the deforming vibrations in the excited state 
of the molecule being known to be between 1250 and 1450; or it is quite 
possible that only the 1078 corresponds to such a deforming vibration of the 
C—H linkage and that superimposed upon it is a vibration of 247 due to the 
deforming vibration of the C—C link or of the two radicals against each other, 
In any case it appears that the vibration levels of these electronic states 
belong to the organic radicals corresponding to those which have been 
observed in the absorption spectra of methyl iodide, acetone, acetaldehyde, 
cyclo-pentane, cyclo-hexanone, etc.® 


cm’ 


L 4 CH.) H. 
so) (CH) Hy sa Rath sae 
49003 1078. 


522 4848! 8 48410 


sq Cel Hlalt 33938 


—- 39592 


39020 
” 38942 











Fia. 6. 


Fig. 6 gives a representation of the bands of the various molecules 
arranged according to the term scheme. We attribute the vibrations to the 
upper level since in absorption it is not likely that the ground level would 
show higher vibrational levels. The ground state is in all cases taken to be 
singlefold. 

In mercury diphenyl we observe a vibration superimposed on the 
electronic level which is due to the phenyl radical. The value 852 and the 
marked intensity of these bands indicate that it is the total symmetric 
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vibration of the benzene ring having a frequency of 991 in the Raman 
sprectrum which naturally is slightly diminished in the excited molecule. 


In the two remaining molecules are observed bands which we attribute to 
the C—Hg bond. The Raman spectra of substances having such a bond 
are known only for mercury dimethyl and mercury diethyl.* The funda- 
mental frequencies of mercury dimethyl are 515, 156 and 700 cm.~! and those 
of mercury diethyl 486, 140 and 633 cm.-! The order of magnitude of 564 
for mercury dimethyl and 590 for phenyl mercury chloride from their 
respective band spectra agrees with that which is to be expected for 
the deforming vibration which is 700 in the unexcited mercury dimethyl. 
In (CH;)2Hg it appears from the energetic difference and from the fact that 
one set of bands is before the absorption and the other set in the absorption 
region itself, that the two sets originate in two different excited electronic 
states. It looks as if the upper electronic state B corresponds to that 
found in (C,H;),Hg. The vibration frequency of 522 for the state B as 
compared to 564 of state A is of the right order of magnitude.t The 
unharmonicity factor for state A which can be calculated if we were allowed 
to treat the molecule as a diatomic one, will be 65-5, an unusually large 
value. In any case we think we can infer that the molecule in this 
state is rather unstable, that it is highly polarised and that it is non-linear. 
It is also possible to treat the difference of 433 cm.-!, not as a second member 
of the same progression but as an independent superimposed vibration which 
would then be the valency vibration of C—Hg bond which is 515 cm." in the 
unexcited molecule. This interpretation, however, leads to the same conclu- 
sions as given above. 


Similar frequencies of vibration are also found in (CgH;)HgCl. The 
frequency 590 agrees very well with 564 of state A for (CH3),.Hg. This 
coincidence incidentally indicates that these figures must be very near to the 
true vibration frequency of the excited levels and much importance need not 
be attached to the unusually big unharmonicity which, if real, could not, 
as is usually done, be neglected for the calculation of the real vibration 
frequency, and which is only derived from a pretended similarity of such a 
polyatomic molecule to a simple diatomic one. Another interesting feature 
of the bands observed in this molecule is the close doubling of the lines, the 
doublet separations being 78, 60, and 30cm.-!_ This doubling has probably 
nothing to do with the multiplicity of the electronic level and the simplest 





* We are indebted to Prof. K. S. Krishnan for these data from a paper of Mr. N. 
Gopala Pai, Proc. Roy. Soc. (A), (in press) from his laboratory. 

tT It is not possible to say at present whether the state B is identical with that found 
by Terenin (loc. cit.) at low temperatures of —150°C., or not. 


F 
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explanation seems to be that they are due to the presence of strong Q head 
in addition to the usual R or P heads. If this interpretation is true, taking 
the analogy of diatomic molecules we may say that since the ground state 
of such a saturated and diamagnetic molecule is certainly of the Z type, the 
excited state must be of the JJ type. 
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1. Taxrnc the Hamilton’s principle alternatively as the vanishing of the 
first variation of a Pfaffian X,dx' of class! 2n+1 in the 2n+1 variables of the 
manifold of states and time of a conservative holonomic dynamical system of 
n degrees of freedom, i.¢e., taking 5 /X,dx’ = 0, for a natural trajectory as 
compared with neighbouring paths with the same terminal points,? we 
obtain® the Pfaff’s first system of equations 

a, dx* = 0, (i= 1,2 .... 2n+1) ‘ i an 
as the equations of the trajectories. ‘To start with, all the variables (x’) are 
supposed to be undifferentiated as time, momenta, and coordinates of the 
generalised m-space. Viewed from this standpoint, notions of integrals of 
motion, time, the Hamiltonian, and the Lagrangian can be successively 
derived purely from considerations of the class of the form X; dx’, and the 
principle 8 / X; dé = 0. 





m 
1 The class or rank of a form 2 X, dz’ is the rank of the matrix 


r=1 
0 Q@yo* * tt ee Aim 
G2, 0- . dom 
aK; dX, 
Os OS OO 6s CLO" OHE ? Aik = —_ _ at 
Omi m2 * * * * * 0 
X, Xe Pay Xun 








n 
The class of Y' p,dq" — Hdt in the variables q’, p,,t is 2n+1. X;da! is the 
general form of it. . 
? The restriction of the identity of the terminal points can be made less stringent. 
See E. Cartan, Invariants integraux, 186. 
See also section 7 of this note. 
3 E. Goursat, Probleme de Pfaff, 21. 
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° n 
The action form X; dx’ can be reduced to the expression 2 #, dg’—Hadt 
r=1 
by a suitable change of variables. In the (27+ 1)-manifold, the variables 


n 

q’, p, are not cannonical for the form 2 p, dg’—Hdt. Their nature is 
r=] 

examined. A generalised form of the theorem that if the Hamiltonian is 


independent of time, it is an integral of motion, is obtained. 


In this connection, reference must be made to the work of E. T. 
Whittaker‘ and E. Cartan.® 


I thank Dr. R. Vaidyanathaswamy for his kind help, and Dr. S. Chowla 
for his interest in the work. I also thank Prof. E. Cartan for his helpful 
remarks. 


2. Notation.—The conventions of Tensor Calculus are followed. When- 
ever the range of summation for a repeated index is different from 1 to 
n 
2n+1, it is indicated bya Y. The form 2 p, dg’—Hdt is referred to here- 
r=1 
after as the (q p #)-form. 

3. Integrals of motion Any function @ (x!, x?,....x°"*') which is 
constant along the trajectories, 1.e., any integral ¢ of the Pfaff’s first system 
(A), is an integral of motion. Suppose we change the coordinates to ( 2’) of 
which one of the variables, say z!, is d (x1, x2,....x°”*"). Then X, dx’ will 
become X; dz’. If we put z!=constant, dz1=0 in X; dz’, the resulting 
form will be briefly referred to as the form obtained by substituting ¢= 
constant, dé=0 in X; dx?. Such a process gives a Pfaffian whose class is 
less than that of X, dx’ by two units exactly whenever ¢ is an integral of 
(A), and conversely. 

4. Time and the Hamiltonin.—Any continuous function ¢ (x, x,.... 
x2"*1) which possesses the first partial derivatives and which is not an 
integral of motion gives in the first instance roughly the nature of the time 
variable. The substitution constant, di=0 in X; dx yields a Pfaffian of 
class 2m exactly.?7 We can at once show that ¢ cannot have the same value 
for two neighbouring points on the same trajectory. 





* Analytical Dynamics, 3rd Edition, 307. 

5 Ibid., Chapter 18. 

6 KE. Goursat, ibid., 52. 

* When the variables are changed to ft, a, x?+--+++-x?", and the substitution 
i=constant, dt=0, is made in X; da’, the resulting form, expressed in 2n variables, 
cannot have its class greater than 2n. It cannot be less than 2n, as t(at--+-g?2"+1) is 
not an integral of (A). 
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Let A” be the minors of aj in | ay|. By the theory’ of the 
skewsymmetric determinant of odd order 
A* =i a’. 
If (é’) denotes a vector everywhere codirectional with the trajectories, 
equations (A) can be written as 
£1 &2 E201 
a a2 cone = gan 
Consider the infinitesimal transformation 8x’=£ «, taking a point (x’) on a 
trajectory to the point (x’ + 8x’) on the same trajectory. The change dt in ¢ is 


 _ PS RPOOye ; eo , . 
— ox? which is proportional to parr a’, Since A” are the components of a 
ox 


) 
tensor of weight two, a a’ is a scalar density. Hence the nonvanishing of 
Xx 


it in any one particular coordinate system ensures the same in all coordinate 
systems which are non-singularly connected with it. Consider 2n independent 
integrals of (A) (say $1), diz)... .d¢2,)) and ¢ as new variables. 

Putting x/=¢), (j=1, 2..2n,) 22"+1=1, the equations (A) must be 
equivalent to dx!=dx?=....=dx?*=0. 
Hence 4j (2241) 44=0, for any arbitrary dt. 
Thus 4; (2n41) =90, (C=1, 2....2m +41). 
The class of X; dx’, i.e., the rank of 














is2n+1. Therefore | a,’ | «0. 
. oe : 
Now a’ — = VA (2' = (a! ob 
ox? ox’ dx” 


- r/ ae ob Ot 
dx? dx 











VA at dt 
- A(@"+1) (2"+1), since — = 0 


ox! . PY iil 
=| a7 | 


== 0. 


* Gerhard Kowalewski, Determinanten-theorie, 124, 
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If in addition to this property of changing from point to point on the same 
trajectory, we want that the flow of time should be uni-directional, we must 
impose on ¢ the further restriction that it should be a monotonic function 
along the trajectory on which the point representing the dynamical system 
moves. Instead of this, we may, however, impose the condition that it must 
be possible to divide the length of the trajectory into a finite number of 
intervals, so that ¢ is monotonic in each interval. In this case, the motion 
in each interval must be separately considered. 

The Hamiltonian is next defined as a function H (x1, x?,....%?”*1) such 
Ge the form X; dx’+Hdt is - class 2m. Writing this cannonically as 
z p, dq’, we have X; dx’ = = p, dqr — Hat. 
eal 
The extent of arbitrariness of H is very great indeed, for H depends not 
only on the choice of ¢, but also of g’ and ,. 

The two ideas of time and Hamiltonian can be given in a single concept 
as follows: If ¢ and H are two functions, such that X, dx’ +Hd¢ is a form 
of class 2m, tis a measure of time, and H a Hamiltonian for that time 
measure, provided ¢is monotonic along the trajectory in question, and 
possesses the first partial derivatives. It is easily seen that for the variable 
tso defined, the substitution t=constant, dt=0 in X; dx yields a Pfaffian of 
class 2n 


ot 
Let (X + H#); denote X; + a 
% 


and (X + Hé),, denote az + Hyxtij, H=5, $; = a 

where the bracket [ ] stands for the alternating product with respect to 
the indices enclosed by it. The fact that X, dx’ + Hd¢t is of class 2n is equiva- 
lent to (?”*2)C,,,;=2n+2 partial differential equations out of which one 
is identically satisfied, for | a, | =0. The equations® are 

(X + Hi) (X + Hf) (X+Ht) se eeees (X +. Hé) =), 

i, gn41 i; i, 4, i, ton. 1ton] 

5. The quasi-cannonical variables.—The variables q’, p,, ¢ in the (g p #)- 
form will be referred to as the quasicannonical variables, for the 
form is nearly cannonical. The equations of the trajectories can be 


written as 


dgqr _ dp, a om 9 
oH -— ad (ry=1, 2....n) ra, . & 
opr dqr 


If (dg, dp,) satisfy (B), the inner product of the vector (dq!,- + - dq”, 





® J, A. Schouten, Der Ricii-Kalhtl, 123, 
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On the Form 3 pr dy’—Hadt 
r=] 


dp,- - - dp, 0) which may be taken as the projection of the contravariant 
direction of the trajectories on the hypersurface ¢=constant, and the 


= = = = ~) which is the gradient of 


covariant vector (Se os Sqn" at fe P= = 


H, is zero, for 
hes oH oH oH 
z ( dgr + ap.) + Sp °0. 
r=1 oq” . O Pr p 
n 
— ~ (2H ww ~. 





r=1 \ 09” opr s d Pr oq” 
=0 

Hence in the (g7, ,, t)-manifold, the projection of the direction of the trajec- 

tory through a point on t=constant, through the same point is incident with 

H=constant, through that point. 


If a g* is not an integral of motion, and satisfies the necessary con- 
ditions, it may be considered as a measure of time with —pq expressed in 
terms of g!---g", py---pat, pasi::*Pn, t, H as a Hamiltonian. Then the 
above geometrical relationship holds between the direction of trajectories 
and the hypersurfaces g4=constant, and pa=constant. If the fa is also 
not an integral motion, the relationship is reciprocal.!° 


6. If (X,) is explicitly independent of x%, Xa is an integral of motion. 
For consider the particular equation of (A) — 








Xa ,. omy = 
i 3 da for SS 0 by supposition. 
= d Xa 
Corollary. 


Suppose H in the (q, ?, #)-form is explicitly independent of time. Then 
(X;) = (pi, po,-+++Dn, 0, 0,----0,—H), is independent of ¢. Therefore H is 
an integral of motion. 


7. The Lagrangian function and equations.—The equations of the 


trajectories are 
da! da’ da2n+1 


nt hes 





— 





2 
10 Consider the form 2 p, dq’ — Hdt+d(-—pqg 9%). The Pfaff’s first systems of 


r= 


equations are the same as (B). For this form, pg may be considered as measure of time 


with g@ as a Hamiltonian. 
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The function I, thus defined invariantly for a given ¢, may be called 
the Lagrangian function for that time measure. 


In the quasi-cannonical variables, (X;)=()1, p2,---, pn, 0, 0,---0,—H), 


1 (é’) is proportional to (= =... oe oe ) 
and (€’) is prop g Sp,’ ap,’ 3p,’ dq” Sg? Sqn’ 
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If we assume that the q’s are expressible as functions of ¢, then by (B) 


L=< p,qr—H, 
r=) 


where the dot denotes differentiation with reference to time. This is the 
usual expression occurring frequently in Hamiltonian dynamics. If we 
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r=1 
further assume that the #’s are expressible in terms of q’s, q’s, and t, 
we come to the variational problem.!! 
8/L (9’, 4", t) dt =0. 
The equations of Euler are 


oL 
oq Pr 
sc = pr, (r=1, 2....m), 


which give the generalised momenta and their time derivatives. These can 
be written in the Lagrangian form as 


d f/oL oL 
© yn =, med), 9... 
dt bs ) og” (r ? : n) 





11 When we consider the isoperimetrical problem in this form, it is only necessary 
that (q”) should be the same for the terminal points. Thus the condition imposed in 
section 1, viz., the identity of the terminal points in the (2n + 1)-space is more than 


necessary. See E, Cartan, ibid., 186, 
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(1-1) follows from (1-6) and (1-7). 

2. Now assume that (I) has been proved for some &. We shall then 
show it is true for (k+1). Write 
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Hence, using (1-1), 
Vx 
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Where, assuming (I) for k = 2. 
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We can prove in an elementary manner, similar to the proof of (3-7), 
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From (3-12) and (3-13), 


(3.14) 2 Ps (x) = a R32 +0 (R32), 
«<r 
which is the case k = 3 of (I). 
4. We have 
(4:1) Po(x) = 1+ 4 P(x). 
To prove (3-11) assumed above, we first show, similar to the proof of 
(3-14), that 


(4.2) 2 Py(xy= TBs op). 


> 
“gr ‘<i 


Thus we obtain completely elementary proofs of (I) in the cases k=2 
and k=3. (I) then follows by mathematical induction for k>3, using the 
results of sections 1 and 2, which, however, involve a knowledge of Bessel 
functions. It is not difficult to construct a completely elementary proof of 
(I), similar to the cases k=2 and k=3 [1.¢., not using sections 1 and 2). 

It is also possible to prove (I) fork > 2 from known results in the 
theory of lattice points due to Walfisz and Landau. 

5. Nothing is known about the signs of P; (m) and P, (m), an integer. 
Thus (I) proves that the inequalities, 

(5-1) Ps (m)>0, Py (m)>0 
are true for infinitely many integers n. It seems not impossible that these 
inequalities are true for all large positive integers n. This, if true, must lie 
very deep. 

6. It may be remarked that the method used above also applies to the 
ellipsoid of & dimensions : 

Qjx\7 +--+ +ayx,P=x, 
where @,---, a, are positive integers. Here, also, (I)* holds. 





. Credit is claimed for the completely elementary method of proving (I) suggested 
in this paper [details were given only for :=3, the case k=2 is considerably simpler]. 
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1. Introduction. 


TuE study of the iridescence of nacreous shells is of importance from various 
points of view. The employment of the material in decorative art and for 
other useful purposes gives the subject some practical interest and invests 
it with an appeal even for the layman. Students of physical optics had 
long been familiar with Sir David Brewster’s pioneer investigations on the 
origin of the colours of mother-of-pearl, references to which were to be 
found in most treatises on light, and were apt to imagine that the subject 
had been fully elucidated. This impression was dispelled by the more recent 
studies of A. H. Pfund! and of Lord Rayleigh? which served to draw atten- 
tion to the subject and revealed some features overlooked by Brewster. 
The present investigation indicates that the subject has so far been only 
very imperfectly explored and offers much scope for further research. 


To the chemist and the crystallographer, the structure of the nacreous 
substance offers problems of peculiar interest. The periodic stratifications 
which are characteristic of the material depend on the presence, distributed 
through the volume of the substance, of a small proportion of an organic 
compound—conchyolin—which serves to hold the particles of calcium carbo- 
nate together and gives strength and elasticity to the structure. These 
facts have led colloid chemists to postulate that mother-of-pearl is essentially 
analogous to the periodic precipitates in gels studied by Leduc,? Liesegang 
and others. It has even been claimed that by slow precipitation of calcium 
carbonate by diffusion in a gelatinous medium, structures resembling mother- 
of-pearl in their structure and optical properties have been synthesised.4 
One of the remarkable features of mother-of-pearl is that the calcium carbo- 
nate is present in the form of aragonite instead of the commoner crystalline 





1 A. H. Pfund, Frank. Inst. Jour., 1917, 183, 453. 

* Lord Rayleigh, Proc. Roy. Soc. (A), 1923, 102, 674. 

® Leduc, Alexander’s Colloid Chemistry, New York, 1928, 2, 72. 

* Clement and Riviere, Alexander’s Colloid Chemistry, New York, 1932, 4, 503. 
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variety calcite. Optical and X-ray examination indicates that in many 
cases the crystals of aragonite are laid down with considerable regularity 
so as to build up the laminated structure of nacre. It may be remarked 
that the foliated structures containing calcite present in certain shells, ¢.g,, 
the Anomiida, though sometimes faintly iridescent, do not show the character- 
istic properties of nacre. Why the aragonitic form of calcium carbonate is 
preferred and what determines the size and orientation of the crystals in 
nacre are problems still awaiting solution. 


To the zoologist, the nature of the nacreous substance in molluscan 
shells is part of the general problem of the structure of calcareous shells 
and the manner of their formation and growth from the secretions of the 
animal which they enclose, on which subjects there has been a great output of 
literature. Owing to the kindness of the present Director of the Zoological 
Survey of India who is himself a specialist in this field of research, I have 
obtained access to the most recent zoological publications on the structure 
of calcareous shells. Detailed references to the literature will be found 
later in the course of this paper. It will be sufficient here to mention the 
name of W. J. Schmidt who is very generally regarded as the principal 
authority in this field and whose book is an invaluable work of reference.5 
A very complete account of Schmidt’s latest work is contained in a mono- 
graph on bivalves by F. Haas.® 

If anything were needed to add to the fascination attaching to the 
subject of the iridescence of mother-of-pearl, it is the connection between 
it and the study of the pearls (natural or cultured) found in association with 
it in molluscan shells.?7 It is known that the structure of pearls presents 
many points of analogy with that of mother-of-pearl8 and the optical characters 
of the two substances are therefore very intimately related. 


2. Material for the Study. 


According to Boggild,® the nacreous substance is rather common among 
the three main groups of the molluscs, the Pelecypoda, the Gastropoda and 
the Cephalopoda, while it is never found outside the molluscs. The shell 
structure of the molluscs is elaborately described in Boggild’s memoir and 
the families in which a nacreous layer is to be found are enumerated. It 





5 W. J. Schmidt, Die Bausteine Des Tierkorpers in Polarisertem Lichte, F. Cohen, Bonn. 
1924, 

6 F. Haas, Bronn’s Klassen und Ordnungen Des Tierreichs, 3, iii, 3, Akad. Verlag. Leip- 
zig, 1931. 

7 L. Boutan, La Perle. Gaston Doin, Paris, 1925. 

8 F. Haas, Bau und Bildung Der Perlen, Akad. Verlag. Leipzig, 1931. 

® QO. B. Boggild, Mem. Roy. Acad. Copen., 1930, 2, 235. 
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will be sufficient for our purpose to mention some of the material available 
which is specially suitable for the purpose of optical study. 

The bivalves include the following families in which a nacreous layer 
is present : 

Aviculide, Pinnide, Pernida, Vulsellida, Mytilide, Nuculide, Nayadide, 

Trigonidea, Anatinide. 

The large family of the Aviculide is of great interest to Indian students, 
for in the waters of the Indian Ocean! are found some of the best known 
representatives ; they include the Pearl-Oyster (Margaritifera), the Wing- 
shells (Aviculids proper) and the Hammer-Oyster (Malleus). The Indian and 
Ceylon Pearl-Oyster (Margaritifera vulgaris) is amongst the smallest of its 
kind and compares unfavourably in size with the huge Gold-lip Pearl-Oyster 
from Mergui and the South seas, a species with shell large enough for a 
dinner-plate. The larger Black-lip Oyster (M. Margaritifera) is also occasion- 
ally found in the Indian seas, and is a handsome stoutly-built shell with 
a thick layer of nacre. Fig. 8 in the plate represents a carved shell of 
pearl-oyster exhibiting a beautiful lustre and iridescence. The Aviculids 
proper, the true Wing-shells, have often very curious shapes (e.g., Pteria 
castanea, Pteria semisagitta), and include some larger forms (Pteria macroptera) 
displaying plenty of iridescent nacre. The Pinnid@ are represented in Indian 
waters by several species of which the commonest is Pinna bicolor, a big 
wedge-shaped shell often a full foot in length, and Pinna fumata which is 
shorter and stouter. Vudlsella rugosa, a deep oblong shell without ears is the 
chief Indian representative of the Vulsellida. The Mytilide form a large 
family, the three common genera in Indian seas being Mytilus, Modiola and 
Lithodomus. Deserving of special mention is the very handsome green 
mussel (Mytilus viridis) widely distributed round the South Indian Coast 
and readily recognised because of the striking green colouration of the horny 
membrane or periostracum investing the exterior surface of its valves. This 
shell can be found in fairly large sizes and displays a beautiful and characteristic 
iridescence in its nacreous layer. Amongst the numerous fresh-water bivalves 
of India,!! the mussel Lamellidens marginalis is a conspicuous species. It 
has a thick layer of nacre, which, however, exhibits little colour. 

The gastropods, according to Boggild, include the following families 
in which a nacreous layer is present : 

Pleurotomariide, Haliotide, Stomatida, Turbinide, Delphinulide, 
Trochida, Umboniide. 


10 J. Hornell, The Common Molluscs of South India, Govt. Press, Madras, 1924. 
11H. B. Preston, Fauna of British India: Fréshwater Molluscs, London, 1915. 
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This group of molluscs includes some of the most gorgeously iridescent 
shells known, amongst which should be mentioned particularly the Halio- 
tide, the Turbinide and the Trochide. A common Indian species among 
the Ear-shells is Haliotis varia, which, however, is quite a small one, seldom 
exceeding 1} inch in length—a poor representative of the family. Much 
larger specimens of the Haliotide are to be found in the waters around France, 
Japan, New Zealand and California, attaining lengths from 4 to 6 inches 
and displaying a vivid colouration of the mother-of-pearl lining of the shell, 
The Californian specimens of the Haliotida, known locally as the abalone, 
are the most remarkable in this respect. At least three distinct species of 
abalone are known which differ greatly in their optical characters, as will 
be described more fully later. The polished convex surfaces of the shells 
of two species of abalone are illustrated in Figs. 1 and 2. Other species of 
Haliotide of large size are known which differ from the abalone in being far 
more translucent to light. The Turbinide and the Trochid@ include nu- 
merous species and are some of the commonest shells to be met with on the 
South Indian littoral, but usually only in relatively small sizes. Very large 
specimens of Turbo and Trochus are, however, available from the vicinity of 
the Andaman and Laccadive islands, and when cieaned and polished exter- 
nally make a remarkable display of lustre and iridescence. One such shell 
of Turbo (not of specially large size) is illustrated in Fig. 3. Tvochus shells 
in large sizes also make beautiful and lustrous objects when the nacreous 
layer is exposed, though the colours are less vivid than with Turbo shells. 
One such shell of Trochus from which the periostracum and prismatic layer 
had been brushed out with dilute hydrochloric acid is illustrated in four 
different positions in Figs. 4, 5, 6 and 7. The conical form, the spiral 
structure, the sculpturing on the ridges and the lines of growth on the nacre 
are all beautifully seen. 

Unique amongst the Cephalopods is the well-known Nautilus pompilius, 
shells of which are a familiar sight on tropic beaches. Many text-books 
on Zoology contain figures of the remarkable internal architecture of this 
shell containing a series of septa with a perforation running through them. 
In the natural state, the shell is covered externally with a thin white enamel- 
like layer ornamented with brown stripes. When this is brushed off with 
dilute acid, the beautiful nacreous substance is exposed -which ‘exhibits 
bands of colour following the visible lines of growth on the shell. One such 
specimen, unfortunately incomplete, is illustrated in Fig. 9. The septa 
which may be exposed by sawing the shell in two also consist wholly of 
nacre. It may be mentioned that the septa of the beautiful little Spirulide 
are nacreous but are not iridescent. 
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3. Structure of Iridescent Shells. 


The shell structures of molluscs generally, and in particular, the 
structures of the various layers in iridescent shells have been the subject 
of elaborate investigation by zoologists. Accounts of the subject are given 
by W. J. Schmidt in his book, by Boggild in the memoir already quoted, 
and a detailed review with numerous illustrations in F. Haas’s monograph 
on the bivalves. The subject has been studied mainly by the examination 
under the polarisation microscope of thin sections of the shell cut in one 
or another of three perpendicular directions, namely parallel to the surface 
of the shell, transverse to the surface and either parallel or perpendicular 
to the lines of growth on it. Many photographs under low magnifications 
of such sections illustrate Boggild’s monograph. It appears that the nacre- 
ous structure is only one of the numerous forms which the calcareous 
substance in shells can assume. Boggild describes no fewer than eight 
different modes of aggregation, the four commonest according to him being 
“the homogeneous”’, “‘the prismatic’, “the crossed lamellar” and “the 
nacreous” structures. A fifth kind namely “the foliated structure” is of 
special interest as it also exhibits a pearly lustre and appears in certain 
families, namely in the Ostreide@, Pectinide, Spondylide and the Anomide ; 
it differs however from the nacreous structure in being less regular and in 


being composed of calcite instead of aragonite. 


In all iridescent shells, we have at least three layers, the first and outer- 
most being the periostracum which is a thin layer of organic material known 
as conchin or conchyolin. ‘This is followed by a second layer which in most 
bivalve shells is prismatic in structure, but in certain others, e.g., the Mytihde, 
the Stomatide, the Turbinide and the Trochide, is ‘‘homogeneously pris- 
matic” and in the Haliotide ‘‘homogeneously grained”. This second. 
layer is followed by the nacreous substance which save in a very few cases 
is the innermost or final layer.!2 The outer layers namely, the periostracum 
and the prismatic layer, may be removed mechanically, or alternatively by 
brushing with dilute hydrochloric acid which acts upon them more readily 
than upon the nacreous substance. The latter which is thus exposed may 
then be ground and polished in order the more effectively to display its 
optical properties. 

The chemical and physical nature of the nacreous substance has been 
elaborately investigated and described by W. J. Schmidt and illustrated 


12 “The Helle Schicht” or “Hypostrakum” which appears on the shell at the regions of 
attachment to it of the muscles of the animal is regarded by Schmidt as merely a modification 
of the nacreous layer, but this is a disputed point. 
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by numerous diagrams and photographs. We may here quote Schmidt's 
definition of the nacreous substance. ‘‘Mother-of-pearl consists of micro- 
scopically small, tablet-shaped crystals of aragonite formed along the basis, 
the so-called platelets of mother-of-pearl,—which are regularly arranged 
in positions parallel to the surface of the shell and are cemented together 
by an organic substance, the so-called conchin oi conchyolin.’’ The plate- 
lets so held together form elementary lamine and these are in their turn 
superposed on one another in great numbers and cemented together by 
immeasurably thin layers of the same organic substance. The individual 
platelets of aragonite are about 10y in diameter ; they are sometimes rounded 
in form (for instance in Meleagrina and Pinna), sometimes bounded by 
straight edges (e.g., in Mytilus) and may also assume other shapes. The 
thickness of the elementary laminz corresponds to that of the platelets of 
which they are composed, and is of the order of magnitude I» but may vary 
between the extreme limits 0-54 and 2y in different species. According 
to Schmidt, the statement often found in the older text-books that mother- 
of-pearl consists of alternate and equally thick layers of calcareous and 
organic material is definitely erroneous. (This erroneous statement is, 
strangely enough, repeated by Boggild in his memoir quoting Schmidt as 
his authority.) That the actual thickness of the organic layers is immeasur- 


ably small compared with that of the aragonite layers has been inferred by 
Schmidt from his observations of the cross-sections of mother-of-pearl under 
the highest available magnifications. 


From his studies of cross-sections of mother-of-pearl under the polari- 
sation microscope, as also of the tiny crystalline platelets separated by 
digesting the material with alkali, Schmidt drew important conclusions 
_ regarding the optical characters of the substance. According to him, mother- 
of-pearl is an aggregate of crystals, which both in the individual elementary 
lamine and also in neighbouring ones are arranged essentially parallel to 
one another. This regular arrangement of innumerable single crystals 
explains the more or less complete optical homogeneity of the substance, 
as shown by the more or less uniform extinction and axial picture which 
is determined by the aggregate effect of the regularly-arranged ultimate 
units. The transverse cross-sections have their extinction parallel to the 
laminz and always behave as optically negative with reference to the normal 
to the lamine. The parallel sections have their extinction parallel to the 
lines of growth on the shell and generally behave as positive (rarely as nega- 
tive) with reference to this direction. The normal to the lamine is the first 
middle line of the axial picture seen in the parallel section. The c-axis is 
therefore normal to the elementary laminz, and the lines of growth lie in 
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Fie. 1. Abalone Shell (Haliotés Sp.) 
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Fie. 6. Shell of Trochus Sp. 
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os 


CV. Raman. Proc. Ind. Acad. Sct., A, vol. 1, Pl. XIX. 


Fic. 8. Shell of Margaritifera. 
Fie. 9. Shell of Nautilus pompiiius. 





=. cn ee er on ES Oe er” 

















On Iridescent Shells 573 


the axial plane and are parallel to the macro-axis. (In rare cases, the axial 
plane and the lines of growth cross each other, and the latter then correspond 
to the brachy-axis.) The form and arrangement of the platelets determine 
the structure of the substance, and the intimate connection between the 
morphological structure and the optical properties is thus explained. 
Smaller and larger distyrbances of the regularity of the structure show 
themselves in the incompleteness and irregularity of the extinctions and 
the varying values of the axial angles. 

Note—The photographs illustrating this paper were taken by Mr. C. S. Venkateswaran to 
whom my best thanks are due. To Dr. Baini Prashad, Director of the Zoological 
Survey of India who furnished me with valuable specimens and loaned a collection of 
zoological literature I am greatly indebted. Dr, H. Srinivasa Rao, of the Zoological 
Survey, has also very kindly presented to me a collection of Trochus and Turbo shells 
from the Andamans. The scientific results of the study of the material placed at my 
disposal by these and other friends will be reported upon in the subsequent instalments 
of the paper. 
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1. Colours of Stratified Films. 


THE late Lord Rayleigh! was the first to draw attention to the special 
character of the iridescence exhibited by regularly stratified films, namely 
that a narrow region of the spectrum is strongly and selectively reflected. 
Several examples of such iridescence are known, e¢.g., Lippmann’s spectrum 
photographs in natural colours, twinned crystals of potassium chlorate, 
fiery opals and the metallically coloured wing-cases of certain beetles.2 In 
the case of iridescent shells, we have three special features which distinguish 
it from the examples cited: (1) the internal laminations are nearly always 
inclined to the external surface instead of being parallel to it ; (2) the lamine 
are granular and not homogeneous in structure ; (3) considerable thicknesses 
of the material have usually to be considered and not thin films. Before 
we consider the special effects arising from these causes, it is useful to recall 
the features exhibited by the simpler cases mentioned above. 


The theory of the reflection of light by a stratified film has been discussed 
by Rayleigh.? His investigation indicates that the permissible cases fall 
into one or another of two classes, the first in which the reflection tends to 
become complete as the number of laminze becomes large, and the second in 
which the reflection and transmission remain fluctuating however great this 
number may be. Whether the one or the other state obtains is determined 
by the relation between the reflecting power of the individual laminz and the 
phase relation between the reflections occurring at the successive laminz. 
If the reflecting power of each lamina be small, many laminz are required 
even with the most favourable phase-relations to give a tolerably complete 
reflection and a nearly complete cut-off in transmission. The reflection is 
at the same time highly selective in respect of its spectral character. On 





1 Rayleigh (1), Scientific Papers, 3, 1, 190, 204, 264. 


2 Old decomposed glass also shows a marked iridescence due to a stratified film covering 


3 Rayleigh (1), Proc. Roy. Soc. (A), 1917, 93, 565; also Scientific Papers, 6, 492. 
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the other hand, if the individual reflections be strong, fewer laminz suffice 
to give a strong reflection, and a correspondingly broader spectral range of 
reflection is obtained. ‘The effects of varying the factors involved, namely 
the spacing of the laminz, their reflecting power and their number, may be 
studied with the examples of stratified films already mentioned. The spec- 
trum of the reflected light frequently includes not one, but several bands, 
these representing successive orders of interference. The light reflected 
at nearly normal incidence exhibits comparatively narrow bands in its spec- 
trum ; as the angle of incidence is increased, these bands move towards shorter 
wave-lengths and increase rapidly in width. Very interesting effects are 
noticed when the number of laminz operative is limited ; in such cases, the 
bands of maximum reflection in the spectrum of the reflected light are accom- 
panied by subsidiary bands of smaller intensity on either side of them. The 
appearance of these secondary maxima is readily understood by analogy 
with the secondary maxima observed in diffraction spectra with gratings 
having a finite number of rulings. 
2. Laminar Diffraction Spectra. 

As is well known, Sir David Brewster who investigated the colours of 
mother-of-pearl classified them under two heads, what he called transferable 
and non-transferable colours. The former could be transferred to gelatine or 
other soft substances employed to take an impression of the surface of the 
material, and hence it was inferred that they were due to diffraction by grooves 
on the exterior of the nacreous substance. The non-transferable colours on 
the other hand were regarded as interference or thin film colours due to the 
internal reflecting layers. The grooves on the surface capable of diffracting 
light were interpreted as the outcrops of these internal stratifications. Later 
writers have accepted Brewster’s classification without comment. A little 
consideration will show, however, that this separation of the optical effects 
into two independent and superposable phenomena is not justifiable. Assum- 
ing that the laminze meet the surface at an angle and that in consequence 
the surface is grooved, diffraction effects must arise not only when the light 
is incident externally on the surface, but also when it emerges at the surface 
after suffering reflection at the internal laminations. The non-transferable 
diffraction effects arising in this way should be quite as important as the 
transferable effects associated with the comparatively weak reflection at 
the external surface. Further, as both the externally and internally reflected 
wave-trains are derived from the same original beam, the effects arising from 
them would be coherent and capable of interfering with each other and not 
simply superposable. These considerations indicate that the phenomena 
observed should be considered as a whole, and that the optical effects exhibited 
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by a cast of the surface would be very different from those actually observed 
at the surface of the shell. Even if the latter were perfectly plane, the lamina- 
tions meeting the surface obliquely would in effect form a grating giving 
rise to diffraction effects of a non-transferable character. 


The full significance of the foregoing remarks is best indicated by the 
results of a simple experiment. A narrow pencil of light is allowed to fall 
on the polished surface of an iridescent shell. A polished piece of Turbo 
shell serves admirably for this purpose, and in fact Turbo was the species 
of shell with which the observations to be described were first made, though 
other species may also be successfully employed. The pencil of light after 
falling on the surface and being reflected by it is received on a white screen. 
It is then found that the reflected pencil is accompanied by diffraction spectra. 
With the particular specimen of Turbo shell, three spectra were conspicuously 
observed on one side of the reflected light, and only one on the other (Fig. 1). 
The first-order spectra on both sides showed the complete set of 
colours present in white light. But the second-order and third-order 
spectra which were present only on one side did not show all the colours of 
the spectrum, and the third-order spectrum in particular, though very intense, 
exhibited only one pronounced colour, namely that of the characteristic 
green iridescence of the shell for the particular angle of incidence. In other 


words, the characteristic iridescence of the shell appeared as the third-order 
diffraction spectrum due to the laminar grating formed by the surface of 
the shell. 


An interesting variation on the experiment is made by cementing a thin 
microscope cover-slip of glass with a little Canada-balsam on the surface of 
the shell and reflecting a pencil of light from it at the same angle of incidence 
as previously (Fig. 2). It will be noticed that all the diffraction 
spectra disappear except the third-order spectrum on one side which remains 
in identically the same position. The effect of the Canada-balsam is virtually 
to suppress the grooves present externally on the surface of the shell. But 
the periodic internal structure persists and gives rise to the characteristic 
reflection at the same angle of diffraction as previously. Examination of 
the third-order spectrum with a pocket spectroscope shows that only a 
comparatively narrow region of the spectrum has an appreciable intensity 
in it. Experimenting with different shells and even with different areas on 
the same shell, it is found that the characteristic iridescence may sometimes 
appear as the diffraction spectrum of the second order instead of as the third. 
A superposition of the second and third orders for wave-lengths near the two ends 
of the visible spectrum may also be observed in certain cases. The iridescence 
then appears as a mixed colour instead of being monochromatic. 
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That the direction in which the light of appropriate wave-length reflected 
by the internal laminations emerges should be identical with that of one of 
the diffraction-spectra produced by the surface of the shell is intuitively 
evident and may be readily proved theoretically. In Fig. 3 (a) and (b) we 
have the internal laminations meeting the surface at an angle a. If d is 








(a) (b) 
Fie. 3. IJentity of Direction of Iridescent Reflection with Diffraction Spectrum. 


the thickness of the laminations, the grating space on the surface is d cosec a. 
We denote hy 6 and ¢ the angles of incidence and refraction of the in-falling 
light, and by % and x the angles of incidence and refraction of the beams 
emerging from the surface of the shell. 

For the diffraction at the surface of the shell, we have the usual grating 
formula [Fig. 3 (a)] 

d cosec a (sin y—sin #)= 4nd .. mh ia wie (1) 

The beam of light entering the substance of the shell is incident on the internal 
laminations at the angle (¢+a), and the wave-length of the characteristic 
teflection is given by the usual formula [Fig. 3 (d)] 


2ud cos(d+a)= nA... a on me oe (2) 

But sin 0= pw sin g, and sin X= p sing, where P= ¢+2a .. (3) 
Substituting these in formula (1), the latter assumes the form 

2ud cos (d?+a)= + MA .. - as is ne (4) 


which is identical with (2) except for the presence of the alternative signs +. 
In other words, the internal reflection emerges from the surface of the shell in a 
direction coinciding with one of the orders of diffraction spectra produced by the 
surface of the shell, on the side corresponding to a positive value of n (X> 6). 
The order of the spectrum which exhibits the characteristic colour is also 
the order of interference of the light reflected from the successive internal 
laminz. 

The foregoing formule admit of ready experimental check. The grating 
space d cosec a may be directly measured on the surface of the shell by 
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observation under the microscope. The angles of incidence and emergence 
@ and X at the surface of the shell can be measured on a divided circle. The 
order of interference is directly accessible to observation, and the wave- 
length of the iridescent reflection can be read off with a pocket spectroscope 
having a scale in the eye-piece. The quantities appearing on both sides of 
formula (1) are thus completely accessible to observation and should check 
each other. The three equations (3) contain four unknowns, ¢, ¢, a and p, 
and one additional observation should therefore enable all the quantities 
to be determined. For instance, if 4 were determined by some independent 
method, the formula would enable us to evaluate ¢ and a, and therefore 
also from (2) the value of d. What the measurements would enable us to 
do in effect is to check the assumption that the spacing of the laminz visible 
on the surface should agree with that calculated from the internal spacing 
of the laminz meeting the surface obliquely at a known angle. That such 
a check would not be superfluous is indicated by a discrepancy encountered 
by Lord Rayleigh (II) who found that he had to multiply by two the opti- 
cally determined spacing in order to obtain a value for the spacing of the 
laminations agreeing with that observed microscopically in a cross-section 
of mother-of-pearl. Rayleigh endeavoured to explain this on the assump. 
tion that the alternate layers of aragonite and of organic material have equal 
thickness and the same refractive index, and that the optical spacing should 
therefore be half that observed under the polarisation microscope.‘ 
According to Schmidt, however, whose conclusions are supported by strong 
evidence, the organic layers are excessively thin in comparison with the 
aragonite layers and the spacing observed under the microscope and deduced 
optically should be identical. It appears likely that the discrepancy en- 
countered by Rayleigh is not real but is due to the difficulty of interpreting 
the microscopic appearances. 

As an illustration of the foregoing theory and of its agreement with 
the facts may be mentioned some observations made with a piece of Turbo 
shell which gave a greenish-blue iridescence appearing in the third-order 
diffraction spectrum. The following were the observational data : 

6=0°, X=24°8’, n=3, A=5000 A.U. 


* Rayleigh’s argument (Proc. Roy. Soc. (A), 1923, 102, 677) appears a little difficult 
to follow. The refractive indices of the aragonite and conchyolin layers must differ at least 
slightly for any reflection to be possible. Phase changes must, therefore, occur in reflection 
which are different at the alternate boundaries. The optical spacing would, therefore, in any 
case be determined by the thickness of both layers considered together and not that of either 
layer separately. As will be remarked later, the effects observed when the surface of 
iridescent shell is examined under the “ultra-opak” microscope support Schmidt’s view of 
the structure of nacre, 
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From these data, the grating space on the surface was calculated. The 
refractive index of the material was determined by observing the Brewsterian 
angle of complete polarisation of the reflection from the polished surface 
of the shell and was found to be 1-66. Using this value of pu, aiscalculated 
from equation (3), and hence from equation (4) d can be calculated. It is 
thus found 
d=0-456 x10 mm., a=7°9’, d cosec a=3-66 x10 mm. 

The grating space on the surface directly observed under the microscope 
was 3-69x10 mm. showing satisfactory agreement with the optically 
determined value. 


3. Effect of Grinding and Polishing on Surface Structure. 


Nearly all nacreous shells which exhibit iridescence do so in their 
natural state on their inner concave surfaces. Insome cases it may be possible 
to expose the other (convex) surface of the nacreous layer by simple mecha- 
nical removal of the super-incumbent layers. It is thus possible, at least 
in many cases, to study the iridescence of the material in its natural state. 
This procedure is, however, not very convenient. Owing to the curvature 
of the surfaces and their inevitable optical imperfections, the shells in their 
natural state do not lend themselves to optical investigation so well as 
material prepared therefrom by cutting, grinding and polishing. As is well 
known, mother-of-pearl lends itself readily to mechanical working and 
takes a good polish, and indeed its practical utility as a decorative material 
depends to a great extent on these valuable properties. So far as the optical 
effects arising from the internal structure of the material are concerned, 
it is obvious that optical preparation of the external surfaces would facilitate 
tather than interfere with their study. It is very remarkable that even 
the surface or diffraction effects are more conveniently studied with arti- 
ficially prepared material. Why this is so will presently be explained. It 
may be remarked that the general appearance of an iridescent shell as well 
as the more recondite phenomena observed on detailed examination are 
largely determined by the inclination of the internal laminations to the 
external surface of the shell. The form of these laminations depends on 
the shape and structure of the shell and is of course fixed, while the exterior 
surface of the shell (and, therefore, also the angle at which it meets the lami- 
nations) can be artificially determined by grinding and polishing the 
material. How greatly the form of the internal laminations may vary in 
different species of shell is evident on a comparison of Figs. 1 and 2 in 
Paper I of this series which represent the ground and polished convex 
surface of. two abalone shells. The ripplings which form so conspicuous 
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a feature in Fig. 2 are due entirely to light reflected by the internal lamina- 
tions and do not exist on the external surface. 


The nature of the structure existing at the surface of the shell and the 
effects produced on it by grinding or polishing the material are obviously 
very relevant to our investigation. That all the diffraction spectra other 
than that corresponding to the characteristic iridescence disappear on 
covering the surface with a layer of Canada-balsam and a glass cover-slip 
indicates that the surface even after grinding and polishing is not optically 
plane, but is of grooved form. The explanation of this is to be found in 
the fact that the material is not very hard and is readily abraded even by 
the mildest agents. Examination under the microscope indicates a strongly 
pronounced tendency for the material to break off under the action of an 
abrasive, leaving the surface in the form of terraces or steps with sharp edges. 
Polishing tends to round off the edges of these terraces but only very slowly. 
Very prolonged polishing is required before all trace of periodicity on 
the external surface is lost. 

Very interesting changes are observed in the relative intensity of the 
diffraction spectra produced by the surface of the shell during the process 
of polishing. When the surface is still rough with pronounced terraces, 
the ordinary white light reflection is very weak, and most of the light is 
thrown into the first-order diffraction spectrum on one side which is inter- 
mediate in direction between the ordinary (white) reflection and the cha- 
racteristic (iridescent) reflection from the surface of the shell. The iridescent 
reflection is also rather weak and diffuse. In a general way, these facts 
are readily understood, if we recollect that the appearance of terraces with 
sharp edges on the surface ipso facto involves an inclination of the level of 
the surface to the surface of the individual terraces. The diffraction effects 
produced by the rugosities on the surface must, in these circumstances, be 
very pronounced and at the same time very unsymmetrical. As the polish- 
ing proceeds, the ordinary reflection brightens up, the first-order spectrum 
on the one side falls off in intensity and the first-order spectrum on the 
other side begins to appear. ‘The iridescent reflection also brightens up and 
becomes better defined in direction. The asymmetry of the diffraction 
pattern, however, persists even after prolonged polishing, being evidently 
the result of the inclination of the internal laminations to the external 
surface. 

An interesting example of material prepared by grinding and polishing 
for the investigation of iridescence is the box covered by pieces of abalone 
shell (ground, flat and polished from the natural material) a photograph of 
which is reproduced as Fig. 4 of the present paper. The photograph was 
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taken under the oblique illumination from a mercury lamp, and a patchiness 
due to the internal reflections being at various angles is very noticeable, the 
brighter areas representing places where the iridescent reflections occurred 
in such directions that they reached the lens of the camera. Fig. 17 represents 
one end of the same box photographed under the 4358 A.U. radiation of the 
mercury lamp. ‘The illumination in this case was approximately normal but 
indirect being due to a large sheet of Bristol board with an aperture in it 
encircling the lens of the camera. The appearance of the surface as seen 
by reflected light is made more uniform by this arrangement, but even so, 
it will be noticed that considerable areas of the mosaic are quite dark, and 
these represent areas where the coloured internal reflections were quite strong 
but so oblique that they could not be caught by the camera. Very interest- 
ing and conspicuous features are the ring-shaped structures seen in many 
pieces of the mosaic. These consist of lustrous areas of nacre separated by 
dark regions which do not exhibit any iridescence. In each case, the centre 
of the ring system represents an area where the coloured reflections are normal 
to the surface, while in the surrounding rings, they occur at greater obliquities. 
Each ring-system, in fact, presents by reflected light, the illusion of a hollow 
cup viewed from the concave side. Actually, the illusion has some corres- 
pondence with reality, as it indicates that the laminations responsible for the 
iridescence take the form of concave surfaces which meet the polished exterior 
of the plate at various angles. Most of the pieces of shell in the mosaic which 
showed ring-systems presented the illusion of a hollow cup while only three 
presented the illusion of a convex surface. It is evident that these three 
pieces unlike the others, had been polished flat from the convex side of the 
natural curvature of the shell. 


4. Observations with the Ultra-opak Microscope. 


Very remarkable effects are observed when the abalone box illustrated in 
Fig. 4 is examined on the stage of the Leitz Ultra-opak microscope. The 
latter instrument has already been referred to in a paper in these Proceedings® 
on the colours of birds’ feathers. It is essentially an opaque illuminator of the 
kind used for metallurgical work, the source of light being an 8-volt lamp in 
a side tube attached to the microscope. The beam of light consists of a 
hollow cylindrical pencil of rays which is reflected downwards and instead of, 
as in metallurgical microscopes, passing through the objective, envelopes 
the latter and is focussed as a hollow cone of rays having its vertex on the 
surface under examination. The instrument thus combines the principles 
of opaque lighting and of dark-ground illumination, and is exceptionally 


5 C. V. Raman, Proc. Ind. Acad. Sci., 1934, 1, 1. 
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suitable for examining optical surfaces that reflect and diffract light. A 
very useful device supplied with the instrument is a diaphragm with a variable 
sector opening which can be inserted in the path of the cylindrical beam of 
light before it goes down the microscope tube. By narrowing the sector, 
and turning it round, we can arrange that instead of a complete hollow cone 
of rays being focussed on the surface, only a sheaf of rays of any desired angular 
opening adjacent to a particular generator of the cone is used to illuminate 
the surface. A sector of 90° opening is convenient and gives four distinct 
positions of the illuminating beam as it is turned round to successive quadrants, 
The unsymmetrical illumination of the surface obtained in this way is very 
useful. The microscope has a series of objectives and eye-pieces. The angle 
of the cone of the illuminating beam increases with the power of the objective, 
and the luminous effects observed with the lower-power objectives therefore 
differ greatly from those seen with the higher powers. In what follows will 
be described the effects observed with one of the obiectives of higher powers 
(x11). (The effects observed with lower powers will be dealt with in later 
papers of the series.) 


Effects observed with Hollow Cone Illumination.—On examining the pieces 
of abalone shell forming the mosaic on the box, it is noticed immediately 
that the surface exhibits a large number of sharp luminous lines on a relatively 
dark field, the lines in many cases exhibiting vivid colours. Photographs of 
the phenomenon (without the beautiful colour effects) are reproduced in 
Figs. 5 to 13. It will be noticed that while the lines are equally sharp in all 
these figures, the configuration and distance of the successive lines vary greatly. 
Very simple and general rules connect the form and spacing of these lines with 
the optical behaviour of the particular part of the shell under examination. 
(a) If the laminations responsible for the iridescence are nearly plane and 
parallel to the external surface, the luminous lines seen on the latter are 
relatively few and far apart ; they are then either irregular in shape or else 
form closed curves, and their colours are less prominent. (See Figs. 5, 6, 7, 
9, 10, 11 and 12 for example.) (0) If, however, the laminations are rather 
oblique to the surface, the lines seen on the latter are much more numerous, 
close together, run approximately parallel to each other in any limited field 
of view and also exhibit more striking colours. (See Figs. 8 and 13 as 
examples.) (c) If the inclination of the lamine to the surface is very consider- 
able, the lines are very close and may cease to be resolved by the microscope 
with the powers used. (d) If the inclination of the laminations to the surface 
is so considerable that the iridescent reflections enter the objective of the 
microscope, the lines appear superposed on a bright field and may even become 
invisible. (e) Irregularities in the laminations result in corresponding 
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irregularities in the lines seen on the surface, and also in patches of light seen 
here and there in the field of view. (See Figs. 12, 13 and 16 as examples.) 

The features described above indicate that the luminous lines seen on 
the surface represent the edges of the terraces on the exterior surface of the 
shell. ‘This is definitely proved by the fact that the luminous lines weaken 
or disappear when the surface is covered over with a layer of Canada-balsam 
and a slip of glass, or if the polishing of the surface be sufficiently prolonged. 
There seems little doubt also that the edges of the terraces coincide with 
the curves along which the internal laminations meet the surface of the shell. 
This point is particularly convincingly shown by examining a ring structure 
of the kind seen in Fig. 17 under the microscope. It will then be seen that 
the luminous lines are themselves rings running round the system in 
approximately the same way as the visible areas of colour. The spacing 
of the lines is extremely large in the centre of the ring-system and gets closer 
and closer together in the outer rings, as is to be expected from the increasing 
obliquity of the laminations to the surface. The sharpness of the edges 
which is unaffected by their spacing on the surface is most easily understood 
if we assume that they coincide with the intersections of the surface with the 
excessively thin organic layers separating the layers of aragonite postulated 
by Schmidt. 


Effects observed with Sector Illumination.—Some very interesting modifica- 
tions of the effects described above are observed, if instead of using the com- 
plete cone of 360° illumination, we use only a sector of small opening, say, 
45° in the microscope and place it successively in four positions 90° apart. If 
a field such as that shown in Fig. 8 or Fig. 13 composed of lines running 
approximately parallel and close together is observed in this way, we see 
the following sequence of effects in four positions of the sector 90° apart :— 

(a) Lines bright and strongly coloured. 
(b) Lines invisible. 
(c) 


(d) Lines invisible. 


Lines weak and yellowish white. 


These changes clearly indicate that the luminosity of the edges is due to 
diffracted light radiating from them in the form of cylindrical waves, and 
further that the diffraction is strongly asymmetrical with reference to the 
normal to the surface of the shell and the diffracting edges. 


The same effects can be shown in a different way by observing a field 
consisting of lines forming closed curves ; firstly with the complete cone 
illumination (see Fig. 10), and then with a sector of 90° opening in two 


positions 180° apart. The very great difference in the intensity of the lines 
A2 F 
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running parallel to each other -but in opposite directions in the two posj- 
tions of the sector, can be seen on comparing Figs. 9 and 11 which represent 
identically the same field illuminated by a 90° sector in two positions 
180° apart. 

5. Interpretation of the Effects. 


There can be no doubt that the phenomena described in the preceding 
section are essentially diffraction effects due to the sharply-defined laminar 
edges producing an abrupt difference of phase in the optical wave-front on 
either side of them. Such laminar boundaries can easily be obtained by 
splitting a piece of mica not quite evenly with the result that the thickness of 
the split mica is not absolutely identical throughout, but differs very slightly 
in different parts. On examining such a piece of mica under the ultra-opak 
microscope, the lines separating the parts of the mica with slightly different 
thicknesses are seen as bright lines in a dark field. On putting in a 45° sector 
in the illuminating tube and rotating it, a sequence of effects somewhat similar 
to those described in the preceding paragraphs is observed. The colours of 
laminar diffraction exhibited by the striz in mica® were observed many years 
ago and were subsequently investigated by P. N. Ghosh, N. K. Sur and 
I. R. Rao and described in a series of papers from Calcutta. The effects 
noticed in the present case, while essentially analogous to those observed 
with mica exhibit important differences in detail due to the altered 
circumstances of the case. Instead of a discontinuity of thickness in the 
surface of a plane-parallel plate, we have in the present case, a series of edges 
forming a diffraction grating which terminate sloping terraces on the surface 
of the material. Further, we are concerned simultaneously with the light 
incident externally on the surface and with light emerging after reflection at 
the internal laminations. The most obvious way of interpreting the effects 
observed in the uitra-opak microscope and described in Section 4 is to connect 
them with the laminar diffraction spectra described in Section 2 and illustrated 
in Fig. 1 of the present paper. The laminar edges are in fact responsible 
for the diffraction spectra, and all that the microscope does is to collect the 
diffracted rays and focus them as images of the edges themselves. The 
colours exhibited by the edges as seen in the microscope are, therefore, deter- 
mined by the predominant wave-lengths in the bundle of diffracted rays 
entering the objective of the microscope and focussed by it. The unsym- 
metrical distribution of intensity of the diffracted rays, and especially the 
changes of colour and intensity observed as the illuminating sector in the 
microscope is rotated are naturally interpreted as consequences of the un- 





6 C, V. Raman and P. N. Ghosh, Nature, 1918, 102, 205. 
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symmetrical distribution of intensity in the diffraction spectra. The edges 
exhibit the most striking colours when observed by the rays diffracted by them 
in directions not too far removed from that of the characteristic iridescent 
reflection. In directions lying on the remote side of the normal to the plate 
where the higher order spectra are absent, the diffracted rays are weak and 
do not show any pronounced colour. 


TRANSMITTED WAVES. 
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Fie. 18. Asymmetrical Diffraction by Laminar Edge. 























There is an alternative and perhaps preferable way of viewing the 
subject. It is known that a thick laminar edge shows a striking asymmetry’ 
in the distribution of the radiations diffracted by it, and the asymmetry 
of the whole diffraction pattern produced by the sequence of edges may be 
regarded as a consequence of the behaviour of the individual edges. The 
reason for the asymmetry will be evident from Fig. 18 which is a diagramma- 
tic representation of the form of a plane-wave before and after passage 
through a plate containing a laminar edge. Owing to the inflection in the 
wave-front after passage through the plate, the rays diffracted by the edge 
towards the retarded side of the wave-front would obviously be more intense 
than those diffracted towards the other side. In our present case 
we are concerned chiefly with the light emerging from within the material 
after reflection at the internal laminations. Comparing Figs. 18 and 19, 
it will be seen that the tendency would be for the edges to diffract light 
unsymmetrically away from the normal and towards the surface of the plate 





71. R. Rao, Ind. Jour. Phys., 1928, 2, 381. 

This asymmetry of diffraction by a laminar edge is closely connected with the well- 
known “Becke phenomenon” which is noticed when such an edge is examined under the 
microscope. 
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on the side on which the iridescent reflection is observed. It may be re- 
marked in this connection that by holding a piece of abalone shell in a dark 
room in the path of a strong beam of light and viewing its surface from 
various directions, the distribution of the diffracted light may be ascer- 
tained qualitatively without any instrumental aid whatsoever. Visual 
observations made in this way with the abalone box indicate that the laminar 
edges on the surface of the shell diffract light unsymmetrically through 
large angles in the manner indicated in Fig. 19. 
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Fic. 19. Asymmetrical Diffraction of Internally Reflected Rays on Emergence. 


The effects described and discussed above refer explicitly to the case 
of abalone shells, which, as mentioned in Part I, exhibit a remarkably pro- 
nounced iridescence. Similar, though perhaps less striking, effects are also 
exhibited by other iridescent shells, particularly those belonging to the Halio- 
tide and Turbinide families. It should be mentioned that all iridescent 
shells whose surfaces have been prepared by grinding and polishing but on 
which the process of polishing has not been carried too far exhibit luminous 
lines on their surface when examined on the stage of the ultra-opak micro- 
scope, as also the characteristic asymmetry effects with the method of sector 
illumination (see Fig. 15 for example); the colour phenomena are usually 
not so striking as with the Haliotide. 


6. Other Laminar Diffraction Effects. 


Before leaving the subject of laminar diffraction phenomena exhibited 
by iridescent shells to consider other aspects of the subject, it would be 
desirable to mention some features of minor importance connected with those 
already described. If instead of using the principle of dark-ground illumi- 
nation, the laminar edges on the surface of iridescent shells are examined 
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by the usual methods of microscopic examination, the optical effects are 
reversed. Instead of the laminar edges appearing as brightly coloured 
lines on a dark field, they appear as dark lines on a bright field. This re- 
versal may be observed either when the surface of the shell in its normal 
state is viewed by reflected light under the microscope using any form of 
opaque illuminator, or when examining a thin section by transmitted light 
in the usual way. The edges appear as narrow black lines when examined 
in sharp focus (see Fig. 14), and when put out of focus show the Becke 
phenomenon of a bright line detaching itself unsymmetrically from the 
boundary. Jt is readily verified that the successive edges seen under the 
microscope behave in a similar way, supporting Schmidt's view of the struc- 
ture of mother-of-pearl, namely that the material consists of layers of aragonite 
separated by immeasurably thin strata of organic matter. 

A few remarks may also be made regarding the laminar diffraction 
effects observed when a thin plate (not too highly polished) is held up against 
the eye and a distant source of light viewed through it. It has already 
been remarked (Section 3 above) that the surface of the shell gives by re- 
flection in similar circumstances a strong first-order diffraction spectrum 
on one side only of the ordinary white reflection. This is due to the sloping 
terraces on the surface of the shell which reflect the bulk of the light into a 
direction different from that of the ordinary reflection. When examining 
the spectrum given by a thin plate by transmission, it must be remembered 
that there are two surfaces to be considered giving rise to diffraction effects. 
The effect produced by each surface can be examined separately by cover- 
ing the other with a layer of Canada-balsam and a cover-slip of glass. It 
will then be found that each surface gives strongly unsymmetrical diffrac- 
tion spectra in which the first-order spectrum on one side is much stronger 
than all the others. The two surfaces of the plate give intense spectra on 
opposite sides of the direct image, and each surface gives a strong spectrum 
by transmission on the side opposite to that in which it gives a spectrum 
by reflection. These effects are very readily explicable from optical prin- 
ciples, when we take into account the slope of the terraces on the two sides 
of the plate, and the opposite deviations produced by reflection and refrac- 
tion respectively. 

A passing reference may also be made to a curious luminous effect which 
accompanies the diffraction spectra mentioned above and is seen in the 
immediate neighbourhood of the image of a source of light viewed through 
a thin piece of mother-of-pearl with imperfectly polished surfaces. A brush 
of bluish-violet light, with the violet end nearest the source appears to 
stretch out unsymmetrically from it. This appears to be a secondary 
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diffraction spectrum due to the sloping terraces on the surface of the shell 
influencing the transmission of light through the plate. 
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8. Summary of Parts I and II. 


The two communications appearing in the present issue are the first 
two of a series of papers (of which several more are to follow) describing 
the results of a study of the iridescence of calcareous shells in relation to 
their structure. The following is asummary of the material so far published :— 


Part I. Introductory: Section 1 is mainly historical and indicates the 
various points of view (optical, crystallographic, colloid-chemical, zoological) 
from which the study of iridescent shells is of interest. Section 2 surveys 
the zoological material available for the study. Section 3 summarises 
the literature on the structure of calcareous shells generally and the work 
of W. J. Schmidt on the structure of the nacreous substance in particular. 


Part II. Colours of Laminar Diffraction: Section 1 summarises the 
known optical effects observed with stratified films. The difference between 
these and the phenomena of iridescent shells arises from three factors: (a) the 
inclination of the laminz to the external surface, (b) the granular structure 
of the laminz, and (c) the considerable thickness of the material. Section 2 
considers Brewster’s classification of mother-of-pearl colours and shows 
it to have no theoretical justification. Experiment and theory alike prove 
the characteristic iridescence of shells to be a diffraction effect which appears 
as one of the orders of spectra produced by the periodic structure at the 
surface of the shell. Section 3 considers the distribution of intensity in 
the laminar diffraction spectra and describes the effect of grinding and 
polishing the surface on the same. Section 4 describes the phenomena 
exhibited by the surface of iridescent shells when examined under the 
hollow cone illumination provided by the ultra-opak microscope. Re 
markable colour effects are exhibited by the laminar edges which appear 
as bright lines of light on a dark field. Section 5 interprets these effects 
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Fie 4. Fig. 6. 





Fic. 7. Fig. 8. 
Abalone Shell under Hollow Cone Illumination. 
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Fie. 9. 
Sector Illumi- 
nation 
(From Right) 


Fie. 11. 
Sector Illumi- 
nation 
(From Left) 


Fig. 10. 
Hollow Cone 
Illumination 


Abalone Box under Ultra-Opak Microscope. 
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Fig. 12. Fie. 13. 


Abalone under Hollow Cone [liumination. 


Fig. 4. Transmitted Light. Fig. 15. Hollow Cone Illumination. 
Shell of M. Margaratifera. 
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Fic. 16. Abalone under Hollow Cone Illumination. 
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and correlates them with the intensity distribution in the laminar diffraction 
spectra, and with the asymmetrical diffraction by laminar edges. Section 6 
considers other laminar diffraction phenomena and shows that the observa- 
tions generally support Schmidt’s view of the structure of nacre, namely 
that it consists of layers of aragonite crystals separated by immeasurably 
thin layers of organic matter. 


Numerous photographs illustrate the paper. 






























ON SUMS OF POWERS (II). 
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1. WE shall write! 






when the equation 


m n 
2 xP = 2 vt 
a=] f=] 
has a solution in positive integers %), ..., %m) Vi» --+» Vn Where (x), ..., %m, 


Vir -++>¥n) = land no x, (lq s <m) ts equal toa y,(l< ¢ <n). If (1) is 
true infinitely often we write 
(2) (m)* = (n)* 7.0, 
Let y(k) denote the least value of » for which (2) is true with m < n, 
We show that 





Theorem 1. 

(6)? = (7)? #. 0 
1.¢. 

¥(7) <7 
Theorem 2. 

(8)9 = (9)% 7. 0, 
1.€, 


y(9) < 9 
2. We have 
2 {(x+a)5 + (x—a)} = Pa {(x+b)5 + (x—-- b)5} 
a=7, 14, 21 b=1, 18, 19 
Integrating twice we get 
= {(x+a)? + (x—a)"} — = {(x+b)? + (x—b)7} = Cx+D. 
a=7, 14, 21 b=1, 18, 19 


Here D is obviously 0. It is easy to verify that C + 0. 





1 This notation has been used by Rao and Sastry. See Journ. Lond, Math. Soc., 
1934, 9, 170-71, 172-73, 242-46, Rao proves (5)* = (6)® but was unable to prove this 


*i.0.”. This fact lends an element of surprise to theorems 1 and 2 of this paper, Itis } 
probable that (k— 1)* = (k)*, proved here fork = 7 and k=9, is true for every integer 
k > 6. 
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Hence changing x into C® x,7 we obtain 


z {(Cx,7 +a)7 + (Cox,7—a)7} — = {(C&x,7 + b)7 + (C&x%,7— b)7} 

a=7, 14, 21 b=1, 18, 19 
nt (Cx)? =a_6, 
Theorem 1 is an immediate consequence. 
3, We have 
z= {(x+a)? + (x—a)7} = = {(x+b)? + (x—d)} 
a=2, 16, 21, 25 b=5, 14, 23, 24 
Integrating twice we get 
z {(% + a)9+ (x—a)} = Zz {(x + b)9+ (x— b)}+Cx+D. 

a=2, 16, 21, 25 b=5, 14, 28, 24 


Here D is obviously 0 and it is easy to verify that C + 0, 
Hence changing x to C8x)° we obtain 


R = {(C8x,9 + a)® + (C8x)9— a)} — = {(C8x,9 + b)9 
a=2, 16, 21, 25 b=5, 14, 23, 24 


+ (C8x,9 — b)%} = (Cx,)9. 
Theorem 2 is now an immediate consequence. 








NOTE ON HYPOTHESIS K OF HARDY AND 
LITTLEWOOD. 


By S, CHOWLA, 
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Received February i1, 1935. 


1. Letyr,,(m) denote the number of distinct* representations of n as a 
sum of s positive kth powers. Hardy and Littlewood have conjectured that 
rin (nm) = O (ne) 
for every positive «. On the other hand it has not even been shown that 

for any! fixed k, 
(1) there exists an n such that rzz (n) > 2, 
I show that 
Theorem 1. For k=7 there are infinitely many n satisfying (1). 
Theorem 2. For k=9 there are infinitely many n satisfying (1). 
2. We have 


(2) 2 {(x+a)? + (xa) } { (xb)? + (x—b)} 
a=2,16,21,25 5.14,28,94 


Integrating this twice w.r.t. x we get 
Z  {(x+a)® + (x—a)® = 


a=2,16,21,25 


pe 9 
Here d= 0, but c+ 0. Putting x = we obtain 
(8) 2a gal II Hae)? + (99 y29— ae)” } + (eye)? 
a=2,10,21,20 


= Zs { (y19—yo29 + bc)® + (4949 —y09— be)® } + (cy)? 
b=5,14,23,24 


By proper choice of the integers y, and yo, each side of (3) is a sum of 
nine positive ninth powers. Hence Theorem 2. 
3. If we start with 


(4) p { (x+a)5+ (x—a)5}= Ps { («+ 5)5+ (x—b)5} 
a=7,14,21 b=1,18,19 


instead of (2), and proceed as in the last section, we obtain Theorem 1. 





* i.e., permutation of the bases not allowed, e.g., r2,; (33)=1. 
1 That (1) is true for infinitely many » when k=5,6,8 is known. See papers by 
Rao and Sastry in Journ, London Math, Soc., 1934, 9, 170-71, 172-73, 242-46, 
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A REGULARITY OBSERVED IN THE SECOND SPARK 
SPECTRUM OF IODINE. 
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SPECTRA of most elements have by now been elucidated more or less 
fully. Iodine is one of the few left, the lines of which still remain mainly 
unidentified except for just a few regularities observed, an account of which 
only has so far been published.' An attempt to classify the lines attributed 
to the second spark spectrum of Iodine (I** or I III) was started by the 
present author sometime ago and an account is given here of the progress 
made so far. 


The atomic number of Iodine being 53, the structure of its extra- 
nuclear electrons is given by the following scheme? (Chart 1). 





No. of 


Root Name of level with the number of electrons in it 





1 P, Ete. 








CHART 1. 


The number of electrons left in doubly ionised Iodine is 51: The last 
line in the above scheme thus modifies to the following (Chart 2) in 
case of I*t, 
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CHART 2. 

The various normal spectral terms will generally be given by the 
successive ‘‘ jumps”’ of the last electron, put within brackets in the above 
scheme, from one level tothe next. The kind of terms expected in the 
various levels is given below (Chart 3). These terms are obtained by the 
application of rules developed by Russel, Pauli, Heisenberg and Hund, 
A complete list of terms due to similar electrons has been given by Gibbs, 
Wilber and White. The method of calculating the terms expected in any 
actual case as the running electron moves from level to level can be easily 
understood from a paper by Saha‘ in which he has made the calculation for 
spectral terms of Alkaline Earths. 





Electronic Nomen- 


Configuration | clature Expected terms 





20,. O, Sp | 4S, (PD). 


20... Q, Td 
Ete. Ete. 





20,. P, 68 
20,. Q, 78 
Ete. | Ete, 


‘Pp, *(DPS). 


20,. O, ba | 
20, P, 6d | ape, *(QFDPS), 
) 


20,.P, | 6p 
20,. Q, 7p + (DPS), ?(FDPS). 
Ete. Ete. J 


| 
| 
20,.0, | 3f 
20,.P, | 6f F 
20; @. | tf — (HGFDP), 


Ete. Ete, 








CHART 3. 

A very exhaustive list of wavelengths of lines belonging to the first 
second and third spark spectra (E, Eo, E3) of Iodine had been published by 
Mm. |. and E. Bloch’ shortly before the present work was taken in hand. 
A reprint of this paper had been sent by the authors to Dr. P. K. Kichlu of 
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this laboratory, who kindly put it in my hands and to whomI am deeply 
indebted for the present work. The reason for selecting I** instead of I* 
was the smaller, and therefore more manageable, number of lines attributed 
to the former and the existence of previous data which could give clue to the 
identification of these lines, namely, the elucidation of the various spectra of 
F, Cl and Br by Dingle, Bowen’ and Deb respectively, also the spectra of 
In*+, Sn** and Sb** by Rao (K. R.)®, Green and Loring! and Pattabhi- 
ramiah and Rao (A.S.)!! respectively. The number of lines classified under 
the third spark spectrum (E3) of Iodine is much smaller in Blochs’ list than 
that under E, and, therefore, more manageable and might have been 
selected for elucidation. But not much data existed to give a clue to this 
spectrum. 

From the term values given by the above-mentioned authors for the 
various levels of In**+, Sn *+ and Sb**, it was sought to get an idea of the 
wave-number of the lines in the multiplet due to the transition P,;— P2 or 
6s—6p for I** as indicated in Table I. 


TABLE I. 





Term value for level 





| Sntt+ Sb*++ I++ 








extra- 


calculated from observations polated 





68 101,051 103,604 107,456 


6p 


(Lowest) 82,003 81,802 84,016 


6s—6p 19,048 21,802 23,440 


Atomic no. of 


ie eiemeent 49 50 51 52 53 




















The plot between 49, 50, 51 for numbers 19,000, 21,800, 23,400 
respectively gives the graph given in Fig. 1, from which the corresponding 
number for 53 comes out to be about 25,600. 

This is an unorthodox method for finding the order of the wave- 
number to be attributed to any particular transition. But from the absence 
of any data, available at the time, by means of which this could be done in 
the usual manner, the present device had to be resorted to. Saha’s 











«2 © Si Ss2 St 
ATOMIC Ne ——> 


Fie. 1. 


horizontal rule!2 could not be applied as the spectrum of Te* had not been 
elucidated till then. Since then this has been done by Deb and Mohanti!® 
and an inspection of this paper indicates that the lines for the above 
transition should be expected in the region obtained above, namely v 25,600. 
It must be mentioned, however, that a scrutiny of the last-mentioned paper 
shows that there are some serious discrepancies in the list of identification 
of lines given in it. 

In Blochs’ list for I**, there is a strong line occurring at A 3940, v 25374, 
of which the intensity given is i0. This is the highest number for intensity 
given by the Blochs to the E2 lines of Iodine. In the region of vy 24000- 
26000, also appear in their list quite a number of strong lines with intensities 
8, 7, 5, etc., the above-mentioned line 25374 being the strongest in this 
region. It was, therefore, natural to regard this line as belonging to 
the 6s—6p multiplet. 

Once again, an unorthodox method was used to get a clue to the 
differences between the various inner quantum levels of 6s +P and 6p *D by 
extrapolating from the corresponding differences observed in the second 
spark spectra of F, Cl and Br. The plots between the atomic numbers of 
these three elements and the various sub-level differences are given in Fig. 2, 
from which the corresponding differences for Iodine come out to be about 
610 for P,-P, and 1100 for P2-P3 in the 6s 4P level and 360, 680 and 
850° respectively for D,-D2, Ds-D3 and D3-D, in the 6p 4D level. 

Armed with these conclusions it was found possible to build up a 
multiplet for the 6s-6p quartet combination by putting the line 25374 at 
6s 4P;— 6p 4P; where a fairly strong (though not the strongest) line may be 
expected from considerations of intensity rules. The differences P)-Ps, 
P3-P3, D\-De, D2-D3, D3-D, turned out to be 576, 1090, 320, 625 and 835 
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respectively and a preliminary announcement about the results obtained 
was made in Nature.'4 Further work on these lines, however, did not lead 
to any reliable and complete elucidation of the spectrum, although by 
putting the line 25374 at 6s 4P;->6p ‘D4, where a really strong line is 
expected and using frequency differences slightly different from those given 
above, lines could be found and about 120 of them “pieced together’”’ so as 
to apparently account for as many number of lines for the quartet combi- 
nations between 6p and the four surrounding levels, 6s, 6d, 5d and 7s. But 
from the fact that the differences between two horizontal rows and those 
between two vertical columns in the multiplets pieced together differed from 
each other by several units of wave-numbers, the highest divergence between 
the maximum and minimum values of the differences in any set being 10 
and the mean divergence for 23 sets being 6, no reliance could be put on the 
conclusions reached. ‘This piecing together of multiplets was really based 
on the published work’ for Br*+ in which also the measurements by the 
Blochs were used. ‘This paper on Bromine identifies 156 lines of Br+t 
spectrum but an analysis of the multiplets given also shows sometimes 
quite large divergences between the maximum and minimum values of 
the differences occurring between rows or between column$. Thus of the 
30 sets of such differences that the present author calculated the largest 
divergences come out to be 14 while the mean divergence from these 30 
sets is 6. ‘These large discrepancies have been remarked upon by other 
workers as well,!5 
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In the classification for Tet mentioned above!® the lines were also taken 
from Blochs’ list. In this identification, disregarding other discrepancies, as 
far as the divergences between inner quantum level differences are 
concerned, the largest divergence is 8 and the mean, 4, from 19 sets of 
differences that were calculated by the present author. Since all these 
rather unsatisfactory identifications are based on Blochs’ measurements, it 
was felt that using these, one may not get as good an agreement between 
the various differences as one finds to exist in, for instance, chlorine and 
fluorine spectra and as, one feels, ought to exist in a correct classification. 
Another worker, Asagoe!® of Japan, has also made measurements on the 
lines of the halogen elements and classified them under various degrees of 
excitation. I am indebted to him for sending me a copy of the reprint of 
his paper. But the accuracy of measurements attained seems to be even 
less than that of the Blochs. During this time, however, had come to hand 
a paper by Kerris!? from the Physical Institute of the University of Bonn, 
giving a fairly large number of lines in the spectrum of Iodine (though not as 
numerous as in Blochs’ list) which, from the fact that some wavelengths are 
given to seven significant figures and all the wave-numbers also to seven 
figures, one felt must be very accurate. Kerris did not classify the lines for 
the various degrees of excitation but making use of the classification into 
E;, Es, Eg by the Blochs and into [I, III, IV by Asagoe, out of all the 
531 lines measured by Kerris, all those were sorted out which belonged 
to or had any likelihood of belonging to the spectrum of doubly ionised 
iodine, 7.¢., all those that were marked as Ee in Blochs’ list and also III in 
Asagoe’s list (2, III) (123 lines) ; all those that were marked as: E, by the 
Blochs but did not occur in Asagoe’s list (2) (number of lines, 40) ; similarly 
(III) (6) ; (2, IIT ?) (5); (2,—) (1) meaning a line classified by Bas E, but 
left unclassified by A ; (2?) (1) ; (IIT?) (2) ; (2, IL?) (2); (2, II) (11); (1, I) 
(8); (2, IV) (2); (3, TIX) (1); (1, IE?) (2); (IE?) (6) ; (1, 112) (5); (1,—) (3); 
(3,—) (1) and finally six lines which occur in A’s list but not in B’s but 
which were not classified by A and also 49 lines which are found in K’s list 
but not in A’s or B’s. 


The total number of lines so obtained was 274 and by bitter past 
experience it was felt that the only way in which any trustworthy regula- 
rities could be isolated was to find out all the possible differences between 
all the lines. Confining these differences up to within a maximum difference 
of about 15,500, this required performing about 35,000 subtractions, each 
subtraction being done on one separate slip of paper, arranging them in 
serial order and finding from them groups in which the differences are 
almost identical. In this manner the following 17 groups (Table II) were 
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—_—— 


difference 


Frequency 


Wave-number pairs giving this frequency difference. 





131-2) 
+3) 


146-8 ) 
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found such that 


each consisted of at least 6 differences within 0-1 of each 


The wave-numbers, etc., have for this purpose (and for later work) 


been rounded off to one place of decimals from Kerris’s two, although when 
performing the subtractions both places of decimals were used., It may 
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aiso be remarked here that the four differences (also within 0-10 of each 
other) given by Kerris himself have no real significance, for they are between 
wave-numbers which do not necessarily belong to the spectrum for the same 
degree of excitation. 


With these groups as a starting point, finding all the inter-differences 
between corresponding lines belonging to each group, searching for similar 
other differences amongst all the 35,000 differences mentioned above and 
then co-ordinating together all the suitable and intercombining lines, from 
amongst all those found by the above process, the regularity given here 
“ (Table III) stood out. This includes 51 lines. The intensity of each line as 
determined by Kerris is given within brackets above each wave-number. 
The highest figure for intensity given by Kerris is 15. 
~ It is felt that such a regularity cannot be merely fortuitous but must 
be real. A proper and full attempt to place these lines so as to form a 
possible multiplet in the spectrum of I** and building this up so as to be 
i able to identify as many of the remaining lines as possible has not yet been 
made. But a rough preliminary attempt at simply placing the lines of 
Table III showed that if columns and rows in it are marked as shown in the 
Table then, except for one line, v 21715 (col. 3, row 6) shown enclosed in 
the Table the other numbers fall at places where a line may be expected. 
The intensity rules for lines are also generally satisfied. The differences 
between various columns and rows come out as given in Table IV in which 
each set of differences is headed by the serial number and the numbers of 
columns or rows of which they are the differences and is followed by the 
number of differences in each set and the divergence between the highest 
and lowest figure of the group. 


The total number of sets in Table IV are 35, the total number of differen- 
ces composing these sets being 136. It is easily seen that the divergences 
between maximum and minimum differences belonging to any one set are 
remarkably small, nowhere being more than 0-5, while the average of 
all such divergences comes out to be 0-2. It may be interesting to mention 
“ here that using the values of wave-numbers calculated from the wave- 
lengths given in Blochs’ list in place of Kerris’s numbers in Table III, and 
calculating the various differences after the manner of Table IV, the mean 
divergence was found to be 1-3 while the maximum divergence was 5-6. 
From the Tables III and IV, it is easy to calculate the relative values for 
the various terms involved. These are given in Table V. The identification 
of the various azimuth quantum numbers (S, P, D, etc.) may prove to be 
incorrect but the relative term values and the inner quantum numbers 
should be correct. 
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TABLE IV. 





Differences between Rows 





Differences between Columns 










































































































1&2 8 8&9 14. 3&8 | 19. 1&2 | 25. 9&10 31. 4&10 
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TABLE V. 





— ] 
Term Term value Term Term value 1 Term Term value 
| 








10 6p Z, 0 6p *P, 8193-7 68 *P, 30503 -0 
6p *P, 68-5 6p *D, 10965. 6s *P, 32839-7 
ma 6p *D, 1731-0 6p *D, 12988: 6s *P, 35299: 4 


Pony 6p °F, 2790-7 6s *S, 28222 - 5d Y, 24618-6 


a] 


6p *P 5071-4 6s *D, 29908 - 


3 


2 
9 
3 

6p ‘S, 4851-0 6s *P, 29630: 3 5d ?P,(?)| 27004+7 
9 bd X, 40686: 6 
0 


6p *P, 6587-1 6s *D, 30272: 




















=) 


It may be mentioned in the end that the total number of lines ascribed 
by the Blochs definitely to Ey of Iodine is 531 whereas 63 more might also 
belong to this spectrum having been classified in Blochs’ list as E, ? (25), 
Mens E, ? (23) or E3 ? (15). Corresponding numbers for lines given by Asagoe 
— were 223 and 76. Of the 51 lines of Table III, 35 belong to the (2, III) 
category, 9 to (2), 2 to (2, II), one each to (2,—), (II ?), (1, II ?), and 
(3, III) and one line which is in K list but not in A or B. 


—) 


In view of Table IV, it- seems almost certain that the regularity of 
Table III is a genuine one. It is hoped that after further scrutiny and work, 
the identification of terms ascribed to the rows and columns of Table III will 
res prove to be correct and that at any rate it will lead to a complete analysis 
of the spectrum of doubly ionised iodine. 
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1. Introduction. 


In several recent papers, Van Vleck! and others have discussed theoretically 
the influence of crystalline and molecular fields on the magnetic behaviour 
of paramagnetic ions. For ions in the S-state, ¢.g., Mn**, Fe***, whose 
magnetic moments are due wholly to the spin moments of the electrons (the 
contributions from the orbital moments of the electrons being absent), the 
theoretical deductions are simple. One important result is that for these 
ions the Weiss constant @ appearing in the well-known relation X=C/(T—6) 
is zero; that is, the susceptibilities of the S-state ions conform to the simple 
Curie law of inverse dependence on temperature. This result has been 
verified experimentally by Jackson? and others in the case of manganous 
and ferric salts im the solid state. But, for manganous salts im aqueous 
solution, in which state one would a fortiori expect this result to hold true, 
the experimental data at present available do not confirm it; they yield 
large values for 0, viz., between 24 and 28 for the Mn** ion in aqueous so- 
lutions of MnCl,, and between 22 and 27 for the ion in Mn(NO3) solutions.’ 


In view of this apparent anomaly the present writer undertook extensive 
measurements on the susceptibilities of some S-state ions in aqueous 
solutions of different concentrations and at different temperatures. In the 
present Part of this paper an account is given of the measurements on man- 
ganous salts. Studies on the magnetic behaviour of Fe*** ions will form 
the subject-matter of Part IT. 





1 See Theory of Electric and Magnetic Susceptibilities, Chap. XI. 
2 Roy. Soc. Proc. (A), 1923, 104, 671. 


3 See International Critical Tables, 6, 351. (In Table 13 on page 351, the signs 
prefixed to the values of @ for Mn++ ion should be positive.) 


* A preliminary short report of the results was published in Nature, Feb. 10, 1934. 
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2. Principle of the Experimental Method, 


The measurements were made by the well-known Gouy weighing method, 
The solution whose susceptibility is to be determined is contained in a long 
test-tube of uniform bore, and it is suspended from one arm of an analytical 
balance in such a way that the lower end of the tube is in a uniform, hori- 
zontal magnetic field, and the upper level of the solution in the tube is well 
outside it. The lower part of the tube, where the cross-section of the column 
of solution varies, lies wholly in the uniform part of the field, while in the 
regions where the field is non-homogeneous the column of solution has 
uniform cross-section. If, under these conditions, w, be the weight of the 
solution when the magnetic field is on, and w. be the weight when the current 
through the magnet is switched off (w, and w. having been corrected for 
the weights of the empty tube with and without the field respectively), 
it can be shown that 

WwW) —Wo=3A (k—k’) (H?—H,? —H,?), al ia (1) 

where A is the area of cross-section of the column of solution, & is its volume 
susceptibility, and Rk’ that of air, and H is the uniform field in the region 
occupied by the lower portions of the test-tube when the current through 
the magnet is on, H, is the residual field in the same region when the current 
is switched off, and Hg is the field in the region of the upper level of the 
solution when the magnetic current is on. H,?+-Ho? is naturally very small 
in comparison with H?. The above relation enables us to calculate k when 
the other constants are known. 


In the actual measurements, however, instead of determining the 
susceptibility of the solution directly in this manner, it was found more 
convenient to compare it with that of a standard liquid whose absolute 
susceptibility had already been determined by the above method. The 
comparison of the two susceptibilities was made by weighing successively 
the solution and the standard liquid in the field, under identical conditions. 
If K is the volume susceptibility of the standard liquid, and if W, and We. 
are its weights when the current through the magnet coils is on and off 
respectively (after correction for the weights of the empty tube), the corres- 
ponding weights for the solution being w, and we, the volume susceptibility 
of the solution, 2, is given by the relation 

k—k' wy—wWe 
Kok ~ Wuw."’ os we “ al (2) 
i 2 


3. Description of the Apparatus. 
A sketch of the experimental arrangement used is given in Fig. 1. A 
pyrex glass tesi-tube, which was slightly diamagnetic, was filled up to a 
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certain mark with the solution to be investigated, and was closed with an 
air-tight rubber stopper, through which was inserted a light, short, stand- 
ardised mercury thermometer. The tube was suspended vertically by 
three pieces of thread from three vertical brass rods which could be 
screwed up and down in a horizontal brass disc. By adjusting the screws 
we could make the tube exactly vertical. The above combination was 
suspended by a piece of thread from one arm of an analytical balance, 
placed on a platform above the magnet. The test-tube was about 15 cms, 
long and of 1-5 cms. diameter, and was suspended as mentioned previously 
with its lower end in the centre of the magnetic field. The magnet pole- 
pieces had a large face area, of about 180 sq. cms., and the field near 
the centre was quite uniform ; this was tested by placing a quantity of the 
paramagnetic solution in the test-tube so as to fill up its lower portions 
where the area of cross-section was not uniform, and weighing it with and 
without the magnetic field. The difference between the two weights was 
found to be practically the same as that due to the empty test-tube. 

In order to prevent all convection currents, the test-tube and the part 
of the suspension outside the balance case were enclosed in a long glass 
tube with its lower end sealed off, and the upper end, which reached up to 
the balance case, closed by a sheet of asbestos with a small hole in the centre, 
through which passed the suspension thread leading to the balance arm. 


Temperature control.—The long glass tube was surrounded by a jacket 
tube of slightly larger diameter. Through the space between the two tubes 
was allowed to circulate hot water from a thermostat of large capacity. 
It was thus possible to keep the solution whose susceptibility was to be 
measured, at any desired temperature. When steady conditions had been 
reached, it was found that the maximum variation of temperature in the 
region occupied by the test-tube was less than 0-1°C. The pole-pieces 
of the magnet were insulated from the heating arrangement by sheets 
of asbestos. 

4. The Standard Liquid. 

The standard liquid with which the solutions were compared for 
susceptibility, was an aqueous solution of nickel chloride of density 1-321 
at 26°C. On chemical analysis by the dimethyl glyoxime method, it was 
found to contain 28-40 gms. of NiCl, per 100 gms. of solution. 


The susceptibility measurements for this solution gave the following 


results :-— 
H = 4378 gauss. 


H, - 2 
Hy = 150 ” 
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A =  0-1431 sq. cm. 
Wi —W2= 0-1634 gm. at 27°-3 ¢, 
after correcting for the force, viz., — -0034 gm., 


due to the field acting on the empty sus- 
pended system. 
From these data the susceptibility of the standard NiCl, solution comes out as 
11-69 x10* per c.c. at 27°-3C., 
and its temperature co-efficient was found to be about 
—0-04 x10 per c.c. per 1°C. rise of temperature. 

The susceptibility of NiCl, solutions has been studied extensively by 
Miss Brant,5 Cabrera, Moles and Guzman,® Weiss and Bruins’ and others, 
and the value obtained here agrees well with the results of their measurements. 
Their values for a solution of 28-40% NiCl, at 27°-3C. are as follows :— 


Brant oi ae .. I1l-69 

Cabrera and others o on, see 

Weiss and Bruins ay ~.. Ab-Té 
5. Results. 


The results of our measurements are collected together in Tables I to IX. 
¢ gives the concentration of the anhydrous salt in gms. per gm. of the 
TABLE I. 
MnCl, solution: c= -3671. 
Wi —We = -1688 gm. at 32°-2C. 





Deviation 
T w,—w, | kx10° p kn X10° | X x10* XT from the 


mean value 





305-8 -8404 57-14 1-397 | 112-6 142 -2 4-35 -00 
319-7 -7983 54-27 1-390 | 107-6 135-9 | 4-35 -00 
330 -2 -7694 52-31 1-384 | 104-2 131-6 | 4-35 -00 


340-8 -7436 | 50-56 | 1-377 | 101-2 127-9 | 4-36 + -01 
9 





341 -9 -7382 50-19 | 1-377 | 100-5 126- 4-34 — -01 

353 -0 -7113 48 -36 1-370 97-40 | 123-1 4-35 -00 

367 -4 +6812 46 -32 1-367 93-56 | 118-2 4-34 — -01 
Mean=4. 35 


























5 Phys. Rev., 1921, 17, 678. 
6 Arch. de Geneve, 1914, 37, 325. 
7 Proc. Amst. Acad., 1926, 18, 246, 
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TABLE II, 
MnCl, solution: c= -3671. 
W,—We= -0775 gm. at 27°-8C. 





| 


| | Deviation 
w,—w, | kx10° p | ky»x10°| X x10‘ from the 
TY) mean value 








-3866 58 -14 -400 | 114-4 144- 4: 01 
-3796 7-09 -396 | 112-6 142- 4- -01 
-3710 5-80 -392 | 110- 139-: . -01 
-3660 05 . : 137 -6 , -01 
-3590 53 -99 , : 135- “ 01 
-3534 53 + “et . 133 + . -00 
-3470 52- -38 i of < -01 
*3455 ° -3§ ° . . -01 
+3394 51- “f 9. 8- 4. -00 
+3339 50 -22 “37 . : : -01 
-322°6 5S i rg 5 . -01 
°3172 7] ° de ° 4. -01 
-36 01 


4-36 -01 





Mean=4-35 


























solution. WW ,—We denotes the force acting on the standard NiCl, solution 
due to the field (after correcting for that on the empty suspended system). 
The first column in the Tables gives the temperature T of the solution in 
degrees Kelvin and the second the force acting on the solution due to the field, 
namely w; —w» (in gms.) after correcting for that acting on the empty tube. 
Column 3 gives the volume susceptibility k and column 4 the density, p, of 
the solution. The next column gives the mass susceptibility, k,,, of the 
anhydrous salt, calculated from that of the solution on the basis of the 
additive law. This value is then corrected for the diamagnetism of the 
anion, and the susceptibility of the Mn** ion is calculated per gm. ton; 








TABLE III. 
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MnCl, solution: c= -2784. 
Wi1—W.= -1632 gm. at 26°-7C. 

























































T | w,—w, | kx10° p km x10"| Xx10*| XT 
296 -9 5708 +4096 1-283 116-6 147 -2 4-37 
373-0 -4393 3153 1-247 92-7 117-1 4 +37 

Mean= 4-37 
TABLE IV. 
Mn(NO3)2 solution: c= -5948. 
W,—We.= -0775 gm. at 27°-8C. 
tT |w—w,|&x10°| p |kmxtot| Xx10| xT | ‘from the 
i | mean value 

298 -6 | 5570 83-76 1-746 | 81-14 145.6 | 4 +35 -00 
306 +3 5406 81-29 1-739 | 79-08 142-0 4-35 -00 
311-9 5278 79-37 1-734 | 77-44 139-1 4 +34 — -O01 
318-0 5182 77 -93 1-729 | 76 -26 137 -0 4 +36 +--01 
323 -0 -5076 76 -33 1-724 | 74-91 134-6 4-35 -00 
328 -6 4988 75-01 1-719 | 73 +85 132 -6 4 +36 + -01 
336 +3 4840 72-79 1-712 | 71 -96 129-2 4-35 -00 
339 +7 4786 71 -97 1-709 | 71-28 128-1 4-35 -00 
344-7 4696 70-62 1-704 | 70-15 126-0 4 +34 — -01 
350 +2 -4612 69 -36 1-700 | 69-09 | 124-1 4-35 -00 
354 +1 -4544 68-34 1 -696 68 +23 122 -6 4 +34 — -O1 
361 +3 4442 66 -80 1-630 66 -94 120-3 4-35 -00 
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TABLE V. 
Mn(NQOs3)2 solution : c= -5690. 
W—W2= -1632 gm. at 26°-7C. 





w,—w, | kx10° km X10*° | X x10* | XT 
tia | | # | 





| 
1-091 3 +! | 1-701 | 81-43 | 146-2 | 4-36 


*8342 59-84 | 1-634 64-91 116-6 | 4-35 
| 


Mean=4 +36 

















TABLE VI. 
Mn(NOs3)2 solution : c= -4334. 
W, —W2 = -1632 gm. at 26°-7C. 





| 
k x10° p | km x10°| Xx104 





51: 1-481 81-59 146-5 
39: 1-426 65-30 | 117-3 





Mean=4:37 


























TABLE VII. 
MnSO, solution : c= -3755. 
W, —W,2 = -1632 gm. at 26°-7C. 





km X10°| Xx10+ 


97-60 | 147-7 
117-0 
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TABLE VIII. 
MnSO, solution: c= -3241. 
W,—W2= -0775 gm. at 27°-8C. 















































. T | ,—w,|kx10°} p | k_x10°| Xx10#| XT | ‘ont 
mean value 

" 296 +3 +2882 43 -35 1-404 96-78 146-6 4 +34 —-02 

301-9 +2836 42 -66 1-401 95-46 144-6 4 +37 + -01 

307 +4 +2788 41 -93 1-399 93 -97 142-3 4 +37 + -01 
z 317 -4 2668 40-13 1-394 90 -34 136-8 4 +34 —-02 

322 +4 2632 39-59 1-391 89-30 135-3 4-36 -00 

328 -6 +2578 38 +78 1-388 87-70 132-8 4 +36 -00 

333 +6 -2532 38-09 1-386 86 -30 130-7 4 +36 -00 
Bs 341-9 2456 36 +94 1+381 84-02 127-3 4-35 —-01 

346 +9 2426 36 -49 1-378 83 -20 126-0 4 +37 +-01 
351-9 2380 | 35-80 1-375 81-85 124-0 4-36 -00 

358 -6 +2326 34-99 | 1-371 80-22 121 -6 4 +36 -00 

364 +1 2280 34°30 1-367 78 -89 119-5 4-35 —-01 

368 -0 -2254 33 +91 1-365 78-14 118-4 4-36 -00 

Mean=4-36 
TABLE IX. 
MnSO, solution : c= +2773. 
W,—W. = -1632 gm. at 26°-7C. 
T w,—w, | kx10° p kmX10°| Xx10* | = XT 
295-5 -4934 35 -41 1-335 97-51 147 -6 4-36 
373 -0 -3778 27-11 1-296 77-29 | 117-1 4-37 


























Mean=4°37 
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denoting this gm. ionic susceptibility by X, the values of X are givenin column 
6, while column 7 gives the product XT. As will be seen, XT is practically 
constant, 7.e., independent of temperature. The deviation of the actual 
value of XT at any particular temperature from the mean value is given in 
the last column of the Table; these values serve to show how closely 
the susceptibility of the Mn** ion follows the simple Curie law. 

6. Temperature Dependence of Susceptibility. 

It is clear from the Tables that for all the solutions XT is practically 
independent of temperature: for any given solution the maximum variation 
of XT from its mean value is less than one-half of one per cent., which is 
about the order of the experimental errors. We can therefore conclude that, 
within the limits of our experimental errors, the susceptibility of the Mn** ion 
in these solutions does obey the Curie law. This, as we have already men- 
tioned in the introduction, is in conformity with the theoretical predictions. 

7. The Magnetic Moment of the Mn++ Ion. 

The absolute values of XT are also the same for the different solutions. 
They are collected together in Table X. The last column in the Table gives 
the corresponding magnetic moment pu of the Mn** ion in terms of the Weiss 
magneton (assumed to be equal to 1123-5 c.g.s. e.m.u. per gm. ion). 

The theoretical value of », calculated on the assumption that the Mn*+ 
ion is in the 6S; state, is 29-4. 

TABLE X. 





c xT 





4 +35 
35 
37 
35 
36 
37 
37 
36 
37 
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Summary. 


Recent theoretical studies by Van Vleck and others on the magnetic 
behaviour of paramagnetic ions in the S-state, ¢.g., Mn*+, predict that their 
susceptibilities should follow the simple Curie law of temperature dependence. 
The available experimental data for aqueous solutions of manganous salts, 
however, do not verify this result, the data conformitig to the Weiss relation 
x=C (T—6) where 6, instead of being zero as required by theory, has a value 
as high as 22 to 28. The present paper gives an account of some fresh 
measurements on aqueous solutions of MnCl,, Mn(NO3)2 and MnSQ, of various 
concentrations, by a convenient form of Gouy’s method. The susceptibility 
data for the Mnt+ ion obtained from these measurements do conform to 
the simple Curie law, as predicted by theory. Further the Curie constant 
of the Mn** ion is found to be practically the same for all the solutions, being 
independent of the nature of the salt and of its concentration, and it 
corresponds to a magnetic moment of 29-3 to 29-4 Weiss magnetons, in 
agreement with the theoretical value for the ®S5). state, viz., 29-4. 

The author wishes to express his sincere thanks to Prof. K. S. Krishnan 
for suggesting the problem and for his keen interest throughout the work. 
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THE work described by the authors in Part I! has been extended to phenyl 
and o-, m-, p-cresyl esters of m- and p-nitrobenzoic acids, with a view to 
observe the effect of the presence of a negative group like — NO, in the acidic 
nucleus towards bromination. It is found that bromination proceeds readily 
without a carrier with phenyl m-nitrobenzoate and phenyl and o- and m- 
cresyl p-nitrobenzoates, while with other esters, the presence of nitric acid 


is necessary. 

The constitution of the new mono-bromoderivatives of phenyl and o- 
and m-cresyl p-nitrobenzoates and phenyl m-nitrobenzoate has been confirmed 
by syntheses from respective bromophenols and nitroacid chlorides. The 
constitutions of dibromo-derivatives of o- and p-cresyl p-nitrobenzoates and 
o-cresyl m-nitrobenzoate and the tribromo derivatives of p-cresyl #-nitro- 
benzoate and f-cresyl m-nitrobenzoate have been assigned on the following 
considerations : 

In view of the monobromo derivatives obtained, the possible constitu- 
tions for the dibromo derivative of o-cresyl p-nitrobenzoate are 4: 6, 4: 5 or 
3: 4 dibromo-o-cresyl p-nitrobenzoate. The melting point of an authentic 
sample of 4: 6-dibromo-o-cresyl p-nitrobenzoate is 136-137°,? while that of 
the bromination product is 139-140° and the mixed melting point of these 
two is 115-120°. Of the remaining two possibilities the more probable is 
4:5 because the position 3 is subject to steric hindrance. Similarly, with 
dibromo-f-cresyl p-nitrobenzoate the possible positions are 2: 6, 3: 5 or 2:5. 
The melting point of 2: 6-dibromo-f-cresyl #-nitrobenzoate is 141-142°% 





1 Under publication in J. Ind. Chem. Soc. 
2 Jadhav and Rangwala, Bom. Univ. Jour., 1934, 3, Part II, 161-162. 
8 Jadhav and Rangwala, Bomb. Univ. Jour., 1934, 3, Part II, 161-162. 
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while that of the bromination product is 165°. The constitution of the 
dibromo compound may therefore be 3: 5- or 2: 5-dibromo-f-cresyl p-nitro- 
benzoate. 

As it has been found that the para directing influences of -CH3; and—OH 
groups are greater than the ortho, and the constitution of dibromo derivative 
of o-cresyl p-nitrobenzoate is thought to be 4: 5-dibromo-o-cresyl p-nitroben- 
zoate, the probable constitution of the dibromo-o-cresyl m-nitrobenzoate is 
4: 5-dibromo-o-cresyl m-nitrobenzoate. 

The constitution of the tribromo-p-cresyl p-nitrobenzoate is 3:5: 6- 
tribromo-f-cresyl p-nitrobenzoate as it has been obtained from the dibromo- 
p-cresyl p-nitrobenzoate described before and its melting point is 194-195°, 
while the melting point of the authentic 2: 3: 6-tribromo-f-cresyl p-nitro- 
benzoate is 159-160°.4 Similarly, the probable constitution for the tribromo- 
p-cresyl m-nitrobenzoate is also 3: 5 : 6-tribromo-p-cresyl m-nitrobenzoate. 


Experimental. 

4-bromophenyl p-nitrobenzoate—A mixture of phenyl p-nitrobenzoate 
(15 g.) and bromine (10 g.) was heated on a low flame for about three hours. It 
was then diluted with water, neutralized with sodium carbonate and the 
solid was finally crystallised from a mixture of alcohol and acetone in tiny 
white needles, m.p. 181°; yield 75%. It is soluble in acetone, chloroform, 
benzene and sparingly so in carbon tetrachloride and acetic acid. (Found: 
Br, 24-79% ; CygHgOyNBr requires Br, 24-8%.) 

Hydrolysis with dilute hydrochloric acid (15c.c. acid and 10c.c. water) 
: in a sealed tube at 190-200° for five hours gave p-nitrobenzoic acid and 
some oil. 


— er a 


Mixed melting point of the bromo ester with an authentic sample of 
4-bromophenyl p-nitrobenzoate gave no lowering. 

4-bromo-o-cresyl p-nitrobenzoate--A mixture of o-cresyl p-nitrobenzoate 
(4 g.) and bromine (3 g.) was heated at 140-150° for two hours. It was worked 
up as in the previous case and the solid crystallised from a mixture of chloro- 
form and acetone in white shiny needles, m.p. 183-184° ; yield 55%. It is solu- 
ble in acetone, chloroform, benzene, and sparingly so in carbon tetrachloride 
and acetic acid. (Found: Br, 23-5, CjsHjpOyNBr requires Br, 23-8%.) 

Hydrolysis as in the previous case gave p-nitrobenzoic acid and a little 
black pasty mass. 

Mixed melting point of the bromo ester with an authentic sample of 
4-bromo-o-cresyl p-nitrobenzoate showed no lowering. 








* Jadhav and Rangwala, Bomb. Univ.-Jour., 1934, 3, Part II, 161-162. 
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4-bromo-m-cresyl p-nilrobenzoate.—A mixture of m-cresyl p-nitrobenzos _ 
ate (4 g.) and bromine (3 g.) was heated on a low flame for two hours, worked | 
up as before and the solid finally crystallised from acetone in bright greyish 
plates, m.p. 145-146°; yield 25%. Its solubility is similar to that of the” 
ortho isomer. (Found: Br, 23-7 ; CjgH,oO,NBr requires Br, 23 -8%,.) q 

It showed no lowering in melting point with a genuine sample of 4-bromo- | 
m-cresyl p-nitrobenzoate. 

4: 5-dibromo-o-cresyl p-nitrobenzoate—A mixture of o-cresyl p-nitro We 
benzoate (4 g.) and bromine (6 g.) was heated at 115-125° for two hours and 7 
worked up asusual. The solid obtained crystallised from acetone in small 
white needles, m.p. 139-140°; yield 25%. It resembles the monobromo 
derivative in solubility. (Found: Br, 38-3; CyyHgO,NBro requires Br, 
38 -6%,.) 

3: 5- or 2: 5-dibromo p-cresyl-p-nitrobenzoate.—-To a mixture of p-cresyl 
p-nitrobenzoate (4 g.) and bromine (6 g.), concentrated nitric acid (4 c.c.) was 
added and the whole heated at 110-120° for two hours and worked up as 
usual. The solid crystallised from acetone in white needles, m.p. 165° ; yield 
20%. It is soluble in acetone, chloroform, benzene and sparingly so in carbon 
tetrachloride and acetic acid. (Found: Br, 38-3; CjsHgO,NBro requires 
Br, 38 -6%.) 

3:5: 6-tribromo p-cresyl-p-mitrobenzoate.—To a mixture of 3: 5 dibromo- 
p-cresyl p-nitrobenzoate (3 g.) and bromine (2 g.), concentrated nitric acid 
(5 c.c.) was added and the whole was heated at 150-160° for two hours. It 
was worked up as usual and the solid crystallised from a mixture of chloroform 
and acetone in woolly needles, m.p. 194-195°; yield 20%. It is soluble 
in chloroform and sparingly so in acetone, benzene and acetic acid. (Found: 
Br, 48-4; CysHgOyNBrs; requires Br, 48-6%.) 

4-bromophenyl m-nitrobenzoate—-It was prepared in the same way as | 
its para isomer and crystallised from acetone in white needles, m.p. 122°; | 
yield 60%. It is soluble in acetone, chloroform, alcohol, benzene and acetic 
acid. (Found: Br, 24-7; C,,H,O,NBr requires Br, 24-8%.) 

Hydrolysis with dilute hydrochloric acid in a sealed tube at 180-200° 
for five hours gave m-nitrobenzoic acid and some oil. 

The bromo ester showed no lowering in melting point with a genuine 
sample of 4-bromophenyl m-nitrobenzoate. 

4: 5-dibromo-o-cresyl m-nitrobenzoate—To a mixture of o0-cresyl m- 
nitrobenzoate (4 g.) and bromine (6 g.) fuming nitric acid (8 c.c.) was added 
and the whole heated on a waterbath for eight hours. The mixture was 
worked up as before and the solid crystallised from a mixture of chloroform 
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‘and acetone in white needles, m.p. 170°; yield 30%. It is soluble in ace- 
tone, chloroform, benzene and sparingly so in carbon tetrachloride and acetic 
4 acid. (Found: Br, 38-4; C,sHgO,NBry requires Br, 38-6%.) 
3 3:5: 6-tribromo-p-cresyl m-nitrobenzoate-—To a mixture of /-cresyl 
| m-nitrobenzoate (4 g.) and bromine (9 g.), fuming nitric acid (10 c.c.) was added 
4 and the whole heated on a waterbath for eight hours. It was worked up 
4 as usttal and the solid crystallised from acetone in woolly needles, m.p. 
» 193-194°; yield 20%. It is soluble in acetone, chloroform, benzene, carbon 


© tetrachloride and sparingly so in acetic acid. (Found: Br, 48-4; 





Cyu4H,O,NBr3 requires Br, 48-6%,.) 
The authors wish to express their thanks to Dr. T. S. Wheeler for his 
interest in this work. 
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§1. If m=0 (mod. p2) but $ 0 (mod. p2*!), p being a prime > 2, then 
we say that the p-potency of m isa, or that m is a-potent in p. We write 


Pot m = a when ™m is a-potent in p ; and Pot *) = — B, when Pot (n)=8. 
e p e 
Evidently then 

Pot (mn) = Pot (m)+Pot (m); .. Ss (1) 
p p p 

Pot eb = Pot (m) — Pot(n); .: ‘i a3 (2) 
4 Be ? 2 

Pot (m)* = n. Pot (m). 55 — - (3) 
p p 


Furthermore, I shall write 
{A; Aj-1 +++ Ag A; Ao}, for A; Ké+ Aj) Ké!+---+As K? 
+A, K+Ap,whenO<A<K. .. (4) 
§2. p-Potency of (”), l<r<u. 


Let m= (a; a+ + + Gz @ ao}y, and 7 = {b; b;)- - + + by dy Dohs, 7 1. 

‘ “ _ n! : 
Then since (”) = mg eT 
therefore Pot (7) = z | [=]- [=]- [I : 

2 a=l L pa pe pe 
i 
= 2 ha; 
a=l 

where Ag=0 or 1 according as {@a_) da-2- - -A}p—{ba_1 da_s: - - Dohs 
is positive or negative . ws , (5) 
Let n’ = {a’; a’;1--+-- a’: a’, a@'o}yandr’ = {b'; db’) - - - b’2 b' O'ohy 
where a’,=1,0',=0,ifa,>),; O<h<i. 


a’, = Q, b’, = 0, if a, = 0,; 


and a’, = 0, 0’, =1, if a, < dy. 
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Then Pot (") = Pot (¥). Sha ae 
= the total number of eights and nines in 
{a’;a’iy + + + a’: a’; a'o}io— (0; O'-4 - - + :b'2 b'1b’o}i0. (7) 
u 
In particular! Pot é ) = po Pot(r); lere¢< pr. *(8) 
ue p 
Moreover Pot (o Tt) = 0. l<er< pr-l. (9) 
p 
In view of (7), it is easily proved that 
if ("),r = 1, 2, 3,----,n—1, have a common factor g > 1, then g is a 
prime > 2, and m = gH, p > 1. 
In fact if m = {a; aj) + ++ + az a Aohy, 
and r = {b; aj, @j-2- + * @z a ao}p; 0; < a;; then Pot (”) = 0. 
p 
§3. If (x+1) (x+2)(x+3)---(xt+n) = EG (n,n x7, 2. (10) 
r=0 
then Professor Ward? has shown that 
: r sai n+ 
G(n,7)= 2 {(—1)-™ H (r,7—m) (3) } > so ae 


where the H’s are positive integers. Professor Ward has not however been 
able to find the exact form of his H’s. 


In a recent paper,? I have shown that 


H (r, r—m) =F {(—1yr# (C+) G (-k-1,)}, . 
where (k—1)! G(—k—1,7) = 5 {(—1¥ ("5 ') (kj) | (13) 


=0 


™“ 


z(-1)r# (rtm) ote) Gt-A- 835.0 


Hence G (n, 1) = Bi E(u Cte) ot") G (—-1,9) \ 
[arr Gh 


r+m 


= 2 ((-r CED 6 (-8-1. 0) EGHD}. 


-=1 T+k 
a Ff rk (Utky (ntrt+ 
a iil la (ek (nikai) © (—&-1, ri, 





* When r = p’, t < p, (8) is a very special case of formula I of Oblath in his paper 
in Proc, Ind. Acad, Sci. (A), 1934, 1, 383-386 [Ref.] (383). 
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=- i oh Goan cs ? G (—A—1, r) | cio 


: r 2 G (—k—1, r) 
= (mtr+l) (3) 2 [(-1y 4G) Sepegi (18) 
If from the terms on the right hand side of (14) or (15), we can single 
out a term which is less potent in p than any and every other, and if p 
denote the p-potency of this term, 
then Pot G (n, r) = B. ee a “ o 
? 


If however a term cannot be so singled out, then 
Pot G (n, r) > y, “s ss ‘i a ae 
2 


where no term in (14) or (15) has a p-potency <y. 
The case when = p4—1, » Bl, is of special interest, and has been 
considered by me separately elsewhere. ; 


REFERENCES. 
1. This is Lemma 1 in my paper on ‘“‘ A Theorem of Gauss ”’, to be published in 
the Proc. of the Edin. Math. Soc. 
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8. Not yet published. 
4, In my paper on “ A Theorem of Gauss’’, among other results, I prove that 


Pot G {p"—1, 6 (p%)} =p—-a,a<p. 
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The method of molecular orbitals has been interpreted as leading to a single-electron 
bond theory of valency. This involves the assumption that in a covalent molecule the 
nuclear fields are almost degenerated and that the effect of the complete degeneracy 
due to the equality of the electrons is negligible. This implies at the same time a 
relation of the strength of the linkage to the polarity of the bond. Itis proposed to 
show that, contrary to the above, chemical union is mainly an effect of the degeneracy 
due to the electrons. Such an interpretation of the method of molecular orbitals is 
mathematically equivalent to the previous one and does not require the above assump- 
tions (Sections I to VII); it leads to an electron pair bond theory of valency. Spectro- 
scopical evidence appears to favour the present view and to contradict the above relation 
between polarity and energy of linkage (Sections II, VIII to XI). The single-electron 
bond theory of valency requires the Octet Rule or its extensions to explain the 
phenomenon of saturation of valencies and therefore the existence of different varieties 
of non-electrostatical linkage. Such a description of chemical evidence is rot possible 
without introducing various additional hypotheses (Section XII). All this is not 
necessary in a pair bond theory of valency in which chemical linkage is produced by ‘tine 
degeneracy due to the equality of the electrons whereas the degeneracy of the nuclear 
fields is reduced to an effect determining the polarity (Sections XIII to XV). 


I, 


In this paper it is proposed to show that the results of Band Spectroscopy 
and the experimental facts as presented by Chemistry can be satisfactorily 
expressed in terms of an electron-pair bond theory of valency. During the 
last three or four years the method of molecular orbitals appears to have 
been interpreted as a single-electron bond theory of valency, which in a way 
has been responsible for an antagonism towards the pair bond theory. 
From this point of view we shall discuss the principles underlying the 
wave-mechanical treatment of the process of formation of molecules, 
although a critical analysis of the various methods has already been given 
before by several authors.!.2.3 


The wavefunction of a molecule may be constructed in two ways :— 
Method A, which has first been developed by Heitler and London‘ 
investigates the interaction of the atoms constituting the molecule. This 
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can be done in two different ways; one can either form complete wave. 
functions for each of the interacting atoms and then construct the wave- 
function of the molecule by combining them. Confined to s-states, this 
view leads to the theory of spin valency and has been developed by London, 
Heitler, Born, Heitler and Rumer, Weyl.5 Or one can construct the wave- 
function of the molecule from those of single-electron pairs representing one 
link each. Such a link is accordingly localised between two particular ones 
of the constituent atoms contributing one electron each to the pair. (Kemble 
and Zener, Bartlett, Slater, Pauling, Penney and others.®) 


Method B, generally termed the method of molecular orbitals, considers 
each single electron in the completed molecule, 7.e. in the field of all the 
nuclei or cores concerned, a core in this case consisting of the nucleus and all 
those electrons which for practical purposes can be considered as localised 
about it and not participating in the formation of the molecule (Iennard- 
Jones). ‘The wavefunction of the molecule is then a combination of those 
of its constituent electrons. We owe the development of this method to 
Hund, Mulliken, Herzberg and Iennard-Jones.!;7:8.9.10,11,12 


For a theory of valency the essential point is the transition between 
the system of the separated atoms and the molecule, viz. the process of 
formation of the molecule from its constituent atoms or its converse, the 


process of dissociation. According to its structure, method A is especially 
designed to describe the behaviour of the system at large internuclear 
distances, though it is of course capable of describing the whole of the 
transition provided it is possible to calculate up to sufficiently high 
approximations, and such calculations have proved possible in a really 
exact way in only the simplest case. 


On the other hand method B is especially designed to describe the 
conditions at those internuclear distances which prevail in the completed 
molecule. Without considering the interaction between the single electrons 
this method is of course unable to give the amount of the energy of 
dissociation and unable, furthermore, to distinguish between the attractive 
and the repulsive terms of a system of two or more centres. On taking 
into consideration the interaction between the electrons up to sufficiently 
high approximations the method should also be able to determine the energy 
of the molecule and to follow the process of dissociation. 


It is evident from the above that, if it is intended to use method B, the 
ideal manner of calculating the transition from the molecule to the separated 
atoms would be a combination of the two methods, commencing with 
method Bin the molecule and changing gradually to method A, as the 











ive- 
Ve- 
this 
on, 
ve- 
one 
nes 
ble 


ers 
the 


ar 
he 
gh 
lly 


he 
ed 
ns 
of 
ve 


ng 


x 
> 


he 
od 


he 








On the Pair Bond Theory of Valency 625 


internuclear distance increases. This procedure presents, however, the 
greatest mathematical difficulties. Therefore the simple correlation table 
is generally adopted to describe the transition to the separated system. 
This procedure yields already in zeroth approximation a description 
of the term system of the molecule, but only a qualitative picture 
of the change of the term order, and gives us neither an idea of the 
absolute increase or decrease of energy in the process of dissociation nor 
even an idea as to whether a particular term means attraction or repulsion. 
The correlation table tells us only whether a particular electron of the 
molecule was an sg, p, or d electron in the separated atoms, but it does not 
give any direct information as to which atom it originates from. Therefore, 
as is well known, the resulting ratio of the probabilities of the different 
products of dissociation is incorrect. Such procedure in He for instance 
gives 50% atoms and 50% positive and negative ions. This is a direct 
result of the neglection of the mutual interaction* of the electrons, and 
shows that this approximation is not sufficient for a description of 
the process of dissociation. Just the process of dissociation is more 
important from the point of view of a theory of valency than a descrip- 
tion of the term system of the completed molecule. The introduction 
of the mutual interaction of the electrons in the next approximation is 
already an approach to the view of method A. 

The method of molecular orbitals contains already in zeroth approxima- 
tion the degeneracy of the nuclear fields which, where it exists, results in a 
bonding effect. It has been assumed that this bonding effect is generally the 
cause of chemical linkage. It is proposed to show that in general this effect 
is too weak to produce chemical combination, and that in order to find its 
actual cause, we have to introduce also here the next approximation, 1.e., 
the interaction of the electrons, which owing to the degeneracy of the system 
due to the equality of the electrons produces a strong bonding effect. This 
results in the formation of electron pairs, which is also an approach to 
method A, where they appear already in zeroth approximation but in a 
slightly different way. ‘The two methods are of course ultimately bound 
to merge, but in general we are not able to calculate as far as this. 

II. 


It is true that mostly!2!2 the orbital method has been interpreted as 
a single-electron bond theory of valency. Certain of the arguments for 





* It is here particularly referred to that part of the interaction of two electrons, 
which cannot be represented by a simple screening effect, but involves the use of 
integrals containing the wavefunctions of both of them. Evidently it is just this part 
of the interaction that the symmetry properties of the total wavefunction depend upon, 
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this interpretation are connected with the discussion on localised and 
non-localised bonds which are dealt with in Section VI. Here we intend to 
discuss this interpretation’ as far as it is concerned with the energy of 
formation of a molecule. 

Chemical union means liberation of energy on decreasing internuclear 
distance. There remain only two possibilities which coincide in the case of 
the H, molecule and accordingly allow of two different manners of generalisa- 
tion, i.e. the neutralisation of the spins of the electrons and the degeneracy 
of the system resulting in the splitting of the terms. Either of these 
features may serve as a distinguishing characteristic and may be generalised 
to the basic postulate of a theory of linkage. 

If we postulate that chemical union occurs whenever two electrons 
counterbalance their spins, we arrive at the theory of spin valency which 
although successful in many details has proved to be unable to give a full 
account of chemical combination. Nowadays it is, however, generally 
assumed that the neutralisation of spin is rather in the nature of a con- 
sequence of Pauli’s principle and that chemical linkage is brought about by 
a degeneracy of the system. 

If in the diatomic molecule the wavefunction of a valency electron in 
the field of one of the atomic cores is %, and the corresponding one for the 
other core %,, and if the two cores concerned are equal, the wavefunction of 
the electron in the combined system in zeroth approximation without the 
nornialising factor is given by #%,(1) + ¥,(1). With the usual definition of 
the signs of the wavefunction % (1) + u,(1) will belong to the lower term. 
A second electron entering the same orbital, 7.e. getting the same wavefunc- 
tions #,(2) + w,(2) will give rise to a degeneracy owing to the equality of the 
two electrons, thus causing the wavefunctions of the two of them to enter 
combinations of which 

(Hall) + da(1)} {fa/2) + pa(2)} 
belongs to the lowest eigenvalue, to which the linkage is ascribed. 

There are two kinds of symmetrical relation in the wavefunction, one 
inside either bracket and one connecting the two brackets with each other. 
The first is due to the degeneracy of the eigenvalues brought about by the 
equality of the atomic fields, the second one due to that caused by the 
equality of the electrons. When the atomic fields grow slightly different, 
the normalising factors will be different too and the bonding function will 
be approximately given by 

{ayi(1) + dyba(1)} {ayal2) + byba(2)}. 
The symmetrical relation brought about by the equality of the electrons 
remains unchanged. It remains so until, when the gradual change of the 
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fields continues, every likeness disappears, when the wavefunction a ~, + 
bj, gradually turns into %, or %,, whichever is the lowest. If this is %,, 
the relation eventually left is %,/1) %,(2), which still retains its symmetry 
as to the electrons and thus represents ionic linkage, both the electrons 
being with the same nucleus. It will be seen later on, how the gradual 
change of the wavefunction actually displays the growing polarity of 
the bond thus manifesting the transition from covalent to electrovalent 
linkage. 

The correlation table provides only a qualitative scheme of the re- 
arrangement of the terms on formation of the molecule and accordingly 
shows, whether a particular electron will be bound to the molecular system 
with more energy or less than another one. In the molecule a premoted 
orbital is higher than a corresponding unpremoted one, but the correlation 
table is unable to indicate whether the two together are higher or lower than 
the correlated ones in the atom. To provide a quantitative relation 
between the right and left hand sides of the table Mulliken? fixes the energy 
difference between the lower ends (lso ls) by referring to H,*, when 
the single electron present passes from ls of the atom in the separated 
system to Iso of the molecule ion. In this manner, showing that, in the 
case of H,* the lowest level of the molecular system is considerably below 
the correlated atomic level, Mulliken infers that in general unpremoted 
electrons are bonding and therefore premoted ones, being bound with lesser 
energy, are generally anti-bonding. This argumentation involves the consi- 
deration of one electron only, which accordingly can act as bonding or 
anti-bonding already by itself without the interference of a second one. If, 
however, as in the case of H, two electrons are present and come into the 
same bonding orbital, the energy of formation will be the sum of the bond- 
ing energies of either of them, in the next approximation modified rather 
than actually influenced by the energy of interaction. Experimental 
evidence for this is found in the actual existence of H2* with one 
electron only. 





It has been pointed out by Hund! that such a bonding power based 
on the degeneracy of the nuclear fields is exerted by a single electron 
already, when the fields short of being identical are only approximately 
degenerated. The bonding wavefunction, which in the rigorously de- 
generated case of equal nuclei is given by %,+%, changes in almost equal 
fields into af,+d,3, where ais slightly different from 6. This difference 
increases with growing inequality of the fields, the degeneracy and along 
with it the bonding power gradually decreasing and eventually vanishing, 
when a> or b>a and the electron actually belongs to one of the nuclei 
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only. If therefore a theory of valency is solely based on this degeneracy, 
it is bound to meet with difficulties. One such difficulty results from the 
existence of LiH along with the non-existence of (LiH)*+. LiH is a well- 
known stable chemical compound; bands due to it have been measured. 
(LiH)* has never been known to exist ; wavemechanical considerations® showed 
it to be incapable of existence, and furthermore, if it existed nevertheless, 
we should all the more expect HeH made up of unexcited He and H atoms 
to exist, because it has the same electrons, but a much smaller repulsion 
of the nuclei. When Li and H combine to form LiH, we should find an LiH 
with one bonding 2se and one anti-bonding 2pe electron ; their effects would 
more or less cancel each other and if we obtain a linkage at all, it would be 
a very weak one, which contradicts physical evidence showing a dissociation 
energy of about 2-5 electron volts. An attempt to explain this by 
considering the anti-bonding electron as nearly non-bonding (slight pre- 
motion only) and ascribing a bonding power of about 3 volts to the bonding 
electron would fail, since Li, with two bonding electrons of the same kind, 
with lesser repulsion of the nuclei, and with the additional bonding power 
of the rigorous degeneracy of the eigenvalues on account of the two cores 
being equal, displays a dissociation energy of 1-1 electron volts only. LiH 
can then be explained only by means of a generalisation of I,ennard- 
Jones’s manner of denumerating the orbitals, 7.e. by starting afresh on the 
outside of each core with the main quantum number 1. In this case either 
of the electrons would be a bonding one; but then the theory would fail 
to explain the non-existence of the ions (LiH)*, (NaH)*, (KH)* and so on 
which would still possess a bonding electron. The corresponding neutral 
molecules are all of them stable compounds. This becomes even clearer, 
when we note that molecules like Liz, Naz, Ky, LiK, NaK and so 
on are spectroscopically known, but not a single one of their ions. It 
is also significant, that in the second group the hydrides both neutral 
and ionised are capable of existence (BeH, BeH*t; MgH, MgH*; ZnH, 
ZnH*, etc.). 


The rigorous degeneracy due to completely equal cores results 
doubtless in a bonding power. But that this is a proportionately 
weak one as compared with that produced by the equality of electrons, 
becomes evident from the fact that H.* is the only existing instance. As 
soon as we substitute anything else for the hydrogen nucleus, viz. a 
nucleus of higher charge (He**) or a core of larger dimension (Li*), the 
bonding power of this degeneracy is too weak to overcome the enlarged 
repulsion of the nuclei or the enlarged distance between the cores. Since 
already Li,* with its rigorous degeneracy of its eigenvalues is not 
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capable of existence,* and since this bond is further weakened, when the 
eigenvalues are, if at all, only almost degenerated, it would be difficult 
to understand how molecules with different nuclei could possibly exist, if 
there was no effect other than the degeneracy of the fields. 


The above discussion shows clearly that already in the simplest cases 
and before entering into a discussion of finer details objections can be 
raised against the interpretation of the method of molecular orbitals as a 
single-electron bond theory. To our mind all these difficulties and others 
that will be pointed out below are due only to an unnecessary restriction 
as to the bonding effects of a degeneracy. There is no reason to consider 
the interaction of several electrons on the same orbital as more or less 
negligible and to prefer the incomplete degeneracy of the nuclear fields to the 
degeneracy due to the equality of the electrons, which also results in a split: 
ting of the terms and accordingly in a bonding effect. This degeneracy is 
always rigorous and remains so, even if the degeneracy of the fields disappears 
completely, 7.e. when the molecular orbital changes gradually into an atomic 
orbital, or in other words the bond changes from covalency to electrovalency. 
Accordingly we feel compelled to regard the interaction between the electrons 
as the principal cause of chemical union and to conclude that the effect of 
degeneracy of the electrons predominates over the effect of degeneracy of 
the nuclear fields. Thus we are led to an interpretation of the orbital 
method as a pair-bond theory of valency. From this point of view H,* 
and perhaps the Helium molecule ions are the only possible instances of a 
single-electron bond, whereas in general chemical linkage is due to the 
formation of pairs of electrons on the same orbital to which two different 
atoms contribute one electron each. We remark here only and shall discuss 
more fully in Section VI that in the case of polyatomic molecules this does 
not involve a strict localisation of the bonds. 

Mathematically this view is fully equivalent to that of the single- 
electron bond and it does not require the additional assumption of approxi- 
mate degeneracy for unequal fields. We are even of opinion that 
experimental evidence is in favour of the pair bond view. ‘The above 
examples show that only those molecules exist which have at least two 
electrons. ‘Thus the existence of the neutral molecules and the non-existence 
of their ions in the first group and the existence of either kind in the second 


* Note added in proof.—In his paper*® on the molecule Li,.+, James shows that 
Pauling’s estimate for the dissociation energy of Li,+made by reference to the situation 
with H, and H,*+taken to be analogous systems, cannot be considered to be conclusive. 
His own variational method is essentially the same as that applied by him in the case 
of Li, where it yields only half the experimental value.®° 
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group is easily explained in a pair bond theory of valency. The phenomenon 
of premotion then finds its place automatically in the electron-pair bond 
theory as an additional effect, 7.e. only as incidental one caused by the 
change of the order of terms and superposed on the bonding effect, thus 
increasing or decreasing the energy of linkage. 


Ill. 

Independently of the above just the conditions in H.* are very instruc- 
tive as regards the premotion being able to govern the linkage. Teller’s 
calculation! throws light on the question whether particular orbitals can be 
considered as either bonding or anti-bonding. The degeneracy due to the 
equality of the nuclei brings about a linkage only, if the electron is in an 
lso orbital ; all the other terms, whether premoted or non-premoted, are 
repulsive except the term 3do(2p)* which has a flat minimum at a large 
internuclear distance, and just this orbital is a highly premoted one, which 
ought to be anti-bonding, if the premotion alone was decisive. 

Hund assumes that a linkage occurs only, if the electrons enter an 
unpremoted orbital, whereas an electron pair in a premoted one acts repul- 
sively. When combining two atoms with one s electron each we get the 
following wavefunctions :-— 

{arb,(1) + byby(1)} {ab,(2) + bx,(2)} 

{aypy'1) + bb 1)} feya(2) — aifa(2)} — {aypa(2) + biba(2)} fepsa(L) — diby(1)} 

{aw(1) + buby(1)} {epb,(2) — deby(2)} + {arp,(2) + dyba(2)} {oxs,(L) — dife(1)} 

{er(1) — eby(1)} {eb,(2) — dypy(2)} 

In the case of equal nuclei (a=), c=d) they belong to the terms 

Gg” *Zigy Ogtu "Zu O50 Ca. Ge” Dy 

According to Hund only the first of these would be a bonding one, whereas 
the last one is not bonding, though it represents also the entry of both the 
electrons into the same orbital, which, however, does not satisfy the 
additional condition of non-premotion. The experimental evidence at 
present available is not enough to decide whether or not this additional 
imposition is necessary, because in the well-known lighter molecules there is 
no term known which can serve to decide this question. Since the premoted 
groups lie higher in the molecule, the number of p-electrons becomes 
sufficient to fill one of them only when a linkage is already established in an 
unpremoted one. ‘The cases of H, and H,* are not capable of generalisation 





* This orbital is in fact 34a0(2p) as also quoted by Teller. Due tothe correlation in the 
one-electron-system being somewhat different from that in other cases, this orbital is 
highly premoted, whereas the corresponding orbital 3so(2p) in other systems is not 
** premoted ”’, though ‘* promoted ”’, 
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for this purpose. In He all the above states are bonding except the 
triplet term. The excited terms of H,* indicate only that non-premotion 
alone by itself cannot possibly be responsible for the linkage. Considering 
that the effect of premotion only superposes itself upon the actual bonding 
effect of the interacting electrons, it is clear that unpremoted orbitals 
contribute more, premoted ones less to the energy of linkage, but it is by no 
means proved that an electron pair in a premoted group is really anti-bond- 
ing.* Instead of introducing the symmetrical relation of the nuclei as an 
additional postulate, we are rather inclined to believe, that also in the case 
of an electron pair in a premoted group, the interaction of the electrons 
exerts a bonding power, counteracted by their premotion, and that accord- 
ingly the total effect can vary from case to case, though at this stage of our 
knowledge it cannot be predicted as to whether it will provide a positive or 
negative contribution to the energy of linkage. 


IV. 


If two atoms possessing more than one electron each combine, e.g. one 
with 1 and one with 3 p-electrons which may constitute a m* (p) group in the 
molecule we get, per electron, in the lowest state a partial wavefunction. of 
the type a4 + bb, which is the same for all the electrons on the same orbital. 
As a matter of principle each electron is in the field of both the nuclei and is 
accordingly to be considered as belonging to both of them in the completed 
molecule. The coefficients a and 6 with which the nuclei enter into the partial 
wavefunction are, howeve’ different and are functions of the internuclear 
distance. If we consider the case that on dissociation of the molecule 
the 7 group is broken up into 1+3 electrons the analytical representation 
of this process would be that with increasing internuclear distance a and b 
assume such values that the resulting probability for an electron to remain 
with one nucleus is three times as much as for the other nucleus. In the 
completed molecule the ratio between a and ) is not necessarily the same as 
in the separated system, but still far from being equal to 1, because the two 
central fields, composing the molecular field, are far from being equal. The 
field acting upon the 7! group—neglecting polarisation—is composed of two 
central fields, those of A+ and B+, which are of course vastly different and 
do not give rise to an actual degeneracy. Thus the dissymmetry of the 
products of dissociation prevails already in the mciecule and the distribution 
of the electrons into groups according to their origin is not lost at all, when 
on chemical combination they join in the same orbital. 





* The pair in the premoted.group (the fourth function above) satisfies also the cri- 
terion of linkage in method A, i.e. the wavefunctions of the two electrons are overlapping. 
A5 F 
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Chemistry defines the number of valencies of a particular atom as the 
number of monovalent atoms which can be linked by it. If it is intended to de- 
velop a wavemechanical conception of valency which meets the requirements 
of chemistry, it must be inferred that the fact of the splitting of the said 
group into 1+3 electrons on dissociation and its pre-arrangement in the 
molecule lead us to count the linkage in question as monovalent. A 
convenient way of expressing this is to count for the number of bonds only 
those pairs which contain electrons of different atoms and to neglect for this 
denumeration pairs of electrons from the same atom. 


This is also the manner in which Hund! counts the number of valencies. 
Mulliken! and Herzberg!! from the viewpoint of independent electrons 
count each of them as half a valency, and therefore the number of valencies 
is the total number of pairs of electrons in molecular orbitals, irrespective 
of the number of electrons contributed by each single atom. ‘To takea 
particular example, the electronic configuration of CO in its ground state 12 is 

o?(2s) o*2(2s) a#(2p) o7(2p). 

Whatever theory we base our considerations on, it is not necessary to take 
into account the two o(2s) groups at all. According to Mulliken and Herzberg 
one of them is bonding, the other anti-bonding; so their effects cancel each 
other. According to Hund they are not to be counted, since no electrons 
from different atoms join in them; one of them contains the two s-electrons 
of carbon, the other those of oxygen. So our discussion is restricted to the 
m(2p) o°(2p) groups. Both of them are bonding (non-premoted), they 
contain six electrons, 7.e., three pairs. Thus the linkage according to 
Mulliken and Herzberg is to be termed trivalent. But since two of these 
six p-electrons are provided by carbon and four by oxygen, there are only 
two pairs in which electrons from different atoms join, whereas the remaining 
pair belongs to oxygen alone. So according to Hund’s terminology the 
linkage is divalent. 

There exists doubtless a certain bonding power among these six p- 
electrons for which slight differences in the nuclear charges are of very little 
importance. It is of course impossible to try and identify particular ones of 
the electrons as to which of the atoms they originate from. In this sense 
the definition of Mulliken and Herzberg is correct. The number of 
valencies defined like that remains, however, unaltered, when the nuclear 
charges change provided the total number of p-electrons contributed by 
both the atoms remains six. So we would have the same trivalency in 
‘“‘compounds”’ as No, CO, BF, Be Ne. But this is clearly not the conception 
of valency developed by chemistry. ‘The chemical valencies of the said 
combinations are 3, 2, 1 and 0 respectively. The reason for this disagreement 
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is that chemistry takes into account the number of electrons going to 
the particular atoms on dissociation. Only then the number of bonds is 
identical with the number of valencies of the atoms. Of course it is still 
possible to say that in the case of Be Ne the six p-electrons do not go 
any more into molecular orbitals, whereas in CO and BF the adiabatical 
dissociation would lead us actually to C-+O+ and B--+F** respectively. 
Such an explanation has actually been attempted by Pauling,!* but proved 
to be inadmissible.* On the contrary the analysis of the term system of 
CO is definitely in favour of an ordinary covalent linkage. It has been 
shown!¢ elsewhere at greater length that this linkage is indeed a divalent one 
in spite of its high energy of dissociation, high frequency of Raman effect and 
low dipole moment. ‘The recent value!’ of the energy of dissociation of N» 
takes completely away the similarity to that of CO and therefore also all 
possibility of comparing the nitrides and the oxides. In BF the assumption 
of a triple link, which is the logical consequence but leads obviously to nine 
links in BF3, is still less in agreement with the ideas of chemistry, and 
similar consequences could be shown in many other cases. Therefore in 
order to come to an agreement with chemistry, only those pairs of electrons 
ought to be counted in which one electron of either partner joins. This way 
of counting the linkages in a molecule has the advantage, that the number 
of bonds is brought into a simple connection with the number of valencies 
of the atoms concerned. 


The difference between these two conceptions and the justification of 
the second one can also be expressed as follows: The-term system of the 
molecule N, is that of a molecule with six electrons in the molecular 
orbitals 

m (2p) o*(2p) 
formed by the original six p-electrons of the two N atoms. The term 
system of the CO molecule will not differ very much from that of No, but 
the different distribution of the nuclear charges will produce a different 
distribution of the electric charge on the molecular orbitals. If one 
considers CO to be triply linked in the same manner as the Np molecule one 
does not pay consideration to the fact that the change in the distribution of 
nuclear charge on transition from Nz to CO at once involves an entirely 
different correlation to the terms of the separated atoms. In either case we 
have to consider two groups of atomic terms, with distributions of the six 
p-electrons in 3+ 3 and 2+4 respectively. In Ne the groundmost level of- 
the separated atoms, to which also the ground level of the molecule is 





* Reference No. 16, footnote on page 528, and Mulliken.*? 
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correlated, has the distribution 3+3, the lowest level of the distributioy 
2+4 is much higher, the difference of energy being the ionisation potential 
of N (14-5 volts) diminished by the electronic affinity of N, which is very 
small, if not negative. Therefore the terms of the N, molecule to be 
correlated to atoms with the distribution 2+4 have potential curves going 
to much higher atomic levels than those which are to be correlated to atoms 
with the distribution 3+3. Since potential curves of terms of equal race do 
not intersect, the lower terms of the N, molecule, especially the ground 
level 1X, belong to two nitrogen atoms with three p-electrons each. 


The matter is different with the CO molecule in spite of its term system 
being nearly equal to that of N». Here the lower terms are correlated to 
atoms which have 2 and 4 p-electrons respectively, e.g. in their ground levels, 
The group of atomic terms with the distribution of electrons 3+3 is much 
higher, 7.e. high enough not to perturb the lower terms of the molecule, 
since the ionisation potential of oxygen is 13-6 volts and the electronic 
affinity of carbon most probably negative or, if positive, negligibly small. 
The ground level of the molecule with the same electronic configuration, 
which in N, belongs to N+N with 3+3 p-electrons, belongs in CO to 
C+O with 2+4 p-electrons. 


Though the change of the nuclear charges on transition from Ny, to CO 
does not essentially alter the term system of the molecule, it is already suffi- 
cient to cause a small perturbation, e.g. a small increase of the internuclear 
distance, to divide the six electrons in question into two groups of 3 electrons 
each in the case of No, but of 2 and 4 electrons respectively in the case 
of CO. Hence it is not correct to say that if Ne is triply linked, CO with 
the same electronic configuration is also triply linked, since just a small 
perturbation of the said type is a decisive test. This test shows that any- 
thing working against the linkage has to work against three bonds in one 
case and against two bonds in the other one. If we would consider the 
configuration in the molecule alone without submitting it to the perturbation 
test, the meaning of the expressions “triply linked”’ or ‘‘ doubly linked” 
would be reduced to a name only and would lose all physical meaning. 


The same remarks obtain in any other case where Mulliken-Herzberg’s 
and Hund’s methods of counting the valencies differ, provided that the 
difference between the ‘‘ionic’’ and ‘‘ atomic 
great enough. 


a7 


terms of the molecule is 


V. 


The difference between the single-electron bond theory and the 
electron-pair bond theory derived from the method of molecular orbitals 
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on ean also be considered from another point of view. Hund! has shown, as 
al already mentioned, that even in the event of the nuclear fields being only 
ry almost degenerated the resonance degeneracy still prevails up to a certain 
de extent and that accordingly a single electron may exercise a bonding power. 
ig So the distinction between the single-electron bond and the pair bond 
ns amounts to whether or not the degeneracy of the fields is almost complete 
lo in the practical cases. It is shown in Sections II and IV that the variation 
nd of the wavefunction describes the continuous transition from a molecular 
orbital to an atomic orbital. Since this process leads us to ions, it is clear 
m that the variation of the ratio of the normalising factors is the analytical 
to representation of the transition from covalent to electrovalent linkage, when 
1s. we compare different molecules. Thus it is measured by the polarity of a 
ch molecule, and since this again is measured by the dipole moment, we obtain 
le, under otherwise equal conditions a direct measure of the variation of the 
‘ic two fields. 
fl. From this point of view we consider the construction of the wave- 
mn, function of CO by means of one-electron wavefunctions, We compose a 
to molecular field by superposing the fields of the cores of C?*+ and Ot* ata 
fixed distance and add successively the six p-electrons. ‘The fields of C?* 
‘O and O*+ are entirely different and cannot possibly be regarded as almost 
i- degenerated. The two electrons introduced first will, therefore, belong 
at considerably more to the oxygen nucleus than to that of carbon. Although 
ns this group may still be termed a molecular orbital, it appears that the 
se physical significance of such an intermediate group is better characterised 
th by the term atomic orbital. The fields of C?+ and O?* are no longer so vastly 
all different and may now be considered as more or less degenerated. The 
y- following four p-electrons belong then equally to either nucleus and thus 
‘aie constitute the linkage. Therefore even from the viewpoint of the single- 
he electron bond theory the linkage of CO should be regarded only as a double 
- bond. In CO we have selected an example particularly favourable for the 
1"? single-electron bond theory, since here the two fields are rather similar, as 
shown also by the small dipole moment. One step further among the 
: molecules with six p-electrons, brings us to BF, where for the first four 
at electrons with regard to F the same conditions prevail, as in CO for the 


first two with regard to O. In BF only the two electrons added last to the 
molecule should be regarded as on a proper molecular orbital, since only for 
them the necessary condition of approximate degeneracy is perhaps satisfied. 
Considering other molecules we see both from the structure of the atoms 
he concerned and from the increased dipole moment that in general the condition 
of approximate degeneracy does not obtain any longer. In a series as CO, 
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SiO, GeO, SnO, PbO, even the four bonding electrons belong more and more 
to oxygen, the field of the other partner growing gradually weaker. The 
polarity of the molecules increases step by step, the linkage striving towards 
electrovalency, which is fully exhibited by molecules like PbCly.18 

At the same time the above considerations show clearly that except in 
the case of complete degeneracy a certain polarity is always present and 
even in a covalent linkage justifies the distinction between a negative and a 
positive partner, which for experimental reasons was introduced into 
chemistry long ago.!® 

Incidentally we note that the difference of the fields naturally decreases 
in a series in which the negative partner is exchanged for one from a follow- 
ing period; the effective charge of an ion decreases from period to period, 
and this change when manifested in the negative partner has an effect 
opposite to that in the positive one. 

VI. 

If in a polyatomic molecule like CR, the linkage is treated by method 
A it appears automatically in the form of electron pairs each pair localised 
between the central atom and a particular one of the approaching radicals. 
In method B, however, each electron is a priori put in a field constructed in 
a way as expected in the completed molecule, 7.e. in CR, a field of tetra- 
hedral symmetry. Accordingly each electron belongs equally to all of the 
five nuclei and the bonds are strictly non-localised. This is true only, if in 
method A the interaction of the electrons from pair to pair and in method 
B the interaction* of the electrons at all (zeroth approximation) is neglected 
and so the truth lies of course somewhere between the two extremes. This 
is confirmed by the investigations of Van Vleck,?° who has pointed out the 
characteristic errors of either conception. Slater?! has shown this directly 
in the case of Hy», and it has also been discussed by Mulliken.2 In the case 
of a diatomic molecule the bonding wavefunction of the molecule involving 
only one wavefunction of each atom can be written according to method A as 

af ,(1) Ws, (2) + y,(1) w,(2)] 
whereas method B furnishes the function 
{ay,(1) + by,(1)} {ab,(2) + by, (2)}. 
Either function describes the. dissociation incorrectly. In Hg for instance, 
when a=b, the Slater-Pauling function allows of course a dissociation only 
into normal atoms, since it is composed like that, whereas the orbital 
function becomes : 
a® {,(1)+Ya(1)} {yn(2) +0(2)} =a? {4.(1)fo(2) + pa Lpha(2)} 
+a? {b,(1) h,(2) + bo(1) bs(2)} 


* See footnote on p. 625. 
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and therefore yields 50% of normal atoms and 50% ofions. The truth lies 
in between, but obviously nearer to the result of method A, and Slater 
has found that the best description is given by 
a’ {ub,(L)yhp(2) +-ohp(1) yb 4(2)} + ia? {eb ,(1)h,(2) | uba( 1) ob, (2) } 
ie. by introduction of a slight hybridisation with ionic terms into method A 
or by a nearly complete reduction of their influence in method B. This is 
easily generalised for polyatomic molecules. Let ¢d4 and ¢g be two s-func- 
tions, which in this example may be taken to belong to equal atoms, # and x 
two p-functions of a third atom, % with a node in the symmetry plane 
perpendicular to the plane of the three atoms, x symmetrical to either plane. 
This model corresponds roughly to the case of CHy or H,O. The bonding 
wavefunction according to the method of molecular orbitals is in zeroth 
approximation 
{a,w(1)+-b,[bx(1) —bx(1) J} {4,Y(2) +6, [ b4(2) — b0(2) J} {a,X(3) +4,[b4(3) +$2(3)]} 
{a,x (4) +b,[ b(4) +5(4) J}. 
It is strictly non-localised, but it is incorrect in so far as it involves too 
great an amount of hybridisation with the various possible ionic terms. 
The approximation is improved by reducing their influence, and since in 
general this influence is very small, we shall still have an improvement, 
when we overdo the reduction and cancel the ionic terms completely. On 
doing so, we obtain 
a,b,a,b, {ha(1)b(2)bx(3)X(4) + pa(2)f1)pol3)x(4) + ba(1 (2) bx(4)x(3) 
4- pa(2)ys(1)bx(4)x(3) } 
—4,b,a,b. { b,(3)eb(2)h,(1)X(4) + (3) b(1)h,(2)x (4) + Pa(4)(2)b3(1)x (3) 
+ ba(4)(1) bs(2)x(3)}. 
This function is strictly symmetrical as far as the exchange of electrons 
between any of the s-functions and any of the p-functions is concerned, but 
it is strictly anti-symmetrical as to any possible exchange of electrons 
between the s-functions, either direct or in a cycle involving the p-functions. 
This is strict localisation of the bonds. Of course when dropping the ionic terms, 
we have overshot the mark, but very slightly only, and this again means that 
ordinarily the equilibrium between localisation and non-localisation gravi- 
tates more to the side of the former one as far as questions of valency are 
concerned, and that for this purpose each bond, e.g. in CRy, should be 
regarded as existing between the central C atom and a particular one of the 
radicals. Up toa certain extent, however, non-localisation of the bonds 
is still prevailing. Physically the linkage is due in the first instance to a 
strong interaction of the electrons inside the pair. In addition to this there 
exists, of course, an interaction of the electrons from pair to pair, which, 
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though smaller than the interaction inside the pairs, is not negligible. We 
infer that to decide questions of valency we have in general, 7.e. with the 
exception of certain cases, to describe also polyatomic molecules in terms of 
diatomic electron-pair bonds. 


It has sometimes been said that localisation of the bonds is a poorer 
approximation to the truth than non-localisation. This opinion is based on 
a calculation of Hund.’ If the incorrect hybridisation of the strictly non- 
localised wavefunctions is not given up, linear combinations of the origina] 
functions can be formed, which represent almost, or--when the difference 
between ~ and ris neglected—strictly, localised pairs of electrons. These 
functions are, however, not orthogonal, and on forming orthogonal linear 
combinations one falls back to the original non-localised wavefunctions. 
Therefore this way of localising the electrons has rightly been considered as a 
change for the worse of the approximation, but it is clear, that it is not an 
approach to the view of method A and is quite different from the above 
manner of localising the bonds. 


The description of the linkage in polyatomic molecules in terms of 
electron-pair bonds has the advantage of great simplicity. It is not 
necessary to resort to the considerations based on the properties of more 
complicated symmetry groups, the choice of which is after all only dictated 
by the frame of the expected molecule, but which, though advancing a 
beautiful description of the molecule itself, are hardly qualified to give an 
exhaustive information about questions on valency. 


Our considerations do not pretend to fix once for all that point, 
between the extremes of strict localisation and strict non-localisation, to 
which the physical linkage gravitates. On the contrary, conditions will 
differ in different cases. Bonds relating to different central atoms especially 
in distant parts of large organic molecules, have practically no relation at 
all to one another, and strict localisation without much consideration for 
the interaction from bond to bond will meet best the requirements of 
chemistry. On the other hand the special character of cyclic compounds® 2% % 
shows that also the case of strong non-localisation, at least of a certain 
number of electrons, exists in nature. It appears not to be impossible that 
the ‘‘ genuine’ complex salts of Werner represent another type of strong 
non-localisation, but recently it has been shown’! that the term “‘ co-ordina- 
tion number ”’ is used for quite different mechanisms of linkage and a theory 
of such compounds can be attempted only, if further experimental evidence 
is advanced. 
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VII. 

Till now we have only considered the simple case, when two electrons 
of different atoms each represented by a single wavefunction join in the 
same molecular orbital, 7.e. are represented by a wavefunction which in 
zeroth approximation is a linear combination of the original atomic wave- 
functions. ‘Tliis occurs especially, when there is an ordinary p-p linkage 
and when therefore the correlation table is applicable. This obtains also in 
a few simple cases which have been dealt with by Hund, e.g. that of s-p 
linkage, where the correlation table remains hardly applicable on the 
grounds of the molecular wavefunctions being formed in a different manner, 
é.g, as a combination of an s-function of one of the atoms and a p-function 
of the other one. If, however, several low terms of an atom are sufficiently 
close so as to perturb one another, the corresponding electron is no longer 
represented by one wavefunction only, but by a hybrid of several ones, 
Hund’s q-functions, e.g. are hybrids of s- and p-functions.! Whether or 
not hybridisation takes place, depends on the energy difference of the terms 
in question, which when sufficiently small causes the functions concerned to 
be replaced by their linear combinations. Since this difference is a function 
of the distance from the other atom, we have to distinguish between two 
different kinds of hybridisation according to whether the approach or the 
intersection of the potential curves occurs at such an internuclear distance 
as prevails in the completed molecule or at a greater distance. 


The latter case is the simpler one. If the mutual perturbation of the 
potential curves takes place at a greater distance, 7.e. at higher vibrational 
levels of the electronic terms in question, the zeroth approximation of the 
molecular function in the lower vibrational levels, 7.e. in the existing 
molecule, is again formed by combining single atomic functions only. 
Extrapolation of the curve from lower levels cannot give any information 
about perturbation at higher levels, especially as to whether or not a point 
of intersection is preserved. Since we know that at and near the point of 
intersection the actual wavefunctions are linear combinations of the 
original ones, it is a matter of terminology only, whether we say that for 
instance an atom is linked in its p-term or it goes into the s-term avoiding 
the point of intersection. 


A difference in the situation arises only, when the perturbation obtains 
at an internuclear distance not much greater than that in the molecule, so 
that for the construction of the molecular function it is no longer possible 
to describe the state of the atom by a single wavefunction. So it is possi- 
ble that in particular cases an s-electron shows already properties of a 
p-electron. 
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Hund originally supposed that, more or less, all linkages proceed like 
that, if one of the partners belonged to the first or second group of the 
periodic system, 7.e. had s-electrons only to match the gaps in the p-shell 
of the other partner. This could for instance be imagined in a molecule 
like BeO. Be has two electrons outside the K shell, O has two gaps in its 
p-shell, so everything would be suitable for a divalent linkage, if the two 
electrons of Be were not s-electrons and an s-shell was not incapable of 
undergoing any linkage at all.°! The linkage becomes possible, if the p-term 
is close enough to perturb the s? configuration, and by a hybridisation of 
the configurations s* and sp a double link should be capable of existence, 
We shall see in section IX that as far as molecules like BeO or BeF 
are concerned, experimental evidence shows clearly that the linkage does 
not occur in this way. The adiabatic dissociation leads us definitely to 
the conclusion that these cases have nothing whatever to do with any 
q-bond and originate from those excited terms in which the Be atom 
possesses the necessary number of actual p-electrons. Be with the configu- 
ration sp undergoes in fact a single link with oxygen and is capable of a 
divalent linkage only from the anomalous term p? °P. Apart from the 
difficulties which the assumption of hybridisation finds in explaining the 
single bond of BeO in its ground-state and the crystal structure, a perturba- 
tion of the lowest vibrational levels, if it existed, would have been observed 


in the band-spectrum and would also have destroyed any possibility of a 
reasonable extrapolation. At higher vibrational levels, where the unperturb- 
ed repulsive curve originating from s? and the unperturbed attractive curve 
from sp would intersect, we have of course linear combinations of the 
wavefunctions, and here the molecule may well pass from one of the curves 
to the other. 


In other words, we can say that already in the atoms of the second 
group the p-term is too far distant from the s-term to bring about the 
perturbation necessary for the q-bond. We expect that in the following 
groups where the energy difference between the s- and p- terms in question 
increases the occurrence of a q-bond becomes more and more improbable. 
This is also of interest with reference to the so-called lone pair of nitrogen 
etc. To our mind the q-bond is restricted to hydrogen compounds on 
account of their small internuclear distances, compounds of atoms of the 
first group with others and highly excited terms of compounds of other 
atoms. Hybrids of d-functions with others, similar to the q-functions, can 
be expected in some of the heavier elements. 


Another striking example is the case of CO: which shows also clearly 
that in normal cases no q-bond occurs at all and that the number of 
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p-electrons required for an ordinary p-p bond is simply provided by excitation 
of the s-electrons.29 The constants measured in the infra-red spectrum 
of CO: permitted an exact calculation of the energy of adiabatic dis- 
sociation,25 and it could be seen, that in spite of all attempts to explain 
the CO. linkage either from the excited sp* state of C or from the 
ground level s*p? (Mecke, Herzberg, Lennard-Jones*) the carbon atom 
proved to possess four equivalent p-electrons!® and thus to be linked 
from the anomalous term p* *P. PbO, seems to be linked in the same 
manner. 

There is another effect which passes also under the name of hybridi- 
sation. If in a particular atom different kinds of valency electrons are 
present, c.g. in the configuration sp’, the resulting bonds are in general not 
different in different directions, say one s bond and three p bonds, but we 
obtain a number of equivalent bonds formed by electrons whose wave- 
functions are hybrids of the different available types of simple functions, 
This obtains particularly in non-linear polyatomic molecules the treatment 
of which has actually been made possible only by this view. On the other 
hand, the linkage of O=C=O is brought about by regular p—p bonds, 
whereas in the above case of linkage from the sp? *P term of the atoms of 
the second group our considerations cannot decide, whether the bonding 
function is a p-function or a hybrid of s and p, though the fact that only 
a single bond is formed is in favour of the latter possibility. We meet here 
again with the distinction between localisation of the electron pairs and 
localisation of the bonds. As shown in the preceding section the electrons 
of the central atom are indistinguishable but not those of the atoms linked 
to it. That type of hybridisation, which involves several terms of the 
central atom, leads to non-localisation in polyatomic molecules, whereas 
the other type leads to localisation of the bonds; and only this type occurs 
in molecules formed by atoms of the second group as central atoms, 

The discussion‘ of the linkage of CO. has shown further that the 
carbonyl radical is a CO molecule excited by 7-34 volts in which the 
original two s-electrons of the carbon are transferred to the a (2p) group. 
A carbon atom, in which the two s-electrons have been transferred to the 
p-shell cannot link the two O atoms simultaneously, because in spite of the 
four equivalent p-electrons no more than three different wavefunctions can 
be formed. ‘Therefore the formation of carbon dioxide is bound to proceed 
in two steps. After linking the first O atom, a carbonyl radical results, 
which has two free a (2p) electrons and accordingly exhibits two more free 





* Cf. reference 3 and-literature quoted in reference 16, 
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valencies. Practically the formation o1 dissociation will take place along 
one of the intersecting repulsive curves, involving only a moderate activa- 
tion of the CO molecule. 

VIII. 


The method of molecular orbitals, as already mentioned above, is 
admirably adapted to the description of the completed molecule ; for this 
purpose it is rather immaterial whether this implies a single-electron or 
electron pair-bond theory of valency. [or the distinction between these 
two different views the behaviour of the molecule on dissociation is 
decisive. Our standpoint will lead us to distinguish in a simple manner 
between two different cases.*4-26 Normal saturated molecules have 
electrons only in closed groups. In general an excitation concerns an 
electron in one of the groups to which the linkage is due; this group under- 
goes fission and the linkage is considerably weakened. Accordingly, the 
energy of adiabatical dissociation is smaller in the excited terms than in the 
groundmost one. The other case comprises mostly the unsaturated com- 
pounds. Here not all the electrons are employed to bring about the linkage. 
Those to which the chemical union is due are in general contained in closed 
electronic groups, the abundant, so-called odd ones, represent free valencies 
and do not form closed groups. Accordingly we have two possibilities of 
exciting the molecule. Either the excitation refers to an electron taking 
part in the linkage, then the effect is the same as with saturated compounds 
and the energy of dissociation decreases on excitation. Or the odd electron 
is excited; in this case the energy of dissociation of the excited level 
is greater than that of the groundmost one, 7.e. the linkage becomes more 
stable on supply of energy. 


We return to the carbon monoxide molecule! as a typical case of a 
chemically stable compound. The ground level !2, as already stated above, 
has the electronic configuration : 

K, K, 0°(28) o*%(2s) (2p) o°(2p). 
Its energy of dissociation is 10-45 volts.27.6 The linkage depends on the last 
two groups. Any excitation is liable to perturb their structure, so we 
expect the dissociation energy of the excited terms to be considerably less 
than that of the ground term. As an example of an excited term we take 
a’ *X with the electronic configuration : 


K, K, o°(2s) o*9(28) m°(2p) o%(2p) 2*(2p). 


It dissociates into C in the excited !D level and O in its ground state, 
with an energy of dissociation of 4-58 volts. As we obtain an excited 
carbon atom as a product of dissociation, we infer that it was just a carbon 
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electron that was taken out of the 74(2p) group and transferred to the 
n* (2p) group. We further conclude that after the excitation the linkage 
can but rest on one group containing electrons of either partner. Hence the 
linkage has been reduced from a double bond to a single bond, which agrees 
completely with the energy of dissociation being about halved. 


As an example for the other case of molecules with an odd number of 
electrons? we consider the molecule NO. ‘The ground state */7 has the 
electronic configuration 

K, K, o°(2s) o*°(28) (2p) o°(2p) m*(2p) 
and dissociates into N (2s? 2p? 4S) and O (2s? 2p*?P). Of those electrons 
which have been p-electrons in the separated atoms six are in the closed 
groups (2p) and o2(2p) of the molecule whereas the seventh is the odd 
electron in the group 7*(2p). The linkage may be explained in two 
different ways: We may assume that of the six electrons concerned two 
belong to the nitrogen atom and four to the oxygen atom; in this case the 
odd electron belongs to the nitrogen atom and will go with the N nucleus 
in the case of adiabatic dissociation. Or we may assume that three of 
these six electrons belong to N, the other three to O; in this case the odd 
electron will belong to O and will go with its nucleus in the process of 
dissociation. The excited 22’ state of the molecule has the configuration : 
K, K, o7 (28) o**(28) a*{2p) o°(2p) a (3s). 

The odd electron has been transferred from the group 7*(2p) to the group 
o(3s), so this term dissociates into two atoms one of which will be excited 
in such a way that one electron is in the group 3s instead of in 2p. If this 
electron belongs to the N atom, the products of dissociation of the term 72 
will be N (2s? 2p? 3s 4P) and O (2s? 2p* °P) ; if it belongs to O, the 72’ term 
will dissociate into N (2s? 2p? 4S) and O (2s? 2p? 3s 5S). The extrapolation 
of the potential curve of the 22 level indicates that one of the two atoms is 
excited by 9-42 volts. The values obtained by this linear extrapolation are 
not very accurate, and here the value of 9-42 volts agrees with the term 
difference 4P — 4S = 10-29 volts of N as well as with °S — §P = 9-10 volts 
of O. The same excited level is, however, measured in PO. If it dissociates 
into an unexcited P atom and an excited O atom, the extrapolation of its 
energy of dissociation should result again in an energy of excitation of the 
separated atoms in the neighbourhood of 9-10 volts. If, on the other 
hand, the excitation is due to the P atom, the value obtained should equal 
the term difference 4P — 4S of P which is 6-90 volts. The extrapolation of 
the 22 level of PO indicates a value of 6-44 volts for the excitation of the 
separated atoms, which figure does not agree with any term difference of 
the oxygen atom, but agrees very well with that of phosphorus... 
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Thus the odd electron of the molecules NO and PO belongs to N and P 
respectively. Among the other six electrons of the molecular orbitals of 
NO there are only two of N and four of O. In our manner of counting, 
this linkage has to be considered as a double bond, not a triple bond, and 
this agrees with the prevailing divalency of oxygen. The N atom would 
match the O atom best if it would possess two p-electrons only. The 
existence of the third p-electron of N creates a free valency in the molecule 
NO and produces those particular chemical properties which distinguish it 
from normal stable molecules. The configuration of NO is disturbed by the 
presence of the odd electron which does not take part in the linkage. 
Therefore the bond will become more and more stable, the more this electron 
is removed, and this is why the energy of dissociation is 6-70 volts in the 
ground level *J7 of the molecule, but 10-67 volts in the excited 72 level. In 
the case of PO the figures are 6-47 and 7-91 volts respectively. 


The way in which we consider the increase or decrease of the energy of 
dissociation is characteristic of a pair-bond theory of valency. The pheno- 
menon of premotion brings about an additional modification of these energies, 
particularly in excited terms. It is, however, evident that the premotion 
alone is not able to explain all the peculiar features, especially why a 
considerable increase of dissociation energy on excitation occurs only with 
such molecules as exhibit still free valencies in their ground states. A 
single-electron bond theory of valency, which reduces linkage to a pheno- 
menon of non-premotion alone, appears therefore to be at a disadvantage. 

IX. 

Further instances are furnished by compounds of the atoms of the 
second group which possess a repulsive helium-like configuration of two 
s-electrons in a closed shell. From the configuration of the ?P term of Be and 
that of the ground level (s? p> ?P) of the halogen we obtain for the ground 
level 22 of the BeF molecule the configuration 

o7(2s) (2p) o*(28) (2p). 
Four of the five p-electrons of the halogen atom form a closed z* group 
which does not participate in the linkage, the p-electron of the excited metal 
atom together with the remaining electron of the negative partner forms the 
o*(2p) group, which represents the single bond, whereas the s-electron of 
the metal atom remains alone as an odd electron. If the excitation of the 
molecule concerns one of the electrons of the bonding group o?(2p), the 
energy of dissociation is smaller in the excited molecular term which 
dissociates into two atoms, one of which will be excited. If, however, the 
excitation of the molecule concerns the odd electron, the energy of dissocia- 
tion is increased in the excited term, because the influence of this disturbing 
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electron is partly eliminated. The molecule in such a state is then formed by 
a metal atom in which two electrons are excited: the first one before the 
linkage could take place at all, the second one in the molecule itself. 
Therefore the products of dissociation of such an excited molecular term 
whose energy of dissociation is higher than that of the ground level is an 
unexcited halogen atom and a metal atom in the anomalous term (p? 3P) in 
which both the previous s-electrons are excited to the next p-group. ‘This 
prediction of the pair-bond theory could be proved in a number of cases,?6 
where the band system is analysed, e.g. BeF, MgF, CaF’, SrF, and recently?8 
CdF and CaCl. In all these spectra it is not possible to correlate the levels 
of the separated atoms to those obtained by extrapolation of the poten- 
tial curves of the molecule, except on the basis that the products of dissocia- 
tion of the ground level are unexcited halogen atoms anda metal atom in 
the term (sp *P), and that the metal atom in the anomalous term (p? 3P) 
produces always a molecular term whose energy of dissociation is greater 
than that of the ground level. 


Again chemical combination between atoms of the second group 
and oxygen does not take place, unless the repulsive group s? of the 
metal atom has undergone previous fission. The formation of such a 
molecule,26 e.g. BeO, arises from the term (2s 2p?P) of Be. In this state 
Be forms a molecule with an oxygen atom in its ground state (2s? 2p‘ 3P), 
and the total number of s- and p- electrons gives for the !X' term of BeO the 
configuration 

K, Ky o7(2s) w4(2p) o*(2s) (2p). 

The wt group contains three p-electrons of oxygen and the only p-electron 
of excited Be. In this state, therefore, the BeO possesses only a single 
link, but two free valencies and should be written as —Be—O—. When 
once the molecule is excited and the o*(2s) electron is transferred to the 
o(2p) group, a double bond is formed. Therefore the energy of dissociation 
increases very considerably on excitation of the molecule; it is 5-66 
volts in the unexcited and 7-50 volts in the excited term. Since the 
excited electron was, so to speak, a 2s electron in the o*(2s) group and 
has become a 2p electron when entering the o(2p) group, the products 
of dissociation of the molecule are an wunexcited oxygen atom and a 
beryllium atom in which both of the previous 2s electrons have become 
2p electrons, 7.e. a Be atom in the anomalous state (p? 3P). The term 
difference 2p? 3P — 2s 2p 3P is 4-66 volts in Be, while an extrapolation from 
the bands of BeO gives 4-46 volts. In the present state of knowledge 
we cannot yet definitely decide between the above configuration 


K, Kz o°(2s) w4(2p) o*(2s) of2p) 
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and the configuration 

K, Ky o%(2s) (2p) o*(2s) o?(2p). 
The latter term is most probably slightly higher than the first one, but 
everything that has been said about the bond and the free valencies of the 
first one applies to it too with the only difference that the number of free 


valencies has become four instead of two ( Meciaien 3 ). 


The question whether this linkage can be considered as brought about 
by a hybrid of the functions belonging to s* !S and sp °P has been dealt 
with already in section VII. We have to mention here only, that the 
version of the q-bond cannot explain, why for instance a double link should 
not occur already in the ground state of the BeO molecule, which would be 
due to a q?=p?‘ linkage, and that it leaves the strong increase of the energy 
of dissociation unexplained, when also the second s-electron is excited. 

Our conclusions are confirmed by the properties of these molecules in 
the crystalline state. Hund? has pointed out that the high melting point 
of a certain class of crystals can only be understood by free valencies 
exhibited by the single unit thus making the whole of the crystal one giant 
molecule. Since, however, the existence of free valencies in the ground 
states of the oxides and sulphides of the atoms of the second group was not 
known, he experienced a difficulty in explaining their extremely high lattice 
energy. This difficulty appears now to be overcome. 

Recently the absorption spectra of a number of molecules of this type, 
e.g. ZnO, ZnS, etc. have been measured in the vapour state,2® and it was 
found that they exhibit a continuous absorption spectrum. Obviously this 
absorption spectrum represents the transition from the ground level !2 to 
the repulsive curve of the two centre system originating from unexcited 
oxygen in 3P and unexcited metal atoms in the term (s? 1S). The curve of 
the ground state of the molecule has sometimes been wrongly interpreted as 
an ionic curve, but as far as experimental evidence is concerned there is no 
reason*4 for such an assumption. Its potential curve intersects the repulsive 
curve originating from the unexcited states of the atoms simply because it is 
formed from an excited metal atom as already shown above in the discussion 
of the emission bands. 


Some more examples illustrating the present view will be given ina later 
publication. 


x. 


The previous sections deal with the comparison of the energies 
of dissociation in different electronic levels of the same molecule. Attention 
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may now be directed to the relation of the dissociation energies of different 
homologous molecules in the same term. The following table gives the 


it energies of dissociation (D) of the halogen molecules in their ground states 
e (spectroscopical values in v.e.) :— 
‘ Cl—Cl 2-5 (Cl—Br 2-2) (C1—I- 2-1) 

Br—Cl 2:2 Br —Br 2-0 (Br—I 1:8) 

I —Cl 2-1 I —Br 1:8 I —-I 1:5 


D decreases from period to period with increasing radius of the atoms and 





- accordingly decreasing field-strength. It does not run parallel to increasing 
. inequality of the nuclear fields, as is seen for instance by comparing ICI, 
d IBr and Is, whereas the polar character of the’ molecule naturally 
. increases with the inequality of the nuclei. It is well known that the 
: hydrolysis of IC] establishes definitely the iodine atom as the positive 
: partner of the molecule. 
fo We have pointed out above (cf. Sections II and IV) that increasing 
t polarity means increasing inequality of the normalising factors a and } 
5 in those wavefunctions of the molecule, which in zeroth approximation 
t are linear combinations of those of the atoms, 7.e. vanishing degeneracy 
| of the nuclear fields. ‘This result is not compatible with the interpretation 
t of the method of molecular orbitals as a single-electron bond theory of 
e valency, since in that view the phenomenon of linkage is just produced 
by the degeneracy of the nuclear fields and D ought to increase from 
ICl towards I,. According to the present interpretation the linkage is 
" brought about in general by the exchange degeneracy of the two electrons 
. forming the bonding pair, which remains always intact, but whose energy 
. decreases when the distance of the two centres is enlarged. 
d It is a general feature throughout the periodic system, that D runs 
f parallel to the field-strength, regardless of the polarity of the molecule. 
$ Another instance is furnished by the molecules of the following series : 
") CO SiO GeO SnO PbO 
e D= 10-45 7°8 7:3 5:8 4+3 
‘ CS SiS GeS SnS PbS 
; D= Ra: 


From CO to PbO the energy of dissociation decreases with increasing 
polarity ; from CO to CS it decreases with decreasing polarity. 


The same holds good in odd-numbered molecules; thus D decreases 
from 5-42 volts in BeF to 3-8 volts in CaF and 3-1 volts in SrF, and from 
6-70 volts in NO to 6-47 volts in PO and 5-93 in NS. From numerous 
physico-chemical measurements of dipole moments, conductivity, melting 


point, hydrolysis, etc., it is well known that the polarity of homologous 
A6 F 
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molecules increases, if the positive partner is exchanged for a heavier atom, 
but decreases if the negative partner is exchanged in the same way. The 
energy of linkage, however, decreases always. 

XI. 

Several attempts!.4.15 have been made to establish a fairly constant 
value for the energy of dissociation per link, but even without going 
into details it is quite clear that any such attempt is bound to fail. 
Pauling, for instance, tries to establish a value of 3 volts per link for the 
lighter elements. It has already been pointed out that some of his 
assumptions are hardly admissible such as his way of considering the inter- 
section of potential curves. Those assumptions become necessary only, 
because his constant value does not agree with the actual energies in a 
number of cases. 

The preceding section has shown that the energy of formation depends 
on the field-strength, and therefore, a constant value valid equally well for 
the fluorides and for the chlorides, for the oxides and for the nitrides cannot 
possibly be expected. It may, however, be possible to find a certain 
regularity, when we confine ourselves, for instance, to the oxides of the atoms 
of a definite period, because then the conditions are still rather similar. 

As seen above, BeO in its ground state has a single link only; its 
energy of dissociation is 5-66 volts. For the double bond in CO we obtain 
10-45 volts. In NO we have a molecule, the linkage of which is disturbed in 
its ground state by an odd electron and so we have only D=6-70 volts. When 
the disturbance is removed by excitation of the odd electron, D becomes 
10-67 volts for the double bond, as in CO with the same bonding electrons. 
In BO the correlation between the molecular levels and those of the 
separated atoms does not appear to be satisfactory yet, but in (CO)* with 
the same number of electrons, we get again 9-78 volts for the double bond 
in X22 and 5-37 volts for the excited and singly linked A2/7 state. O,* in 
which the same conditions prevail as in NO has also practically the same 
energy of dissociation (6-57 volts), whereas in O, with two disturbing 
electrons D decreases again to 5-09 volts. 

The same obtains’ among the oxides of the next period. ‘The single 
link of MgO shows an energy of dissociation of 3-8 volts, and AIO in the 
singly linked ground state X?2, 4-15 volts. In the state B?2’, AlO possesses 
a double link and an odd electron and an energy of dissociation of 6-15 
volts. The ground level of SiO with a double bond displays 7-8 volts and 
the singly linked state A UJ 3-8 volts. The double link of PO is again 
disturbed by an odd electron in the ground state (D=6-5 volts), but by 

excitation of the disturbing electron to A227) (D=7-9 volts) becomes equal 
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n, to the double link of SiO with the same electronic configuration in the 
le bonding groups. 

We infer that among the oxides of the lighter atoms D is roughly 5 

volts in the second and 4 volts in the third period; and for the double 


nt bond, if undisturbed, roughly 10 and 8 volts respectively. 

ig Apparently the same value of about 4 volts, which holds for the oxides 
i. of the third period, obtains also for the sulphides of the second period, as 
1e the few examples available indicate. As we have seen in the preceding 
is section the energy of dissociation is the same for the ground levels of SiO 
r- and CS, PO and NS. This is also valid for SnO and GeS, which are in a 
yy similar relation to each other. 

" These figures are not valid for the nitrides. From the triple link of N» 


and its energy of dissociation of 7-34 volts in the ground state, we obtain 
about 2-5 volts per link, and in the same way about 2-1 volts in the next 
7 period from the ground state of PN (D = 6-3). The molecule P, furnishes 
an energy value of 1-7 volts per link in the same manner. Thus it is not 
possible to deduce a constant value of the energy of the covalent link in 
general, not even within one period, which appears quite natural, since there 
is no reason why the fields of N and O should have equal effects. On the 
contrary, the difference of the electronic affinity of N and O makes one 
understand, why a link in a nitride is weaker than in the corresponding 
oxide. 


non FP FP FP DD 


It is interesting to see, which are the values of the energy per link, that 
are furnished by the single-electron bond theory of valency. From that 
view No, NO, and CO display 3, 24, and 3 bonds respectively and accord- 
ingly the following energies per link :— 

N, NO(X*l) NO(A*Z) ©O 

2-5 2°7 4-3 3°5 
Since in the single-electron bond theory the degree of degeneracy of the 
nuclear fields is decisive of the strength of the linkage, the energy of disso- 
ciation per bond in these molecules shows a tendency in the wrong direction, 
. i.e. to decrease, when the degeneracy of the fields is improved. 


: XII, 


From the present point of view there exists only one kind of non- 
electrostatic linkage, which occurs if two electrons belonging to different 
atoms join on the same orbital of the molecule. We have seen analytically 
in Sections II and IV that there is a continuous transition between covalent 
and electrovalent linkage, the degree of which is indicated by the varying 
polarity of the bond. The bonding effect which is caused by the degeneracy 
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due to the equality of the electrons lies accordingly between the two atoms 
concerned in the covalent link and changes with increasing polarity directly 
into the wave-mechanical exchange effect, which links the electron released 
from the configuration of the positive partner to the electrons of the electro- 
negative atom. 

For the purpose of chemistry we have to show that the consequent 
application of a pair-bond theory of valency suffices to describe the experi- 
mental chemical facts without resorting to additional assumptions to explain 
contingent discrepancies. 


This definition of the bond excludes the possibility of the existence of 
different kinds of non-electrostatic linkages, such as the semipolar double 
bond or the singlet linkage, which have been introduced to maintain the 
so-called ‘“‘ Octet Rule’’.2° The octet rule was useful, as the most important 
element, carbon, has just four outside electrons, which naturally compose 
an octet together with the valency electrons of the partners as long as it 
remains tetravalent. The real field of application of a theory of valency is, 
however, not organic chemistry, where of the 92 different atoms and their 
varying states of valency only asmall number of combinations occur; a 
theory of valency has just to stand the test of being applicable to inorganic 


chemistry, where it has to describe the various ways in which all the known 
atoms enter into chemical combination in different states of valency. 


The system of organic and inorganic chemistry is best described by 
attributing to each atom, valencies according to its different groups of out- 
side electrons. Nitrogen then becomes simply pentavalent in N,O;, sulphur 
hexavalent in SF5, halogen atoms heptavalent in compounds like Cl,0; or 
IF; or — to take an example from the transition elements — osmium octa- 
valent in OsO,. The number of outside electrons (s- and p- electrons 
together) is 5, 6, and 7 in N, S, Cl respectively and that of outside d plus 
s-electrons is 8 for Os. Each bond being represented by two electrons, 
we obtain different figures for the number of electrons surrounding an atom 
in the molecule, the figure 8 being only one of them. Among the atoms in 
the first three groups, 7.¢. on the left hand side of carbon these figures are 
naturally smaller than 8, on the right hand side of carbon in the maximal 
valency always larger. The semipolar double bond and the singlet link are 
devices to enlarge or reduce these figures to eight. Yet neither are these 
devices nor is the octet rule itself, for the preservation of which they have 
been introduced, indispensable. The experimental evidence of chemistry is 
fully described by a pair-bond theory of valency and even contradicts the 
octet rule and its subsequent assumptions. The arguments collected in the 
last years to establish the existence of the semipolar double bond and the 
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singlet link are not at all conclusive. A critical analysis of these from the 
present point of view has already been described* by Hunter and Samuel.3! 


n 


i Even if it was established that AlCl, sometimes forms also co-ordinate 
)- compounds with NH; or organic molecules, we have in general to recognize 
its sextet as a stable electronic configuration, because the atoms of the third 
t group are trivalent in hundreds of their most characteristic molecules. 
- Recently, however, Ulich and his co-workers®? have shown that the mole- 
n cular associations of the trihalides of B and Aland of the dihalides of Be 
are merely dipole associations without involving additional valencies. Again 
f addition compounds like Acenaphthene-picrate were found to be mere 
~ associations®’ ; their energies of dissociation are of the order of magnitude 
. of 0-1 volts. Similar remarks obtain about the polymerisation of hydrogen 
t fluoride, Fremy’s double salt (BeF., KF) and the fluoro-borates. 
e In the first and second groups of the periodic system one and two pairs 
t of electrons respectively occur instead of octets. AgCl and CuCl in the 


vapour state 24.35.3624 are covalent. ‘The same obtains for the dihalides of 
t Zn, Hg, etc., in the vapour as well as in the melted state.371® Already in 
a pre-wave-mechanical theories of valency*$ it has been shown that a complete 
c system can be developed, if we assume that an outside electron is always 
1 able to link a monovalent atom. ‘This renders, for instance, nitrogen penta- 
valent in the nitro-group, sulphur hexavalent in sulphur trioxide, and chlorine 
heptavalent in ClpO;. Also in the case of the singlet link or the semipolar 
double bond one electron of the central atom links a monovalent or two 
electrons a divalent partner. The only difference between the theory of 





r 
: co-ordination and a pair-bond theory is in the manner of counting the 
‘ electrons in the completed molecule. The pair-bond theory maintains the 
¢ correlation between the number of valencies and the number of outside 


electrons ; the conventional theory sacrifices this connection and preserves 
the octet instead. It is certainly correct that this latter way of defining 
valency gives also a complete description of the chemical facts; but it 
necessitates the introduction not only of different kinds of non-electrostatic 
linkage, but also of other subsidiary assumptions to explain the varying 
chemical behaviour of the atoms, thus rendering this description more and 
more artificial and unnecessarily complicated. 


, 





*In the quoted paper Hunter and Samuel’! have employed the terminology intro- 
duced by Mulliken? and have distinguished between the pair-bond theory of valency 
and the theory of molecular orbitals in the same sense, in which in the present paper the 
distinction-is made between the terms electron-pair bond and single-electron bond 
theory, either of which is, as has now been shown, consistent with the method of moles 
cular orbitals, 
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It has not been possible to establish any experimental proof for the 
assumed difference of linkage. Sulphur hexafluoride is an extremely inert 
and stable molecule. There is not the slightest indication of a difference in 
the behaviour of the two oxygen atoms in the nitro-group. On the contrary, 
many new experiments qualified to throw light upon the character of these 
linkages decide directly against the assumption of different kinds of linkage, 
Thus, if the oxygen atoms in the two nitrogroups in substances like p- 
dinitrobenzene or -44’-dinitro-diphenyl were differently linked, they should 
give rise to a dipole moment, which however is not present.3® Again in 
sulphur dioxide the infra-red spectrum establishes the equivalency of the two 
oxygen atoms.*® This leads again to additional assumptions ; the co-ordinate 
link, e.g. of the nitro-group, is supposed to oscillate between the two oxygen 
atoms, but objections based on wave-mechanical considerations have already 
been raised against this hypothesis.!"2 Especially the valency number 7 
caused difficulties, and compounds like IF; had to be written in a bimole- 
cular formula*! although its vapour density proves it experimentally to be 
monomolecular; heptavalency is, however, a direct consequence of the seven 
outside electrons as in Cl,O;, HClO, or H;IOg. 

Measurements of the parachor are conventionally described‘? by intro- 
ducing different constants for different kinds of non-electrostatic linkage 
and thus attempting to establish their existence. Yet it has been shown 
that the measurements can be described in exactly the same way, when 
different values for the parachor of the atoms according to their state of 
valency are introduced, e.g. different constants for P in P™Cl; and 
PYOCIs. 

The so-called lone pair is represented in the majority of cases just by 
that closed helium-like group of s? electrons, which acts repulsively only. 
The electrons can be utilised for the linkage only when either their wave- 
functions hybridise with p-functions or when they are transferred to the 
p-shell. Spectroscopical evidence (cf. Sections VII and [X) has shown that 
in the known cases, for too great an energetic difference between the s and 
p states the former possibility is not made use of in nature and that the 
s-electrons in question are actually transferred to the p-shell and cannot be 
distinguished from the other p-electrons. This has been confirmed by 
chemical and physico-chemical evidence, e.g. for the nitro-group or sulphur 
hexafluoride as shown above. Even if the two s-electrons did not become 
real p-electrons but only similar to p-electrons and if therefore the linkage by 
hybridisation existed, the semipolar double bond does not follow from the 
analytical treatment, but remains an additional hypothesis. Even if for the 
sake of argument the fact that only pairs of electrons, one from each atom, 
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can exercise a bonding power in the presence of heavier nuclei is disregarded 
and for the moment the view of a single-electron bond theory is assumed, it 
is not correct to say that the hypothesis of the semipolar double bond and 
the singlet link is based on wave-mechanical considerations. It can of course 
be translated into wave-mechanical language and would then mean that the 
corresponding electrons of the other partner in the linkage remain en atomic 
orbitals. Though not contradictory to any already known result of wave- 
mechanics, this is an additional hypothesis in it; incidentally it is difficult 
to conceive, why in such’ cases just the closed helium-like s* group of the 
central atom should become a molecular orbital, whereas the corresponding 
p-electrons of the other partner should stay on an atomic orbital. 


XITI. 


We consider now two electrons in an unsymmetrical field, e.g. in silver 
chloride. Such a molecule composed of a highly electro-positive and a 
highly electro-negative atom, though still covalent in the vapour state, is 
very near to that limit where the covalent linkage becomes completely 
electrovalent, if the electronic affinity of the negative partner is increased, 
either by additional outside forces or by exchanging the negative partner for 
one with a higher electronic affinity. This follows directly from the 
considerations in sections II and IV ; the gradual transition from covalent 
to electrovalent linkage finds its analytical expression in an increasing 
dissymmetry of the orbitals. 


A certain amount of dissymmetry is already exhibited by such an 
apparently symmetrical molecule as F,. The electronic configuration is 
m(2p) o2(2p) a*4(2p). According to the single-electron bond interpreta- 
tion we have six electrons in bonding, four in anti-bonding groups and 
therefore one link ; as each electron possesses its own bonding or anti-bond- 
ing force the molecule would be completely symmetrical. 


From the point of view of the electron-pair bond theory of valency the 
molecule can possess already slight dissymmetry.* We have then to 
interpret the electronic configuration as follows:—In F, both the fluorine 
atoms possess a complete group of four p-electrons which do not produce any 
linkage, since they originate from the same atom. The linkage itself takes 
place between the two remaining p-electrons. Though the flourine atoms 
are completely identical in the beginning their fields influence each other 
on approach in such a way as if the effective nuclear charges were different. 
This is the direct effect of the splitting of the term under the influence of the 





* In a paper published just now Mulliken*® comes from his point of view to 
similar results about the halogen molecules, 
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other atom, which makes four of the p-electrons go into unpremoted, four into 
premoted orbitals, which are bound with lesser energy. After the actual 
separation of these two kinds of electrons has been completed, they belong 
each of them to a particular atom of the two owing to the different 
symmetry of the wavefunctions, the premoted ones gaining an additional 
node. Roughly speaking, we can express this effect by saying, that the field 
of that atom to which the unpremoted group belongs, acts under the influence 
of the other approaching atom in the same way as if its effective nuclear 
charge was increased, the field of the other one acting as if its effective 
nuclear charge was decreased. In such a field the bonding electrons will 
distinctly belong more to the fluorine atom with the unpremoted group, 
thus rendering the molecule unsymmetrical, and this fluorine atom is the 
more negative partner of the molecule. 


Such a conception of a halogen molecule explains, why only one of the 
two atoms is capable of exhibiting additional valencies. Indeed, of the 
mixed polyatomic molecules of the halogen atoms there exist only such as 
have a particular atom as a central atom, to which all the others are linked, 


e.g. ICl;, IF;, IF;. Molecules of the type > xX—X mi originating from 


a symmetrical diatomic molecule are not known. 


To render the linkage strictly homopolar it is not necessary that the 
nuclei are absolutely equal. Hund has pointed out that it is already suffi- 
cient that the sum of the energies for all the electrons on the bonding 
orbitals is equal for either of the nuclear fields. In the separated atoms 
these energies are represented by the sum of ionisation potential and 
electronic affinity, if we consider two electrons. In the united molecule the 
values will be different, but it seems plausible to assume that their values 
for different atoms in linkage remain in the same order in homologous 
molecules. For the purpose of discussing the qualitative increase or decrease 
of the polarity in a series of homologous molecules, in which one partner 
remains the same, it is sufficient to compare the values of either the ionisa- 
tion potential or the electronic affinity of the changing partner instead of 
their sum, because both these quantities change in the samie sense. 


Even the same molecule may manifest different degrees of polarity 
under different conditions, e.g. covalent linkage in the vapour state and 
electrovalent linkage in the melted or crystalline state or in solution. Asa 
first example we consider the process of dissolving gaseous potassium chloride 
in water. In the U(r) diagram of KCl the ionic curve intersects the atomic 
curve and forms the ground level of the molecule.. The level of the sepa- 
rated ions is about half a volt above that of the separated atoms in their 
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ground states. As the energy of hydration for the K* ion is about 73 
kcal/mol and that of the CI” ion about 89 kcal/mol, the level of the separated 
hydrated ions lies about 7 volts below that of the unhydrated ones. This 
energy level is 2 volts below that of the combined ionic molecule, whose 
hydration is very small only. Therefore the ionic curve, though still the 
lowest of the system, is transformed into a repulsive one on dissolving and 
accordingly the ions separate spontaneously. If then in the vapour state 
a molecule like AgCl possesses an ionic curve, which is not that of the ground 
state, but very near above it, the ionic curve will be transformed into a 
repulsive curve which intersects the lowest atomic state and belongs to the 
lowest energy level of the system ; since it is a repulsive one, the system will 
again separate into ions in solution. For AgCl the energies of hydration 
are 100 kcal/mol for Ag* and 89 kcal/molfor Cl", the level of the hydrated 
ions is 8-2 volts below that of the unhydrated ones, and since the energy 
of dissociation is 3-1 volts, the ionisation potential of Ag 7-5 volts, the 
electronic affinity of Cl about 3-8 volts, it is also 1-4 volts below the lowest 
term of the combined molecule. 

So we see that external forces are easily capable of changing the 
bonding conditions, when a polar molecule though covalently bound is near 
to the limit of electrovalent linkage. 


XIV. 


For a brief survey of the chemical properties of the atoms with regard 
to their electronic configurations, we confine ourselves to the normal atoms 
disregarding the transition elements. 

Besides the main question, whether or not in a certain case linkage 
occurs, the effect of changing degeneracy of the nuclear fields will also be 
considered in the following examples. The change of polarity is of parti- 
cular interest in the first groups of the periodic system, where among 
homologous molecules both covalent and electrovalent linkages occur. The 
degree of polarity is to be recognised not only from the dipole moment, 
which has been employed above for this purpose, but also from other 
physical properties such as conductivity, melting point, hydrolysis, etc.* 
Although the polarity changes in a continuous manner, the said properties 
show a discontinuous change, when a certain degree of polarity is attained, 
which will take place as soon as the gradual increase of the polarity brings 
the ionic U(r) curve below the atomic one. 





* Most of the constants quoted in this section in connection with the transition from 
covalent to electrovalent linkage are taken from a paper of Samuel and Lorenz** and 
from the literature mentioned there. . 
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The alkali metals have one single outside electron and are therefore 
monovalent. The ionisation potential is lower than that of the elements of 
any other group and varies between 5-37 volts (Li) and 3-87 volts (Cs), 
The polarity of their combinations with other atoms is therefore greatest. 
This explains why electrovalent molecules prevail. The ionisation potential, 
however, of Cu, Ag, Au is considerably higher being 7-68, 7-54 and 9-2 
volts respectively. Therefore the molecules formed by the atoms of the 
sub-group are closer to covalent linkage; thus the monohalides are covalent 
in the vapour state and become electrovalent only in the melted state or in 
solution. It is remarkable that silver has a lower ionisation potential than 
either of its neighbours in the periodic system, a fact which is connected 
with certain irregularities in the preceding atoms. The outside electrons of 
nickel form the configuration d’s?, those of palladium one of d!® and 
platinum possesses the configuration d%s. Only in the case of palladium 
the d-group is completed and as the completed configuration in Pd and Ag+ 
when compared with Ni and Cu* or Pt and Aut, is more stable, silver 
exhibits a more marked monovalency, whereas Cu and Au relapse easier 
into the condition of transition elements, showing also higher valencies.%8 


In cases with more than one valency the polarity is determined by the 
sum of the ionisation potentials and electronic affinities for all the electrons 
concerned. As in the case of monovalency, it is sufficient to take either 
the sum of the ionisation potentials or that of the electronic affinities in the 
comparison of homologous molecules, because either of them changes in the 
same sense. It is further convenient to divide these sums by the number 
of valencies and to obtain thus a ‘‘ mean ionisation potential ’’ or a ‘“‘ mean 
electronic affinity ’’, which render it possible to compare the polarities of 
particular links also in polyatomic combinations.“ 

The elements of the second group are divalent. The arithmetic mean 
of the ionisation potential of both electrons together varies between 13-8 
volts (Be) and 7-6 volts (Ba); for zinc, cadmium and mercury it is 13-6, 
12-9 and 17-5 volts respectively. In the vapour state these elements 
display covalent linkages; for the oxides and sulphides this follows from the 
emission spectra (section IX), for some of the dihalides from the absorption 
spectra.'8 Be, Zn and Hg show the highest mean ionisation potential, that 
of Cd is slightly lower in connection with the higher stability of the d 
configuration of Pd. Therefore the dichlorides of Be, Zn and probably Hg 
are insulators in the melted state, indicating that covalent linkage prevails, 
whereas Cd is a good conductor in contradistinction to either of its 
neighbours in the periodic system. These and many other differences of 
behaviour could not be easily understood in a theory of polarisation of ions 
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(Fajans), as the ionic radius forms a monotonous series, being 0-34, 0-83, 
1-03, 1-12 A.U. respectively for, Be?+, Zn?+, Cd**+ and Hg?* respectively, 
whereas they follow directly from the irregular course of the ionisation 
potential. 


Hydroxides are acids or bases. They are acids, when the linkage 
between O and H becomes electrovalent in solution, and bases, when this 
applies to the linkage between O and its other neighbour. This difference 
depends therefore on the difference of polarity of these two links; its 
determination amounts to a comparison between the ionisation potential 
of hydrogen and the mean ionisation potential of the other atom which is 
linked to oxygen. Since, however, the conditions in the completed molecule 
differ from those in the separated parts, one cannot expect this relation 
to be more than a qualitative indicator; but it is clear that the acidic 
character of the hydroxides becomes the more manifest, the higher the mean 
ionisation potential. Among the atoms of the second group Be and Zn have 
a mean ionisation potential practically equal to that of hydrogen; their 
hydroxides show accordingly an amphoteric character, whereas all those 
with a lower mean ionisation potential are bases. 


In the third group the electronic configuration is s*p ; so for the first time 
we expect two different valencies, trivalency if all the three electrons are 
active and monovalency, if only the p-electron joins a molecular orbital 
together with electrons of the negative partner. All of them are trivalent 
and In and Tl form also monovalent derivatives.* The ionisation potential 
is naturally much lower for the single electron than for the two s-electrons; 
the first ionisation potential of In and Tl is 5-76 and 6-07 volts respectively 
but the arithmetic mean for the first three electrons is 17-5 and 18-7 volts 
respectively. Hence the electrovalent character of the linkage prevails in 
monovalent combinations, the covalent in trivalent ones; the boiling point 
of TIC; in about 100°C., that of TIC] 806°C. TICl exhibits a high conducti- 
vity in the melted state, TICl; is a non-conductor. The linkage between Tl 
and O is electrovalent in TIOH and covalent in T1(OH)3, as can be taken 
from the fact that only the trichloride shows hydrolysis, but not the mono- 
chloride. ‘The mean ionisation potential for three electrons is 23-4 volts for 
B, 17-5 volts for Al and 19-0 volts for Ga. Thus again In, like Ag and Cd, 
has a lower mean ionisation potential as both its neighbours Ga and Tl and 


* Klemm and Tille*®5 have shown that the dihalides of Ga and In are diamagnetic 
Cl | 


‘\ Vis 
and have therefore the formula allege. etc., the metals being trivalent, 
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is therefore closer to electrovalent linkage; compared with GaCl; and TICh, 
InCl, is a better conductor in the melted state and hasa higher melting 
point. The hydroxides of the elements of the third group exhibit mainly an 
amphoteric character, with the exception of boron, whose mean ionisation 
potential is the highest one, not only in the third group, but also of all the 
metals discussed before. Therefore B(OH); is the first acid we meet. 


The normal atoms of the fourth group, C, Si, Ge, Sn, Pb, have the 
electronic configuration s? p?, we expect di- and tetra-valency. For carbon 
and silicon the mean ionisation potential for the two first electrons 
is 17-8 and 12-2 volts, for the first four electrons 36-9 and 25-7 volts, 
respectively. The values decrease with the heavier atoms (Pb 11-2 and 
24 volts) and therefore the metallic character is more marked in the 
later periods. Also the lower state of valency is always closer to 
electrovalent linkage than the higher one. PbCl, is a typical electrovalent 
molecule with a conductivity of 40-7 in the melted state, a boiling point of 
500°C. and showing no hydrolysis in solution. Its photo-dissociation 
indicates that the electrovalent character still prevails in the vapour state.!8 
PbCl4, on the other hand, is a typical covalent molecule with a conductivity 
of about 10-5, a melting point of— 15°C., and showing a strong hydrolysis in 
solution. The tetrahydrides of all the elements are volatile. Similar 
remarks apply to the atoms of the fifth group. Here naturally the mean 
ionisation potential is even higher, because we have five valency electrons. 
Thus the covalent character predominates still more. From the configura- 
tion s? p? we expect tri- and penta-valency. We have dealt with examples 
from this group already in other sections of this paper. Lower states of 
valency cannot be expected in saturated compounds, because the ground 
state of the atoms of the fifth group is a quartet term. 

In the sixth group the configuration s? p* indicates the valency 
numbers 6 and 4. Also the valency number 2 is possible, because in the 
ground state 2P one pair of p-electrons have their spins already neutralised 
and can form by themselves an electronic group in the molecule, as in H,0 
or SCl.. In the combinations of the atoms of this group with one another, 
two of the spins are, however, not counterbalanced and so we should expect 
two free valencies. Such molecules are indeed capable of utilising them, 
as for instance SO in SO: or probably O2 in the second form of hydrogen 
peroxide, #6 which process coincides then with the transition to the normal 
tetravalency. Why oxygen normally exists in the form of diatomic mole- 
cules, is still an open question; this is not a difficulty characteristic of the 
present interpretation of the theory of molecular orbitals, but confronts 
any theory which undertakes to explain the phenomenon of saturation. 
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It is, however, clear that a linear molecule O=O=O is not capable of 
existence, because the repulsion between the two outer O atoms is nearly 8 
yolts,25 as can be taken from the spectrum of COz, whereas the energy of an 
0=O bond is only 5-09 volts. 

As in the preceding groups the mean ionisation potential increases for 
each atom from lower to higher states of its valency, and for different atoms 
from the heavier to the lighter ones. Along with the ionisation potential, 
also the energy necessary to split the s? group or to excite a p-electron 
increases from the heavier to the lighter atoms in each group and in general 
also with increasing group number within a period. Those valencies to 
bring about which one or other of such excitations is necessary are more and 
more difficult to attain, when we proceed to lighter atoms within the group 
or to heavier atoms within the period. Therefore just the atoms N, O, and 
F at the end of the second period are distinguished in this manner. N is 
just able to exhibit the maximum valency 5 of its group, but. only in 
particular combinations; N.O; exists, but not NCI;, whereas PCl; can 
easily be obtained, and F is only monovalent in contradistinction to all the 
other halogen atoms. In accordance with this the valency number 6 is 
exhibited by all the members of the sixth group except oxygen. 

The halogen atoms possess seven valency electrons (s? p*). Owing to 
their doublet term in their ground state they are monovalent; their high 
electronic affinity is responsible for their being generally the negative 
partners in chemical combinations, which are accordingly strongly polar and 
become easily electrovalent if the ionisation potential of the positive partner 
is low enough. When a halogen atom plays the réle of the positive partner, 
it is also monovalent in the first instance; the four remaining p-electrons 
form a closed shell in the molecule and do not take part in the linkage, as 
has been discussed in the case of F, (section XIII). This w* group splits into 
two pairs on transition to polyatomic molecules; these two groups may 
then undergo fission and can be utilised to link further atoms, thus bringing 
about a tri- or a penta-valency. The same may occur to that electronic group 
of the molecule, which formed originally the s-shell of the halogen atom, 
the two further ensuing valencies producing a maximum valency of 7. The 
valencies 1, 3, 5 and 7 can easily be recognised in molecules like 

HOC] HOCIO HOCIO, HOCIO, 
or 
ICl ICl, IF, IF,. 
XV. 

The above survey reduces the number of valencies of all atoms to the 

number of their outside electrons in their various electronic groups. Hund 
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has already pointed out that the phenomenon of saturation of valencies 
depends on Pauli’s principle, according to which it is possible to account for 
only two electrons in one wavefunction, and that a single odd electron 
represents a free valency, since in the corresponding wavefunction an 
electron of another atom may also be disposed of. Saturated compounds 
are therefore obtained, when either the total number of outside electrons or 
the number of p-electrons alone is made use of; often especially in poly- 
atomic molecules, there is also a possibility of a pair of p-electrons being 
left unused. Thus all the saturated molecules described in the above survey 
have an even number of electrons. There is, however, no necessity of holding 
that the intermediate valency numbers are somehow impossible ; on the 
contrary each atom will also display any number of valencies less than the 
maximum number. But if a single one of the outside electrons is not 
utilised, it represents a free valency which sooner or later undergoes a further 
reaction. Such chemical combinations are free radicals, including not only 
those which immediately undergo further combinations, but also those with a 
longer life-time such as NO or ClO2 which have to be regarded as free radicals 
because of their characteristic properties ; they are paramagnetic, exothermal 
and reactive. 


The above survey does not claim to be an exhaustive description of all 
chemical facts; especially the transition elements have not been described, 
although the same principles apply to them too. Nevertheless the survey 
shows that the appropriate valencies are obtained and the characteristic 
features of the formed molecules described, if—as has heen substantiated both 
theoretically and from band spectra—the degeneracy of the wavefunction 
due to the equality of the electrons answers for the accomplishment of 
molecular formation and the degeneracy of the nuclear fields for the 
polarity. 
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THE band spectrum of zinc has been photographed and measured in absorp- 
tion by Mohler and Moore,! and in emission by Volkringer? and Hamada,? 
but no analysis of any of the band systems has been made. Even in the 
case of mercury and cadmium, a number of papers has been published, but 
until recently no analysis of the band systems was available. Thus Jevons 
in his Report (p. 282) remarks under ‘Metal molecules of group II”’ that 
the theoretical interpretation and the molecular constants are not certain. 
The lack of a definite vibrational analysis of the bands was sought to be 
remedied by experimental results of a semi-quantitative nature. The long 
series of bands observed in mercury by Lord Rayleigh and called “core 
bands” and “‘wing bands” were each supposed to represent one unbroken 
v'-progression due to transitions between the (!S)+!S 9) ground state and 
a higher state. The higher state was taken to be (!S9+%P,) in the case 
of the wing bands but in the case of the core bands there was divergence 
of opinion, some holding the view that the upper state was (!S9+°P,) while 
others inclined to the view that it was ('S)+3P,). Some bands observed 
by Volkringer were assumed to be a continuation of the core bands towards 
longer wavelengths while a number of bands discovered by Hamada was 
supposed to form a similar extension of the wing bands. There was no 
satisfactory explanation of the difficulties arising from these assumptions. 
With the object of avoiding these difficulties the present author sought 
for the solution in a new direction and succeeded in arriving at a complete 
vibrational analysis of all these band systems. This analysis revealed a 
peculiarity in the behaviour of the common ground state, viz., that the 
vibration frequencies instead of steadily decreasing, increased at first up to 
a certain value of v” and then diminished, x, having the same magnitude 
during this decrease as it had during the increase. Such a behaviour has 





1 Journ. Opt. Soc. Amer., 1927, 15, 74. 
2 Annales de Physique, 1930, 14, 18. 

3 Phil. Mag., 1931, 12, 50. 
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also been remarked in LiH,5 NaH® and KH’ and also in NaD® which have 
all similar spectra. Since the similarity in the band spectra of Hgo, Cd, 
and Zn, is well known, it was an interesting question whether the same 
peculiarity of the ground state existed also inCdy and Zny. Accordingly the 
spectrum of Cdz was examined ; with the available meagre data, an analysis 
of the band systems of Cd. was successfully carried out. It was then 
found that the ground state of Cd, also presented the same peculiarity. 
The case of zinc proved to be more complicated. This is due to the fact that 
whereas in Hg 3Py, 3P, and 3P, are far apart with 3P,)--*P, =1767-3 and 
3P, —3P, =4630-6, they are very close in the case of zinc where 3P,—*P, 
=189-8 and *P, —*P,=388-9. Hence the systems of Zn corresponding 
to the “wing” bands, ‘“‘core’’ bands and Rayleigh bands (between A 2341 
and 2297) are somewhat mixed up. The various systems were however 
successfully separated and their analysis was carried out. The result proved 
that the long series of bands given by Volkringer consist of two band 
systems corresponding to the “‘core’’ bands and Rayleigh’s bands, 7.2., the 
two systems arising from the upper and lower potential curves of the !S,+%P, 
state. Some bands observed by Hamada proved to be similar to the 
“wing” bands while group I of Mohler and Moore was found on analysis to 
be similar to Steubing’s bands. Thus while the upper state of the “wing” 
bands shows a large w, and %,w, is also large, the upper state of the “core” 
bands shows a small w, and %,w, while those of the Steubing’s bands and 
Rayleigh’s bands are much smaller. In exactly the same way, the bands 
observed by Hamada and here ascribed to transitions from (!S,+°P,) to 
(So +1S9) show a large w, and x,w, in the upper state (Table I), while Mohler 








TABLE I. 
1S) + 1S 
v= 1 2 3 4 
18, + 3P, 27107 
v’ 857 
28944 241 28703 318 28385 42] 27964 
753 789 
29138 435 28703 
603 
29308 








5 Nakamura, Zs. f. Phys., 1930, 59, 218. 

6 Hori, Zs. f. Phys., 1930, 62, 352. 

7 Almy and Hause, Phys. Rev., 1932, 39, 178. 
8 Olsson, Zs. f. Phys., 1935, 93, 206. 
® Proc. Ind. Acad. Sci., 1935, 1, 484. 
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and Moore’s group I here attributed to the transition (!So+!P)—> (!So +159) 
shows a small w, and x,w, in the upper state (Table II). The bands mea- 








TABLE II. 
18 + 1S 
v= | 0 1 3 3 4 
1g, + Py | 38332 407 37925 
v’ 207 202 
39188 122 39066 182 38884 345 38539 412 38127 
182 179 


| 
| 39066 348 38718 





sured by Volkringer and arising according to the present analysis from 
transitions from the upper (Table IV) and lower (Table III) potential curves 








TABLE III. 
18, + 185 | 
v= | 1 2 3 4 5 6 2 
18, + 3P. 
v’=0 31929 31747? 31408 428 30980 
144 129 185 
1 32073 215 31858 321 31537 422 31115 317 30798 216 30582 
124 128 180 126 124 
2 32197 216 31981 314 31667 426 31241 319 30922 
128 110 108 
3 32104 327 31777 428 31349 
112 98 
4 31889 442 31447 
92 90 
5 31981* 31537* 30865 
89 
6 31626 336 31290 
61 59 
7 31687 338 31349 196 31153 125 31028, 
89 39 38 
31388 196 31192 126 31066 








* Used twice. 
of ('So+%P.) to the ground state similarly show a small w, and x,w,. In 
particular the bands given in Table IV are similar to Rayleigh’s bands in 
that w, of the upper state is very small and almost constant. This simi- 
larity suggested that the upper state involved in their emission is the upper 
potential curve of (1S)-+°P,). The limit of the upper state comes out at 
about 33700 cm.! Since 1S) —*P, =32890, the distance between the v” =0 
level and the (!S)+1Sp) limit comes out as 810 cm.“! = 0-10 volt. The vibra- 
tion frequency at this level has that value with which the decrease in the 
vibration frequencies begins. The same thing occurs in Hg» also. Thus 
the distance between the v” =0 level and the (!8)+!S9) atomic level is found 
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TABLE IV. 








1S) + *P, 
v= 


32994 ? 32628 431 32197 
83 
33357* 100 33257* 209 33048 335 32713 433 32280 


32374 


34 33 33 65? 53? 
33514 124 33390 210 33180 316 32864 437 32427? 
34 22 
33424 222 33202 
33 33 
33457 222 33235 
23 22 


33480 223 38257 








* Used twice. 


to be 0-25 volt, 0-18 volt and 0-10 volt in Hg», Cd, and Zng respectively. 
The interpretation of this result is however not clear. What the levels above 
the (1S)+1S,) limit then represent becomes difficult to understand. The 
levels in the ground state may be favoured positions for the formation of 
quasi molecules and dissociation may occur at any level. It is thus not 
certain that the distance between v” =0 and the atomic level really repre- 
sents the energy of dissociation. For if that is the case, the existence of 
vibrational levels above the atomic limit is not easy to explain. Until more 
accurate measurements are made on the several band systems so that the 
band constants can be more accurately determined, we cannot draw any 
definite conclusions. The behaviour of the ground state and the above 
causes of uncertainty require further investigation. 


Table V gives a tentative scheme of vibrational levels for Rayleigh’s 
bands. Since w, is nearly constant the present arrangement is not uniquely 
determined as the correct one. However, the absence of two bands in the 
middle, remarked by Lord Rayleigh, seems to find an explanation in the 
array here given. The absence is to be expected because in one case one 
v’ progression ends while in the other a larger w, is required at the beginning 
of another v’ progression. The array of the bands is also similar to that of 
the system of Zng here attributed to a similar transition. 


The analysis of the Hg2, Cdz and Zn, bands given by the author removes 
many of the difficulties inherent in the previous explanation that each one 
of the band series is a single v’ progression. Quantitative results regarding 
molecular constants are also made possible. It may be hoped that when 
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TABLE V. 
Rayleigh’s Bands of Mercury. 
185 + 185 
v= 0 1 2 3 
1S5 + 3P, 
v’ 43166 288 42878 
36 38 
43202 286 42916 
28 19 
(Kuhn) 43230 295 42935 
22 18 
43252 299 42953 
18 21 
43270 296 42974 
17 16 
43287 297 42990 
16 18 
43303 295 43008 
17 19 
43320 293 43027 
15 16 
43427 92 43335 292 43043 
17 16 18 
43444 93 43361 290 «=. 48061 
15 16 17 
43459 92 43367 289 43078 
15 17 17 
43474 90 43384 289 43095 
12 14 
43486 88 43398 
17 14 
43503 91 43412 296 43116 
14 15 17 
43517 90 43427* 294 43133 
17 
43150 
16 
43166* 
19 
43185* 489 42696 
17 17 
43202* 489 42713 
19 20 
43221 488 42733 
17 18 
43238 487 42751 
14 18 
43252* 483 42769 
18 17 
43270* 484 42786 
17 16 
43287* 485 42802 
16 21 
43303* 480 42823 
17 18 
43320* 479 42841 





* Used twice. 


the behaviour of the ground state is understood, the problem of the consti- 


tution of quasi molecules will reach a stage nearer to its solution, 
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[§ 7]. Introduction, 


IN considering a system of ordinary simultaneous differential equations, it 
is sufficient to regard the equations as involving differential coefficients of 
the first order only; for, equations involving differential coefficients of 
higher orders can be easily reduced to this canonical form by introduc- 
ing more variables. We shall mostly confine ourselves to equations involv- 
ing three variables only, so that the equations may be taken in the form 


hy (%, 9,2, y', 2’) = 0, (r = 1, 2) os es Pr (1) 
where y’ = &, v= =: 


That such a pair of equations can possess singular integrals* is well 
known, and when ¢, and @¢» are taken in certain particular forms, methods 
of obtaining the singular solutions are known. A list of chief references 
is given at the end. The subject will be studied in this paper by adopting 
a different method of procedure, which enables the singular solutions to be 
determined even when ¢, and ¢2 involve elementary transcendental or 
irrational expressions. t 

[§§ 2-4]. General Solutions of the Equations (1). 

§ 2. Let the equations (1) be solved for y’ and 2’, giving continuous 

functions of x, y and z possessing continuous first partial derivatives. [A] 





* The definition of Singular Solutions adopted is that they are solutions not 
included in the general solutions. The latter should, however, be carefully defined by 
the uniqueness property in the fundamental existence theorems of Cauchy. Vide my 
paper in the Journal of the Indian Mathematical Society (Jubilee Volume, Vol. 20), also 
in the Half- Yearly Journal of the Mysore University, Vol. V. 


+ The only attempt in this direction so far is by M. J. M. Hill who in a paper 


(Ref. 1) on partial differential equations has discussed some examples of the type 
me = = 5 His methods are, however, very tentative, I have found, however, his 
examples very instructive and useful in the present method of procedure, and several of 


his examples have been used in this paper, 
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Singular Solutions of Differential Equatiuns 


Let 
y’ = ta (*,y, 2) ‘a is i = (2) 
2’ = pe (x,y, 2) > i (3) 
0 Wh 1 dy Os 
Hence, y= 5, + Y Dy + #5, aw * a (4) 


Let z be eliminated between (2) and (4), so as to result in a differential 

equation of the second order in x and y, in which the coefficients are all 

continuous functions. For this, (2) must be solved for z, and the value 

substituted in (4). [B] 
Let the resulting equation be written 


tS (y’, 9’, 9,%) =0 - ae ~ ofa (5) 
The equation (5) possesses two independent first integrals of the type 
F, (x,y, 9',Cy) = 0, (r= 1, 2) - oP (6) 
Substituting vy’ = yy, the general solutions{ of (1) are obtained : 
F, (x,y, #, Cy) = 0, (r = 1, 2) a re ae (7) 
Finally, (7) may be put into the form 
(x,y, 2) = C,; v(x, y,2) = Ce na “— - (8) 


§3. [The above general method of solution has one important defect— 
a defect which cannot be removed. We are led to believe that the 
general solutions of any given equations (1) can be completely represented 
in the form u = c,; v = Cg, or in the rationalised form F, (x, y, z,c,) = 0, 
(r= 1,2), each of the F’s involving only one constant. This is not 
necessarily the fact. Consider for example the generalised Clairaut-equations 
db, (y—xy’, z—x2', y’, 2) = 0, (r = 1, 2). 
Differentiating and solving, we get y” = 0 = 2”, showing the integral curves 
(other than singular solutions) must necessarily be straight lines. But 
the general method of § 2 will not give straight lines only. (5) should 
necessarily reduce to y” = 0, whose first integrals are y’ = a, and y—xy’ = b, 
Consider a concrete example : 
y = ay’ +y'2+2'3 2 = x2! + ye’, 
Eliminating a and } from the known general solutions 
y = axt+a?+b; z = bx+ab, 
we get 
a (x+a)?—y (x+a)+z = 0 a is sss (9) 
B— b?y— bzx+22 = 0 Ka - - (10) 
The function yy (x,y,z) of (2) is evidently the same as that obtained by 
solving (9) for a. Hence the equation u = c, in (8) gives (9) on rationalisa- 
tion. Similarly v = cz leads to an equation of degree higher than the first. 





¢ Forsyth, Treatise on Differential Equations, §176, 
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The general solutions (8) will thus represent curves of a degree higher than 
the first. They must necessarily be all degenerate, breaking up into 
straight lines which represent solutions of the given differential equations, 
and other curves which are not solutions.* 


Assuming that there exist for the equations (1) general solutions which are 
completely representable in the form F, (x, y,z,a,6) = 0, r = 1, 2, the solutions 
might only be partially represented when F, = 0 and Fz = 0 are transformed into 
some other form. 

The explanation for the appearance of the extraneous curves seems to 
be as follows: In geometry, the curve given by the equations ¢, (x, y, z, a, b) 
= 0, r= 1,2 is known to form only a part of the curve common to the 
surfaces obtained by rationalising the equations ~, = a and yo = b (continu- 
ing the notation of § 2). Similarly we must regard the equations (2) and (3) 
as representing something more than the original equations (1). 


If, however, we start with the equations (2) and (3), (8) will completely 


represent their general solutions. Thus, when we deal with equations of the 


type . = 4 = , the general solutions are completely representable in the 


form 4 = ¢,; UV = Co. 

We shall hereafter be considering the general solutions of (1) in the 
form u=c,; v=ce with the understanding that this includes the general 
solutions though not of necessity completely equivalent to them.] 

§4. The equations (1) can have only one set of independent integrals. 
If wc) ; v=Cy be such a set, the general solutions may also be supposed to 
be included in general in 6; (u,v) = c, ; 02 (u, v) = co, where 9, and 6, may 
be any arbitrary functions, subject to suitable limitations. 

These facts are easily proved, and are written down here only for the 
sake of reference. 

[§§ 5-9]. Equations leading to Singular Solutions. 

§5. Our object is to determine a pair of equations satisfying the given 
differential equations, which are not included in the general solutions (8) for 
any values of c; and c, whatever. At least one of the two equations to be 
determined must be functionally different from « and v. Only one of the 


equations may be different or both, and accordingly two classes of singular 
solutions might exist. 





* A, Mayer (Ref. 4) expresses the solutions in the form y= D, (x, a,b); z= 
®, (x, a, b)—a form possessing similar limitations. Also Ref. (7), p. 324. 

+ It is however possible that solutions may exist only in the form a = 0, (t,a,b) ;y = 
0. (t, a,b); z=, (t, a,b), ¢ being a parameter. 
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Assuming the existence of such singular solutions, it follows that their 
existence must be accounted for by the fact that the general theory of §2 can 
break down somewhere. Now this may happen in either of the two places 
marked in §2 as [A] and [B]. 

In order that the theory may break down in the place marked [A], 7.¢., 
in order that it may not be possible to obtain from (1), unique solutions 
y = (*, », 2), z’ = ay (x, y, z) in the form of continuous functions 
with continuous first partial derivatives, it is necessary that 


d (py $e) 
either <2" = 0, aa va o- i 
oy’, 2’) (11) 
or ¢) or dy or any of their first partial derivatives with respect 
tox, y or z = infinite (or indeterminate)* .. Gs - 


Conversely, if a function w, (x,y,z) = 0 is constructed by means of 
values of x, y and z satisfying (11) or (12), w, = 0 when taken along with 
another suitable equation, may represent a solution of the given differential 
equations and we might expect these solutions to be singular. 

In order that the general theory may break downt in the place 
marked [B] in § 2, 7.e., in order that the result of eliminating z between (2) 
and (4) might involve coefficients or functions which can admit of disconti- 
nuous derivatives for finite values of the variables, either it must not be 
possible to solve (2) for z in the form of a unique continuous function of 
%,y, y’ with continuous derivatives, or otherwise the first derivatives of pe 
may not be continuous for all finite values of x, y,z. We can write as 
necessary conditions, 


either * = 0, ea - ‘i »- (13) 
or y or %2 or any of their first partial derivatives = infinite 
(or indeterminate) .. sf me i oo (® 


The condition (14) however resolves itself into the conditions (11) and 
(12), so that (13) is the only new condition that presents itself. We shall 


however prove in § 9, that the equation Mt = 0, call it we (x, y,z) = 0, does 


not give rise to any true singular solutions, unless w» is included in w. 





* This follows from the theory of implicit functions. Vide Goursat-Hedrick, Math. 
Analysis, Vol. I, Chapter II. The remarks of Hedrick in the footnotes deserve attention. 

+ The break-down of the theory means that the conditions for Cauchy’s existence 
theorem are not satisfied for (5). The existence of two and only two independent first 
integrals of this equation is an immediate corollary of the uniqueness of the general 
primitive as given by Cauchy’s theorem. The possibility of existence of any ‘‘ singular 
first integrals’? depends upon the break-down of Cauchy’s theorem as regards 
uniqueness, 
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§ 6. Let ws (x,y,z) = 0 denote any one of the functions in virtue of 
which uw, or v, or a first partial derivative of u or v becomes infinite. 
§7. From the general solutions 4 = c), v = c2, we obtain 
' d (uw, v) , d (u#, v) 
= %,Y,2) = : 
Y= th 2) = oe ay Oy, 2) 
d (u,v). 9d (u, v) v) 
= BY x, 
Ha (% 2) = Say) dy, 2) 
The function w, may therefore arise out of any of the following causes : 








(‘) a first derivative of y, or ¥2 may become infinite when a first 
derivative of u or v becomes infinite, 7.¢., w, = 0 may be included in wz; = 0; 


(1t) a first derivative of y, or #2 may become infinite when a second 
derivative of u or v becomes infinite ; 


(177) yy or Ye or a first derivative of either may become infinite in 








; d (u, v) ; d (4, v) 
rtue of 5 ’—- = 0, 7.¢., w, may be a factor of —: 
bas (y, 2) er > (y,2) 
sa or yo! or a derivative of either may become infinite in 
2 (is) 9 op Dime) _ 
virtue of 5 > (@, 2) =QOQo TS a” 


We can however prove that unless (7) be the case, w, = 0 will not 
contribute towards any singular solutions. We shall first consider a lemma, 

§8. Let f(x,¥,z) = 0; g(x, y,z) = 0 denote given solutions of the 
differential equations whose general solutions are u = c;; v = co. It is 
assumed that f and g are analytic for all finite values of the variables, and 
may be made to represent proper surfaces. It is also assumed that w and v 
are finite when f= 0 and g= 0. If either of them becomes infinite when 
f = 0Oand g = 0, it must be replaced by its reciprocal. Then we have: 


The necessary and sufficient conditions that f = 0; g ='0 should be 
included in the general solutions are that the limits of the expressions 
d (u,f,g) (vf, 9) 
d (a, y, z) ’ 9 (@, y, 2) 

A proof is easily supplied by following the method adopted for the case 
of two variables. [Proc. L.M.S., Vol. 17 (Series 2), pp. 159-161.] We shall 
express this result in a more convenient form. 


(u, f,g) 9g og 
Let ee Ja t dy M, + 54 


2 (v,f,g) _ og ~ og oIn _ 
(my, 2) da + jy Me t+ 5, Ne = 8B, 
so that A i B tend to zero as f>0, mn ii 


So (LaMy—IiMy) + 32 (LaNi—IsN,) = Alg—Bly > 0, 





should be both equal to zero. 





A, 


and 
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je., expanding, 
og of dagarf\ 2a (u, », f) 


; 0. 
oy de =z OY d (a, Y; 2) 


We get two similar equations by eliminating Of or “8. Hence, 
(uw, v, f) __ 0 


fand g being independent, we must have f—> 0, Lt g> 0 = 
d (&@, y, 2) 


d (u, v, g) 
d (@, Y, 2) 
d (u, f, 9) o(v, f, 9) 
2 @ 98)” D (yA) 

THEOREM 1. The necessary and sufficient condttion that f=0, g = 0 
should be singular solutions is that the limiting value of at least one of the 
d(u, v, f) (u,v, g) 
d (X,Y, 2)’ 2 (@,Y, 2) 


Similarly f—> 0, Lt g>0 = 0. The same method gives the former 


pair of equations, v72z., — 0, from the latter. 


should be distinct from zero, when f— 0, 





expressions 
g—> 0. 


If only one of these limits be different from zero, the solutions are 
called singular solutions of the first order. Singular solutions of the second 
order also may exist, for which, however, the limits of all the four deter- 
minants (u, vy f.), (Ux Vy Bz), (Ux Sy &:), (Ux fy g:) should be distinct from 
zero. 

The conditions that the solutions f= 0, g = 0 might be particular are 

d (u, 2, f) d (u, v, 9) : . : . 
* = ————_—_—_—_—_—_ = 
that Lt lies 2 0 and It 3(@, 9, 2) 0 either Seeeaaey or in 
virtue of the equations f = 0, g = 0. 


Illustrations : 
EXAMPLE 1. 


To test the nature of the solutions z—-x-y= 0; z—2vy=b of the 
differential equations 
dx dy dz 


i+(@—a—y* 1 2 
Here, u = y+2 (z—x—y)*; v = z—-2y. 
Hence, taking f = z—x—y, 


Lt o(u,v,f)  %(y,2—2y, z—-#—y) 
f[>0, g>9 d(a,y,z) d (a, Y, 2) 


The solutions are therefore singular solutions of the first order. 


+ 0. 








* The possibility of some of the first derivatives of u or v becoming infinite in virtue 
of f= 0, g = 0is allowed. Compare Mysore University Journal, Vol. V, 
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EXAMPLE 2. 


To test the nature of the solutions z = x+y; x2 — y? = constant, of 
the equations 
dx a dy am 
w(e—e—y)§— yy (e—a—y)¥ — @ 








dz 
2(e—x—y)*(1—z—a@—y) + (w+y) (e—2—y —1) 
Here, 4 = x+y (z—x—y)t, v = y+x (z—x—v)* 
Write f = z—x—y; g = x? —y—c. 
Lt d (u,v, f) _ 1. Lt d (u,v, g) _ 
Then, f>0,9>0d(a,y,2) 1; f>0,9>9d(a,y, 2) ? 
The solutions are thus singular and of the first order. 





EXAMPLE 3. 


To test the nature of the solutions f= z—x—y=0; g = x—c = 0 of 
the equations 
dx a te. dz 
y? (e—a—y)* oy (y—22) yy? —2ay+4 (w—y) (z-w—y) ty? (2—a—y)t 
Here, u =x+y(z—x—y)*; v = x2+4? (z—x—y)h. 
Lt = (#, % f) _ 2 (@, #, —@—9) _ 9 
f>,9>9%9d (a, y, 2) — d(x, y, 2) ges 
Lt d (u,v, 9) _ 2(@, w,v—e) _ 0 

f>0,9>00d(@,y, 2) d(@,y,2) 

The given solutions should therefore be particular. This is easily 
verified. The general integrals are also given by v—u? = constant; u= 
constant. (§4). But v—w? contains (z—x—y)* as afactor. The solutions 
f=0,g=Oare thus included in the general integrals taken in the form 
v—wu? = constant, “« = constant. 





§9. It follows immediately from Theorem 1 that w, = 0 will not 
contribute to any singular solution unless it is included in w; = 0. For, the 
equations (2) and (3) are equivalent to 


ou ou ou _ ow ov ov, 
so +5 Y +5 dz = 0; ete Ot ene. 


If w, = 0 contributes towards a singular solution, 


we dx + . dy + oe dz = 0 must be satisfied by the values of y’, 2’ 
obtained from the above. The Jacobian eee ®) 
v9 FD 
zero value unless one or more of the derivatives of u or v becomes infinite 


in virtue of w, = 0, 


cannot attain a non- 











of 
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A similar argument holds to show that if w2 = 0 leads to a singular 
solution, we is included in ws, 7.¢., w.=0 makes one of the first derivatives 
of wor v infinite, and from the values of %, and 2 in terms of “and v 
we can conclude that we is included in w, as well. 

We conclude that in order to obtain the singular solutions from the 
differential equations, it is enough if we consider the function defined by 
(11) or (12). In order to obtain them from the general integrals taken in 
the form “ = c,, v = Co, we must consider the function w3. 

The equation w, = 0, or w; = 0, as the case may be, must be associat- 
ed with a suitable other equation whose formation will be now studied. 

[§§ 70-17]. Determination of the equation to be associated along with 

w, = 0 or wz = 0. 

§10. Fora particular method of formation of w, = 0, the question 
will be found discussed in Forsyth. ° (Ref. 5, pp. 150-153; also Ref. 3.) 
The result will be quoted here, with the symbols altered : 


“ Tf values of y’ and z’ satisfy the equations 
(i) di (%,¥,2,y', 2’) = 0 
(ii) 2 (x,y, 2,9’, 2’) = 0 
Gi) 0 — 2b de) 4 yr 2bu dba) 4 yr 2 (drs ds) 














3 (@,y’) d(y, y’) Oo (ez y') 
; aie °) (4 $2) , (1, ?,) ’ 2 (dr, $,) 
piatinatay d (x, 2’) bi d(y, 2’) “e 2d (z, 2’) 
= y= 2nd, 


then the equations ¢, = 0, bs = 0 possess a singular solution involving an 
arbitrary constant; this singular solution 1s constituted by the combination of 
the general integral of H (x,¥, y’) = 0 which is the eliminant in z and 2' 
between o, = 0, 62 = 0, J = 0 with w, (x, y, 2) = 0 which is the eliminant in 
y' and z' of the same three equations. 

The theorem may be divided into two parts ; the second part given by 
the italics denotes the method of obtaining the singular solutions (supposed 
to exist) from (i), (ii) and (v); the first part gives (iii) and (iv) as the condi- 
tions of sufficiency in order that the equations (i), (ii) and (v) might give a 
set of solutions (singular or otherwise). The first part is the analogue of 
the familiar theorem. “If a singular solution of the ere g(x, y, p) = 0 
exists, it must satisfy the equations ¢ = 0; = (0; ee ee PS * = = 0 simul- 
taneously.’’ It is now known that this theorem is not sisanaiie true if 
¢ is considered as involving irrational or transcendental expressions. The 
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theorem should be recast as follows: ‘‘ Jf the singular solution satisfies 


d = 0 and 3 = 0, it must also satisfy aa Ps = = 0.” Similar remarks 


hold in the oe connection. 

§ 11. In the second part of the theorem, the equation to be taken 
along with w,; = 0 so as to constitute the singular solutions is obtained by 
eliminating z and z’ between ¢, = 0, d2 = 0 and J = 0, or what is the same 
thing, between ¢; = 0,¢d2 =O andw=0. This latter form of expression 
is more advantageous, since this does not take cognisance of the particular 
method of formation of the equation w = 0; in other words, w may be w or 
w;. (We have of course seen that if w is w,, it is also w3, and vice versa, if 
w = 0 could lead to singular solutions.) 

The following is another way of obtaining the second equation, and is 
of considerable significance, though it is theoretically equivalent to the 
above mode of bay x (x, ¥, rd = ° From the equations (1), we get in 
general y’ = yf, (x,y,z); 2’ = pe (x,y,z). These latter equations go together 
when we are ete: any solutions which are particular cases of the 
general integrals of the given equations. Let us now consider one of these 
equations along with w = 0, where w means either w, or w3. Thus, 


w=0; y' = py (x, y,2) ae je - (15) 

or w= 0; 2’ = Jp (x, y, 2) ne eal - (16) 

(15) or (16) may be considered as a new pair of simultaneous equations. If 

any solution of (15) also satisfies (16) or vice versa, it satisfies (2) and (3) 

as well. Since singular solutions of (2) and (3) can be generated only 

through the functions w, or w3, it follows that such singular solutions are all 

given by (15) or (16). It is also evident that singular solutions of (2) and (3) 

that are given by (15) are equivalent to those given by (16), for any such 
solution should satisfy both (15) and (16). 

Let (15) give on elimination of z and solution for y’, y’ = A(zx,¥). 
This process is equivalent to that of eliminating z between ¢, = 0, d. = 0, 
w= 0. In other words, the equation y’ = A(x, y) is equivalent to 
H (x, y,y’) = 0, except that w is taken in its more general form. Similarly 
let (16) give 2’ = p (z, x). 

The general integral of y’ = A (x,y), or 2’ = w (z, x) when taken along 
with w = 0 may constitute a set of singular solutions of the given equations. 
The singular solution* of y’ = A, or z’ = yp, if any exist, when combined 





* The singular solution of y’ = A, if any exist, is given by aA = infinite, or - = 
infinite. Vide my. paper in Tohoku Mathematical Journal, Vol. 30. 
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with w = 0 also may constitute solutions of (1). The latter solutions, if 











es 

not included in the general solutions or in the singular solutions of the first 
ks order, will be singular solutions of the second order. 

[§ 72]. Simplification in the case where the two systems of surfaces u = a 

n and v = b do not possess a common envelope. 
ry §12. When the general integrals 1 = a, v = b are known, we shall 
24 arrive at a rule which enables us to write down the solutions of (15) or (16) 
a straight-away in most cases. In most* cases, the equation w3 = 0 
- makes the first partial derivatives of only one of the functions # or v infinite. 
+ Let us suppose that w; = 0 makes one or more of the first derivatives of 
if uw infinite. Also, u itself can be taken as not being infinite when w3 = 0, 

for otherwise, « may be replaced by w'. Let 2 (x,y,z) = constant be 
Is the equation which when taken along with w; = 0, gives singular solu- 
le ; ; Lt 0 (u, v, w,) 
"4 tions of the first order. From § 8, it follows that 0,0 398) + 0, but 
- ae = 0, so that Q is a function of w and v, say 2 = Q (u,v). Now, 
le 19,2 
. w; = Oenvelopes the system of surfaces u = constant, and unless 2 is 

independent of u, also the system 2 (u, v) = constant.} If therefore Q is not 
) independent of u, the curves w; = 0; 2 = constant will be the character- 
istic curves on the envelope of 2 = constant. We shall now prove that such 
) curves cannot represent singular solutions at all for the given differential 
f equations. 
) To begin with, let f(x, y,z,a) = 0 be a system of surfaces where f 
“ involves no irrational or transcendental expressions, so that the equation 
; of the envelope E is obtained in the usual way, by the equations f = 0, 
h “ = 0. It must be noted that the direction cosines of the tangent at any 

point on a characteristic curve cannot be obtained directly from the equations 
. : d(f,E) od(f, BE) of, E) 

= 0, E = 0; for the expressions —~— , —~’ , —— are all equal to 
f P (y2) D(a)’ (ay) ’ 
] zero. The direction cosines will have to be obtained from the equations 
m) 

of : ' (J, sa etc., etc 

f=0, — 0, 1.e., they are proportional to ys Te elim 
3 Now considering the form u = a, and its envelope E = w; = 0, the 
: ; r) r) 
i same thing happens. The expressions aie 9) (tu, 15) (%, 15) 


0 (Y; 2) ” 3 (% a) ’ d (a, y) 





Tt For proof, see “‘ Envelopes of Systems of Surfaces ’’, Tohoku-Math...Journal, 
Vol. 39, 
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either all equal to zero, or some of them are indeterminate. To obtain the 
directions of the tangent at a point on the characteristic, the equation 
“u = a must first of all be reduced or simplified by the help of w; = 0. The 
expression « (which is itself finite when w; = 0) involves a fractional power 
of ws, or involves logarithmic or other transcendental functions of w3. Let 
u’ = a be the equation obtained by simplifying u = af, with the help of 
w,=0. (For instance, in Example 2, w,=z—x—y; u'’ =x.) Then w’ =a, 
w3; = Oare the equations of the characteristic curve. If these equations 
should satisfy the differential equations, we! = 0. But w’ is a function 
of u and ws, so that it follows that w; must bea function of wand v. ws; =0 
cannot therefore give rise to singular solutions of the first order. In other 
words, the characteristics «’ = a, w3 = 0 can at the most give a set of 
solutions included in the general solutions. (See Example 11 for an illustra- 
tion of this extreme case.) In no case can they give singular solutions. 


We conclude that 2 is independent of u. The singular solutions given 
by wz = 0; y’ =; (x,y, 2) are therefore equivalent to ws; = 0; v (x, y,z) =. 
(We assume that w; = 0 is not included in v = 3}, for any value of D.) 

A purely geometrical method of arriving at this result is considered 
in § 22. 

We have assumed that w; = 0 makes the first derivatives of u only, 
infinite. If w3; = 0 is also the envelope of the system v = J, the above argu- 
ments do not hold. In such cases, sometimes it may be possible to obtain 
a function % (u,v), none of whose first partial derivatives becomes infinite 
when ws; = 0. (Vide Example 9.) The singular solutions are then given 
by w3= 0; (u,v) = b. If, however, it is not possible to find such a 
function, the actual solution of the differential equations y’ = yy (x, ¥, 2); 
w3 = 0 cannot be avoided. 

[§ 73]. Remarks. 

§13. The methods of derivation of the singular solutions of the first 
order have been studied. Sofar, we have been dealing only with the 
necessary conditions for singular solutions. Any singular solutions that may 
exist will be derivable by the foregoing methods, but there is no guarantee 
that the equations derived from these methods do always actually constitute 
solutions, whether singular or particular. For the special case wherein the 
equation w, = 0 is formed by the elimination of y’ and 2’ between ¢, = 0, 
$2 = 0, J = 0, the third and fourth equations in the theorem quoted in § 10 
give the conditions of sufficiercy in order that the equations obtained by 





t It is immaterial whether we use u = a, or 22 (u,v) = constant. 
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the process described in the theorem might constitute solutions (singular 
or particular). In other cases it will be perhaps simplest to make a direct 
verification of the fact whether the differential equations are satisfied. The 
theorem of §8 may often be useful in deciding whether the solutions 
obtained are singular or are included in the general integrals. 


[§§ 74-75]. On Singular Solutions of the Second Order. 
§14. We shall now examine the implication of the existence of singular 
solutions of the second order. 


Consider one of the functions which goes by the name ws. We shall 
assume that for this w;, the equations (15) give rise to singular solutions of 
the frst order. Eliminating z from (15), we obtain y’ = A (x,y). (§11). The 
singular solution, if any, of this equation, taken along with ws = 0 will (in 
general) constitute singular solutions of the second order. If w3 = 0 give on 
solution for z, z = @ (x, y), then 

y' = A(x, y) = ti x,y, 8 (x,y). 
The singular solution, if any exist, of this equation is given either by 
sa = infinite. In most cases, w;=0 will be an ele- 
mentary function whose derivatives are finite for all finite values of the 
oA 
oy 


are 
_* nfinite, or by 


can thus arise only 


ou, dy, eb, 
>’ eS ~ & 


variables. The infinities of 2 and 


either (i) through the infinities of 


or (ii) on account of the equation = = 0 [for this may cause the 


derivatives of @ (x, y) to become infinite]. 

Case (1). Let w, (x, v, z)=0 be the equation defined by " or cae or = 
= infinite (w, being supposed to be distinct from the particular w3 that we 
are considering). The condition of sufficiency that w,=0; w3=0 may consti- 
tute singular solutions of the second order for the given equations is the 
same as the condition that w, (x, y, 9) = 0 may be a singular solution for the 
equation y’ = A (x,y).* This requires that the equation y’ = yy (x, y, 4) 
should be satisfied by the value of y’ given by 


ow, ow, , , dw, (d0 06 ) = eee eo 
= + io + als +37 = 0 in virtue of w, (x, y, 0) = 0. 





* We suppose that the particular w, considered is not a function of uand v. If 
w; be a function of u and v, the above condition is not sufficient to give singular 
solutions of the second order. In fact, then, w,=0; y’= oy do not give rise to 
singular solutions at all, while w, = 0, w,; = 0 form singular solutions of the first order. 
(See Example 12.) 
A2 ¥ 
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This is equivalent to the condition on + ™, > WF 


= es e 
on | v1) =0 


in virtue of w,;=0. 

The equations w; = 0; y’ = & (x,y,z) .. ‘ ia (15) 
have been supposed to give singular solutions of the rst order. They may 
be replaced by z = 0 (x,y); y’ = %. But as the equations (15) and (16) are 
equivalent, it must be possible to derive the equation z’ = yp (x, y, z) from 


(15). Therefore 09 +o ys, is equivalent toy». Hence Ets + ms oy +— et by 





ox 
= 0 in virtue of the equations w, (x,y,z) = 0; y’ =. Bs this is the 
condition that the equations w; (x,y, z)=0; y’=y may give rise to a set of 
singular* solutions of the first order. 

Thus, in this case, there will be two different sets of singular solutions 
of the first order, one set given by w3; = 0; y’ = W, another given by 
w, = 0; y’ =. The singular solution of the second order is given by 
1: == CO}. mg 0 

(Conversely, given the existence of two different systems of singular 
solutions of the first order given by w;= 0; y’ = yy, andw, = 0; y’ = yy, 
we can usually infer the existence of a set of singular solutions of the second 


order, viz., w; = 0, w, = 0, but not always. The equations ~ + Bet 41 
P) ) : . 
+s v2 = 0, and x - * py + ae 2 = 0 are satisfied in virtue 


of the equations w; = re oie - = 0 salciieiie Hence the values of y’ 
and z’ for the curve of intersection of w; = 0 and w; = 0 natiaty the given 
differential equations. This is however provided that the y’ and z’ for 
this curve are derivable from 

















The exceptional cases are when the two surfaces wz; = 0 and w, = 0 touch each 
other throughout their curve of intersection (vide Example 7), or when the curve 
of intersection is a double line on one of the surfaces. ] 


Case (ii). The equation s = 0 arises as the equation in virtue of which 


the solution z = @ (x,y) obtained by solving w; = 0 may not be in the 









* That these solutions are singular does not necessarily follow from the proof. All 
that we ean say from the arguments is that w,= 0; y’ = yy constitute solutions of some 
kind:. But if these solutions were particular, w,=0 cannot associate itself with another 
equation to give singular solutions of the second order. 
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standard form (continuous with continuous first derivatives). Now, instead 
of starting with the equation (15), if we had started with (16), the excep- 
tional case arises when w; = 0 cannot be solved for y in the prescribed form. 
The necessary condition therefore becomes 

ou, 


either (iii) ~ or a it Sm infinite 
or (iv) tS = 0, 
The condition (iii) leads to a second set of singular solutions of the first 
order, precisely as in case (i). Otherwise, we have w3=0; et =0; — == 0, 
Again, any one of the three variables x, y, z may be taken as independent. 
Hence, starting with the combination w3; = 0; “ = a we shall similarly 
obtain the condition as == 0, 
In the absence of two different systems of singular solutions of the 
first order, we must have therefore wz = 0; wes = 0; ne ==> es == 0, 


these being equivalent to two independent equations only. 

We thus arrive at the following theorem : 

THEOREM II. Given the existence of one curve representing singular 
solutions of the second order for the given differential equations, it follows that 
either there will be two different systems of singular solutions of the first order, 
or otherwise the curve is a double line on the surface wz; (x, y, z) = 0, which 
leads to the singular solutions of the first order. 

The surface wz; = 0 can be seen to form the focal surface or part of it, 
of the congruence of curves represented by the general solutions. When 
there is only one set’ of singular solutions of the first order, w; = 0 forms 
the entire focal surface. When there are two sets of singular solutions of 
the first order, the focal surface breaks up into two proper surfaces. The 
condition in the first footnote in this section implies that the focal surface 
ws is not itself a surface of the congruence. 

§15. Inconnection with the above theorem, it will be proper here to 
refer to some results that have been obtained from entirely different con- 
siderations by A. C. Dixon in his paper (Ref. 2). Dixon confines. himself 
to the Clairaut-equations y—xy’ = fj (y’,2’); z—xz' = fe(y’, 2’). 

(1) The straight lines comprising the rectilinear congruence y—ax = 
fi(a,6); z—bx=f (a, b) form bitangents to a surface, viz., the focal surface. 
The nodal curve (but not the cuspidal curve) of this surface will in general 
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furnish a singular solution of the second order for the differential equations 
of the congruence. 


(2) In special cases, the focal surface of the above rectilinear congru- 
ence may become a developable. The edge of regression (which is known 
to be a locus of unodes) furnishes a singular solution of the second order. 


(3) A special case is considered wherein the Clairaut-equations 
represent the congruence comprising the inflexional tangents to a surface. 
This falls as a particular case of (1) when the focal points that lie on any 
ray of the congruence coincide. Dixon proves that if the surface contains 
a cuspidal curve (7.e. a locus of unodes), it furnishes a solution which, he 
says, is of the second order, and that the parabolic curve may also furnish 
a solution, if it happens to be a plane curve. 


It may be mentioned that in this case, the asymptotic lines of the 
surface form singular solutions of the first order.* It is well known that 
the asymptotic lines do not in general possess an envelope, the exception 
being when the parabolic curve is a plane curve. When the parabolic curve 
is a plane curve it furnishes a solution of the differential equations. But 
this will not be a singular solution of the second order, for the parabolic 
curve is not a double line. In fact, since the parabolic curve in the 
case considered is the envelope of a singly infinite system of inflexional 
tangents properly selected out of the congruence, it is included in the 
singular solutions of the first order. 


As regards the unodal locus, I do not agree with Prof. Dixon when he 
says that it represents a singular solution of the second order. A singular 
solution of the second order must necessarily represent the envelope of the 
curves given by the singular solutions of the first order, and the curve in 
question does not possess this property. In fact, in § 45 of Dixon’s paper, 
it is proved that the tangent to the unodal locus at any point is a hyper- 
inflexional tangent thereat, 7.¢., a tangent having contact of the third order. 
Now, when the equations of the congruence of the inflexional tangents 
are written down, any system or systems of hyper-inflexional tangents are 





* The asymptotic lines may not probably exhaust, in every case, all the singular 
solutions of the first order. When a surface is of degree higher than four, it may happen 
that a straight line may be an inflexional tangent at one point P on the surface, and an 
ordinary tangent at another point Q. We might possibly have therefore a curve on the 
surface every tangent to which touches the surface inflexionally elsewhere. Such a curve 
evidently furnishes a singular: solution of the first order (we must remember that the 
inflexional tangents satisfy the differential equations considered all along their length, 
and not: merely at the points where they touch the surface inflexionally), but is not an 
asymptotic line. 
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usually included in them. Hence the unodal locus is the envelope of a 
particular oo! of inflexional tangents included in the congruence. It 
provides therefore a singular solution of the first order only. 


Consider Dixon’s Example : 


EXAMPLE 4. 

The system of lines 

y = 3a2 btx + 409 (1 — 6a’) 

z = B83 (1 + 2a3) x — 3atb8 
forms one system of inflexional tangents on a certain surface of degree 
60 
3 eo; << = 408. 
This curve will be found to be the envelope of the oo! lines obtained by 
putting 2a3= 1 in the above equations, and these lines are the hyper- 
inflexional tangents at the unodes. The curve is thus included amongst the 
singular solutions of the first order. 


[§ 76]. Summary of Results. 
$16. THrorem 3. Let the given differential equations be reduced to the 
form y' = wy (x,y,z); 2 =e (x,¥,2), and let their general solutions be 
written u (x,y,2z)=a; v(x,y,z)=b. Let w(x,y,z)=0 denote an equation in 


virtue of which a first partial derivative of yy or yo (ors. ory) as well as 
1 2 


a first partial derivative of u or v becomes infinite. The singular solutions (if 
any exist) of the given equations will be included in the equations 
w=0; y’ =, or 2’ = pp. 
THEeorEeM 4. If when any of the first partial derivatives of u becomes 
infinite, none of the first partial derivatives of v becomes infinite, and vice versa, 
we must search for singular solutions of the first order from the following 


twelve. The cuspidal curve is given byx = 8#; y = 


equations : 
ou ou ou : ; : 
= or = or = infinite; v (x,y,z) = b we iy (i) 
ov ov ov ; may a 
ed i — infinite; u(x,y,z) =a < 0.4 (ii) 


Let the functions defined by the first halves in (i) and (ii) be called wz, = 0 and 
w32 = 0. Then the singular solutions of the second order (if any exist) will be 


given by 














W3, = 0; W3o = 0 xe te a aa (iii) 
or by wy, = 0; Ws == 0% it = 0; “Sst = 0 ba ‘ss (iv) 
or by wae = 0; 2a = Sz = 0; Se = 0 a = (v) 
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[§ 77]. Generalisation. 


§ 17. The methods followed in the previous pages are obviously 
capable of being extended to equations involving more variables. Only one 
theorem will be written down here. 

THEOREM 5. Let the general solutions of the system of equations y,'’ = 
YP, (%, V1, V2. °* +, Vn) be written u, (x, Vi, +++, Vn) = ay, (7 = 1,2,--+,n). Let 
w, = 0 denote the equation in virtue of which any of the first partial derivatives 
of u, becomes infinite. If each of the w’s possesses this property with respect 
to one of the u’s only, the singular solutions of the first order must be sought for 
from systems of equations containing one of the w’s and its non-corresponding 
(n—1) w’s; the singular solutions of the second order may be obtained from 
systems of equations containing two of the w’s and their non-corresponding 
(n—2) u’s, and so on; singular solutions of the n order may be given by all 
the w’s taken together, if these are n in number. 

This process may not exhaust all the singular solutions of the second 
and higher orders, though those of the first order are obtained exhaustively. 
I shall not discuss this in detail here. 


[§ 78]. Examples. 

§ 18. EXAMPLE 5. 

yay +y24+2; z= x2’ +y"'2' 

The singular solutions of the first order, as obtained from the theorem 
quoted in § 10, are given by 

w = { 27 (z—xy) — 2x (x? —9y)}®— 4 (x2 +3y)3 = 0 \ 

associated with y =—} (x+hk)? + ke? 
while the singular solutions of the second order are given by the double 
line of w = 0, viz., x7+3y = 0; x34 272 = 0. 


. (17) 


The following remarks as regards the function w will be interesting. 
The general solutions of the given equations, viz., y=ax+a?+b; z=bx+ab 
are given as the partial intersections of the surfaces 

a(x+a)?—v(xt+ta)+z=0 .. sis na ia ~~ a 

B— b?¢y— bzx+2? = 0 ‘is ee ai - -. (19) 

Instead of solving for a and b, and finding when the derivatives of the 
functions «u(x, y,2), v (x,y,z) become infinite, we can do the equivalent 
process of finding the a- and b-discriminants of the equations (18) and 
(19). It will be found that the discriminants are identically the same, both 
simplifying to the relation w=0. This is not a mere accident, but is 
generally true whenever we are dealing with equations which are wholly 
algebraic and rational. It may be proved as follows:—lI,et @ and 6 be 
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eliminated in turn from the equations /, (x; y,z, a,b) = 0, (r= 1, 2), and 
let the eliminants be written after rationalisation in the form u (x, y, z, a) = 0, 
v(x,y,2z,b)=0. The a-discriminant of (x, y,2z,a)=0 represents the 
condition that the solution for a MIGHT give a function one or more of whose 
first partial derivatives becomes infinite.* A similar statement holds for the 
b-discriminant of v= 0. If the result of eliminating a and 6 from f, = 0; 


fr = 0; ee = 0 be written w(x,y,z) = 0, then w=0 denotes the 
’ 


condition in virtue of which the solution for a or for b, or for both, from the 
equations f;= 0; f, = 0 might be a function one of whose first partial 
derivatives is infinite. Hence either of the following possibilities must be 
satisfied : 

(a) The a-discriminant of u, and the b-discriminant of v must both 
be the same as w. 

(b) Otherwise w can be broken up into two factors, viz., the a-dis- 
criminant of u and the b-discriminant of v.f 

The condition (b) can naturally be satisfied only in special cases. (An 
instance is provided by Example 7.) When w = 0 is non-degenerate, as in 
the present example (originally given by Serret), condition (a) must 
necessarily be satisfied, and there can exist only one set of singular solutions 
of the first order. 

The singular solutions cannot be obtained by using Theorem 4. They 
have to be obtained by using Theorem 3. 

[ Forsyth (Ref. 5) writes the singular solutions of the first order in the 
form 

y=— F(x + kh)? + R252 = — fk (x — kh)? ox sis (20) 
—a form simpler than that in (17). In fact, substituting y = —}(x 4-2)? 
+ k2 in w = 0 and ‘solving for z, we obtain two values one of which is 
z= —}k (x—hk)?. The curves (17) are thus equivalent to the curves (20) 
together with the curves 
y =—} (x+h)?+h?2; 108 z = 27h3 — 9kx? — 2x8 Ss (21) 





* This is under the supposition that the system of surfaces u = 0 does not possess 
a surface-locus of double points, It is. however a known fact that ifu=0, orv=0 
possesses such a surface-locus of double points, this surface is included as an extraneous 
factor in the focal surface w = 0 of the congruence f,=0, f. = 0. We do not, again, take 
into consideration any particular surface of the system u = 0 that might appear in the 
a-discriminant. 

+ In both cases, it is clear that the focal surface of the given congruence f, = 0, 
fe=0 is identical with that of the derived congruence u=0, v= 0, although the 
“ surfaces of the two congruences’’ are different, 
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The curves (21) are not at all solutions of the differential equations considered, 
Thus, when we take the three equations ¢, = 0; ¢. = 0; ign 8) = 0 (§ 10) 
? 
only, omitting the two other equations in the theorem quoted in § 10, we 
obtain, in the present example, a singly infinite number of extraneous curves 
in addition to the singular solutions. The congruence does not possess any 
multiple points or tac-points. The occurrence of the extraneous system in 
spite of this fact is 4 noticeable thing. The extraneous curves are those that 
satisfy (15) but not (16).] 
EXAMPLE 6. 
To find the focal surface of the congruence 
y=ax+a?+ab+bdb; z= bx + ab + D 
This example is taken here merely to illustrate the use of the remarks made 
in the previous example. The usual method, viz., to eliminate a and b between 
the given equations and their Jacobian w.r.t. a and b may be replaced by 
the simpler but equivalent method of eliminating, say a between the given 
equations, and then finding the d-discriminant of the resulting equation. 
EXAMPLE 7. 
The congruence 
yzaxt+a+ab+b; 2 =dx + 0? 
The focal surface w = 0 breaks up into two distinct surfaces 
Wg=4x3 + 1l6xy + 4x%y + 1l6y? + Byz + 22 + 12xz—16z2 = 0 
and w,=x? + 4z = 0. 
Eliminating 6, the congruence may be considered as included in 
z(a+1)? = (y—ax—a?) (x+y—a?) 
z= bx + 62, 
‘The differential equations 
y= ty’ ry’? + y'2’ +2"; 2 = x2'+2'2 
admit of two sets of: singular solutions of the first order. One set is 
included in the equations w,= 0; z= bx+b?. . The actual equations are 
y=—} (x+b)?+b; z=bx+b?. We might expect the other set to be included 
in ws = 0; z (a+1)? = (y-ax—a?) (x+y—a*). But this ts not so. The 
surface w;= 0 is found to be the common envelope of the two systems 
z= bx+6?, and z(a+1)2 = (y—ax—a?®) (x+y—a?). The second set of 
singular solutions of the first order has therefore to be found out by 
actually solving the equations 


w+ 4z2=0; y= bxy'+y? — =" 


w,=0 does not possess a double line, and since the equation y=} xy’ + y’2- ; 


does not possess a singular solution, the given equations have no singular 
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solutions of the second order. The reason why w, = 0; w=0 do not 
constitute solutions is that they touch each other along the entire curve 
n+ 8x+1l6y = 0; x?+42 = 0. (Vide § 14.) 

[These geometrical peculiarities are found to be generally true for any 

congruence of the type 

y = ax + fi (a, bd) am - - 

z = bx + fe (bd) <“ ~ (23) 
There will be two distinct focal surfaces, one of which is the envelope of the 
system (23). I,et (23) be solved for } in the form v(x, y,z)=0. Eliminating 
b between (22) and (23), we have 

y—ax = f; (a, v) ee co .. (24) 

It now follows* that the envelope of the system (23), say E, is also an 
envelope of the system (24). The system (24) possesses another envelope, 
say Ey, which will constitute the other focal surface of the congruence. 

Now E, touches the surface y—ax = f, (a, v) for any given value of a, 
all along the curve of intersection; so does Ey. Hence, at the point of 
intersection of the three surfaces F,, Eo, and y—ax = f| (a,v), they have a 
common tangent plane. Therefore, the two focal surfaces of the congruence 
(22), (23) touch each other all along their curve of intersection. | 








EXAMPLE 8. 
dx Ss dy 
3+2Q2(zt+at2y)t  2(2—a—y)t—2 
dz 
de 1+2(2+a+2y)*'—4(2—x—y)*—4(z—a2—y)t (z-+a+2y)* 


(M. J. M. Hill.) 
The general solutions are 


usxt(z—x—yt=a; v= yt(z+x+2y)t = bd. 
There are two sets of singular solutions of the first order, viz., z=x + y;v=b, 
andz+x+2y=0; u=a. The singular solutions of the second order are 
given by z=x+4y 3; 2+%+2y=0. 
EXAMPLE 9. 


Consider the equations of Example 2. Theorem 4 cannot be used, 
since z=x + makes the first derivatives of both ~ and v infinite. Theorem 3 
readily gives the singular solutions of the first order in the form z=x+y; 
x2—y2=¢, 

In this example, however, it is possible to find a function 6(u,v) which 
is free from irrationals. If we take the general solutions as included in 


4 


u=a; v' = u2—y? = (x2?—y?2) (l—z x—¥) =, 





* Vide Tohoku Mathematical Journal, 39, 90-91. 
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the singular solutions can be obtained by Theorem 4 as included in 
z=oxt+y; vo’ =¢, 
EXAMPLE 10. 


Consider the differential equations having for their general solutions 
usxty [log (z—x—y)]-! =a 
v sytx [log (z—x—y)]-1= 5 (M. J. M. Hill.) 
The singular solutions of the first order, viz, z= x+y; x2—y? =c may 
be obtained by using Theorem 3. In this case, @ (u,v) cannot be found so 
as to be free from the transcendental expression. 


EXAMPLE 11. 

In example 3, we obtain the solutions z--x—y = 0; x = constant, by 
using Theorem 3. We have seen that these are not singular solutions, 
They form the characteristic curves on the envelope of either of the systems 
u=a, andv = b. (See $12.) 

EXAMPLE 12. 


° 


— += - (y’ + 1l)y—-z2=0; y' + x +2’ = 0. 
This example, given by Mayer (Ref. 4) has the peculiarity that it possesses 
a single singular solution of the first order, wz., y= — - ; s= - _ e 


The reason is that the focal surface of the congruence defined by the general 
primitive happens to be a particular surface of the congruence. ‘The singu- 
lar solution represents a double line on the focal surface. The double line 
would have given a singular solution of the second order, but for the above 
peculiarity about the focal surface. 


[§§ 79-24]. The Geometry of the Singular Solutions. 


§ 19. Let us first consider the case where the two systems u =a and 
v = 6 do not possess a common envelope. 

A necessary condition that the surface w (x, y, z) = 0 should be an 
envelope of the system u (x,y,z) =a is that one of the first partial 
derivatives of u becomes infinite when w=0. In fact, this condition 
is in most cases sufficient.* We shall however precisely write down the 
conditions of sufficiency in the form 


Dw au hw Ou 
wo Lt w yw it »w 
two =O > 0 Ou and 55 w > 0 ds (25) 
ny dz dz dz 












* Vide Tohoku Math. Journal, Vol. 39. 
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Sufficient conditions that w=0; v=b may provide solutions of the 
given differential equations are that 














d (w, v) do (u, v) d (w, v) d (u, v) 
d(2)_ Lt Jaga q Wmy _ It J2X@wyl 9 
3(w, v) w—> 0 jd (u, » [ - 3 (w, v) w— 0 2 (u, %) (26) 
d (y, 2) 3,2) | 2 (y, 2) Raed 
The two sets of conditions (25) and (26) are equivalent. 
Thus, 
d (u, v) dv ou d (w, v) 
Lt d (z, &) on Lt ow d (2, 2) : 
w>0 Www ~ Ww w>03u~ Bwo’ 8 (2). 
dz dz dz dz de dz 
Similarly, a A ae 





It (yz) _ d(y, 2) 
w—>O0 ou ov ow Ov 


dz oe 20 Oe 
Hence, by division, we obtain one of the conditions in (26). The other 


condition is similarly obtained. The algebra may be reversed with slight 





manipulations. 
The conditions of sufficiency that w= 0 might envelope the system 
“u=a are thus the same as the conditions of sufficiency that w = 0; v = 6 


might be solutions of the given differential equations, w being supposed to be 
not a function of u and v. 

When the singular solutions of the given differential equations are 
obtainable from Theorem 4, 7.e., when the two systems 4 =a and v=) do 
not have a common envelope, we have therefore the following theorem : 

THEOREM 6. The singular solutions of the first order will be given either 
as the curves of intersections of the surfaces v=b with the envelope of the 
system u=a, or as the curves of intersection of the surfaces u=a with the 
envelope of the system v=b. 

The intersection of the two envelopes usually provides a singular 
solution of the second order. (Vide § 14 for exceptions.) We have assumed 
that the envelopes are not included in the surfaces of the congruence. 

§ 20. The following property of the focal surface will be discussed in a 
separate note elsewhere. 

For the congruence F, (x, y,z,@,6) = 0, (y= 1,2), there exists in 
general a oo! surfaces of the congruence which do not necessarily touch 
the focal surface. These surfaces are determined by the equation 


A (a, b, xn) = 0, which is the result of eliminating z, y, z from 


F, = 0;F, = 0; 5 +2 @ aig. oF, db 


3b: da ‘eS * wan 
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For the congruence u = a, v = 6 where the two systems u = aand v=} 
do not possess a common envelope, the surfaces v=b are to be regarded as 
surfaces of the congruence which do not touch the focal surface defined by 
the envelope of u=a, except perhaps for special values of b. 


If, however, the systems u-=a and v=d possess a common envelope, 
this envelope touches in general (excepting perhaps a finite number of 
surfaces) all surfaces of the congruence. 


For the case considered in § 19, we have therefore the following 
theorem : 


THEOREM 7. The singular solutions of the first order ave the curves of 
intersection of the focal surface with those surfaces of the congruence which do 
not touch the focal surface. When there are two or more focal surfaces, each 
of these must be considered in turn. 


§ 21. Let us now start with a given congruence of curves F, (x, y, 2, a, b) 
=0, (ry = 1, 2) where the F’s are algebraic and rational, and consider the 
problem of obtaining directly the singular solutions of the corresponding 
differential equations. We cannot reduce this problem so as to be able to 
use Theorem 4, for if F;=0 and F, =0 are put inthe form w=a and v=), we 
have seen while discussing Example 5, that as a rule, the two systems u=a 
and v = 0 will have a common envelope. 

The following will be a geometrical method from first principles: 


Let P be any point on the curve of intersection of the surface 
F, [(x, y, 2, 4, (a)]=0 for an assigned value of a with the surface E; envelop- 
ing this system, [6 = ¢(a) being a pre-assigned relation between 0} and a]. 
These two surfaces will have the same normal PN, at P. If P also happens 
to lie on the curve of intersection of the surface Fy, !x, y,z, a, ¢ (a)] = 0 
for the same value of a with the envelope E2 of this system, and if PN, be 
the common normal at P, then PN; and PN, may be regarded as normals 
either to E, and Es, or to the surfaces F;=0, Fo2=0. But the intersection of 
the latter surfaces is a particular curve of the congruence, and satisfies the 
differential equations of the congruence. Hence the curve (Ej, Es) also 
satisfies these equations at P. The point P being common to four surfaces 
should satisfy the four equations 


9. Fi Bw _ 

iG.) 44,90, 2 + Se 
_o-. 2 , OF, a _ 

F2(%, y, 2, @, b)=0; Sa +4 > = on 0 

The curve (FE, Fz) is the same as the locus of P. Eliminating x, y and z 


from (27), we obtain a relation 6 ( a, b, = ) = 0. The relation b= ¢ (a) 


0 
(27) 
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should be taken so as to satisfy this equation. Let the general solution 
of @ =0 be b = A(a,k) where & is an arbitrary constant. Substituting and 
eliminating a, we obtain the equations of the curve (E,, Es). The equations 
involve an arbitrary constant k, and give the singular solutions of the first 
order. Extraneous loci may however also occur. If @=0 admits of a 
singular solution, this will lead to the singular solutions of the second order. 

The equations (27) have been deduced from analytical considerations in 
Forsyth (Ref. 5) and in Dixon (Ref. 2). Another method is given in the 
next article. 

§ 22. The four equations (27) are the same as those that determine 
the surfaces of the congruence which may not touch the focal surface. (§ 20.) 
This proves that Theorem 7 continues to hold good, in the main, for 
congruences of the type considered in § 21. 

There is another theorem which holds good for both the cases of §§ 19 
and 21, viz.: 

THEOREM 8. We can select singly infinite systems of curves belonging 
to the congruence, so as to possess an enveloping curve. Amy such 
enveloping curve will give a singular (in general) solution of the first order. 
If the curves representing singular solutions of the first order possess an 
envelope of their own, this envelope will represent in general a singular solution 
of the second order. 

This theorem is well known and will be found mentioned in the works 
of Goursat and Dixon. When applied to the congruence of § 19, it gives an 
alternate proof of Theorem 4, and when applied to the congruence of § 21, it 
at once gives the equations (27). 

§ 23. Although Theorems 7 and 8 hold good for the congruences of §§ 19 
and 21, they do not remain true for the congruence u=a, v=6 wherein the two 
systems u=a and v=b possess a common envelope. In this case, the so-called 
focal points on any curve, 7.e., the points of intersection of the three surfaces 
u=a, v=b, and the focal surface are points where the two surfaces u=a and 
v=b touch each other. They are therefore double points on the curve. 
Thus in Examples 9 and 10, the singular solutions z=x+¥ ; x*—y?=c are to 
be regarded as the loci of double points of singly infinite systems of curves 
of the congruence, rather than as their envelopes. 

(The congruence F, (x, y, z, a, b)=0, r=1, 2 can in general be considered 
as forming part of the congruence u=a, v=b (obtained by solving for @ and 
6) where the systems « = a and v= } have a common envelope. What is 
stated here is that if the general solutions of the differential equations are 
completely represented by u = a, v = b where the two systems of surfaces 
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have the same envelope, then Theorem 7 and the first part of Theorem 8 are 
not true. ] 

§ 24. Theorem 2 taken with the second part of Theorem 8 gives the 
following geometrical property : 

If the congruence F, (x,y,z, a,b) = 0, (r = 1, 2) possess a non-degenerate 
focal surface, and if the envelopes of singly infinite systems of curves selected 
out of the congruence possess an envelope of their own, the latter will be a double 
line on the focal surface. 

[§§ 25-26]. The Nodal Locus. 

§ 25. It was mentioned in § 21 that extraneous loci may sometimes 
occur, which do not constitute singular solutions. We shall not attempt 
here a study into the nature of the possible extraneous loci. Forsyth seems 
to believe that the nodal locus is always one such factor, for he writes 


Ki , _ o(F,, F.) 
(Ref. 5, p. 180), ‘“‘ the equation J= ‘tn (a, b) 


This is not always true. If we consider a non-degenerate skew curve which 
is the complete intersection of two proper surfaces, there are two ways in 
which a node can arise. A double point on either surface is also a double 
point on the curve of intersection. A second type of node is defined by the 
theorem: ‘If two surfaces touch, the point of contact is a double point on 
their curve of intersection.”* If now we consider the congruence 
F(x, y, z, a,b) =0, (r=1, 2), it is easy to see, by constructing examples, that 
a node of either of the types on any curve of the congruence does not 
O(Fi, F2) _ 9 
d (a, b) 1 

§26. The following example (Ref. 5, Art. 208) is instructive and 

illustrates a very different aspect. 
EXAMPLE 13. 

F, =x? + 92+ 22—a? = 0; Fo=ax?+ by? + 2abxy—a = 0. 

The equations (27) give the extraneous locus y= 0, z = 0. 
This is a nodal locus of the curves, but not of either of the types described 
above. When we put })=0, the curves of the congruence reduce to 
x2—a2=0; y?+22=0. The curve x =a; y?+2? =0 consists of two lines 
meeting at (a, 0,0). The line y =0, z =0 is thus obtained as the locus of 
the nodes of degenerate curves of the system. The appearance of this 
type of a nodal locus as an extraneous factor while dealing with the 
equations (27) requires explanation. My explanation is that its occurrence 
must be accounted for by the fact that the line y =0, z =0 meets every 
curve of the congruence. 


= 0 is satisfied at every node.” 


necessarily satisfy 





* Salmon, Analytical Geometry of Three Dimensions, 3203. 
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Through any point in space there pass in general a finite number of 
curves of the congruence F; = 0, Fp =0. If, however, (x, y;, 2) be a point 
through which ‘pass an infinite number of curves of the congruence, then the 
equations F; =0, F, =0 cannot give definite solutions for a and 6 when x=%, 

=¥),%=2,. Hence, by the theory of implicit functions, we must have 
Q o(F,, F,) 


‘O(a, b) 
to three only. If there be a locus of such points, this locus will figure in 


the process described in § 21.* 

A curve which meets every curve of the congruence constitutes as a rule a 
singular solution of the first order for the differential equations of the congru- 
ence. For through every point on the curve there pass a co! curves of the 
congruence, and there will usually be one curve of the congruence which 
touches the given curve at the point. Hence the given curve is the enve- 
lope of a properly chosen oo! of curves of the congruence. It provides there- 
fore a singular solution of the first order. 


= 0 at (x,, y;,2,). At such a point, the four equations (27) reduce 


Example 13 presents an exception to this general statement. Consider 
any point (a, 0, 0). The surface F,; =0 is independent of b and the line 
y =0, z =O does not happen to lie in the tangent plane to F; = 0 at 
(2,0, 0). It is therefore impossible to find out the value of 6 such that the 
corresponding curve of the congruence has y= 0, z =0 as the tangent at 
(a, 0, 0). 
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* This is approximately equivalent to the following well-known result :—‘‘ If a-given 
curve meets every curve of a congruence, the given curve lies on the focal surface.”’ 
This theorem is however not necessarily true, unless the focal surface is blindly defined so 
m) (F, > F.) 
: d (a, b) 
= 0, irrespective of any geometrical properties that. the resulting surface may or may 
not "uae For example, the curve r, = 0, rz= 0 meets every curve of the congruence 


as to include any surface obtained by eliminating a and.b from F, = 0, F, =0, 


u =< + =a;v=b where r, and r, are rational integral functions of z, y,z, The envelope 


of the system v = b constitutes the sole focal surface, but this does not necessarily 
contain the curve r, = 0, rz = 0. 
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1. WE write 
(1) (m)* = (nj 
when there exist positive integers x, (s < m), y; (¢ < m) such that 
(2) 2 xf= 2 yf 
sm ign 
where 
Oy” Chas 4s 5 Mes Bee oa Hed ™ F, 
(4) x, (s<_m) # y(t < m). 
If (1) has infinitely many solutions we write! 
(5) (m)* = (n)* 14.0. 
«(k) denotes the least value of m+n such that (5) is true. Since it is 
trivial that 


(k+1)* = (R+1)* i000. 


we have e(k) < 2k+2. It is not yet known whether e(k) < 2k+1 for 
general k, though this has been proved for special values of &. In fact 
Sastry? has shown that 
(6) (5) < 6, 
Rao’ that 
(7) (6) < 12, 
S. Chowla* that 
(8) (7) < 13, e(9) < 17. 
We also consider the function 3() defined as the least value of m+n 
such that there exists a constant c = c(k) = 0 with the property that 
c= ZF xf— 5 yf [m,n 21] 
ssm t<n 
has infinitely many solutions in which x,, y, are subject to the restriction that 


(9) a, (s< m)> A, y(¢< nm) > A, 





i‘ij,o.’ = ‘infinitely often’. 

2 Journ. London Math. Soc., 1934, 9, 242-46. 

3 [bid., 172-73. 

* Proc. Ind. Acad. Sci. (A), 1935, 1, 590-91. Here, we use S. Chowla’s procedure to 
prove Theorem 2. The proofs of S. Chowla’s results €(7) < 13, e(9) < 17 are repeated 
here since they arise as particular cases of the proofs of 8(7) < 13, 8(¥) < 17. 
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where A is any preassigned number. Without the last mentioned restriction tt 
is trivial that 
5(k) < e(k) +1 < 2k+3. 
It seems very very likely that for general k, 
5(k) < 2k, e(k) < 2k, 
but these results, if true, must lie very deep. In this paper we prove 
Theorem 1.5 
Min [8(R), e(k)] < 2k. 
Theorem 2. 
«(7) < 13, 8(7) < 13, €(9) < 17, 8(9) < 17. 
Theorem 3. If ‘ Hypothesis K’S is true, then 
8(k) < 8. 
The concluding section contains an example of? 
(10)!0 = (10)!9. 
Explicitly this runs : 
Theorem 4. 


x 
(10) 
where x runs through the (10) values 5, 7, 17, 29, 57, 59, 79, 87, 89, 99 and y 
runs through the (10) values 9, 11, 21, 23, 51, 71, 73, 83, 95, 97. 


2. Let r’, , (A, 2) denote the number of distinct primitive representa- 
tions of m as a sum of & positive kth powers, all the bases exceeding A, 
i., the number of representations of m by x,*+---+x,* where each 
%,(s < k) > A and (x,---, xg) = 1 and where two representations of n, say 
mit+--- +x and y,*+---+,*, are counted as distinct if x, (s <q k) # 9; 
((< k). It is easy to show that 

(10) 2 rp, (A, n) ~ Bx 
nguw 
(as x>co but A is fixed) where B is a positive constant depending on & but 
not on A or x. 

We have two possibilities. Either there are infinitely many m for 

which 7’, , (n) > 2 [In this case we have e(k) < 2h] or 
(11) reg (nu) <1 [nm > n,(A, &)]. 





5 Theorem 1 is due to S, Chowla. 
6 In Hardy and Littlewood’s researches on Waring’s Problem. Math. Ztschr., 
1925, 23, 1-37 (4). The theorem stated is an immediate corollary of their work. 
7S. Chowla and Sastry have given examples of 
(9)t9 = (9)1°, 
See Proc. Ind. Acad. Sci. (A), 1935, 1. 
These authors have also found two examples of 
(10)!9 = (10)?°. 
8 Wk k(n) = rk, R(A; Mn). 


A3 
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In this case let m, m2,--- be the integers > m, for which. sr’, , (m) 
(4;.,; > #;3;% = 1, 2, 3, ---). 
It follows from (10) that for every «> 0, 
1 
B-—e 
is true for infinitely many 7. Since B is independent of A it follows that 


e(k) < 2k. Hence our Theorem 1. 
3. We have 


Njyi—- Ni < 


(12) Zam = 20" (m < 5) 


where a runs through the (6) values: 0, 7, 14, 28, 35, 42. 
6 runs through the (6) values: 2, 3, 20, 22, 39, 40. 

Now (12) implies 

(13) 2(x+a)5 = (x + b)5, 
From (13) by integrating twice w.r.t. x we obtain 

(14) 2(x+a)7 - (x + by! = cx+d 

a 
where (this is easily verified)®c = 0. Here, putting + = (y7+m—d)/c we 
obtain 
2(y7+m—d+ac)? = 3(y" +m—d+ bc)? + (cy)'—c'm, 


or (the right hand side contain 6+ 6+1 = 13 seventh powers) 


(15) c¥m = {2 (y?+m—d+ac)?} — & (y7+ m—d-+ bc)? — (ey)?. 


By taking a fixed m + 0 here we get 5(7)<13.. Taking m = 0 we get 
(16) (7)? = (6)? «0. 
whence «(7) < 13. Taking m = — 1 we get 
(17) (7)? = (7)? «0. 
4. If instead of (12) we start with the known result, 
(18) 2am = zm (m < 7) 


where!® a runs through the (8) values: 1, 5, 10, 24, 28, 42, 47, 51 
b runs through the (8) values: 2, 3, 12, 21, 31, 40, 49, 50 
we obtain 8(9) < 17, «(9) < 17 and 
(19) (9)® = (9)® 2. 0. 
5. Lemma. If 
(20) 2 @y’ = Z .bf..(r€h) 


mEgn men 





® For, if not, then La” = Lb” (m<6). This is impossible since 2 ay” = L by’ 
e 6 mgk m<k 
(r < k) implies that the b’s are a permutation of the a’s. 
10 Here, again, c + 0 for the same reason as in footnote 9. 


11 See Dickson, History of the theory of numbers, II, 710 (the result is due to Tarry). 
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then 
(21) Za + B(x + b)4 = Zh + Z(x +a)! (ic h<k+1). 


Again, we have 
(22) 2a” = zy (r < 7) 
a 


where a and 6 run through the (8) values mentioned in Section 4. Applying 
our lemma to (22) with x = 9; 19, 17, 4 in succession (the order is relevant) 
we obtain 

(23) Za’ = 2b” (ry < 11) 


where a runs through the values: 1, 6, 7, 11, 21, 22, 36, 42, 47, 48, 53, 54, 
59, 65, 79, 80, 90, 94, 95, 100. 
b runs through the values: 2, 3, 9, 14, 15, 25, 39, 40, 45, 46, 55, 56, 


61, 62, 76, 86, 87, 92, 98, 99. 
But (23) implies 


(24) 2(x+a)r = A(x + 0) (r < 11) 
101... 


Ol in (24) we obtain 


“9 

2 (510 + 710 + 1710 + 2910 + 5710 + 5910 + 7910 + 8710 + BgG10 + 9910) 
= 2 (910+ 11104 2110+ 23104 5110 + 7110 + 73104 8310+ g510 + 9710), 
Hence Theorem 4. 


Taking r = 10,% = - 


(25) 


6. As already observed, the omission of the restriction (9) in the 
definition of 5(k) leads to 
8(k) < 2k +3. 
Further, since!? 226+ 196+ 36 — 236+ 1510+ 106 
we obtain 
63 = (22x)6 + (19x)® + (3x)6 + 26 
— (23x)6— (15x)6—- (10x)6— 16 
so that the omission of the restriction ‘(9) would lead to 3(6) < 8. 
7. It is trivial that 5(k) > 2, «(k) > 2. e¢(k) > 3 is ‘‘ Fermat’s Last 
Theorem’”’. Also the result 5(%) > 3 [& > 7], if true, must lie very deep. 


se 


12 Rao, Journ. London Math. Soc., 1984, 9, 172-73. In an as yet unpublished 
paper (written before mine) Rao has considered the values of 5(k) and e(k) for special k. 
In defining 5(k) he omits the restriction (9) and gets only 5(6) < 12. His result for 
8(7), namely 5(7) < 16, is weaker than 5(7) < 13 proved here. 
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APPLICATIONS TO THE ADDITIVE THEORY OF 
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Received March 13, 1935. 


1. Let us denote by N(f) the least value of s such that the equation 
(1) z Am’ = 2 b,, (1 <ti< k) 


mgs ngs 
has a solution in integers a,, (m < s) and b, (m < s) where 
(2) am (m<s) + b, (m<s). 

We shall show that 

Theorem. 2 
(3) Nie) SPF 1, 
This is an improvement on previous results.! 

2. In what follows the B’s are real numbers which vary from place to 
place but are greater than a positive constant depending only on k and s. 
mM, -++, m, denote positive integers. 

It follows from Dirichlet’s principle (‘‘Schubfachschluss’’) that there 
infinitely many integers with the property that the equation 

(4) mf+---+ nf =n 


8 
zt 7! 


has Bu solutions in m, --+, m;. 
Now (4) implies 
1 
(5) m+---+, < sn® 
From (4), (5) and the ‘‘ Schubfachschluss”’ it follows that there are 
infinitely many sets », »’ of integers with the property that the equations 
n= = n, } 
6 r<8 
(8) s = ZF MH, f 
rss J 


8 
have Bn‘ * solutions in n, (r < s). 





1 See Proc. Ind. Acad, Sci. (A), 1935, 1, 528-530. 
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Again (6) implies 


(7) = nn, <& sn* 
r<s 
Hence (‘‘ Schubfachschluss ”’) from (6) and (7) it follows that there are 
infinitely many sets of integers (n, n’, nm”) with the property that the 
equations 
_ = n,*, 

r<8 

= Mm, 

r<8 

a n,? 

rss 

es 


8 
have Bn” & solutions in n, (ry <s). Proceeding in this manner we 
arrive at the result that there are infinitely many sets of integers n, n’, n’, 
v++, n#2), (4-1) such that the system of equations 


(9) n= & nf 
r<S8 


(9) am = fF nm (lem¢k—1) 
r<Ss 


has Bu? solutions where 
k-—1 


(0) p= $-1-(Ft Ete +E) 


(11) p>Oifs> ee +1. 


Hence our theorem. 


3. Now (1) implies 
(12) Z(x+a)* = Z(x+5)é. 
b 


a 
Hence our theorem shows that if s > > re + 1, wecan find two different 
sets of integers a, ---, a, and }, ---, b, such that 
(13) Z (xt+ant = ZF (%+b,)4. 
m<s ngs 
It follows immediately that 
k?+k 
(14) pk) < 41 


here B(k) is the function defined by ete and Rao?. 





2 Journal London Math. Soc., 1934, 9, 170-71. 
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4. Let v(k) denote the function recently introduced by: Wright.? Then 
our theorem shows that for every k>1 there is a ¢ = ¢(k) such that 


v(t) = O(F?) 


k? +k 


forsometink<t< —>—. 


[In particular, 
v(k) = Off?) 
for infinitely many k.] 





3 Journal London Math. Soc., 1934, 9, 267-72. We use I'(k) < 4k. 





A THEOREM ON SUMS OF POWERS WITH 
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Andhra University, Waltair. 
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1. Let v(k) denote the least value of s such that every integer 
(positive or negative) can be expressed in the form 
nm = €\m+---+e,m, 
where m; is a positive integer or zero, and e; = +1. This function has been 
studied by Wright.! He proves 
v(k) = O (2° 3854), 
The principal result of this paper is 
Theorem 1. For every k>1 there exists a g = g(k) such that 
(1) k<g< 2k+1 
and 
(2) v(g).< k?+9k+6. 


From this follows immediately 
Theorem 2. There are infinitely many k such that 
(3) v(k) < (kR—1)?+9(R—1) +6 = k?4+7R—2. 
2. Notation. We write 
(4) a, °° 


(5) Za? = 50? (6 = 1, 2,3, ---, A), 
a b 


and the b’s are not merely a permutation of the a’s. N(k) denotes the least 
value of m such that (4) is possible. The trivial result N(k) >k+1 is a 
consequence of the impossibility of 


when 


k 
ay, °°°, A= bi, bees | by. 


In what follows the B’s are positive numbers (whose values differ from 
place to place) depending only on kk ands. Further 
ne 
— 8 —_ — 
Po ee : = 


? Journ, London Math. Soc., 1934, 9, 267-272, 
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Two sets of integers a, (ry < h) and b, (r < A) are said to be different if 
the 0’s are not a permutation of the a’s. 


We deduce Theorem 1 from 
Theorem 3. 





(6) N(k)< —— 41. 


We prove this result in the next section. 


3. (6) is a consequence of 


Theorem 4. Let m<k,s> a +1. Then there are infinitely many sets of 


positive integers (m--1 in number) 
{n = ni’), ni), ni?), tee, nim 


such that the system of (m-+-1) equations 


8 
(A) a= Tne (r=k; lereg mi. 
t=1 
has more than Bném solutions. 
Proof: (1) The case m = 1. 


It is known that we can find infinitely many positive integers n = nl 
such that the equation 


8 
(7) nh = ZF nf 
t=1 
Ss — 
has more than Bn* solutions in positive integers u,(r< s). In (7) we 
must have 
1 
(8) 0< JF m<sn*. 
i<s 
Let us arrange the solutions of (7) according to the value of 2 m. It 
t<s 
follows from (7) and (8) that there is a positive integer n() such that the 
equations 
wW= Lf nf (r=k;r=l) 
t<s 
DE os 
have more than Bn* ‘ — Bn solutions in ,(r < s). This completes 


the proof of Theorem 4 for m = 1. 


(2) Assume the theorem proved for m where m< k— 2. We shall 
then prove it for m+1. 
From the case r = of (A) we obtain 
m+] 


(9) O< FF nrtesn®. 
t<s 














if 
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Theorem on Sums of Powers (11) 


Now arrange the solutions (m, ---, ,) of (A) according to the value of 


a nr), 
t<s 


It follows from the theorem (proved for m) and from (9) that there 
exists an integer m(”+!) such that the number of solutions of (A) which also 
satisfy 


nmr) = Zz nit 
t<s 
1 ; 
is more than Bn? where ¢ = py, — met = pm+i. Hence the theorem is 


proved for m+1. 
(3) From (1) and (2) Theorem 4 follows by mathematical induction. 





Proof of Theorem3: Putting s = es +1, m= k—1 in Theorem 4 we 
get 
k+h 1 k-1 1 
hen Git Meticbates iahon! yh. 
Hence there exist at least two different sets of integers {a,, ---, a} and 


{b,, ---, b,} such that 
sav = ly (rvr=k;lereqgk— 1) 
a b 
which is the same as (4) with s = m. Hence Theorem 3. 
k? +k 
y 


‘ 
— 


+1 and two differ- 





4, Theorem 3 implies the existence of ans < 


ent sets of integers a,(r < s) and b,(r < s) such that 
2 af@= ZF bh" (lemé€kR). 
r<s r<s 
The latter equation implies that 
(10) 2 (x+a,)* ae (x-+-b,)* = 0. 
r<s r<s 
Let g > k be the (least) integer such that continued integration of (10) gives 
(11) 2 (x+a,%? -— 2X (x*+b,)% =c 
rss T<S8 
wherec = 0. Then g<s for 


ayy +++, Oy S dy, +4 b, 
is impossible. Hence we obtain 


2 
Theorem 5. There is ans< : tt + 1, two different sets of integers 





a,(t< s) and b,(r < s), and an integer g satisfying 
(12) kR<g<s 
such that 
(13) 2 a*=_ Z bY 
rss rss 
is true for m < g but not true form = g. 
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5. From Theorem 5 we shall deduce the sharper 


= +1, two different sets of integers 


“Theorem 6. There is ans< 
a,(r < s) and h,(r<s), and an integer g satisfying 
(14) kR<g<2k 
such that 
(15) 2 a” = by 


rss rss 
is true form < g but not true form = g. 
Theorem 6 differs from Theorem 5 only in that (12) is replaced by the 
sharper inequality (14). 
6. In this section we prove the 
Lemma. Ifa,(t <'s) and b,(rt < s) are two different sets of integers such that 
Dy a,” = Zz bm” 
rss rss 
is true for m < w but not true for m = w+1 and ify is any integer > w+, 
then we can find two different sets of integers c,(r < s) and d,(r < s) such that 
2 c= ZF d™ 
rss rss 


is true for m < w but not true form = y. 


- 


Proof. It follows from hypothesis that for arbitrary x, 


(16) F (xtaut— FS (x+b,)wl ac + 0. 


rss rss 
Integrating (16) (y—w—1) times we get 
(17) & (x+a,r— 2 (x+b,)¥ = a Ay x” 
r<Ss r<Ss rgy-w-l 
where the coefficient of the highest power is a,_»-1 + 0 since c ~ 0. Hence 
by proper choice of x, the right hand side of (17) is not zero. For such 
x put c, = a,+x, d, = b,+-x, and the lemma is proved. 
7. We shall now deduce Theorem 6 from Theorem 5. 
From (12) we see that there is a ¢ such that 


(18) th<g<(t+)k [l<t< |. 
Having found ¢ there is an m such that 

(19) t(k+m) <g < t(k+m+l) 
where 0 < m < k. Using our lemma (Section 6) and Theorem 5 we deduce 
from (19) that we can find two different sets of integers c,(y < s) and 
d,(r < s) such that 

(20) 2 cf =—.-F 4,0 

rss rss 


is true for 0 < (k+m) but not true for @ = (A-+-m-+1). 











it 








Theorem on Sums of Powers (11) 


Hence putting 


¢ = ¢,f, f, = d;! 
we have 2 different sets of integers e,(r < s) and f,(r < s) such that 
z e,! = 2 78 
r<s rss 
is true for 0 << k+m but not true for @=k+m+1. Since m < k, Theorem 
6 is now proved. 


8. From Theorem 6 we can find s < re +1, two different sets 





a,(r<s) and b,(r < s), and a g satisfying 


(21) k4+l<g< 2k+1 
such that 
(22) 2X (x+a,e—-— & (x+b,)¥ = cx+d (c + 0) 
r<s rss 


whence (as with Wright) 
(23) v(g) < 2s+I(g) < 2s + 4g < h?+R4-24+4(2k+1) = k?+98+6. 
From (21) and (23) Theorem 1 follows. 
9. Denote by y(k) the least value of such that 
Z «f= 2 yf 


sxm t<n 
has infinitely many solutions in positive integers x,(s < m), y(t < ) with 
(B) Mi, °° *, Xm Wy °° -, Vn) =] 


and with m < n. 
. ' k? +k 
Now from Theorem 4, given any arbitrary 7, we can find ans < a a 
+1 and ¢ sets (all different from each other) of s integers each, namely 


{ay}, Ayo, °° +, As}; 


{ao), Goo, ***, Aas}; 
{a,1, Ay2, °°", ays} > 
such that 
(24) J am@= ZF am (leme€k) 
i<s t<s 
is true for any 7, j (1, 7 <7). 
From (24), 
(25) Z (%t+ay* = 2 (x + aj)* 
t<s t<s 
for any 1,7 <r. Now for fixed 7, 7 suppose that a, is the smallest of the 
positive numbers aj, 4. Then puttings = — aj in (25) we get a solu- 
tion of 


(26) 2 xf#= LZ yf (m<n<s) 
t<n 


sm 


with x, and 4, positive and satisfying (B) above. 
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Since 7, 7 can be given any values upto r we get as many different 
solutions of (26) as we like. Hence 


2 
Theorem 7. ykR)e&s< rt +1. 


10. From Theorem 6 and a process described by Wright (loc. cit., page 
271) we get, easily, 
Theorem 8. v(k) < exp (A Vk log R), 
where A is a positive constant independent of k. 
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L (s) = L (s, x) = X(n)n-5 (s > 0) 


n=1 
where X (m) is a real non-principal character mod k: 
Si (~) = 2 x(#), Sn(x) = 2 Sy-i(m) (m > 2 
NSxX Nye 


Let m = m (xX) be the least positive integer (if any) such that 
Sm (x) 20 (x >1) 
If m exists, then} 


For 


E S(n){n- — (w+) 


n=1 


whence (s > 0) 


So(m){n-* — 2(n+1)5 + (n+2)} = 


a 
na= 
2 
r= 


1 


m oni! 
Sm(n) = (—l¥ Tap? +e 


M8 


3 
I 
— 


ites 


_ Smt ) fa uy fa U2: f( n+uUy+-:- 


» + Um) o™- dup, > 9. 
K. Subbarao calculated m for the primitive real characters corres- 
ponding to 
k = 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 47, 53, 59, 61, 71, 73, 79, 
83, 89, 97. 
He showed that m = 3, for k = 53 and in the other cases m < 2. 





1 This theorem and the’proof given here are due to S. Chowla.in a paper ‘‘ Note on 
Dirichlet’s L-functions,”’ Acta arithmetica, 1935, 1, 113-114. 
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I. Chowla proved that m is finite for the real primitive characters 















corresponding to 
k = 15, 21, 33, 35, 39, 51, 55, 57, 77, 87, 91, 95, 101, 103, 105, 107, 
127, 131, 191, 203, 421 
m being = 3 fork = 91 = 7 fork = 77 and < 2 otherwise. 
I have calculated m for the real primitive characters corresponding to 
k = 149, 151, 157, 167, 179, 181 and 193 
m being = 2 for k = 179, 181 and 193. 
m = 3 for k = 149 and? m = 1 fork = 151 and 167. 


Hence I, (s, y) > 0 for 0 < s < 1 when Xisa real primitive character 
corresponding to the above values of &. 








° _ 


2m = 1 also fork = 7. It would be interesting to know whether there are infinitely 
many k with m = 1. Sai sae 
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7. Introduction. 


THE quantitative study of the polarisation of the light scattered by colloidal 
solutions may prove to be as significant as the measurement of the intensity 
of such scattering when endeavouring to obtain information regarding the 
state of the particles dispersed in the medium. It is well known as a 
consequence of theory that when the incident light is unpolarised and the 
particles which scatter light are very small in size, also isotropic and spherical 
in shape, the light scattered transversely by them is completely polarised. It 
follows that in the same case when the incident beam is plane-polarised, the 
transversely scattered light should also be plane-polarised in the same sense. 
In other words, the depolarisation p which we may define as the ratio of the 
intensity of the weak to the strong component of polarisation in the 
transversely scattered light has the value zero. We may thus write, 


ra. 0 
For small spherical isotropic particles Pe = @ .. ss ' & 
pr = 9 


The subscript « attached to p indicates that the incident light is unpolarised, 
while the subscript v indicates that the incident light is plane-polarised with 
its electric vector vertical, the observation being made in the horizontal 
(transverse) direction. p, and p, both give the ratio of the horizontal 
(weaker) to the vertical (stronger) component of intensity in the transversely 
seattered light. The symbol p, refers to the case in which the incident light 
is polarised with its electric vector horizontal and the direction of observation 
is. also horizontal. The depolarisation p, is in this case the ratio of the 
weaker vertical to the stronger horizontal component.* In practice, we have 
often to deal with particles which depart from the ideal conditions mentioned 
above and have to concern ourselves with cases in which there is. a measurable 





* R. S. Krishnan (Proc. Ind. Acad. Sci., 1934; 1, 212) uses pA in the sense, horizontal 
component : vertical component, which is the reciprocal of p4 as used in the present paper. 
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depolarisation of the scattered light. .In the case of the molecular scattering 
of light in gases and liquids, we are usually justified in regarding the scatter- 
ing particles as very small, but in general, their behaviour does not correspond 
with that of spherical isotropic particles. In consequence, there is a definite 
depolarisation of the scattered light, and this quantity furnishes a measure 
of the “optical anisotropy” of the molecule. In this case, it is known that 


py, is finite and less than 1 
For small | p 
anisotropic 4p, = —— andisalsoless thanl}> .. - 
particles pi ia | 

par = 1 


For molecularly scattered light, p, usually attains the limiting value unity, 
which means that the scattered light is completely unpolarised. In this 
case it is sufficient if either p, or p, is measured, since they are connected by 
the relation 

Pu 


een 
9 


a — Py 

Rayleigh! and Mie? have discussed the case of the scattering of light 
by large spherical isotropic particles. The formule obtained by them indicate 
the following relations :— 
(p, is finite and less than 1 | 
{Py = 0 { id .. (IID) 
| px = 0 
The relation p, = 0 indicates that when the incident light is polarised with 
its electric vector horizontal, the scattered light is also completely polarised 
with its electric vector in the same direction. 


For large spherical 
isotropic particles 


In the general case when the collodial particles are neither small nor 
spherical nor isotropic, p,, p, and p, will all have finite values less than unity 
and no such simple relationship will exist between them as is given by II or 
III. Since all three quantities are accessible to measurement and are not 
simply connected, we may expect that a measurement of all the three will 
give us a better idea of the condition of the particles than the measurement 
of any one or even any two of these quantities. Investigators in colloid 
chemistry, as for instance Donnan and Krishnamurthi,? Lange* and others 
have usually confined themselves to measuring the depolarisation using 
incident unpolarised light. It will be seen, however, from II and III that a 





1 Lord Rayleigh, Scientific Papers, 5, 547. 
2 G. Mie, Ann. d. Phys., 1908, 25, 377. 

8 Donnan and Krishnamurthi, Colloid Symp. Ann., 7, 1. 
* Lange, Zeit. f. Phys. Chem., 1928, 132, 1. 
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finite value of p,, may be due to optical anisotropy or non-sphericity or finite 
size of the particles or all of them together, and hence the value of p, by 
itself is not very significant. The measurement of p, is definitely more useful 
than that of p, inasmuch as a finite value of p, almost certainly indicates 
non-sphericity or optical anisotropy. A measurement of both p, and p, 
and a comparison of their values are even more significant as they give a 
rough indication of both the size and the shape of the particles. Gans? 
and Isnardi® have, for instance, made measurements in rubber and mastic 
solutions and found that p, was approximately half p, in those cases, from 
which it could probably be inferred that the particles are small besides being 
anisotropic in shape or structure. The measurement of p, in addition may 
be expected to be very useful, as was first pointed out in a paper by 
R. S. Krishnan’. It will be noticed that for spherical isotropic particles 
its value is zero, while for small non-spherical or non-isotropic particles, 
its value is unity. The value of p, would thus be a very sensitive indicator 
both of the shape and size of the particles. Any departure from the zero 
value would indicate lack of sphericity or isotropy ; any departure from the 
unit value would indicate an appreciable size no longer small in comparison 
with the wave-length of light. Intermediate values would be determined 
by the joint influence of size and anisotropy and would furnish information 
supplementing the indications given by a comparison of p, and p,. It 
seems not unlikely that a method might be evolved for distinguishing between 
the effects of non-sphericity and non-isotropy, depending on a comparison 
of the magnitudes of p,, p, and p, in the case of particles of finite size. This 
would however depend on a fuller theoretical knowledge than we possess 
at present of the scattering of light by large non-spherical and anisotropic 
particles. Methods of determining the size, shape and structure of ultra- 
microscopic particles purely by observations on light-scattering cannot fail 
to be of value in the investigation of colloids. In the present paper, some 
preliminary studies of p,, p, and p, for a number of typical colloidal systems 
are described merely by way of illustration of the foregoing introductory 
remarks. It is hoped to carry out and publish more exhaustive and critical 
measurements in due course. 


2. Experimental. 


Light from a 1000 c.p. tungsten are pointolite lamp was condensed at 
the centre of a rectangular glass cell which was painted dull black, excepting 





* Gans, Ann. d. Phys., 1920, 62, 331. 

6 Isnardi, Ann. d. Phys., 1920, 62, 573. 

* R. S. Krishnan, Proc. Ind. Acad. Sci., 1934, 1, 212. 
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for three openings, two for the entry and the exit of the incident beam of 
light and the third for the observation of the scattered light exactly opposite 
to the focus of the track in the disperse system inside the cell. Thus, observa- 
tions were confined to the focal point, in the neighbourhood of which the 
track of the incident beam of light could be considered parallel. The glass cell 
was kept in a bath of water the temperature of which could be maintained 
at any desired value. Provision was made for interposing suitable light filters 
in the paths of the incident and scattered beams. The incident light could 
be polarised in any plane with the help of a nicol suitably mounted. For 
depolarisation measurements, a double image prism combined with a nicol 
was used as usual. Particular care was taken to cut out all stray light. 

Sulphur Suspensions.—The colour phenomena exhibited by sulphur 
suspensions have attracted much attention. The late Lord Rayleigh studied 
the colour and polarisation of the light scattered in different directions by 
very fine suspensions of sulphur. B. B. Ray? has made experiments with 
much larger particles and has treated the problem more elaborately, obtaining 
some remarkable results. Raman and Ray!® have considered the question 
of the transmission colours of the sulphur suspensions. With a view to 
obtain an idea of the state of the sulphur particles in this condition, measure- 
ments p,, p, and p, were carried out. The suspension was prepared as 
follows: About 8 to 10 drops of a very weak solution of sodium thio- 
sulphate were added to a large quantity of double distilled water. On adding 
3 to 4 drops of very dilute sulphuric acid and stirring a little, a fine suspen- 
sion of sulphur was formed. The scattered light varied in brightness and 
colour gradually as the suspension formed and when observed through a 
nicol changed as the nicol was rotated about its axis. The measurements 
were made after some time when the conditions appeared to have become 
fairly stable. The following values of depolarisation were obtained with a 
particular sample of the solution. 





| 





First measurement After 6 hrs. 
hr | 48%, 70% 
Ph 54% 7% 








8 Lord Rayleigh, Loc. cit. 
® B. B. Ray, Proc. Ind. Assocn. for the cult. of Sci., 1921, 7, 1. 
10 Raman and Ray, Proc. Roy. Soc. (A), 100, 102. 
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of It is well to remember that it is only the order of magnitude of the values 
ite that is important, and much significance cannot be attached to the actual 
= values in view of the fact that the colours of the two components to be 
the compared were different. ‘The change in the value of p, from 48% to 70% 
ell indicates either inciease in size or anisotropy of shape or structure or both. 
ed The change of p, ‘rom 3% to 6% indicates that there is a definite increase 
- in anisotropy. The values of p, tell us that we are dealing with fairly large 
ud particles and afford further evidence for the small increase in anisotropy. 
ee In view of these considerations, it is obvious that the large increase in p, 
ol is mainly due to increase of size. It may be pointed out that it would be 
interesting to observe the phenomena and make measurements in the earlier 
ur stages of precipitation. 
ed Emulsions —An emulsion of castor oil in water was examined. This 
“é was made by boiling a large quantity of double distilled water into which 


3 to 4 drops of castor oil were added in a flask stoppered with a one-holed 
© cork into which was introduced a spiral condenser made to stand vertically ; 


w cold water was being circulated continuously. After some hours, the water 
od in the flask became turbid. The system was allowed to cool and the emulsion 
gi obtained was transferred to the glass cell with the help of the separating funnel 
- which served to separate the oil layer from the emulsion. The following values 


of depolarisation were obtained :— 

. Pu = BBY, Po = 1% pr = 13% 

There was no measureable change with time. If the particles were spherical 
in shape and isotropic, then p, and p, would both have heen equal to zero 
and in this case, p, would be a measure of the size of the particles. The 
departure of p,*and p, from the zero values indicates that the particles were 
not spherical in shape. This seems a very surprising result for an emulsion 
of one liquid in another, and the matter obviously demands further examina- 
tion. 

Arsenic sulphide suspension.—The depolarisation of Tyndall scattering 
in colloidal arsenic sulphide has been studied by Lange.!! He used incident 
unpolarised light. Results of the measurements of p,, p, and p, ina particular 
sample of the suspension are given below. The colloidal solution was prepared 
by adding a drop of pure arsenic trichloride solution to a large quantity of 
double distilled water and passing a small quantity of hydrogen sulphide gas. 
Then hydrogen was bubbled through the system till the smell of hydrogen 
sulphide was completely removed. The suspension appeared yellow with a 
greenish tinge in reflected light whereas it appeared orange in transmitted 


2 Oo HW &P fu 





11 Lange, Loc. cit. 
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light. The two components of the scattered light as seen through the double 
image prisin were different in colour. With a blue filter in the path of the 
incident beam, the two components appeared green whereas with a red filter 
both appeared red. The values of the depolarisation were different for 
different colours. 








| Fresh sample After 5} hrs. After 184 hrs. 
Blue 13 -4% 23 5% 27 -1%, 
Pu 
Red 4-7 %, 11-5% 16 % 
Po 2-1% 4-9%, | 69% 
Ph 90 % 2 % 5B 

















A comparison of the values of p,, p, and p, indicates that the increase with 
time in the values of p, (both for blue and red) is due to increase in size 
as well as anisotropy of the particles. While p, by itself indicates an increase 
in the asymmetry of the particles, the values of p, in this case indicate defi- 
nitely that the particles increased in size with time. Great importance 
cannot be attached to the numerical vaiues because of the difficulty of 
comparing the two components of the scattered light which are different in 
colour. 

Protein solutions.—The intensity and depolarisation of light scattered by 
agar sols and gels at various concentrations and at various temperatures have 
been studied by Donnan and Krishnamurthi.2 Kraemer and Dexter!? have 
made studies of the intensity of scattered light in aqueous gelatin solutions 
at various p, values and found that the maximum Tyndall effect located 
the p, determining the iso-electric points. It has been known that the 
phenomena exhibited by protein solutions on either side of the iso-electric 
point are carried to an extreme at this point. With a view to consider this 
question the measurements were made of p,, p, and p, in casein solutions 
on either side of the iso-electric point of casein (p, = 4-7). 

Casein solutions of the same concentration but of different values were 
obtained by dissolving 60 gms. of casein in 115c.c. of -331 N sodium hydroxide 
solution, making up the volume to 1000 c.c. and adding the appropriate buffer 
(sodium phosphate and citric acid in suitable proportions). While the light 
scattered by solutions having their px values sufficiently remote from 4-7 on 





12 Kraemer and Dexter, Journ. Phys. Chem, 1927, 31, 764. 
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either side of it exhibited similar properties both as regards colour and polari- 
sation, the light scattered by the solution whose p, = 5 (in the immediate 
vicinity of the iso-electric point) showed peculiar properties. The scattered 
light was slightly red in colour while in other cases it was not coloured. The 
values obtained for the depolarisations were the following :— 








After 36 hrs. After 60 hrs. 
Pu 43 «8% 48 -1% 57-38% 
Pu = 2-2 Pv 19-4% 24-3% 26 -5% 
Ph 34-0% 58 -9% 30-7% 
Pu 86 -9% 98 5% 100 % 
py. = 5 Pr 78 3% 100 % 98 -2% 
Ph 87-0% | 93:2% 954% 
Pu 33 3% 56 -8% 66 -8% 
Dy = 6 Po 18 -9%, 197% 27-1% 
Ph 21-7% 40 +5°% 28 -3% 











It may be mentioned that the values can be taken merely qualitatively and 
no exact quantitative significance can be attached to them. However in 
the case of the solution at p, = 5 it was found, as is shown above, that the 
scattered light was almost always unpolarised irrespective of the state of 
polarisation of the incident light. By looking through the double image 
prism, it was practically impossible to decide which of the two images was 
the stronger. By interposing suitable light filters in the path of the incident 
and scattered beams, it was made certain that the effect was not due to the 
existence of fluorescence. The values of p, and p, indicate that at the iso- 
electric point we are dealing really with particles that are large and also highly 
anisotropic. 


The enzyme “‘Trypsin”’ is known to hydrolyse casein. The polarisation 
of light scattered by a sample of casein solution (p == 7-7, 2% concentration), 
freshly made, was examined. The enzyme was added and the observations 
were repeated at intervals of every one hour till the proteolysis was complete. 
There were no measurable changes in the depolarisation, though after a 
long time the solution, which was turbid to start with, had become clear. 


In conclusion, it is my pleasant duty to express my grateful thanks to 
my Professor Sir C. V. Raman for his kind interest and inspiring guidance. 
I must also express my indebtedness to Mr. M. Sreenivasaya of the Bio- 
chemistry Department of the Institute for the kind help rendered by him, 





D. S. Subbaramaiya 


Summary. 


The depolarisation of the light scattered by colloids requires in general 
to be expressed by three measurements, namely, those of p,, p, and p, where 
p indicates the ratio of the intensity of the weak to the strong component 
of intensity in the transversely scattered light and the subscripts , , ; 
indicate respectively that the incident light is unpolarised, plane-polarised 
with the electric vector vertical, and plane-polarised with the electric vector 
horizontal. Measurements of p,, p, and p, have been made for the following 
colloid systems: (1) Sulphur suspensions in water, (2) Castor oil emulsions 
in water, (3) Arsenous sulphide solutions in water, and (4) Casein solutions at 
various p, values. The results are discussed, and it is shown that the 
inter-comparison for the values of the three quantities furnishes more informa- 
tion regarding the size and the anisotropy of shape or structure of the particles 
than the measurement of any one or even two of the three quantities would 
have indicated. 
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1. Introduction. 


THE study of the size, shape and structure of the particles in colloidal suspen- 
sions is obviously a matter of great interest. Amongst the methods available, 
one of the most useful and important is that based on the study of the 
Tyndall effect or light scattering in the solutions. This includes the measure- 
ment of the intensity of the Tyndall effect as well as the determination of the 
state of polarisation of the transversely scattered light. To obtain the maxi- 
mum of information regarding the condition of the particles, it is not sufficient 
to measure the depolarisation employing incident unpolarised light as is usually 
done. For, the depolarisation actually observed may arise from two causes, 
(1) the size of the particles being comparable with the wave-length of light 
and (2) the varying orientations of the particles which may be non-spherical 
in shape or anisotropic in structure. In the case of particles which are 
spherical in shape and isotropic in structure, the size of the particles can be 
calculated from the observed depolarisation using incident unpolarised light 
and the formule for the intensity of scattering derived by Mie.! In the 
general case, however, to separate the effects of finite size from those due to 
the non-spherical shape or anisotropy of the particles, the depolarisation of 
the Tyndall scattering should be measured with the incident light, (1) un- 
polarised, (2) vertically polarised and (3) horizontally polarised, giving us 
the three quantities, p,, p, and p,.* The importance of measuring all these 
three quantities was pointed by the author in a previous paper entitled 
“Optical evidence for molecular clustering in fluids’.? In a paper having 
the same title as this paper and appearing in these Proceedings, Mr. Subba- 
tamaiya? has published some measurements of the three quantities p,, py, 
and p, in colloidal solutions and emulsions. The object of the present 
investigation is to obtain a relation connecting the three quantities p,, p, 
and p; and to test the same with the aid of the data obtained by him. 





* The depolarisation is defined as the ratio of the weak to the strong component. p 
as thus defined is the reciprocal of the Py used in the author’s earlier paper quoted below. 
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2. Theoretical Considerations. 


In obtaining an expression for the depolarisation of Tyndall scattering in 
colloids, one has to take into consideration the optical properties of the 
colloidal particles, their distribution and orientations in space, the field acting 
on them and the nature of the surrounding medium. The scattering by 
the surrounding medium which is in most cases water can be neglected com- 
pared with that of the colloidal particles. It is assumed that the particles 
are polarisable differently along the three mutually perpendicular directions 
fixed in them. All the particles can be supposed to be identical in size, 
shape and structure, their freedom of orientation is assumed to be unrestricted 
and their distribution in space is taken as random. 


Depolarisation due to “Orientation Scattering’’.—In the case of small 
anisotropic particles with unrestricted freedom of orientation, the difference 
between the intensity of scattering actually observed and that which would 
be observed if the particles were replaced by spherically symmetrical particles 
of the same average polarisability, gives us a measure of the scattering due to 
the varying orientations of the anisotropic particles. The law of distribution 
in direction of the orientation scattering by small ellipsoidal particles has 
already been indicated by Gans.* Inthe case of larger colloidal particles also, 
the diminution in the intensity of scattering caused by the replacement of the 
actual particles by spherical and isotropic particles having the same volume 
and the same average polarisability, may be defined as the scattering arising 
from the varying orientations of the colloidal particles... We may also assume 
that the law of distribution in direction of the orientation scattering by larger 
particles is the same as that for very small ones. Prima facie, this assumption 
does not seem unjustifiable, since in the case of very small particles, the law 
of distribution in direction of the orientation scattering is derived from kine- 
matical considerations based on their unrestricted freedom of orientation, 
and the same considerations would apply equally also in the case of larger 
particles so long as the freedom of orientation is unrestricted. 


Let a beam of plane polarised light be incident along the x-axis of a system 
of co-ordinates x, y, z with the electric vector along the z-axis. Let the x-y 
plane be the horizontal plane, the transverse observation being made along 
the y-axis. The two components, 7.e., x and z components of the scattered 
light will be along the horizontal and vertical planes respectively. The 
horizontal and vertical components of the intensity of the orientation scatter- 
ing when the incident electric vector is vertical are A and 4/3 A, where A is 
a constant depending on the incident electric intensity and also on the nature 
of the scattering particle. When the incident electric vector is horizontal, 
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the two components of the intensity of scattered light are A and A respec- 
tively. For incident unpolarised light the two components are 2A and 7/3A. 


in 
he Depolarisation due to finite size-—According to the theory of ord Ray- 
ng leigh5 and G. Mie® a spherical isotropic particle of finite size does not actually 
yV depolarise the light scattered by it. The depolarisation observed when the 
n- incident beam is unpolarised is only apparent, since when the incident beam 
es is polarised with its vibrations vertical or horizontal, the light scattered 
ns transversely in the horizontal direction is also completely polarised. If the 
e, horizontal component of the intensity of the scattered light with the incident 
d electric vector horizontal be denoted by X, the vertical components of the 
same is zero. If the vertical component of the intensity of the scattered light 
with incident electric vector vertical be denoted by Z, the horizontal compo- 
i nent of the same is zero. The values of X and Z in terms of the size and 
. refractive index of the particles have been given by Mie.?7 The ratio X/Z 
. i.e., the apparent depolarisation due to finite size is a function of the size 
; of the scattering particles. 


The depolarisation due jointly to finite size and varying ortentations.— From 
the manner in which the orientation scattering is defined, the individual 
effects arising from the finite size and varying orientation of the anisotropic 
particles can be added to get the resultant effect. 

TABLE I. 





| 
| Direction of Horizontal com- 


| Vertical component; 








—— —— —— | of scattered light Depolarisation 
1, Vertical A Z+4/3 A py = A/(Z + 4/3 A) 
2. Horizontal | X+A A p, = A/(X +A) 
3. Unpolarised | X +2A Z+i7/3A “ie _& + 2A) 
| PoC +79A) 








The three quantities p,,, p, and p, are seen to be related to one another thus :— 
Pu = (1+ 1/p,)/(1 -+ 1/pp)- 

From a knowledge of any two of the three quantities, the third can be calcu- 
lated. From p, and p, alone, the components X and Z can be evaluated 
in terms of the orientation scattering component A. The depolarisation 
X/Z due to finite size can also be calculated. Moreover, this method afford s 
an estimate of the relative importance of the orientation scattering and the 
scattering due to finite size. 
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3. Numerical Calculations. 

The experimental data reported in the preceding paper by Mr. Subba- 
ramaiya® with colloids, emulsions and protein solutions are employed in 
this paper for a test of the relation between p,, p, and p,. 

(a) Arsenic Sulphide Suspensions. 
TABLE II. 





Depolarisation Fresh sample After 5-5 hrs. After 18 -5 hrs. 





pe | 1% 4-9% 6-9% 
Ph Yo 70 % 55 % 
px (Calculated) 11-56% 6% 


11-5% 16 % 





| 
| 
| 
| 
| 


pu (Observed) 








The respective values of X in terms of A are 0-14, 0-4A and 0-8A. The 
values of Z are 46A, 19A and 13A respectively. The relative values of X, 
A and Z for the fresh sample show that the particles are at first small, but 
nevertheless are definitely anisotropic. The relative values of X, Z and A 
in the later stages indicate that the particles grow in size with time and simul- 
taneously become more and more irregular in shape or anisotropic in structure. 
The excellent agreement between the observed and the calculated values of p, 
illustrates the validity of the assumptions made regarding the law of distribu- 
tion in direction of the orientation scattering for large particles. 
(b) Castor-Oil Emulsion. 
TABLE III. 





Depolarisation Fresh sample 





Pe 7% 
Ph 13% 
a 


Py (Calculated) 57% 


pu (Observed) 55% 








X = TA. Z =13A. 
In this case, the size effect preponderates over the orientation scattering. 
Nevertheless, the emulsified particles show a definite optical anisotropy. Prima 
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facie, it might have been supposed that the emulsified drops of one liquid 
suspended in another would have been spherical in shape and isotropic in 
structure. Since, however, the observations indicate an optical anisotropy, 
we have to infer that the droplets stick together forming irregularly shaped 
groups or else that the Brownian oscillations in shape of the particles may 
give rise to an observable depolarisation. 

(c) Sulphur Suspensions. 








TABLE IV. 
Depolarisation Fresh sample After 6 hrs. 
Pv 3. % 6% 
Ph 5 +5% | 7% 
Pu (Calculated) | a * 86% 
py (Observed) 48 % 70% 








X =17A and 13A respectively, while Z = 32A and 15A respectively. 
From the above table it is seen that as time progresses the particles grow 
bigger and bigger in size, and the shape becomes more and more non-spherical. 
The agreement with thoery is not so good as in the previous cases and it would 
be interesting to have some further data. 


(d) Casein Solutions. 























TABLE V. 
| | | 
P, | Depolarisation | Fresh sample | After 36hrs. | After 60 hrs. 
| | | 
| pe 19-4% 24 «3%, 26 -5%, 
| Ph 34% 58 -9% 30-7% 
2-2 | Pu (Calculated) 64 % 5S % so » 
| Pu (Observed) 44 % 48 % 58 % 
} 
Pv 78 3% 106 6% 98 -2% 
Ph 87 % 93 -2% 95 -4% 
5 p,, (Calculated) 4% % % % 98 % 
(reversed ) (reversed) 
Py (Observed) a oS 98 -5% 106 % 
Pv 12 &% 19-7% 27-1% 
| Ph a 40-5% 28 -3% 
6 | py (Calculated) 89 % aT | 9% % 
| py (Observed) 33 -3% 56-38% 66 -8% 
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In this case, the theoretical relation between p,, p, and p, is not found to be 
in accordance with fact, and several anomalies are observed. It appears 
likely that in the case of protein solutions, the assumptions on which relations 
between the three quantities were derived, namely the independence of the 
particles as regards spacing and orientation, are not always valid. The matter 
however requires further theoretical and experimental examination. 


In conclusion, the author wishes to express his grateful thanks to Professor 
Sir C. V. Raman, Kt., F.R.S., N.L., for rendering valuable help and guidance 
during the progress of this investigation. 


4. Summary. 


In this paper, an attempt has been made to obtain theoretically the 
relationship between the depolarisations p,, p, and p, of the Tyndall scatter- 
ing in colloids where p,, p, and p, are the depolarisations of the transversely 
scattered light when the incident light is (1) unpolarised, (2) horizontally 
polarised, and (3) vertically polarised respectively, the plane of observation 
being the horizontal plane. The total scattering observed in the case of 
colloids and emulsions is divisible into two parts, (1) the scattering arising from 
the finite size of the particles assumed to be spherical and isotropic and (2) 
the scattering arising from the varving orientations of the actual non-spherical 
anisotropic particles. It is assumed that the law of distribution in direction 
of the orientation scattering by larger particles is the same as that for very 
small ellipsoidal particles. The following numerical relationship is then 
derived between p,, p, and p,, namely, 


Pu = (1 + 1/p,)/(1 + 1/2) 
Using the experimental values for the depolarisation obtained with arsenic 
sulphide sols, castor oil emulsions and sulphur suspensions, it is found that the 
formula obtained is in satisfactory agreement with observations. In the 
case of protein solutions, however, certain anomalies are observed. The 
method of separating the observed scattering into the two parts as stated, 
and of calculating the size of the particles from the observations is also indicated. 
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WoEHLER and RODEWALD! prepared subhalides of calcium, directly chilling 
suddenly a mixture of dihalide and metal after heating it for some hours 
to high temperatures, where the equilibrium of the reaction 
CaX, + Cassy 2CaX 

is shifted to the right. It seemed therefore to be of interest to investigate 
the absorption spectrum of the calcium sub-iodide prepared in this manner. 
Equal molecular amounts of Cal, and Ca metal were heated in a steel bomb 
for 10 to 12 hours at a temperature of 800 till 900°C. and chilled in water 
of 0°C. The yield contained besides CaI, and Ca, a large amount of yellow- 
brownish crystals. Similar results were obtained by heating two equivalents 
of Ca with one equivalent of iodine. The crystals are extremely reactive 
and are attacked at once by oxygen. They react with all organic substances 
but can be preserved for a short time under carbon disulphide. The whole 
yield was therefore at once covered with CS», and the brown crystals collected 
under a microscope. The crystals thus collected in CS. were then introduced 
in an absorption tube of fused silica, the carbon disulphide was pumped off 
and the substance heated in vacuum at various temperatures between 800 and 
1100°C. As source of light the continuous spectrum of hydrogen was used 
for the ultra-violet, a point light lamp for the visible region and various 
spectrographs used as resolving instruments. Two absorption tubes of 10 
and 20 cms. length were used. The plates obtained were measured by the 
recording microphotometer. 

The results were by no means always identical. Sometimes the bands 
of iodine vapour appeared in the visible, sometimes they were replaced by 
a weak pseudo-continuous spectrum with a maximum at 5600 A.U. An 
end-absorption in the ultra-violet was always observed on all plates of the 
quartz spectrograph, whether or not the iodine spectrum appeared in the 
visible. The composition of the vapour varies apparently not only with 
temperature but also with the speed of heating. The optimum temperature 
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for the existence of the subiodide CaI seems to be about 850°C., higher 
temperatures and slow heating favour its subsequent decomposition. 

The visible spectrum belongs certainly to free Iz molecules. This is 
obvious for those plates, on which the band structure can be distinguished. 
The continuous absorption with a maximum of intensity at 5600 A.U. is 
obviously the envelope of this band spectrum, more vibrational levels of 
the ground-state of I, being excited on account of high temperature and 
pressure, the more so since the same envelope as selective absorption of the 
violet iodine solution has its maximum at about 520 till 540 my. Thus even 
in the non-decomposed vapour of Cal traces of free I, are often present. 
The brown colour of the crystals is almost certainly due to them since Hilsch 
and Pohl? have shown that the selective absorption maximum of thin layers 
of solid iodine is shifted towards shorter wavelength (at about 450 my 
according to their graph) which accounts very well for the brown colour. 
This is also the region in which the selective maximum of the brown solu- 
tions of iodine lies. 

From this point of view it would appear as if the calcium subiodide 
prepared in this manner is only a mixed crystal or a solid solution. The 
existence of a true molecule Cal is, however, borne out by the extremely high 
reactivity of these crystals. They behave exactly like free radicals. That 
is just what we have to expect of a sub-halide in which the metal atom still 
possesses a free valency. Since the end absorption in the ultra-violet occurs 
also on such plates on which the absorption in the visible is nearly or com- 
pletely absent, we infer that this is the real absorption of the CaI molecule. 
It could be said, that this continuum belongs to the ultra-violet band system 
of I,, since also the band system in the visible part occurs sometimes as a 
pseudo-continuous spectrum. Indeed the ultra-violet system is known to 
extend at very high pressures and temperatures from shorter wavelengths even 
till 2700 A.U. The condition in our experiments are, however, nothing 
comparable to that. The absorption curve of violet iodine solution shows 
further, that the absorption coefficient for the ultra-violet ascent at about 
230 mp has about the same value as for the maximum at about 540 my and 
we obtained a number of plates on which the absorption was already com- 
plete at 2300 A.U. whereas that in the visible was either completely absent 
or very weak. We feel justified therefore in ascribing this end-absorption 
and only this to the molecule CaI. The red wavelength limit of this con- 
tinuum lies at about 2350 A.U. or 42540 cm.-! = 5-3 volts = 121 kcal/mol. 
Bands are not observed. 


To compare the above value with thermochemical data we have to 
calculate the heat of formation of Cal. from the atoms. Neither the heat 
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of sublimation of Cal, nor its boiling point are known and we compute the 
latter from the melting point and the melting and boiling points of the other 
calcium halides, to~790° C. By Grueneisen’s formula? we obtain 28-5 
kcal/mol. for the latent heat of evaporation and by Walden’s formula‘ 13-7 
kcal/mol. for the latent heat of melting. Thus we obtain~ 42 kcal/mol. for the 
heat of sublimation, while by the formula of Forcrand® we obtain 35 kcal/mol. 
Therefore we use the mean value which is 39 kcal/mol. Taking the other 
values from Landolt Boernstein’s tables we calculated the atomic heat of 
formation of Cal, as follows*:— 
[Ca] -++ [I] = [Cal] + 128 kcal/mol. 
(Ca) (Cal + 43 
(;) =(b] + 3 
21) = (I) +: 36 
[Calg] = (CaI,) — 39 
(Ca) + 2(I1) = (Calg) + 171 kcal/mol. 

It has been shown, however, by Sponer,® that the dissociation of the 
first halogen atom of a dihalide of the second group requires considerably 
more energy than that of the second one. For mercury dichloride the 
figures are as follows :— 

Hg+Cl = HgCl + 32 kcal. 

Hg +2Cl = HgCl, + 104-5 kcal. 
A completely satisfactory explanation of this phenomenon has not yet 
been found but the fact remains and so we estimate the energy of the first 
Ca—I bond as about 2-5 volts in agreement with the known value of the 
energy of dissociation of other subhalides of this group. The continuous 
end-absorption with this belong to the transition from the ground-level of 
the molecule to a steep repulsive curve as in molecules like CH3I.7 








There remains of course another possible explanation, which cannot be 
excluded by the present experiments, #.e., that the vapour consists of poly- 
merised molecules (CaI)2. Comparing thermochemical data of molecules 
like Hg.X., we may say that nothing indicates such a view. Since, how- 
ever, the chemical composition of the crystals obtained according to Woehler 
and Rodewald is not beyond doubt, all our conclusions have to be taken 
with some reservation. 

An interesting point is the absence of any bands. The absorption 
spectra of the oxides and sulphides of the second group have shown that 
the known emission bands do not appear in absorption and it has been 





* Square brackets = solid, ( ) = gaseous state. 
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pointed out that this agrees with the existence of a repulsive term involving 
the !S level of these metals.7 Walters and Barratt® have, however, recorded 
also three sets of absorption bands of Cal, between 6600 and 6200 A.U., 
between 4330 and 4200 A.U., and from 3270 to 3120 A.U. We are not so 
sure whether the bands in the orange region are absent on our plates, since 
they may be overlapped by those of iodine. On those plates on which the 
iodine spectrum appears as a pseudo-continuous spectrum, we obtain some- 
times weak subsidiary maxima in the region of 6300A.U., but have not 
been able to identify bands due to Cal on other plates among the I, bands. 
Bands in the blue and ultra-violet region are, however, certainly missing. 
It seems not impossible that the second and third set recorded by Walters 
and Barratt do not belong to the CaI molecule at all, since a great 
number of bands obtained in their experiments have been shown to belong 
to impurities.® 
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1. Introduction. 


In the paper* on microseisms associated with disturbed weather in the 
Indian Seas, I gave definite experimental evidence which showed that 
microseisms were due to the disturbance of pressure at the bed of the sea 
produced by sea-waves. The most important evidence was that micro- 
seisms were recorded as soon as a storm was formed either in the mid-Arabian 
Sea or in the mid-Bay of Bengal, five or six hundred miles away from the coast. 
In the storm area, tremendous waves were produced, which must have 
caused in some way or other disturbance of pressure at the bed of the sea, 
giving rise to the microseisms recorded. The microseisms could not be due 
to the waves travelling over shallow water near the coast, because the storm 
area was so far away that the waves would take 2 or 3 days to reach shallow 
water; the microseisms were recorded soon after the storm developed and 
not 2 or 3 days after it formed. 


It was shown in the paper referred to above that if the assumption was 
made that the sea-waves caused a disturbance of pressure at the bed, then 
expressions could be obtained for the microseisms, from theoretical consi- 
derations, which explain. correctly their observed periods and amplitudes 
at a distant station. The expressions also give correctly the ratio of the 
horizontal to the vertical component of microseisms (see Appendix). Some 
difficulty was, however, experienced in explaining the mechanism by which 
the disturbance of pressure was communicated to the bed of the deep sea. 
The ordinary hydrodynamical theory, which assumes irrotational motion and 
no viscosity or compressibility, shows that there is no disturbance of pressure 
at the bed of a deep sea. When eddy viscosity is taken into consideration, 
it is found that the disturbance due to the waves will take several hours to 
reach the bottom of the sea. In the treatment adopted in the paper referred 
to above the sea was divided into two parts: 





+ The publication of this paper has been delayed for nearly two years owing to my other 
pre-occupation. 
* Phil. Trans. Roy. Soc. (A), 1930, 229, 287-328. 
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(1) a superficial layer (marked ‘A’ in Fig. 1), and 
(2) the sea underneath right down to the bed (marked ‘B’ in Fig, l). 
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Fie. 1. 

It was considered that in the superficial layer the surface waves behave 
in the same way as in a shallow sea so that on the horizontal plane X” un- 
derneath this layer, there is a disturbance of pressure equal to gp (h +n) 
where 7» is the ‘elevation’ of the surface waves and h the depth of the plane 
below the equilibrium surface. It was assumed that the sea underneath 
this superficial layer transmitted this disturbance of pressure to its bed in 
some way or other, almost undiminished in intensity. The pressure at the 
bed X of the sea was therefore taken to be simply equal to gp (d+h-+m), 
d being the depth of the sea below the superficial layer. 

The above consideration clearly assumed that the disturbance was 
transmitted like that of sound by the property of compressibility, but when 
that paper was written, it was not quite clear to me how this compressibility 
of water was brought into play. 

Since then I have carried out a series of experiments} in order to deter- 
mine the effect of viscosity and compressibility in the transmission of dis- 
turbance of pressure to the bed of the sea. The best way of performing 
these experiments appeared to be to imitate the conditions in the sea in a 
small masonry tank and photograph the disturbance of pressure at various 
depths. Accordingly experiments were made in several tanks and mainly 





¢ A preliminary note on the subject was published in Current Science, July 1932. 
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in a circular masonry tank of diameter 210cm. and depth 108cm, This 
tank was of very strong construction, the walls being 18 inches thick so that 
vibrations due to the movements of observers were not communicated into the 
water. The experiments showed that even when the waves were of such small 
wave-length, as 3 or 4 cm. only, there was a definite disturbance of pressure 
at the bed of the tank and that the disturbance takes only a fraction of a 
second to reach a depth of one metre. ‘The manner in which the disturbance 
of pressure decreased up to a certain depth and then increased clearly sug- 
gested that the compressibility of water, which is neglected in hydrodyna- 
mical equations, plays a very important part in the communication of dis- 
turbance to various depths. 


That the compressibility of water plays a very important part in the 
propagation of waves in water becomes abundantly clear from many experi- 
ments. If in a liquid enclosed by fixed boundaries, an arbitrary variation 
of pressure is caused at some point of the boundary, then the pressure at 
all points rises or falls by equal amounts, the disturbance being propagated 
with the velocity of sound. It is this compressibility of water which 
has made the sound echo method successful in the sounding of depths 
of sea. 


Accordingly the theory of microseisms has been worked out by intro- 
ducing into the usual hydrodynamical equations the terms involving com- 
pressibility. It will be seen that the amplified theory gives a satisfactory 


explanation of all the observed facts. 


Since the previous paper was written, two Milne-Shaw seismographs 
have been installed at Calcutta and at an inland station, Agra, for the pur- 
pose of recording microseisms, and particularly to find out the effect of 
travel on microseisms over extensive land areas. While the magnification 
of the N-S and E-W components at Bombay were 250 and 350 respectively, 
and that of N-S component at Calcutta 250, the Agra instrument, which 
is about 700 miles away from the nearest sea-coast, had to be maintained 
at a magnification of about 650 times in order to have the recorded ampli- 
tudes of microseisms comparable with those at Calcutta and Bombay. With 
this arrangement, it was found that the microseisms due to storm either 
in the Bay of Bengal or in the Arabian Sea were recorded by instruments at the 
three stations. When a storm is in the Bay of Bengal, the Calcutta instru- 
ment records microseisms of a complex type, with irregular variations of 
amplitude, but at Bombay and Agra, the minor complexities are wiped out 
as a consequence of distance of travel, but the irregular variations of ampli- 
tude remain. Similarly when there is a storm in the Arabian Sea, the 
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Bombay records are of complex type with irregular variations in amplitude, 
while in the Calcutta and Agra records the minor complexities are wiped 
out but the irregular variations of amplitude remain. The local geological 
conditions differ widely at Bombay, Calcutta and Agra and the observations 
show that their effect on microseisms is of a minor nature. The minor 
complexities are wiped out at distant stations as a pure effect of dissipation 
owing to distance of travel. Typical records of microseisms at Calcutta, 
Bombay and Agra due to disturbed weather in the Bay of Bengal have 
been given in Plate XXVI. 


2. ‘True’ and “ False’? Microseisms. 


It does not appear to be realised by every worker that unless extreme 
care is taken in the installation and the working of a seismograph, the 
records of microseisms may very easily be faulty. Quick-run records} of 
gusts of wind indicate that these generally have the same periods as the 
microseisms (Fig. 2). Consequently these constitute very important disturb- 
ing factors in the case of most seismographs. 
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Anemogram at Bombay with usual speed increased threefold. 





Fic. 2(a). 








+ “The Structure of Wind over Level Country,” London M. O. Geophysical Memuirs, 
1932, 54. 
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H. Fia. 2(b). Microseisms at Kew by Galitzin Seismograph (copy). 


Fia. 2(c). Typical quick-run record of gusts (copy). 


How a seismograph can be profoundly affected by rapid pressure varia- 
tions in the air was made vividly clear to the present writer when he observed 
some years ago that each one of the 31 gun-fires made in salutations of the 
outgoing and incoming Viceroys respectively from a battery couple of hundred 
yards away produced definite oscillations (Fig. 3) in two most carefully in- 
stalled seismographs in an underground room in Bombay, calculated to be 
amply protected from sudden pressure fluctuations in the air. That the 
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Fic. 3. Records of salutation gun-fires by Milne-Shaw Seismograph at Bombay 
on the occasion of the arrival of H. E. the Viceroy (Lord Willingdon). 
(Interval between consecutive breaks equals one minute of time.) 


impulses recorded by the seismographs were due to actual pressure pulses 
teaching the instruments and not to reaction with the ground of the saluta- 
tion guns, which are mounted on wheels, is confirmed by observations of 
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artificial vibrations* produced in the ground. Such vibrations do not 
ordinarily penetrate more than 4 or5 feet below the surface and their 
amplitude diminishes rapidly with distance. 

Later on experiments were made with seismographs which were insuffi- 


ciently protected from the effects of gusts of wind and these showed that 
One minute 
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Fig. 4(a). Records of microseisms showing effect of gusts of wind. (Magnification: 275.) 
(The amplitude has shown increase or decrease according to strength of wind.) 


Fia. 4(b). Records ‘of microseisms showine:- effect of gusts a leuk: 
(Magnification: 1000.) 





* “On Artificial Vibrations produced in the Ground,” IJnd. Journ. of Phys., 1933, 8, 
Part II, 95-121. 
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under such conditions the microseisms recorded were largely ‘‘false’’ micro- 
seisms produced by gusts of wind. Figs. 4a and 4b give the records ob- 
tained with two seismographs (magnifications of ground movements: 275 and 
1000 respectively) installed in an over-ground room, with thick wooden 
walls, on pillars isolated from the floor of the room. The variation in the 
intensity of microseisms in both cases followed the variation in the intensity 
of the wind and the periods of microseisms agreed with the periods of the 
gusts of wind. ‘The effect of pressure fluctuations which have direct access 
to a seismograph should not be confused with the effect of free vibrations 
which might be excited in buildings or trees. The latter has periods less 
than 0-1 sec., but the former has larger periods and behaves in the same way 
as the slow application of a pressure on the seismograph pillar, such as a 
weight slowly added to and withdrawn from the pillar. 

It is clear that if we are to protect a seismograph from the effect of 
pressure fluctuations due to gusts of wind, we must provide sufficient ‘‘dead”’ 
air all round it. 














Dead Air 
Dead Ain 


























_ 


ae 


Fig. 5. 


The best site for the installation of a seismograph is clearly a double- 
walled underground room. The “dead” air provided in this way in the 
channel round the instrument room acts as a damper to the communication 
of pressure fluctuations. It is, however, doubtful whether the provision 
of a single layer of ‘“‘dead”’ air in this way completely eliminates the effects 
of pressure fluctuations, In the Colaba Observatory, the two Milne-Shaw 
seismographs are installed with elaborate precautions as shown in the above 
diagram and in spite of this they recorded the salutation gun-fires. That 
the provision of the underground “dead” air space had a considerable 
damping effect on the pressure fluctuations was, however, made perfectly 
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clear by installing temporarily a Milne-Shaw seismograph in a single-walled 
overground room. 

It does not appear that as a rule adequate precautions are taken in 
observatories for the protection of their seismographs against rapid pressure 
fluctuations in the air. The microseisms recorded appear in many cases 
to show unmistakable signs of gust effect. The effect of gusts which is 
mixed up with true microseisms is often underestimated. 


3. Effect of geological structure on muicrosetsms. 


A. W. Lee* has recently studied in some detail the effect of geological 
structure on microseisms. He employs Love’s analysis for a superficial 
layer with a view to show that the horizontal amplitudes of waves having 
the period of microseisms are affected more than the vertical amplitudes 
by such a layer and that their ratio depends upon the wave-length (or periods) 
and upon the composition and thickness of the layer. Even with the most 
favourable assumption relating to the composition of the layers he could not 
get the ratio of the horizontal to the vertical amplitudes to be greater than 
4:3, whereasin many observatories, the observed ratio is as great as 3:1. 
Moreover at Kew and Abisko, the ratio was found to show practically no 
variation with periods and to show a very small variation at De Bilt only, 
agreeing very crudely with theory, which might be purely an accident. 
Lee’s analysis is applicable only to layers which are of infinite horizontal 
extent. In practice it is made applicable to layers which vary from locality 
to locality and are of extent small in comparison with or nearly equal to 
the wave-length of Rayleigh waves. This appears to be unsound. 


In analysis of this type we have to remember that there is an enormous 
increase of pressure and temperature with depth. The properties of the 
discontinuities under such conditions would be quite different from those 
in an isotropic non-gravitating elastic solid. Even if we ignore the varia- 
tion of temperature, we have a fundamental difficulty. Infact, Love! says, 


“A body in equilibrium under the mutual gravitation of its parts is 
in a state of stress, and when the body is large the stress is enormous. ‘The 
Earth is an example of a body which must be regarded as being in a state 
of initial stress, for the stress that must exist in the interior is much too great 
to permit of the calculation by the ordinary methods, of strains reckoned 
from the unstressed state as unstrained state.” Chree? emphasised the 

* Monthly Notices of R. A. S., Geophysical Supplement, 1932, 3, 83-105; 1934, 3, 238-252. 
1 Theory of Elasticity, Second Edition, pp. 107, 248. 
2 Chree, Phil, Mag., 1891, Ser. 5, 32. 
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difficulty and pointed out that in the case of the earth, the internal stress 
is much too great to permit of the direct application of the mathematical 
theory of superposable small strains. One way of evading this difficulty 
is to treat the material of which the earth is composed as homogeneous and 
incompressible. Later on, Lord Rayleigh? devised a method for dealing 
with the complication, which was as follows :— 


“The earth should be considered to be a body in a state of initial stress ; 
this initial stress may be regarded as a hydrostatic pressure balancing the 
self-gravitation of the body in the initial state. The stress in the body when 
disturbed, may be taken to consist of the initial stress compounded with an 
additional stress. The additional stress may be taken to be connected with 
the strain, measured from the initial state as unstrained state by the same 
formule as hold in an isotropic elastic solid body slightly strained from a 
state of zero stress.”’ ‘There is a certain ambiguity in this theory, but 
according to Love, the initial stress at a point of the body which is at (x, y, z) 
in the strained state should be the pressure in the initial state at that point 
which is displaced to (x,y,z) when the body is strained. For the investi- 
gation of transmission of waves through a superficial layer, Love* accordingly 
takes the equation of motion to be of the form 

o°u 

P se 

where P denotes a hydrostatic pressure. J,ove, however, assumes the ma- 

terial to be incompressible. Lee, on the other hand, assumes the material 

to be compressible, but neglects the hydrostatic pressure, and takes the 
equation of motion to be of the form 


o*u oA F 20 dA 
Pe = (A+ pb) > + eve; ye Ate) at eve 


A being the dilatation. 


If gravity and initial stress were taken into consideration, a correction 
will be required in Lee’s results but it appears from Love's investigation of 
the form of this correction that it will be small. It would thus appear that 
geological formation would not explain the observed ratio of the horizontal 
and vertical amplitudes, which varies from 0-6 to 3. 


2 


oP ow oP 
=—— + a: p-—— = — 2 
= = UYU; p se > + pYy*w 





On the other hand, working on the theory that microseisms are due 
to the disturbance of pressure at the bed of the sea, it was shown by me5 





8 Rayleigh, “On the Dilatational Stability of the Earth,” Proc. Roy. Soc. (A), 1906, 77. 
(Love, Some Problems of Geodynamics, 1911, p. 89.) 


* Some Problems of Geodynamics, 1911, p. 165. 
° Phil, Trans, Roy. Soc. (A), 1930, 229, 316. 
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that the ratio of the horizontal to vertical displacements of microseisms 
will be 3:1 in the bed of the sea and its neighbourhood (?.e., stations near 
the sea-coast), and that this ratio should decrease as we proceed inland to 
0-7: 1, in very close agreement with the observed ratios (vide Appendix), 
The geological formation will slightly augment this ratio at inland stations, 


4. Mechanism of the production of microseisms. 


Any disturbing factor which will give rise to persistent vibrations in a 
seismograph will be recorded as microseisms. It has already been indicated 
that if pressure variations due to gusts of wind have direct access to a seismo- 
graph, they will produce vibrations which will have all the characteristics 
of microseisms. On the other hand, even if a seismograph has been ade- 
quately protected from the effects of gusts of wind, these may shake the 
buildings in which it is housed or the neighbouring trees. The vibrations 
which will be communicated to the ground in this way will, however, be of 
short periods, less than 0-1 sec., and cannot therefore be confused with 
microseisms. 


How are then these world-wide vibrations produced? There are six 
important possibilities :— 
(1) Pressure variations due to sea waves over shallow water. 


(2) Surf breaking along the coast line and transferring the energy 
of the waves into the ground. 


(3) Effect of strong winds on the uneven surface of the earth. 
4) 


( 


(5) Some kind of emanation of energy from the interior of the earth 
setting the surface into continuous vibrations. 


Setting up of natural free vibrations of tracts of country by breakers. 


(6) Communication of the disturbance of pressure due to sea waves 
to the bed of a sea by some mechanism and the production of forced elastic 
oscillations which travel as microseisms. 


Besides these there are several less important possibilities but we need 
not discuss them here. 


In regard to (1), it has been pointed out by me® that sea waves over 
shallow water have usually large periods, varying from 10 to 30 secs. The 
disturbance of pressure produced by such waves cannot therefore explain 
the production of microseisms of periods 4 to 10 secs. Such waves will, 
however, produce microseisms of large periods. 





6 Loc. cit., 319-320. 
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s Although Gutenberg’? has discussed the order of magnitude involved 
a in the process of impact of “breakers” on steep rocky coasts, and concluded 
0 that the energy transferred to the coast by them is large enough to cause 
). microseisms, the conditions postulated do not exist along all coast lines. 
* Undoubtedly such breakers will produce ground movements, but the non- 

simultaneous action of innumerable breakers along a coast line will produce 

movements of very complex type. Moreover, if we compare the movements 
: which will be produced by such impacts with the artificial vibrations® pro- 
' duced in the ground by dropping a weight, we can conclude that the vibra- 
: tions produced by an individual breaker will scarcely have periods exceeding 


a second or two unless such breakers are able to set a large tract of country 
into free vibrations. Such a process contemplates a line source of energy 
which though large in total is, nevertheless, very small per unit length, 
and cannot therefore cause appreciable microseismic movements in the 
transverse direction. While therefore at stations near such coast line such 
impacts will explain the superposed small period movements, they cannot 
be the sole cause of the movements of periods 4 to 10 secs. over extensive 
areas. 


With regard to the question whether microseisms could be produced 
by the effect of strong winds on the uneven surface of the earth, I have al- 
teady pointed out that the vibrations produced in a building have periods 
less than 0-1 sec. The period, however, depends on the dimensions of the 
solid on which the wind is acting. If therefore wind is able to set a ridge 
(say 10 km. long, 2 km. broad and 200 metres high) into oscillations, its periods 
may be comparable with those of microseisms. But if the rigidity of such 
a ridge be very great, it is doubtful whether the small fluctuating force due 
to wind will be able to cause appreciable vibration. Darwin? has shown 
that if the difference of barometric pressure between consecutive regions 
of high and low pressures be 5 cm. of mercury and if the centre of the “‘high” 
and “‘low”’ be 1500 miles apart, then, as a consequence of the yielding of 
the ground, it will be 9 cm. higher under the barometric depression than 
under the elevation. If therefore we consider the small period oscillations 
of barometric pressure produced by gusts of wind to be of amplitude 10-2 cm. 
of mercury, and wave-length 1/10th of a mile, the amplitude of the move- 
ments produced in the ground will be 1-2 x 10-6 cm. (using Darwin’s 
formula and assuming the rigidity of ground to be equal to 3 x 101! C.G.S. 








7 Gutenberg, Bull. Seis. Soc. Amer., 1931, 21, 1-24. 
8 Banerji, “On the Artificial Vibrations of Ground,” Jnd. Journ. of Phys., 1933, 8, Part Il. 
® Scientific Paper, 1, 448. 
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units). This is considerably smaller than the observed amplitude of micro- 
seisms. The amplitude will be comparable with the amplitude of microseisms 
only if the rigidity is as low as 10°C.G.S. units. In certain localities, the 
rigidity may be as low as this, but cannot be so everywhere. It would thus 
appear that in localities with soft ground or clay, microseisms may be pro- 
duced by pressure fluctuations caused by the gusts of wind. The Agra instru- 
ment which was maintained at a large magnification recorded microseisms 
of large periods during the passage of ‘‘ western disturhbances’’ over Northern 
India in winter and these were apparently due to the action of wind on 
the uneven surface in its neighbourhood (including Rajputana). 


Wiechert suggested long ago that the existence of definite periods in 
earthquake records may be dueto the setting up by the shock of the natural 
free vibrations of tracts of country. Knott pointed out, after Omori, that 
the records of Japanese earthquakes always showed a preponderance of 
vibrations of periods, 4-6 seconds, in the preliminary tremors, and that 
these were also the common periods of microseisms observed at Tokyo, and 
accordingly suggested that this was a period of vibration natural to the 
plain in which Tokyo lies. Wadate supposed that the free vibrations were 
excited by the impact of sea waves on the coast. The free vibrations of 
tracts of country would be different in different parts of the world, and if 
microseisms were due to this cause, they would show widely different cha- 
racteristics in different parts of the world. This is, however, not found to 
be the case. In localities where free vibrations of certain periods can be 
excited by breakers, microseisms having those periods would undoubtedly 
be recorded, but this would hardly seein to be the cause of world-wide micro- 
seisms. 


Our knowledge about the physical conditions of the earth’s interior 
and also of the material which composes it is still so meagre that it is not 
possible to make any definite pronouncement about the possibility of the 
earth’s surface being set into vibrations by the emanation of some kind of 
energy (thermal, radio-active, etc.) from its interior. But it seems unlikely 
that if there were vibrations due to such a cause, their nature would have 
escaped detection. 


None of the hypotheses discussed above will explain the production 
of the special type microseisms which are associated with storms in the mid- 
Arabian Sea or mid-Bay of Bengal, far away from the coast and with storms 
over sea areas in other parts of the world. In such cases the conclusion is 
inevitable that there must be some mechanism by which the disturbance 
of pressure over the surface of the sea produced by the storms is 
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communicated to its bed. To understand this mechanism an analysis 
was made, both theoretically and experimentally, of the influence of (1) eddy 
viscosity and (2) compressibility, in the transmission of disturbance of 
pressure to the bed. 

We will discuss these two factors separately. 


5. Disturbance of pressure at the bed of the sea. 
Effect of eddy viscosity. 

The best method of obtaining a solution to this question is to find out: 
how a velocity communicated to the surface of water would be propagated 
downwards. ‘The problem was first discussed by Zoppritz.!0 Let the x-axis 
be drawn vertically downwards and y-axis in a horizontal direction at the 
surface. Now let V be the velocity of a horizontal current suddenly com- 
municated to the surface water. The velocity v at any point will satisfy 
the differential equation 


ow 
om sae (K =) ii ks a wa 
subject to the condition 
v=V, at x=0, ?>0, ‘i — - wih .- (R 
v=0, at¢=0, x>0. et rat she a .- (3) 


If we consider the eddy viscosity K and the density to be constant, the 
solution can be expressed in the form 


Tr/ P. 


sav(i-Zf ea) oa nue 5; an 


From this we can see that the time required for attaining half the surface 
velocity at a depth x cm. is given by 


} 
2a/ 8 = = 0-48 | 
and “oth of the surface velocity by } (5) 
: as 
Ki 1-16. 





Taking p=1, and K to have the value of molecular viscosity =0-144C.G.S., 
we get ¢=239 years for x=100 metres. ‘This is the value given by Zoppritz. 
This result means that after 239 years the disturbance at the depth of 100 
metres will reach half the surface value. Assuming the relationship (5) to 


10 K, Zoppritz, “Hydrographische Probleme in Bezielung zur Theorie der Meeresstromun- 
gen,” Wiedemanns Annalen der Physik und Chemie, Nen Folge, Bd. 3, 582-608. 
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remain approximately true even in a case when the surface of the sea ig = 
highly disturbed and turbulent in character, and therefore K to have large 3 


values of the order of 10+ C.G.S. units, we see that the disturbance at a depth 
of 100 metres will reach half the value at the surface after an interval of 
about 2 hours and 50 mins. A smaller value than this will of course be 
attained much earlier. For instance 1/10 of the surface disturbance will 
be attained at the depth of 100 metres after an interval of 30 mins. It will 
thus be seen that the disturbance will take at least 2 or 3 hours to reach the 
‘bottom of the deep sea (1000 or 1500 metres deep) with appreciable intensity. 
The eddy viscosity therefore plays a comparatively minor part in the trans- 
mission of disturbance of pressure to the bed of the sea. 
6. Disturbance of pressure at the bed of a sea.—Effect of compressibility. 


(a) Experiments in tanks in imitation of the conditions in the sea.— 
Experiments were made in a galvanized iron tank, 162 cm. x 132 cm. x84 cm., 
in a rectangular masonry tank 190cm. x190cm. x95cm., and finally in a 
circular masonry tank of diameter 210cm. and depth 108 cm. with walls 
about 50 cm. thick. Waves were generated on the surface of water by means 
of a small electrical vibrator, in which a small metal blade, 19cm. x 5cm., 
was fixed. The vibrations were excited by a pair of electromagnets, the 
periods being altered by altering the length of the vibrator. The blade was 
made to dip only 2 or 3cm. into the water. Experiments were usually made 
with waves of length 2 to 6cm. 

The disturbance of pressure at various depths was recorded by sinking 
vertically downwards a rigidly supported tube of diameter 4cm. A small 
quantity of coloured oil (iodine dissolved in kerosene) was poured into the 
tube so as to bring the upper surface above the general surface of water and 
make it visible. The communication of disturbance of pressure into the 
tube is clearly through its lower end, and before an observation was taken 
a test was always made to see that the oil surface remained undisturbed 
when the lower end of the tube was closed. With a tube of diameter 4 cm. 
and over, the periods of the oil column were always found to be the same 
as the periods of the waves outside. 

The oscillations in the oil column, when the tube was sunk to various 
depths, were photographed. ‘The records for one particular positions of 
the tube and vibrator are shown in Plates XXVII and XXVIII. The results 
obtained for other positions are similar in character. It will be seen that the 
disturbance, starting from the maximum value at the surface, diminishes up to 
a certain depth and then increases to another but lower maximum at the bed. 

The curves in Fig. 6 show the manner in which the disturbance of pressure 
decreases with depth. The minimum disturbance of pressure at the depth 
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Fie. 6. Masonry Tank (190 cm. x 190 cm. xX 95 cm.) 
Wave-Length: 6cm. Vibrator: 18 cm. from centre of one edge. 
TABLE I. 
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of 50 cm. is clearly due to the interaction of the waves travelling downwards 
and those reflected upwards from the bed of the tank. The experiment 
therefore clearly shows that the compressibility of water plays very 
important part. 

Starting the vibrator at definite instants the time taken by the dis- 
turbance to reach various depths was carefully noted by means of a stop- 
watch. These are given in Table I. 


As it was not possible to secure absolute rest for the water in the tank, 
before each observation commenced, no great accuracy is claimed for the 
figures noted in the above table. The error in noting time was roughly 
+ 0-2 sec. The liquid in the tube was found to show no appreciable 
oscillations as long as the surface waves emanating from the vibrator did 
not reach the centre of the tank. But the moment they reached the 
centre, the disturbance travelled in a fraction of a second to the depth to 
which the tube was sunk. It would thus appear that there is no downward 
transmission of disturbance below a point on the surface until the fluctua- 
tion in the elevation has commenced at the point. Calculation shows 
that in the case of a disturbance produced by an electric vibrator of the 
type used in the above experiment, the eddy viscosity is approximately 
1 C.G.S. unit. Consequently, the theoretical formula would indicate that 
the disturbance will reach half the surface value at the depths given below 
after the time stated against them. 


Depth Time 
cm. secs. 
10 100 
25 625 

100 10,000 


On the other hand, 1/10 of the surface values will be reached at the following 
depths at the times stated against them. 


Depth Time 
em. secs. 
10 19 
25 116 

100 1,852 
When we compare these figures with the results of observations given in 
Table I, we can conclude that the disturbance is transmitted to various 
depths not by eddy viscosity but by some other factors. 


(5) Forced oscillations.—In the above experiment, there is one possi- 
bility, which requires examination, namely, the possibility of the whole 
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water in the tank being set into forced oscillations. The energy communi- 
cated by a small blade of breadth 4cm., dipping 2 or 3cm. into water, is 
so small that it appeared unlikely that it could set the water in the tank as 
a whole into forced oscillation. In any case, certain test experiments were 
performed and these do not indicate that the system as a whole was set into 
forced oscillations. 
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Fie, 7. 


If a cylinder of galvanized iron, CC, be fixed inside the tank as shown 
in Fig. 7, and if observations be taken inside and outside with two tubes 
T, and To, rigidly supported from the same frame, and sunk to the same 
depth, then the oil column in tube T; shows conspicuous oscillations, but 
no perceptible oscillations can be observed in the oil column in tube Tj, 
whatever be the depth to which the tubes are sunk. 


7, 


If on the other hand, we fix a plate, PP, horizontally, 8 or 10 cm. below 
the water surface and sink a tube T, through a hole in its centre to a small 
depth below its surface, minute oscillations can be observed in the oil column 
in the tube, but the amplitude of these is a very small fraction of those of 
the oscillations in an outside tube sunk to the same depth (Fig. 8). The 
minute oscillations in tube T, appear to be. due to diffraction of pressure 
disturbance round the plate, PP. 


In my experiments!! with self-recording evaporimeter the float to which 
recording mechanism was attached worked inside a guide placed inside the 
evaporation tank 4’ x3’ x23’. Although the recording mechanism was 
amply protected from the direct action of the wind, the ripples produced 
on the surface of water by wind caused oscillations in the float even though 





11 “On Evaporation and its Measurement,” Ind. Met. Memoirs, 1932, 25, Part IX. 
A6 F 
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Fig. 8. 


the communication with the water in the tank was by means of a small 
opening at the bottom of the guide. When the tank was covered by an 
iron plate so as to cut off the action of the wind on the water surface, no 
oscillations in the float were recorded. This can be seen from the record 
reproduced in Fig. 9. The records clearly suggest that the disturbance of 
pressure due to the ripples communicated to the hed of the evaporation 
tank and finds access into the guide through the small opening at its bottom. 


Fie. 9. Record of Evaporation. The portion BC represents the record obtained 
after covering the evaporation tank with a metal sheet. 


(c) Analysis based on analogy.—In the first place, let us adopt an 
approximate treatment. If we refer to Fig. 1, and confine our attention 
to the superficial layer, and assume that the layer below is non-existent, 
then in consideration of the small depth of this layer, the waves may be 
regarded to be virtually the same as “long” gravity waves. The equations 
of these waves have therefore the form 
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ou on ae o€ 


ea 7 = te rhe — oo ae 
where € = / udt and 7» = elevation. 


We may compare the equations (6) with equation of plane waves, 

namely, 

ou, ou 1 op 1dp dp 

te ~~ pte prep’ du 
and the equation of continuity 

2 4. 2H) _ 0, 

ox 

which Secs 

roost eM S i zs - 
on writing p =p, (1+s), s being the condensation, and 


LP | 

= | Bad 

> 

P- p = py 


Equation (6) becomes the same as equation (7) if we write 


1 —s, g ee as - os ae 
h Po 
n/h in the superficial layer thus behaves in the same as “condensation”’. 
The layer ‘‘B”’ transmits to the bed of the sea this ‘condensation wave” 
in the same way as sound wave is transmitted through water. Since for 
long waves the disturbance of pressure is gpy on plane X’, this is transmitted 
by the compression effect to the bed of the sea. almost undiminished in 


intensity. 
We will now give a more exact treatment. 


(4) More exact analysis.—In making an analysis of the effect of com- 
pressibility we have to distinguish between two important features, namely, 
the production of gravity waves by wind over a thin stratum and their trans- 
mission downwards by the effect of compressibility. If the z-axis be drawn 
vertically downwards, and the axes of x and y on the surface of water, then 
the gravity waves are determined by the one 


op | op _ op fee 
5a? +o$ +a xe + g% , when z = m7 
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¢ being the velocity potential and 7 the elevation and d the depth of the 
sea. The periods T, wave-length A and the velocity V of these waves aré, 
according to the usual solution of the above equations, connected by the 
relationship 


y A 
and this is equal to simply (gA/27)* in the case of deep sea. 


i 
var =(2 ta oh 274 i a -. (10) 


This velocity is considerably smaller than the velocity of compressional 
waves in water. The disturbance is confined to a superficial stratum and 
we have to find out how compressibility transmits it downwards. When 
compressibility is taken into account, the equations of motion are :— 





wu od | PoC? ou ov ow } 
Po HF = yp 1 Po” Noe + dy +>) + Po (Xu + Yv+Zv) 
x f2lPom) , Upor) , (por) 
x | .*. a } s .. (1) 
and two similar equations, where 
Dp » Dp 
Dp a bi - ie .. (12) 


and X, Y, Z are the components of extraneous force, c is the velocity of sound 
in water and is approximately equal to 1430 metres/sec. It is quite different 
from V, the velocity of gravity waves. If X, Y, Z have a potential, the 
equilibrium pressure will be a function of p,, that is to say, 


bo =S(P>) 
Equation (11) oat reduces to the form 
>? °) o a) 
. s{e oe t oy tog) + Xu + Yo + Zw} 
z 5 ‘ ou ov ow 
fee To +S + I .. (13) 


The disturbed motion is therefore not in general irrotational, but if (12) 
reduces to the form* 


_. DP _p 
c ~ dp = f'(p), 


then the equation becomes 


ou 9 (of, Ww, dw 
—~ he ao t oy t oe) + XH + Yo + Zw} -. (14) 





* This will be so if the undisturbed state be one of convective equilibrium or of uniform 
temperature, 
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The three equations of type (14) are satisfied by 


ete “area eee, 
provided = 27S + (x w+ + 2). (15) 


In the present case X = 0, Y = 0, and Z =g, and therefore® satisfies the 
equation 


o°@ > (oP o°@ oD o@ 

ut (Sor + aye + Get) + 8 Oe ha 
For solving this equation, we assume 

® = cos (ct—lx—my)e* - iS .. (17) 
and we get on substitution 

d2 ++ £ A + (1-2 —m?) = 0 ~ ‘ss .. (18) 
Therefore 

2 $ 
a i.) a= 2) } 
A= a * 1G (4 — 412— 4m?) ar -. (19) 


Since g?/ct is of the order 10-4, it is very small in comparison with 
(4—4/2?-— 4m?). Therefore 


A=-—% 24(1 —2— my. ‘i tS .. (20) 


2c? 


As a consequence of this approximation, the solutions given 
below are also approximate solutions and not the true solutions. We can 
write 


> 2 
@=e 2 cos (ct—lx—my) 
x [A cos (1 —/2 — m®)tz + B sin (1— 2 — m?)fz]. (21) 


® thus assumes any of the forms 


ncn 
e 2¢° cos [ct — lx — my + (1 —P— mz + 6] 
ane 
e 2° cos [ct — lx — my — (1 — 2— mz +’) 


9G , 
e 2°” cos [ct + lx + my + (1 — 2— m2)tz + €"] 


g 
e 2¢ cos [(ct + le + my) — (1 — 2— mhz +’) .. (22) 
In the case of standing vibrations on the surface of the sea, ® will be 
of the form 
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oe . 

é 2¢*” cos (Ix + €) cos (my + e’) cos [(1 — 2— m?2)*z + e”] cos (ct + a) (23) 
All these expressions represent waves travelling with the velocity c towards 
the bed of the sea or waves reflected from the bed of the sea and travelling 
upwards. Identifying these expressions with the expressions for gravity 
waves at the surface, we see that 27/1 and 27/m represent the wave-lengths 
of the gravity waves in the directions of x-axis and y-axis respectively, 
l and m are therefore less than unity. 


To satisfy the boundary condition at the bed of the sea, we take © 
to have the form 


Pa=e 2° [A cos lx cos my cos (1 — 22 — m?)t z 
+ B cos lx cos my sin (1 — 2 — m?)* z] cos (ct +a) .. (24) 


q 
7 ‘ ~ 2 , 
Since g/2c? is of the order 10-7, e 26° will become e~! at a depth of 100,000 


metres. We thus see that e 20°” undergoes very slow decrease with depth. 
For depth up to 5,000 metres, we can take it to be approximately equal to 
unity. At the bed of the sea (z=d), the normal velocity should be zero. 
We therefore get 

A sin (1 — 2— m2)*d —Beos(1—2—m?)#=C_.. .. (25) 
Therefore 





1 — 1? — m?)tz 
= Comite + aiaaitisacna 
®= Ccos (ct + a) cos lx cos my sin —  — wha 


sin (1 — 1% — m*)#z ], 4 2 
cos (1 — I? — m?)td = . .. (26) 
The expression for the pressure is 
one te) + GY + GY] 
— + gze—}4 ms * GS +> + const. .. (27) 
Neglecting as usual the square of the velocity and noting that the elevation 


n is given by 
_1 (= 
pill g \ ot /z=0, 


we see that the pressure at the bed of the sea can be expressed in the form 








= pod + - gp mn me .. (28 
$=" + a oa (28) 


We thus see that there is a finite disturbance of pressure at the bed of a 
deep sea as a result of compressibility of water and that this disturbance 
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of pressure is proportional to gpy, exactly as postulated by a rough analysis 
in the paper in Phil. Trans. Roy. Soc., 1930, 229A, 287-328. 


7. Effect of Resonance. 


If we consider a vertical column of water from the surface right down to 
the bed of the sea, we can compare the motion in this column with that in 
an organ pipe. Ina column like this, the upper end is an open end in which 
forced oscillations of certain definite periods are maintained by wind. At 
the bed of the sea we have a closed end. If the period of oscillations at the 
open end be such that it will correspond to an anti-node at the bed instead 
of a node, when the column is regarded as an organ pipe, we will clearly get 
the maximum disturbance of pressure at the bed. With this analogy, the 
period is given by 

Depth of sea 
Velocity of sound in water 





The average depth of the Arabian Sea and the Bay of Bengal is about 
1,500 metres; so that the bed of the sea will be an anti-nodeif the period 
of the waves is about a second. On the other hand, the bed will be a node, 
if the period of the waves is about 2 seconds. For gravity waves of periods 
4 to 10 seconds, there is therefore no resonance in a sea of this depth, and 
there is no node or anti-node either at the bed or anywhere. in the column. 
As shown in the previous article there is only a slow decrease of motion with 


oy 


depth according to the law e 2c? ~ 


8. Explanation of Discrepanctes. 


Some observers have noted that two storms of similar nature and of 
more or less the same barometric depression and occupying very nearly 
the same position in the sea do not always produce microseisms of the same 
intensity at an observing station. This would constitute a real discrepancy, 
if sea-waves were the only factors which would produce movements in the 
pillar on which seismographs are mounted at a distant station. I have 
already pointed out that there are many factors other than sea-waves which 
might produce movements in such a pillar. The pressure pulses produced 
by gusts of wind are the most effective and these have the same periods as 
microseisms and are therefore easily confused with microseisms. Unless 
therefore an instrument has been set up so that it will record only the move- 
ments which are produced by sea-waves and no others, no comparison of 
the movements produced by two similar storms is possible. The criteria 
for this are :— 
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(1) that the instrument should be so installed that no microseisms 
are recorded when the sea over a distance of say 1,000 miles all round 
(depending on the critical sensitiveness adopted) is in a normally undisturb- 
ed state. 

(2) when the sea becomes disturbed anywhere over this area, 
microseisms should be immediately recorded. 


The two Milne-Shaw seismographs installed in the underground con- 
stant temperature room in the Colaba observatory very nearly satisfied the 
above conditions as indicated in the paper already referred to and no discre- 
pancy of the above kind was noted. With storms of more or less the same 
intensity and also with the same storms the amplitude!? of microseisms 
decreased with the distance of the centre of the storm according to a law 
which should be expected theoretically. 


The discrepancies noted by other observers are probably to be attributed 
to the fact that their seismographs did not satisfy the above two conditions, 


Summary. 

In a previous paper on the subject,!8 it was pointed out that storms in 
the mid-Arabian Sea and mid-Bay of Bengal produce microseisms of a de- 
finite type and these must therefore be due to communication of disturbance 
of pressure to the bed of the sea. In the analysis adopted in that paper, 
the sea was divided into two parts, a thin superficial stratum, in which the 
gtavity waves were confined, and the water below this stratum, which 
transmitted the disturbance in the stratum by some mechanism. Since 
then experiments were made in tanks in imitation of the conditions in the 
sea in order to understand this mechanism and these show that the disturb- 
ance is transmitted by the effect of compressibility of water. A theoretical 
analysis of the effect of compressibility confirms the experimental results. 


The various causes which might produce microseisms are discussed. 
The gusts of wind have the same periods as the microseisms; the pressure 
fluctuations due to these behave as a slow acting force on the seismograph 
pillar if these have direct access to the instrument. Observations show 
that it is not very easy to protect a seismograph from the effect of pressure 
fluctuations due to gusts of wind and most instruments therefore record 
“true” microseisms combined with “false” microseisms. The best situation 
for a seismograph seems to be an underground room in which a channel of 
“dead” air has been provided all round, which acts as a damper to pressure 





12 Phil. Trans. Roy. Soc. (A), 1930, 229. 
13 Phil. Trans. Roy. Soc. (A), 1930, 229, 287-328. 
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fluctuations. When an instrument has received a critical adjustment so 
d that it records no microseisms when the neighbouring seas are disturbed, 
but records them as soon as they are disturbed, the intensity of microseisms 
is found to be proportional to the intensity of the disturbances on the surface 
of the sea. 

My thanks are due to Mr. S. S. Joshi for assisting me in taking observa- 
tions of the disturbance of pressure in tanks. 


APPENDIX. 


Ratio of the amplitude of the horizontal to the vertical component 
of microseisms. 

The ratio of the observed amplitude of the horizontal to the vertical 
component of microseisms varies from 0-6 to about 3, and as a rule the 
larger values hold for stations near the coast and the smaller values for 
inland stations. 

All the theories of microseisms postulate the action of some pressure 
(wind, sea-waves and breakers) for the excitation of vibrations in the ground. 
1 If a load is placed on a horizontal plot of ground, so that it is equivalent 
to a pressure P in the direction of z-axis drawn vertically downwards, the 
6 horizontal displacement is 


P sin ( 
—= § COS & 
4rrur 


l- 


@ 


2 


= ” @ 


ae ie —?) 
A+p 1+cos 0 
and the vertical displacement is 
P (A+2p ‘ 
inp \ te + cos*# ) 
where @ is the angle the radius vector y makes with the vertical. 








‘? v eal o.7 ad 


When A = p, the ratio of the horizontal to the vertical component of 
the displacement at a point on the surface, not too near the origin, is 1: 3. 
The observed ratio in the case of microseisms is never as low as this, so that 
the ratio given by the statical theory is too low. 





If the movement has been recorded at a place which is far away from 
the region where a periodic force is acting, the waves will assume the cha- 
tacteristic of Rayleigh waves and the ratio of the horizontal to the vertical 
component will therefore be about 0-7. If the crust is stratified, then as 
shown by Lee, the largest value which can be obtained is about 4:3 for 
waves of periods 27 secs. propagated through granite covered by a layer 
of clay 1 km. in thickness. This result is only applicable in the case where 
the layer of clay is of uniform thickness and of large horizontal extent, large 


in comparison with the wave-length of Rayleigh waves. Actually, however, 
AT ¥ 
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a layer of clay is seldom of uniform thickness and of large horizontal extent 
except in special localities. Consequently theory would suggest that the 
ratio should be less than 4 : 3 and nearer the usual ratio for Rayleigh waves. 


In the region where the pressure is acting or in its neighbourhood, the 
conditions are different. There the waves are forced waves. If the elastic 
solid is bounded by the plane, z = 0, and lies on the positive side of this plane, 
the displacements, as shown on pp. 306-307 of Phil. Trans. Roy. Soc., 
1930, 229A, can be expressed in the form. 

u = (Aiée-o —- Bpe-Ps) ergx eupt , 

w = (—a Ae — i¢ Be-Bs) eréx evpt, 
where A and B are two arbitrary constants. When the pressure disturbance 
has the form 

[Zz]o= Pett evpt ’ [X.]Jo _ 0, 
A and B have the values 
2 —k P 1 2ifa P 
Fe ev” RSs 
The pressure disturbance, whether it is caused by sea-waves or gusts of wind, 
will have wave-lengths considerably smaller than those of free elastic waves 
on the surface of the earth. Consequently as shown on pp. 315-316 of the 
paper referred to above, k and h are very small in comparison with é, and, 
as A and —7B are equal to 


A = 








2& ue > 2é? — h? P 
~~ Pp me f° 
they are both approximately equal to 
2¢* P 
F(f) p 
The expressions for u and w can therefore be expressed in the form 
on 2¢° 4 eGs .. -Pz) oj 
= Fi a (Ee Be Bs) sin €x cos pt 
w= ay (ae~2# — £e-Bs) cos ox cos pit 


taking into account only the real parts. 


At the surface z=0, the ratio of utow becomes 3: 1 (as shown on p. 315, 
loc. cit.). 


The above approximation assumes (1) the pressure disturbance to be 
simple harmonic waves in the direction of the x-axis, and (2) the ground or 
the sea bed over which it is acting to be a horizontal plane. Actually neither 
of these conditions holds. But it is easy to see that the effect of complexity 
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Fie. 1. June 8, 1932. 
Depression over head Bay of Bengal. 
A— Agra. B—Bombay. C—Calcutta. 








Fie. 2. October 21, 1932. 
Moderate Storm in centre Bay of Bengal. 
B’—Bombay. C’—Calcutta. 


A’—Agra. 
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of waves and the unevenness of ground or sea bed would be to make the 
arbitrary constants A and — iB, if the solution be expressed in the above 
form, still more equal to each other. 
If the pressure acted tangentially to the surface, that is to say, if it had 
the form 
[Z.Jo = 9, [X.Jo = Perg= evpt, 
the constants A and B in the expressions for displacements will have the 
values 
2éB P _ 263 — FF 
FE) * pw’ - 
oe? —.k? P Bate ¥ 
F(f) pe’ | 
when A/é is small, and these are equal to each other. 


Aw — 


or—:.A= 


When the ground is uneven, the problem is approximately equivalent 
to the pressure having components in the direction of z-axis as well as x-axis. 
It is clear from the above result that the presence of a horizontal component 
in the pressure disturbance will tend to equalise the constants still more. 


It will be seen from the above expressions that the tangential 
stress contributes more to horizontal displacement than the vertical 
displacement. Indeed, it is the unevenness of the ground and sea bed, 
which makes the tangential stress more important than the vertical stress. 
The ratio of the horizontal to the vertical component in the region 
where the pressure is acting or in its neighbourhood will therefore be 3: 1, 
and will decrease to 0-7 as we move away from the region. Stratification 
in the surface crust will tend to augment this ratio slightly. These results 
appear to be in agreement with observations. 
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7. Introduction. 


In the first part! of this paper we gave an account of some measurements 
on the susceptibilities of aqueous solutions of manganous salts, of different 
concentrations, and at different temperatures. It was found (1) that the 
susceptibility of the Mn** ion was practically independent of the nature of 
the salt, and of its concentration; (2) that it obeyed the simple Curie law 
of temperature dependence, the Curie constant corresponding to about 29-3 
to 29-4 Weiss magnetons. These results are exactly what we should expect 


with an S-state ion like Mn** having an electron-spin moment of 5 Bohr 
magnetons. 


The ferric ion, which also is in the 6552 state, may be expected to behave 
similarly. This has been found by Jackson? and others to be the case in 
ferric ammonium alum, ferric potassium oxalate, and ferric acetyl acetonate, 
all in the solid state; these salts obey accurately the Curie law over an ex- 
tensive range of temperatures (from liquid-air temperature to room tempe- 
rature), and their magneton numbers are near about 29-4. But the results 
with other ferric salts do not conform to the theoretical values. For example, 
for Fe2(So4)3 the Weiss constant @ appearing in the relation y = C/(T-6), 
instead of being zero, has as high a value as 66 to 80. This has been aitri- 
buted to exchange effects arising from the closeness of packing of the Fe*** 
ions in this crystal; in alum and the other crystals mentioned previously, 
which are magnetically very dilute, the exchange effects would be very 
small. 


But even in aqueous solutions of ferric salts, where the exchange effects 
cannot be satisfactorily invoked, the susceptibilities deviate widely from the 





1 Proc. Ind. Acad. Sci. (A), 1935, 1, 605. 
2 Proc. Roy. Soc. (A), 1933, 140, 695. 
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theoretical values. For example, Cabrera and Moles,3 and Quartoroli,‘ 
working at room temperature, find that the effective moment varies considerably 
with the nature of the salt and its concentration, and further that it is also 
affected by the addition of acid. Fahlenbrach,5 who has recently studied 
FeCl, solutions of different low concentrations at various temperatures, 
finds that the variation of the effective moment with concentration observed 
previously by Cabrera and others is due to variation of the Weiss constant— 
which is fairly large, 11 to 26—rather than to a variation in the magneton 
value. 

In view of the difficulty in interpreting these results theoretically, some 
fresh measurements were made on the susceptibilities of ferric salts for 
different concentrations, acid contents, and temperatures. An account of 
these measurements is given in the following sections, along with a critical 
discussion of the results obtained. 

2. Experimental. 

The principle of the experimental method and the details of the mea- 
surements were the same as were described in Part I. The solution, con- 
tained in a long test-tube of uniform bore, was weighed in the usual manner 
in the magnetic field, and the weight was compared with that of a standard 
solution of NiCl, under the same conditions. Let w, be the weight of the 
liquid and suspension in the field, and w. that when the field is removed 
(w, and w2 having been corrected for the weights of the empty suspension 
with and without the field respectively). Similarly let W, and We, be the 
corrected weights, under the same conditions, of the standard liquid, with 
and without the field. If & and K are the volume susceptibilities of the 
solution and of the standard liquid, and if k’ and k” are the volume 
susceptibilities of air at the temperatures at which the solution and the 
standard liquid are weighed, we have the relation, 

k—k’ w,—w 

cr = W.-W,’ a we . 
from which is readily calculated, as the other quantities are known. The 
measurements with the standard liquid, being intended to eliminate the 
field constants, were made at room temperature only. All the quantities 
appearing in the two denominators refer to this temperature. 

The solution of NiCl, that was used as standard for measurements on 
manganous salts was used in the present measurements also. It hada 





8 An. Soc. Esp. Fis. Qim., 1912, 10, 404, and 1913, 11, 398; Arch. Phys. Nat., 1913, 35, 
437. 

* Gazz. Ital., 1915, 45 II, 415, and 1918, 48 I, 86. 

5 Ann. der. Phys., 1932, 13, 265. 
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concentration of 28-40 gms. of NiCl, per 100 gms. of solution. Its 
volume susceptibility was 
11-71 x 10° perc.c. at 27°-3 C., 
with a temperature coefficient of 
—0:-04 x 10% 
per degree rise of temperature, for small changes in temperature. 


3. Solutions of Ferric Salts. 


Solutions of the chloride, nitrate and sulphate were studied extensively, 
Aqueous solutions of these substances were prepared from Merck’s “Extra- 
pure” specimens, and the concentration of Fet++ was determined by preci- 
pitating the iron as Fe(OH); and igniting it to Fe,0O3. The ferric content 
could be estimated in this manner correct to 0-2 to 0-3 per cent. 

In the case of the acidic chloride and nitrate solutions, which contained 
large quantities of hydrochloric and nitric acids, there was some difficulty 
in the magnetic measurements at high temperatures, owing to the high vapour 
pressure of the solutions. In order to prevent the rubber stopper (with 
the thermometer) which closed the mouth of the test-tube containing the 
solutions from being ejected by the pressure inside the test-tube, the stopper 
was clipped firmly to the edge of the test-tube by a copper clip. Even with 
this arrangement we could not reach much higher temperatures, because, 
though the stopper could not be ejected, the pressure developed was so large 
that the test-tube, which was of pyrex glass 1 mm. thick, could not stand 
it. Our data, however, are enough to indicate the nature of the variation 
of the susceptibility with temperature. In the case of acidic sulphate solu- 
tions the above difficulty did not arise. But at high acid concentrations the 
substance was precipitated, probably as one of the acid sulphates, in the 
form of a fine white powder. This precipitate could be redissolved in an 
excess of water, and it was in this way that the last two sulphate solutions 
were prepared. But this procedure decreased the concentration of iron too 
quickly, so that the measurements could not be carried to sufficiently high 
acid concentrations. 


4. Results. 

The results of the measurements are given in Tables I to XVI. It will 
be useful to explain the notations, which are the same as we used in Part I. 
¢ denotes the concentration of the anhydrous salt and c, that of the anhydrous 
acid (viz., HCl for the chloride, HNO, for the nitrate and H,SO, for the 
sulphate solutions), both in gms. per gm. of the solutions. The first column 
in the Tables gives the temperature T of the solution in degrees Kelvin. 
The next gives the force w,—vz (in gms.) acting on the solution, due to the 
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field, after the usual correction for the empty system (the correction was 
—0-0034 gm.). The third column contains the volume susceptibility 
and the next column the density p of the solution. The fifth column gives 
the mass susceptibility k,, of the anhydrous salt deduced with the help of 
the additivity relation. The gm. ionic susceptibility x of the Fe*** ion is 
calculated from k,, by correcting for the diamagnetism of the anion ; for 
this purpose the values given by Pascal were used. These X’s are given in 
thesixth column. ‘The seventh column gives the product XT, 


TABLE I. 
FeCl, solution: c = -4428:c,=0 
W, —W, = -1546 gm. at 30°-6C. 












































tT /|w,—w,|kx10° |  p km X 10°| X x10# | XT 
304-7 -7254 54-17 1-467 84 -32 137-4 4-19 
324-4 -6737 50 -32 1-453 79-12 128-9 4-18 
339 +7 -6349 47-43 1-437 75 -45 123-0 4-18 
348 -0 -6144 45-89 1-427 73 -54 119-8 4-17 
360-8 -5834 43 -58 1-408 70-81 115-4 4-16 

iq 
361-1 -5840 43 -62 1-408 70-88 115-5 4-17 
374-1 -5542 41-40 1-388 68 -27 111-4 4-17 
TABLE II. 
FeCl, solution: c = -1985; c, = 0. 
W, — We = -1534 gm. at 29°-0C. 

T w,—w, | k x 10° p km x 10°| X x10 | XT 
294-0 -2610 19-76 1-180 87 +26 142-2 4-18 
299-8 +2548 19-30 1-177 85-51 139-3 4-18 
323 -2 +2330 17-65 1-165 79-21 129-0 4-17 

16-17 73. 

























































































































W, — W2 = 


-1608 gm. at 26°-5 C. 
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TABLE ITI. 
FeCl, solution: c = -3319; c, = -09264. 
W, — We = -1546 gm. at 30°-6 C, 

T w, —w, | k x 10° p km X 10° | X x10 | XT 
303 -0 5162 38 -56 1-379 85 -69 139 -6 4-23 
316-9 4888 36 -52 1-363 82-15 133-8 4-24 
333 -6 4572 34-16 1-340 78 -26 127-5 4-25 
346-9 -4326 32 -32 1-316 75-42 122-9 4-26 
359-9 4096 30 -60 1-289 72-95 118-9 4-28 
373 -0 +3892 29-08 1-260 70 -96 115-7 4-31 

TABLE IV. 
FeCl, solution: c = -2903; cz = +1308. 
W, — We = -1608 gm. at 26°-5 C. 

T w,—w, | k x 10° p km X 10° | X x 10* XT 
296 -5 -4664 34-00 1-354 88 -25 143-7 4 +26 
323 -0 -4164 30-36 1-315 81-27 132-4 4-28 

TABLE V. 
FeCl, solution :¢c = -1922; c, = -2151. 
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TABLE VI. FeCl, solution: c = -0937; c, = -2995. 
W, — We = +1608 gm. at 26°-5 C. 
tT | w,—w, | kx 10° p km Xx 10°) X x10* | XT 
- 
298 -8 +1284 9-380 1-220 88 -64 144-3 4-31 
323 -0 -1156 8-443 1-201 81-82 133 -3 4-31 
TABLE VII. Fe(NOs)3 solution: c == -3728; c, =0. 
W, — We = -1702 gm. at 34°-5 C. 

T w,—w, | k x 10° p km X 10° | X x10 | XT 
308 -0 -3778 25 +27 1-358 51-13 124-2 3 +82 
321-9 +3494 23 -38 1-348 47 -72 115-9 3°73 
334 +1 +3234 21-64 1-339 44 -56 108 -3 3-62 
344 +7 -3034 20-30 1-330 42-14 102-4 3°63 
345 -2 -3018 20-20 1-330 41 -96 102-0 3-52 
354-9 +2824 18-90 1-321 39-60 96 -29 3°42 
355 +2 +2810 18-81 1-321 39-41 95 -83 3-40 
355 -5 +2794 18-70 1-321 39-19 95-30 3-39 
366 -3 +2598 17-39 1-311 36-78 89-47 3 +28 
366 -6 -2590 17 -34 1-311 36-70 89-28 3°27 

TABLE VIII. Fe(NOs3)3 solution: c = -1832; c, =0, 
W, -- We = -1534 gm. at 29° C. 

ys w,—w, | k x 10° p km X 10° | X x 10* XT 
298 -6 -1410 10-69 1-154 53 -76 130-5 3°89 
327 +6 +1182 8-964 1-140 46 -12 112-0 3-67 
348 +5 -1024 7-768 1-129 40-76 99-12 3-45 

6-481 34-98 
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TABLE IX, 
Fe(NOs3)3 solution: ¢ = -3072; c, = -1150, 
W, — We = -1546 gm. at 30°-6 C, 



















































T w,—w, | k x 10° p km X 10° | X x10* | XT 
301 -6 +3224 24-09 1-376 58-52 142-1 4-29 
318-0 +3020 22 +57 1 -363 55-45 134-7 4-28 
333 -6 -2829 21-15 1-349 52-55 127-7 4-26 
348 -0 -2664 19-92 1-337 50-03 121-6 4-23 
359-1 +2511 18-78 1-327 47-59 115-6 4-15 

TABLE X. 


Fe(NOs)3 solution: c = -1807; c, = -3364. 
W, — We = -1542 gm. at 26°-8 C. 





T w,—w, | k x 10° p km X 10° | X x10*| XT 





298 -2 -1850 14-07 1-394 58 -65 142-4 4-25 
54-21 











-1670 





12-70 
































TABLE XI. 
Fe(NO3)3 solution: c = -0865; c,= -5014. 
W, ie We = -1542 gm. at 26°-8 C. 











T w,—w, | k x 10° Pp km X 10°} X x 10* xT 























-0850 6-476 59 -83 











“0774 5 +897 55 -92 
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TABLE XII. Fe (SO,)3 solution: c = -3292; c, =0. 
W, — We = +1546 gm. at 30°-6 C. 




































































. w,—w, | k x 10° p km X 10° | X x 10* XT 
301 +3 +3512 26-24 1-385 59-01 118-6 3°57 
320-0 +3162 23 -63 1-371 53 -83 108-3 3-46 
334 +1 - 2934 21-94 1-360 50 +47 101-5 3°39 
343 -0 +2816 21-05 1-353 48 -72 98 -0 3 +36 
362 -2 -2582 19-30 1-338 45 -28 91 -2 3-30 
373 -0 +2466 18-44 1-329 43 -60 87-8 3-27 

TABLE XIII. Fe(SO4)3 solution: c = -2548; c, =0. 
W, — We = -1664 gm. at 21°-2C. 

T w,—w, | k x 10° p km X 10° | X x10* | XT 
296 -0 +2710 19-46 1-284 61-58 123-7 3-66 
373 +5 -1764 12 -68 1-230 42-57 85 -65 2-54 

TABLE XIV. Fee(SO,4)3 solution: c = -2694; cz, = -1764. 
W, — We = -1610 gm. at 28°-9 C. 

T w,—w, | k x 10° p km X 10° | X x10* | XT 
301-1 +3520 25-42 1-478 65 -60 131-8 3-97 
315-5 +3288 23-75 1-469 61-76 124-1 3-91 
331-4 +3074 22 +20 1-457 58 -36 117-3 3°89 
345 -6 +2912 21-03 1-446 55-72 112-0 3°87 
360-0 *2734 19-75 1-434 52-89 106-4 3°83 

-2602 18-80 50-77 102-1 









































Akshayananda Bose 


TABLE XV. 
Fes(SO4)3 solution: c = -1610; c, = +2439. 
W, — We = -1646 gm. at 23°-3 C. 





T « —w, | Bx Ie | p km X 10° | X x 10# | XT 


| 
































+2024 14-58 1-381 68 -90 138-3 4-10 
373 -6 +1472 10 -62 1-327 53 -04 106 -6 | 3-98 
TABLE XVI. 
Fe2(SO,4)3 solution: c = -1103; c, = -2900. 
W, — We = -1646 gm. at 23°-3 C. 

T w,—w, | k x 10° p km X 10° | X x 10 | XT 
297 -3 -1338 9-652 1-351 69-84 140-3 4-17 
373-5 -0966 6-970 1-288 53-74 108-0 4-03 




















5. Discussion of Results and Summary. 
With the solutions of manganous salts studied in Part I, we found that, 
for all the salts and their various concentrations, the product XT had a con- 
stant value (independent of temperature) near about 4-36, which corres- 
ponds closely to the theoretical 5 (Bohr) magneton value for the moment 
of Mn*tt. The behaviour of the ferric salts, however, is not so simple. 
The susceptibilities deviate considerably from the simple Curie law. They 

do not also conform to the more general Weiss law, 

C 
x T—0’ 

because on attempting to fit the experimental results with such a formula 
we find that both @ and C, besides having highly improbable values, vary 
not only with the concentration of the salt but also with the temperature ; 
if @ and C vary with temperature, the formula naturally ceases to have much 
significance. A direct study of the variation of XT would then give as much 
information as the more complicated method of following the variations 
of C and 8. We shall therefore adopt the simpler procedure, and attempt 
to connect the deviations of XT from its theoretical value of 4-36 with the 
various factors which might influence it, namely, the nature and the concen- 
tration of the salt, the acid content, and the temperature. 
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The observed values of XT are, in general, appreciably less than the 
theoretical value of 4-36, and the following observations indicate the influ- 
ence of various factors on the deviation from the theoretical value. 

(1) The deficit of XT from its theoretical value is different for the three 
salts, being the least for the chloride, and greatest for the sulphate. 

(2) For a given solution the deficit from the theoretical value is, in 
general, more marked at the higher temperatures than at the lower tem- 
peratures. In the chloride solutions, however, the deviation from the theo- 
retical value is not much affected by temperature. 

(3) The more dilute the aqueous solution, the greater is the deviation 
of XT from its theoretical value, especially at the higher temperatures. 

(4) The addition of acid considerably reduces the deviation from the 
theoretical value, and at sufficiently large acid concentrations XT reaches 
practically the theoretical value of 4-36, and is also independent of tem- 
perature. 

The above results, particularly those regarding the influence of acid, 
suggest that the deviations from the theoretical value, observed with the 
normal or insufficiently acidulated solutions, might be due to the hydrolysis 
of the salts. It is well known from chemical evidence that in these solutions 
hydrolysis does take place; it is however difficult to trace the relation 
between the deviations from the Curie law and the degree of hydrolysis. 

The author wishes to express his grateful thanks to Prof. K. S. Krishnan 
for his helpful guidance and keen interest throughout the work. 
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1. Introductory Remarks. 


In a recent paper! dealing with the examination of the structure of the 
Rayleigh line in the light scattered by liquids carbon tetrachloride and 
toluene, the following significant observations were made. It was found 
that the relative intensity of the central undisplaced component to the outer 
Doppler component was markedly greater in the case of carbon tetrachloride 
than that in toluene. This result appears surprising in view of the fact 
that the molecules of carbon tetrachloride are relatively very weakly 
anisotropic when compared to the highly anisotropic molecules of toluene 
and suggests that we cannot attribute the presence of the central undis- 
placed component mainly to the anisotropy of the molecules scattering 
light. The influence of the anisotropy of the molecules is noticeable mainly 
in the development of the wings of the Rayleigh line. To account 
for the relative intensity of the central component to either of the 
two outer Doppler components being far greater in carbon tetrachloride 
than that in toluene, the postulate was put forward that the molecules 
in a liquid can be grouped into two classes, one group consisting of 
loosely bound molecules resembling those in a ‘vapour’ and the 
other group consisting of closely bound molecules approximating to 
those in a crystal; the former set of molecules giving rise to the central 
undisplaced component and the latter set giving rise to the outer Doppler 
components. This picture of the molecules in the liquid state which is 
essentially the same as that put forward by Raman? in his theory of visco- 
sity of liquids, not only explains the fact that the central component is 
distinctly brighter than the outer Doppler components, but it will also 
explain the relative intensity of the central component to either of the two 





1B. V. Raghavendra Rao, Proc. Ind. Acad. Sci., 1935, 1, 478. 
?C. V. Raman, Nature, 1923, 111, 532 and 600. 
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outer Doppler components being greater for carbon tetrachloride than for 
toluene. In the same paper the changes that would take place in the 
structure of the Rayleigh line when the scattering medium is raised to higher 
temperatures were forecasted. This investigation was undertaken with the 
object of testing the correctness of the above-mentioned picture of the 
molecules in the liquid state and it has been found that the structure of the 
Rayleigh line alters with rise of temperature in the manner that we antici- 
pated in our previous paper. 


2. Experimental Arrangements. 


The liquid carbon tetrachloride was repeatedly vacuum distilled and 
collected in a dust-free condition in a Wood’s tube of the type previously 
used. A heating coil of nichrome wire was wound on it, so that a current 
of one ampere passing through the coil would raise the temperature of the 
liquid to 70°C. A thermocouple was employed to note the temperature 
of the liquid which was kept steady throughout the exposure. 

The illuminating source of light employed was of the newly designed low 
density cathode cooled mercury vapour lamp described in the previous 
paper on this subject. A Fabry-Perot Etalon was used in conjunction with 
a Fuess spectrograph and the fine structure of the Rayleigh lines correspond- 
ing to the incident radiations A 4047 A.U., A 4078 A.U., and A 4358 A.U., 
were examined. 


The other experimental arrangements regarding the alignment of the 
apparatus were the same as before. 


In order to find the effect of temperature of the scattering medium on 
the structure of the Rayleigh line a photograph of the interference pattern 
of the light scattered by the liquid at 30°C. was first taken, and then the 
pattern of the light scattered by the liquid at 70°C. was photographed for 
the same length of time, care being taken to see that the conditions of the 
experiment were the same throughout the two exposures. 


3. Results. 


On an examination of the spectrum of the light scattered by 
the liquid at 30°C. one notices that it is characterised by the two Doppler 
components which are distinctly separated from the central undisplaced 
line. The spectrum of the light scattered by the liquid at 70°C. 
is on the other hand distinctly different from the one at 30°C. One now 
finds that the Doppler components have become fainter and broader merging 
ultimately with the central undisplaced component which has brightened up 
in intensity. The Doppler components are also found to approach the 
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central component with rise of temperature. This effett is clearly noticeable 
in the interference patterns of all the three radiations examined in this 
investigation. It is particularly striking in the case of the radiation A 4078 
A.U., whose central component in the incident radiation is very sharp due 
to the absence of very close hyperfine structure satellites. The brightening 
up of the central component and the widening of the Doppler components 
resulting in their merging with the central line is clearly shown in the 
photographic reproductions of the interference patterns of the scattered light 
in the cases of the three mercury radiations A 4047 A.U., A 4078 A.U., and 
\ 4358 A.U. The experiment was repeated, keeping the liquid in an ice bath 
and it was found that the Doppler components became sharp and moved away 
from the central undisplaced line in agreement with expectation on our 
present view. Microphotometric curves of the patterns of the scattered 
light for all the radiations examined are reproduced in Plates XXIX and 
XXX (Figs. 1 and 2) which clearly show the changes in the structure out- 
lined above. In this connection I have to thank Mr. N. B. Bhatt for helping 
me to take the microphotometric curves with the microphotometer set up 
by him. 

It is proposed to extend this investigation and study the structure of 
the Rayleigh line, the scattering liquid being maintained at different tem- 
peratures starting from very low temperatures and going up to very high 
temperatures. This will form the subject of a separate communication. 
The theoretical significance of these results will also be discussed then. 


In conclusion I desire to express my grateful thanks to my professor 
Sir C. V. Raman for his kind interest and helpful guidance during the 
progress of this work. 

Summary. 

The influence of temperature on the nature of the Doppler effect in 
light scattered by liquids has been examined and it is found that in the 
case of carbon tetrachloride at 70°C. the Doppler components become fainter 
and broader merging with the central undisplaced component 
which brightens up in intensity. At the temperature of melting ice, the 
Doppler components become sharper and move away from the central 
component. 
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I. Tue contour integral for ke,,(x) is 
. =—=— tal (0+) tf _ 4) (9 n 
kon (2) = ixin J e{(—t)-” (2a+t)" dt Hi .. (12) 
where the integrand is rendered one-valued by taking | arg(—t) | <7, and 
the contour is so chosen that the point ‘= — 2x lies outside it. Changing f 
into —w in (1-1) we get 


(0+) 
f e* u* (2a—u)* dus. ‘a < en 


vag 


ken(@) ~ on in; 
Let the contour in (1-2) consist of the real axis from (0 to —co) taken 
twice and a small circle enclosing the origin. The integral along this circle 
vanishes when R(m) < 1. It can be easily shown that for such a contour 
gr gin , oo 
Kon(e) = fe P_p"™ (p + 2a)" dp 7 .. (13) 


nt J 
where R(m) < 1 and » not aninteger. This integral holds for all values of 
x real or complex except negative real values. Throughout this paper it 
will be assumed that ” is non-integral and R(m) < land x takes any value 
real or complex except any negative real value. 

Il. Addition Theorem. 

From (1-3) with the restrictions on ” and x, we have 


si ad 
Kon(v) = —— e-* / e-P p™™ (p+ 2a)” dp 
0 


sin nr se _, fut+a]” 
e* I du [pte =u] 


20 sin n7 sin 27 e L—uU 
leat —{)* ; —_— = 
= fs (—)" app a | 


L+ru 


Nir U—Z 


2{t-l) t-1 

sin na oe! (—47* 
tein = ff (i) (i) 
2(a+y) = 4 (i+? @ 


ait + 
== sin na = —t)” 
=. ( €4 a ¥ r 
(a " ‘ fe [ = a karly)t if, (i+t) ‘ 


r= 


using the expression for the generating function! of the k-function. i 


1 Bateman, Trans, Amer. Math. Soc., 33, 817-831 (2-2 
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Hence 

9 ; f t- 1 | Tn 

2esinnae  *igzqs (=t)™ 
nt (1+t)? 


only) =(1+4 Z kerly) (—)” 
LS p=0 coll 





os y\ FS (—Y(n—r)rsinnz , 
= (a+! *) 2, TA a ance) karl). 


I 


1 (1 = > (n—1) Kon-2r (x) kor(y). 


) id r=0 
i Therefore 
t NKkon( x + y) “ (1+%) 2 (n—r) Kon 22) Kory) .e ve (2-3) 
LS r=0 
If x=y 

) . : 

Who, (2e) = 2X (2n—2r) kon-2r(@) Kor(@) % o% .. (2-4) 
1 r=0 
' The term by term integration in (2-2) can be justified by using a theorem 


similar to the theorem in §70-2, Carslaw—Theory of Fourier’s Series and 
) Integrals (1930). 











Expansions. 
III. We have from (2- a with the usual restrictions on ” and x 
1) 
22 sin nr (—* 
kon(@) = t+1) 
i on(a) mar f° ort (1+t)? - 
27 sin Mr s —a—22t’ AtNt —t 
a nllies cbt Da zi , "id ree F, 
| or (1++) ae [ el . @® 
Hence 
ys 9 n 
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U NTU 
0 
22 Bi co —- — — Qrn +n 
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0 u positive] 
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0 1+ 
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The expansion by Binomial Theorem and the term by term integration are 
valid when 0 < u < 2. Therefore from (3-1) 

—<= . © (—/ (r—n) I (r—n) sin na 
ken (=) = @ . wre 2 ( AG m) 


oy) Ta—nld+r) sin(n—rye 1) Faw_2r)e) 


dv 


x 
= @ ie ur”e* y (1+r—n) 


r-g2 (l—n)L(1+ 1) 





(U—1)” Koay (@). 


ay” a * er Ss La+r—n) 
? an( =e colG—erutn 





(W—1)” Kopoy (@) .. (32) 


R (m) < 1 and not an integer ; x being any number real or complex except 
a negative real number and 0 < u < 2. 


IV. From (1-3) we have 


sin m7 ( -p | 
*kag(@) = [ e° pr” (p+2a)"dp 
0 


with the usual restrictions on m and x, ‘The differentiations with respect to 
« under the integral sign can be easily justified (Carslaw—loc. cit. §86). 
Hence 


a” 2” sinnal'(n) (? ~P 
Fn. / P 


da™ [e*ko,(x)] = al -m—m) ; 


a (p ze 2a)" dp 
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Now the contour integral for Wn — ™, 1 ~ ™ (2) is 
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If R (n — 1) < 0 and » — 1 is not an integer, this can be transformed into 
an infinite integral and so when R (m) < 1 and » not an integer 


“42 .t- Si 2 
é 2 . t \ uw-m 
7 TiS seen, gt y-2 = 2 
Wn - 2 - @(2) I'(l—n) o "7 (2 a dt eats 


~ 


valid for all z except when z is a negative real number. Combining (4-1) 
with (4-2) we have after a slight simplification 


m 
a” ele ie 2@T(1 —n)e*(2x)" 2 2 
da”™ [ € Koy (x)] oe ra —n) ra +n—m) Wn — 


mi _ Mm 
OF a * of 
so @ é Wn —- 4% 1_m 


~ Pd+n—m) 


Hence by Taylor's Theorem 


m m m 


: co UR oe 
ath ee (, = i 
é on (@+h) Bean TA+m)1+n—m) 


Wn - %, 4 - (2a) 





ton (-Eh) = a7 0 td me LB 2 (8 
baleti)= 2 aati bee OS EM (4-4) 


Taylor's expansion for k»,(x) is not possible in the neighbourhood of the 
origin as it is a branch point of the function. But the series for ko,(x +h) 
in (4-4) is valid for | h | < | x| when R(x) > 0 and for || < I(x) when 
R(x) <0. These conditions satisfied by A ensure that the point ++h will 
neither coincide with the branch point at the origin nor lie on the negative 
half of the real axis for which ko,,(x) is not defined by (1-3). 
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1. WE define « (2) as the least value of s such that the equation 
z E, m,* = 0 
n=1 
[where each e«, = + lor — 1 and the m’s are positive integers] has 
infinitely many solutions in m, (r < s) with 
(m,, +--+, m;) = 1. 
[The symbol (a, ---, a,) denotes the greatest common divisor of a, ---, a]. 
We observe that 
(1) It is not yet known whether 
e(k) >4 
for all positive integers k > 5. 
(2) It is trivial that 
e (Rk) < 2k +2. 
(3) The conjecture that 
e (k) co as Roo 
is a natural generalisation of the Thue-Siegel theorem.! 
(4) We have? 


(: 
(4 
In all these cases ¢ 2k. We do not know whether this inequality 
is true for k > 10. 


In what follows we say that & is ‘ exceptional’ when it belongs to any 
of the following four forms : 


) 
(2) 
) 
) 


< €«(9) < 17. 





1 See Landau, Vorlesurgen iiber Zahlentheorie, Bd. 3. 

2 That €(k) >4 for 3<k<9 is a consequence of the impossibility of 2* + y* = zh 
(xyz + 0) for these values of k. The right hand side inequalities in (2), (3), (4) are due 
to Sastry, Subba Rao and S. Chowla respectively. See Journ. London Math. Soc., 
1934, 9, 172-73, 242-46, and Proce, Ind, Acad. Sci. (A), 1935, 1, 590-591. 
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I. 24 (4 > 1), 
Il. k = 24.3(§> 1). 
III, k = 24 (7-1) (§ > 0). 
IV. k = 4n4 (x—-1) (4 > 0). 
Here 7 denotes any odd prime. 
Our main object is to prove 
Theorem 1. If k ts not ‘ exceptional ’, then 
e(k) < 2k + 1. 
A special case is 

Theorem 2. Ifk ts odd and not of the form IV above (the forms I, II, 
III can only represent even numbers), then there is an s< 2k+1 such that 
the diophantime equation 

Z Sqft == 0 
m=1 

has infinitely many solutions with (x, ---, %;) = 1. 

It seems not impossible that our theorems should be capable of 
elementary proof for all integers k, but our proof of Theorem 1 is based on the 
following deep result of Hardy and Littlewood? : 

Theorem A. If ‘ Hypothesis K’ 1s true and k ts not exceptional then 
almost all positive integers are expressible as the sum of (k+1) non-negative 
kth powers of integers. 

We write 
(5) (m)* = (n)* 7. 0. 
when there exist infinitely many sets of positive integers %, (s < m), 
¥ (t< n) such that 
(6) © «#4= 2 yf 
8s m d <n 
where 
(7) (*1, t+, Xm, Vip +295 Vn) = 1. 
2. If 
(8) (Rk)* = (Rk)* 72. 0. 
is true then ¢ (k) < 2k, and hence our theorem is proved. Hence we may 
assume that (8) is false and hence that® 
(B) raz (n) = 0 (1), 


3P.N.(VI)in Math. Ztschr., 1925, 23, 1-37. 
See also P. N. (VIII) in Proc. London Math. Soc., 1928, 27, 518-42. 
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‘infinitely often ’. 


5 r %£(n) is the number of representations of n as a sum of & positive kth powers 
of integers. 
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so that ‘ Hypothesis K’ is certainly true. But from (B), 


(C) z= i>es 
na2x 
n=n,F foot nyt 


where c is a positive constant independent of x. In words (C) means that 
the sequence of integers which are sums of & non-negative kth powers (of 
integers) has ‘ positive density ’. 


From theorem (A) if & is not ‘ exceptional ’ then in virtue of (B), 
(D) 2 1 ~ x. 


nge2 
n=n, Ss lie ne pey 
Mi, oe) Near BU 


From (C) and (D) it follows that if 2 is not ‘ exceptional’ then 
(k)* = (R+1)* 1.0. 
1.€. 
e (k) < 2k+1. 
Hence our Theorem 1. 
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In Part I! the condensation of various aldehydes with malonic acid in the 
presence of pyridine alone has been studied. It was found that, while, in 
the case of several aromatic aldehydes, the condensation took place easily 
and with theoretical yields, in the presence of pyridine in molecular propor- 
tion, by modifying the methods of Staudinger and Florence,? all the methods 
broke down in the case of aromatic hydroxy-aldehydes like salicylaldehyde 
and vanillin. But by employing pyridine in traces, not only these hydroxy- 
aldehydes but many other aldehydes as well allowed condensation to take 


place. Thus pyridine in traces is quite comparable with Knoevanagel’s 
famous reagent piperidine in traces.3 

Many other organic bases have now been studied and have been found 
to have a similar, though not an equal, efficiency in promoting these con- 
densations. Thus salicylaldehyde could be condensed, in the presence of 
many other organic bases in traces, with malonic acid, as shown in Part IT. 


Knoevanagel® also condensed salicylaldehyde with malonic ester by 
simply leaving the two together for several days with a trace of piperidine. 
In the present paper it has been shown that here also pyridine and several 
other organic bases could take the place of piperidine. 

On repeating Knoevanagel’s experiment it was seen that it required 
five days at room temperature to give a 55% yield with piperidine. The 
product was solid coumarin-carboxylic ester. With this as a rough guide, 
experiments were started with pyridine. It was soon found that different 





’ Kurien, Pandya and Surange, Journ. Ind. Chem. Soc., 1934, 11, $23. 

* Florence, Bull, Soc. Chem., 1927, 41, 440. 

8 Knoevanagel, Ber., 1898, 31, 2596. 

* Azhar Ali Khan, Kurien and Pandya, Proc. Ind. Acad. Sci., 1935, 1, 440. 
5 Knoevanagel, Ber., 1898, 31, 2593; D.R.P. 97734, 
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conditions were required. When piperidine was used, a solid appeared in 
the flask within a few hours, but with pyridine no solid formation could be 
observed, and no condensation could be detected, even after as many as ten 
days. Investigations, made at different temperatures, showed some action 
and a low yield at temperatures of or above 100° C. (Table I.) Higher 
temperatures diminished the yield. The time of heating was then changed 
from 5 hours, when it was seen that the yield increased with time up to 18 
hours of heating on the water-bath. Longer hours had either an adverse 
or no effect. (Table II.) The amount of pyridine used above was 0-15 
mol. Other proportions, varying from 0-02 to 1 mol. were tried and the 
results were in a line with those obtained with malonic acid (Part II). The 
highest yield was obtainable only when pyridine was between 0-15 to 
0-5 mol. Above or below that range, the yields were poor. (Table III.) 





The best yield was 58%, obtainable when 0-15 mol. of pyridine was 
added to the mixture of the aldehyde and the ester, the whole kept on water- 
bath for 18 hours (6 hours a day for 3 days), and then left at room-tempera- 
ture for 3 days (vide Experimental). 

Condensations with other bases were carried out under exactly the 
same conditions, the bases taken being :—quinoline, iso-quinoline, lutidine, 
a-naphthoquinoline, quinaldine, cinchonidine, dimethylaniline and diethyl- 
aniline. 

Salicylaldehyde, reported to be so very reluctant to give these conden- 
sations,6 with pyridine-piperidine mixture, does actually give good yields, 
with a large variety of organic bases, on undergoing condensation with 
malonic acid as well as with ethyl malonate. It is alsoto be noted that while 
malonic acid does not enter into condensation with the base present in full 
molecular proportion (Part I), but breaks down into acetic acid and carbon 
dioxide immediately (Part II), the ester—probably on account of greater 
stability—does condense with salicylaldehyde, though giving no more than 
18 % of the theoretical yield of the coumarin-carboxylate. 





Experimental. 

In all experiments 4 grams of Merck’s or Schiller-Kahlbaum’s pure 
ethyl malonate (freshly distilled, b.p. 197-199°C.) and 3 grams of Merck’s 
pure salicylaldehyde were used. The organic bases also were purified as 
far as practicable. 

Piperidine.—Knoevanagel’s experiment was repeated as under. The 
aldehyde and the ester were taken as above, with 0-3 c.c. (0-15 mol.) of 





® Dutt, Journ, Ind. Chem. Soc., 1925, 1, 298. 
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piperidine added and properly mixed. The flask was kept at room-temper- 
ature (20-23°C.) for five days, being frequently shaken. At the end of the 
time, the solid formed was separated, washed with alcohol and recrystallised 
from hot alcohol, when pale yellow crystals, m.p. 94-95° C. were obtained. 
(Knoevanagel, ethyl coumarin-carboxylate, 94-95° C.) 

Pyridine.—Merck’s pure pyridine, left over pure caustic potash for a 
few weeks, distilled (113-114-5°C.), was substituted in the same propor- 
tion. No solid was observed and no yield obtained even after 10 days. 
Heating on water-bath for 5 hours at various temperatures, 40°, 60°, 80° 
and 100°C. successively, also produced no sign of reaction. On raising the 
temperature further to 110°C., 0-5 gram (8%) yield was obtained. In 
another experiment, the temperature was raised straight away, on an oil- 
bath, to 120°C. and maintained for six hours. The product, left overnight, 
was thrown on crushed ice, when a little solid separated. It was identified 
by its melting-point. Yield 1 gram or 17%. Another lot was kept gently 
boiling by a naked flame for 4 hours, but in this case the yield diminished 
(8%). (Vide Table I.) 

TABLE I. 
Pyridine 0-3c.c. or 0-15 mol. 








Temperature Time of heating | Yield gram | Percentage 
Room 20-23° 10 days 0 0 
40° 5 hours 0 0 
60° as 0 0 
80° re 0 0 
100° os 0 0 
110° ao 0-5 8% 
120° Cia 1 17% 
Boiled on free | 
flame & 9 0-5 8% 














Heating for different periods of time at 100° and 110°C. was then tried. 
It was found that longer hours at the water-bath temperatures gave a better 
yield, up to 55%. In all cases the yields appreciably improved by keeping 
the mixture at room-temperature for about 3 days after the conclusion of 
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the heating. Vide Table II. Eighteen hours on water-bath seemed to be 
the most favourable condition. 





TABLE IT. 
Pyridine the same. 


Temperature Time of heating Yield gram | Percentage 
































110° 10 hours 35 








100° 5 0 


” 12 1 17 
. ~ | 3-2 58 
* a 3 5D 











The effect of altering the proportion of pyridine was then studied and 
the results are to be found in Table III. The lowest yield of 9% was ob- 
tained with 0-02 mol. of pyridine, which increased up to 58 %, when the 





TABLE ITI. 
Temperature of the boiling-water-bath, time 18 hours. 








Pyridine quantity Mol. proportion Yield gram Percentage 
2 drops 0-02 0-5 9 
4 7 0-04 1-0 18 
6 - -06 1-0 18 
-08 1-0 


oo 
eo Oo & 


; # 


-1 
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base was increased up to 0-5 mol. With a full molecular proportion, how- 
ever, the yield went down to about 18 % only. 

Other Bases—The other bases were tried under the conditions of 
maximum yield with pyridine. As these had a range of 0-15-0-5 mol. of 
pyridine, it is possible that the other bases might give a better yield by 
slight changes in proportions used. Table IV gives some of the results. 
The highest yields obtained so far were 58 % with pyridine as well as with 























cinchonidine. 
TABLE IV. 
Base | Amount | Mol. Yield gram Percentage 
| | | 
Piperidine .. «of 0-3: e.e. 0-15 3 55 
Pyridine .. oa O8 0-15 3-2 58 
m 4; ca ae 5 0-5 3 BS 
Quinoline .. er 0-1 2-5 45 
s ee So. oe 0-33 1-5 28 
' Iso-quinoline “lS os 0-1 2-5 45 
Lutidine .. on C6. w& 0-12 2-7 49 
“ 1-0 ,, 0-4 2-3 40 
a-Naphthoquinoline ..| 0-3 ,, 0-05 2°5 45 
Quinaldine .. 0-3 ,, 0-1 2-0 35 
Cinchonidine 0-3 gram. 0-04 1-2 20 
ee ion Ee i 0-14 3 +2 58 
The last result was obtained by Mr. Ram Kumar Bountra, who also 
repeated some of the other condensations. 
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1. WE define @(k) as the least value of s such that there exists a con- 
stant c depending only on & with the property that the equation 


















C= E en t»,* (each &, =+1 or —1) 
n= 
has infinitely many solutions in rational u,, (m <s). It seems rather likely 
that 
(1) Ok) ck (2) 
for every integer k > 2. In fact 
(A) 6(3) = 2, @(4) < 3, 0(5) <5, 0(6) < 5, 0(8) < 8. 

Of these relations the first two are immediate consequences of known 
results, the third is a particular case of an identity due to S. Sastry,! and 
the fourth is proved in this paper. 

From the result? 

(2) Min [8(A), e(k)] < 2k 
we obtain, as a special case, 
(3) O(k) < 2k. 
Using the notation of another paper, (1) implies that 
(4) (m)* = (m)* 7.0. 
is true for some m<k. We observe that if (4) is false with m = k then 
Hypothesis K of Hardy and Littlewood is true. 
We also show that 
(B) @(7)< 9, 0(9) < 13, O(1) < 17, 
but it is likely that these results can be improved considerably. 
2. We have 


6 6 
(5) — 3602 = (720 x 4 =) as (720 8 — zy “ (s60 x + =) 
x zx H 1 
9 
+( 360 g. 2 
H 
whence 6(6) < 5. 


6 
) — (360 x4)6, 





1 Journ, London Math. Soc., 1934, 9, 242-46. 
2 Proved in Part (I) of this paper. 
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Some Problems of Waring’s Type 


3. We have® 


(6) 2 (x+a)? = * (x + 6)? 


where a runs through the values 1, 5, 10, 24, 28, 42, 47, 51 and 0d runs 
through the values 2, 3, 12, 21, 31, 40, 49, 50. 
Changing x into x— 26 in (6) we obtain 


(7) = {(x +a)? +(x—a)} = p {(x + b)7 + (x —b)7} 
a = 2, 16, 21, 25 6 = 5, 14, 23, 24 


whence 
(8) 2 {(x+a)8+ (x—a)} — ZF {(x+5)® + (x—b)§} =, 
(4) (4) 


where (this is easily proved) c + 0. 
Integrating (8) three times we get 


(9) Z {(x+a)!! + (x—a)"} — 2 {(x + 51! 
a = 2, 16, 21, 25 6 = 5, 14, 23, 24 


+ (x—bd)U} =c B+dx. 
Here change x into c’ y!! and we get 


ll ll 
(10) PA {(¢ ye + “) + (< yo—*) } 
a = 2, 16, 21, 25 y y 


b\u b\u 
=e zz {(¢ 0 + *) +(¢ ey = 
3, 24 Me y a y 


b = 5, 14, 23, 
— (c2 y2)tl = d cl. 
since there are 17 terms on the left side of (10) it follows that (11) < 17. 


4. Starting from 
(11) 2 {(x+a)3 + (x—a} = FT {(x+b)3 + (x—b)3} 


a=1;T7 6 = §, 5 
and 
(12) = {(x+a)5 + (x—a)} = 2 {(~+5)5 + (x—b)5} 
a = 7,14, 21 b = 1,18, 19 


respectively, instead of (7), and proceeding as in the last section, we obtain 
(7) < 9, 0(9) < 13. 





3 This identity is due to Tarry. See Dickson, History of the Theory of Numbers, 
II, 710. 
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7. Introduction. 


IN a paper! on the depolarisation of the Tyndall scattering in colloidal solu- 
tions contributed to these Proceedings, the author derived the simple 
algebraic relation 


Pu= (1+ 1/p,)/(1+ 1/p,) .. - a oe 
connecting the three quantities p,, p,, p, which denote the measure of the 
depolarisation of the light transversely scattered in a horizontal direction 
by a colloidal solution when the incident light is respectively (1) unpolarised, 
(2) polarised with electric vector vertical, and (3) ‘polarised with electric vector 
horizontal. The relation was derived on the basis of reasoning involving 
somewhat conjectural assumptions, the truth of which however appeared 
prima facie to be highly probable. It has, however, since been found that 
it is not necessary to make such special assumptions in order to obtain the 
relation (1). The object of the present paper is to show that the aforesaid 
relation can be derived as a consequence of the very general Principle of 
Reciprocity due originally to Helmholtz and expounded in detail by the late 
Lord Rayleigh. Further, it has been found that the validity of the appli- 
cation of the reciprocity principle to the problem of light-scattering admits 
of a very simple and direct experimental test, which has been carried out 
and found to be completely satisfied for all kinds of disperse media, irres- 
pective of the size, shape, structure or distribution of the particles contained 
in them and of any non-uniformity of the particles. 


2. Application of the Reciprocity Principle. 


Consider a horizontal beam of light polarised with its electric vibrations 
vertical and traversing a diffusing medium. The light scattered trans- 
versely can be supposed to be made up of two components, the vertical 





1 R. §. Krishnan, Proc. Ind. Acad. Sci., 1935, 1, 717. 
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component V, and the horizontal component H,. Then the depolarisation 
p, of the transversely scattered light is given by 
po BLIN,  .. is be ai oF « @& 

When the incident light is polarised with its electric vector horizontal, let 
the vertical and horizontal components of the intensity of the light scattered 
transversely in the horizontal direction be V, and Hy respectively. The 
depolarisation p, is then given by 

pr = H,/Vz ees pS - sts was ee 
When the incident light is unpolarised, the two components of intensity of 
the scattered light would be (V,+V,) and: (H,+H,), and p, would be given 
by 

Pu=(H,+ Hy)/(Vo+ Vs) -- i ro a ae 
From (2), (3) and (4) we obtain 

pu= (1-+ U/px)Hol(1+ Upe)Vi m 3 ©) 
The quantities H, and V, appearing in equation (5) arerelated toeach other 
in a reciprocal fashion, the direction of the electric vibration in the incident 
and scattered radiations being interchanged in the two cases. The theories 
of light-scattering due to Rayleigh and Mie show that when polarised light 
is incident on spherical isotropic particles of any size, the light scattered 
transversely in the horizontal direction is always completely polarised in 
the same way as the incident light, 7.e., H, and V, are both equal to zero. 
In the more general case of non-spherical or anisotropic particles, the two 
components H, and V, have finite values and they arise from the same 
cause, 7.¢., the anisotropy or the non-spherical shape of the scattering parti- 
cles. We may therefore write 

H, = V; ie a ue is .. (6) 
a relation which may be regarded as a special case of the very general 
“Theorem of Reciprocity,’ stated by the late ord Rayleigh? in the follow- 
ing words :—‘‘A force of any type acting alone produces a displacement of a 
second type equal to the displacement of the first type due to the action of an 
equal force of the second type.’’ It may be mentioned in this connection that 
the relation H,=V, has been proved in a different manner by Rayleigh? 
for the special case of scattering by a cloud of small ellipsoidal particles. 
But its validity is far more general, and in fact, the relation should hold good 
for all particles irrespective of their size, shape, orientation, uniformity or 
distribution in space. Writing H,=V, in equation (5), we obtain equation 





* Lord Rayleigh, I., Theory of Sound, Vol. I, page 93. 
8 Lord Rayleigh, I., Phil. Mag., 1918, 35, 373. 
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(1) immediately. This latter relation should be true for any scattering 
medium consisting of particles, large or small, spherical or non-spherical, 
isotropic or anisotropic and either uniformly or non-uniformly distributed, 
It should be equally true for a medium consisting of a mixture of various 
kinds of particles. 


3. Special Case of Small Ellipsoidal Particles. 

In the case of small anisotropic particles, the relation (1) can be simplified 
further. The law of distribution of light scattered transversely by a cloud 
of small ellipsoidal particles was worked out by the late Lord Rayleigh‘ and 
afterwards generalised for the case of molecules in dense media by Raman 
and Ramanathan,5 yielding a very simple result, namely that the three quan- 
tities H,, V, and Hy, are equal in intensity. Consequently p, becomes 
equal to unity. Introducing this in (1) we get 

ar. 2p,/(1 +pz) ¢ oP (7) 
This is a well-known relation applicable to most cases of the molecular 
scattering of light. 
4. Method of Experimental Test. 


Equations (1) and (6) represent essentially the same physical fact and are 
alternative forms of stating the reciprocity theorem in colloid optics. In 
the author’s paper on the “‘ Depolarisation of Tyndall scattering in colloids,” 
equation (1) was tested against experimental data for p,, p, and p, obtained 
by Mr. D. S. Subbaramaiya for some colloidal systems. It should be 
remarked in this connection that in the measurements made by Mr. D. S. 
Subbaramaiya p,, py» and p, were determined separately and independently. 
The form of equation (1) is such that any experimental errors in the measure- 
ment of p, which is usually a small quantity would introduce appreciable 
differences between the observed and the calculated values of p,. Further 
it is known that in many cases, e¢.g., that of sulphur suspensions considered 
in the paper referred to, there is a progressive change in the size, shape 
and structure of the particles due to their growth or aggregation. In con- 
sequence, the values of p,, p, and p, measured at successive intervals of time 
would correspond to different groups of particles and we cannot expect 
them to satisfy relation (1) accurately. Considering the circumstances 
mentioned above, the agreement found between the data and equation (1) 
must be thought rather satisfactory except in the case of casein solutions, 
where the discrepancies noticed may be due to the disturbing effect on the 
measurements of the optical activity of the medium. 


4 Lord Rayleigh, I., Loc. cit. 
5 C. V. Raman and K. R. Ramanathan, Phil. Mag., 1923, 45, 113. 
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The various sources of error possible in the determination of the depolari- 
sation and consequently also in testing equation (1) are avoided in a direct 
experimental test of relation (6) by the following method. The principle 
of this method consists in splitting the incident unpolarised light into two 
beams of equal intensity, one with vibrations vertical and the other with 
vibrations horizontal by passing the incident beam through a double-image 
prism. The colloidal solution is placed in the track of both the two beams 
which enter it side by side and the light scattered transversely is viewed 
through another double-image prism. Four images of the track would then 
be seen corresponding respectively to the components V,, H,, V, and Hy,. 
By properly placing the two double-image prisms, the two components V, 
and H, can be brought into juxtaposition and their intensities compared. 
If they are identical in intensity and colour, equation (6) and therefore also 
equation (1) stands verified. This method is very delicate and is capable of 
detecting small differences in intensities of the components. 

5. Details of the Experiment. 


The light from a 20-ampere projection lantern was condensed on a 
small square aperture (2 mm, square). The light emerging from the aperture 
passed through a long focus lens. A big double-image prism (2” square) 
sufficiently large to cover the full aperture of the long focus lens was placed 
normally in the track of the beam after the lens, as shown in Fig. 1, and its 
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Fic. 1. 

SS) = I}luminated square aperture (2 mm. square). 
L = Long focus lens. 
D.I.P,; = Double-image prism. 
Vv = Rectangular glass cell containing the colloidal solution. 
D.I.P, = Second double-image prism, 
C = Camera, 


P = Pattern as seen on the ground glass plate of the camera. 
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position was adjusted so that the two mutually perpendicularly polarised 
beams were separated from each other at the focus by more than twice the 
width of either. The double-image prism was placed in such a manner 
that the upper beam was polarised with vibrations vertical. At the focus, 
the two beams of light passed through a rectangular cell of cemented glass 
which contained the scattering medium. The cell was enclosed in a wooden 
box provided with three small windows, one for the entrance of light, one for 
its exit and the third for observation. Just at the focus, the tracks in the 
scattering medium were found to be parallel. A small length of the track 
at this portion was chosen for observation. The scattered light was observed 
through another double-image prism placed with its axis perpendicular to 
the axis of the tracks inside the scattering medium, and it was so turned 
that the upper image as seen through the prism corresponded to the vertical 
vibrations. The tracks of the scattered light were viewed transversely 
through an adjustable tube suitably darkened on its inner surfaces, which 
was attached to the wooden box. Four images of the tracks were seen, each 
of the incident beam giving rise to two images, one corresponding to the 
vertical vibrations and the other corresponding to the horizontal vibrations. 
Various types of scattering media such as tap water, dilute milk, castor oil, soap 
solution, starch solution, gelatine solution, sulphur suspensions, arsenic sulphide 
sols, kaolin suspensions, ferric oxide sols, and silver colloid were successively 
examined. The tracks were first examined visually, and subsequently 
photographed. Typical photographs are reproduced in the attached plate. 


6. Results. 


Each set of photographs exhibits four images of the scattered light 
consisting respectively of the beams V,, H,, V, and H, in the order stated. The 
ratio of the intensity of the second to that of the first gives p,; the ratio of the 
third to the fourth gives p,, while the ratio of the sum of the intensities of the 
second and the fourth to the sum of the intensities of the first and the third 
gives a measure of p,. In the various cases studied, it is found that the two 
middle components are always exactly identical in intensity and colour, 
establishing thereby the validity of the reciprocity theorem as applied to 
the phenomenon of light-scattering, irrespective of the nature of the -dis- 
persing medium. The colour and intensity of the two outermost compo- 
nents usually differ greatly from each other and from those of the middle 
components, and these differences furnished indications regarding the size 
and shape of the scattering particles. If the last three components are all 
of equal intensity and colour, it may be inferred that the scattering particles 
are exceedingly small (of molecular dimensions) but anisotropic in shape or 
structure. On the other hand, if the particles are large and nearly isotropic 
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in shape and structure, the two outer components would be very strong and 
the two middle ones very weak. ‘The changes in the colour and relative in- 
tensity of the four beams with increasing size of the particles may be con- 
veniently followed in the case of sulphur suspensions. In the earlier stages, 
when the particles are small, all the four components are blue in colour ; 
but as the particles grow, the colour of the two outer components tend to 
become white and their intensities tend to equality, while the two middle 
components remain weaker than the outer ones. In the case of castor oil, 
the fourth component is definitely brighter than each of the middle ones. 
But it is not yet fully established whether the increased brightness of the 
fourth component is really due to the presence of molecular aggregates or 
to the presence of dust. The picture taken with gelatine solution shows 
an apparent difference in intensity between the second and third compo- 
nents. Visually it was observed that these two components were exactly 
identical in intensity. But since they were very weak in intensity com- 
pared with that of the first component, the plate had to be over-exposed. 
Consequently, photographic halation has slightly vitiated the result in gela- 
tine solution, which could have been avoided by using backed plates. The 
last picture is taken with silver colloid. In this case the anisotropic compo- 
nents are comparatively bright, demonstrating the high anisotropy of the 
metallic colloidal particles. 


In conclusion, the author takes this opportunity to express his grateful 
thanks to Prof. Sir C. V. Raman, Kt., F.R.S., N.L., for rendering valuable 
help and guidance during the progress of this investigation. 


7. Summary. 


A simple method of deriving the following algebraic relation between 

Pur Py and pz, is given, 
Pu>= (1 + 1/p,)/(1 +1/py) 

applying the general dynamical Principle of Reciprocity formulated by 
Helmholtz and Rayleigh, where p,, p, and p,; are the measures of the de- 
polarisation of the Tyndall scattering when the incident light is respectively 
(1) unpolarised, (2) polarised with its electric vector vertical, and (3) polarised 
with its electric vector horizontal. The conclusions derived from the reci- 
procity principle admit of a very simple and direct experimental test which 
has been carried out and found to be satisfied by all kinds of colloidal solu- 
tions, emulsions, suspensions, protein solutions, etc., irrespective of size, 
shape or structure of the particles contained in them or of their non-uni- 
formity. The principle of the experimental method employed to test the 
relation consists of splitting the incident unpolarised light by means of a 
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double-image prism into two beams of equal intensity but polarised per. 
pendicularly. The scattered light is also viewed through another double- 
image prism. The four images of the tracks corresponding to the compo- 
nents V,, H,, V, and H, can be viewed at the same time and their intensi- 
ties compared. In all the cases studied, H, is found to be equal to V, which 
is equivalent to the relations stated above. The relative intensity of the 
four track-images furnishes useful indications of the size and shape of the 
particles in the dispersing medium. 
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1. Introduction. 


I. CHow1La! has conjectured that every positive integer can be represented 
as the sum of the squares of at most eight primes >1. He has verified 
that this is true for all positive integers < 30,000. I give here a table 
showing that the conjecture is true for all positive integers < 100,000. 

I. Chowla has shown that the smallest number requiring as many as 
five squares is 24. The smallest numbers requiring six, seven and eight 
squares are 73; 266, and 795 respectively. 

Supposing that the conjecture holds for all numbers < N, we find 
by trial a number M <N, such that 

N<M+R, where R = 794; 265; 72; or 23; 
according as M can be expressed in one or the other of the forms: 
PP TE PLE +O PtP FTO; 
?, 7, ry and s being any primes > 1. 
Then it follows that the conjecture is true for all numbers upto M + R. 


For the sake of brevity, I write 
a(p) for p? + 794, 
b(p, g) for p? + q? + 265, 
c(p, g, r) for 2? +g? +7? 4-72, 
and d(p, g, 7, s) for p? + 9% +77 +s? + 23. 


Within the limits of my table need for d’s does not arise, 





If k and m be any two consecutive entries in the table, then 
m —k < 794; 265; or 72; according as m belongs to the class a, b, or c. 
The table itself requires no further explanation. I find? that 
m — k = 0 (mod. 24). 





1 J, Chowla, Proc. Ind. Acad. Sci., 1935, 1, 451-453. 
* This is easily proved, for if p be any prime > 5, then p? == 1 (mod, 24). 
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2. The Table. 


795 16923 a (127) 
1323 a (23) 17187 6 (109, 71) 
1755 (31) 17955 a (131) 
2475 (41) 18075 b (113, 71) 
3003 a (47) 18267 b (131, 29) 


3603 a (53) 18387 b (131, 31) 
4275 a (59) 18603 _b (127, 47) 
4515 a (61) 18795 —b (131, 37) 
5283 a (67) 19563 a (137) 
5835 a (71) 20115 a (139) 


6123 (73) 20283 _—b (103, 97) 
6267 b (71, 31) 20547 b (139, 31) 
7035 a (79) 20715 b (137, 41) 
7683 a (83) 20955 —-b (139, 37) 
7875 —_»b (79, 37) 21147 —-b (131, 61) 


8115  b (83, 31) 21267 —b (139, 41) 
8715 a (89) 21435 —b (127, 71) 
8835 _-b (83, 41) 21555 b (109, 97) 
9027 b (89, 29) 21795 —-b (139, 47) 
9147 —_b (89, 31) 21915 (107, 101) 


9315 (73, 61) 21963. ¢ (139, 47, 19) 
9555 —_»b (89, 37) 22011 —_¢ (137, 53, 19) 
10203 a (97) 22083 —¢ (139, 43, 29) 
10995 a (101) 22323 —_-b (107, 103) 
11403 a (103) 22995 a (149) 


11523 _-b (97, 43) 23595 a (151) 

12243 a (107) 23835 ib (149, 37) 
12675 (109) 24027 ~—-b (151, 31) 
12723 —-b (103, 43) 24147 ~—-b (149, 41) 
12987 _b (109, 29) 24363 —b (137, 73) 


13563 a (113) 24627 —_—b (139, 71) 
13827 (109, 41) 24747 ~—-b (151, 41) 
13995 —b (113, 31) 25443 a (157) 
14187 (101, 61) 25515 ¢ (131, 89, 19) 
14355 —-b (109, 47) 25755 —b (157, 29) 

b 

b 


14523 (107, 53) 25923 —_—»b (137, 83) 
14715 (113, 41) 26187 _b (149, 61) 
14883 _b (113, 43) 26259 ¢ (137, 83, 23) 
15075 (89, 83) 26475 —_—b (139, 83) 
15243 —-b (113, 47) 26595 —b (127, 101) 


15435 »(107,61) - 27363 a (163) 
15627 b (109, 59) 27555 —ib (151, 67) 
15867 _b (109, 61) 27795 —-b (163, 31) 
16107 6b (89, 89) 28035 _—b (131, 103) 
16179 ¢ (113, 53, 23) 28683 a (167) 








28875 
29115 
29355 
29523 
29787 


30003 
30723 
30963 
31155 
31323 


31563 
31635 
31875 
32043 
32835 


33555 
33675 
33867 
33987 
34155 


34395 
34515 
34707 
34875 
35115 


35235 
35283 
35523 
35787 
36027 


36243 
36435 
36507 
37275 
38043 


38115 
38355 
38595 
38643 
38883 


39603 
40395 
40443 
40707 


40923. 


Decompositions into Squares of Primes 


b (131, 107) 
b (167, 31) 
b (149, 83) 
b (167, 37) 
b (139, 101) 


b (167, 43) 
a (173) 

b (167, 53) 
b (173, 31) 
b (163, 67) 


b (173, 37) 
b (167, 59) 
b (167, 61) 
b (173, 43) 
a (179) 


a (181) 

b (179, 37) 
b (181, 29) 
b (181, 31) 
b (179, 43) 


b (181, 37) 
b (179, 47) 
b (181, 41) 
b (181, 43) 
b (179, 53) 


b (181, 47) 

¢ (157, 101, 19) 
b (157, 103) 

b (179, 59) 

b (179, 61) 


b (163, 97) 
b (173, 79) 
b (181, 59) 
a (191) 
a (193) 


b (191, 37) 
b (193, 29) 
b (191, 43) 
e (193, 31, 19) 
b (193, 37) 


a (197) 
a (199) 

b (197, 37) 
b (199, 29) 
b (197,.43) 





40995 
41235 
41283 
41547 
41715 


41883 
42075 
42099 
42171 
42435 


42675 
42843 
42987 
43227 
43347 


43563 
43755 
43995 
44187 
44403 


44667 
45315 
45435 
45627 
45795 


45963 
46155 
46203 
46467 
46635 


46755 
46947 
47115 
47355 
47595 


47787 
47811 
47883 
48123 
48267 


48507 
48627 
48675 
48723 
48963 


¢ (199, 31, 19) 
b (199, 37) 
b (197, 47) 
b (199, 41) 
b (199, 43) 


b (197, 53) 
b (199, 47) 
¢ (193, 67, 17) 
¢ (193, 67, 19) 
b (181, 97) 


b (199, 53) 
b (193, 73) 
b (191, 79) 
b (181, 101) 
b (199, 59) 


b (197, 67) 
b (193, 79) 
b (163, 131) 
b (179, 109) 
b (197, 73) 


b (191, 89) 

a (211) 

b (193, 89) 

b (211, 29) 

b (181, 113) 


b (197, 83) 
b (191, 97) 
¢ (199, 79, 17) 
b (211, 41) 
b (211, 43) 


b (199, 83) 
b (191, 101) 
b (157, 149) 
b (191, 103) 
b (211, 53) 


b (199, 89) 

¢ (167, 139, 23) 
¢ (151, 151, 47) 
b (193, 103) 

b (211, 59) 


b (211, 61) 
b (191, 109) 
¢ (211, 61, 19) 
¢ (191, 109, 17) 
b (193,,107) 





49155 
49275 
49515 
49563 
49827 


50523 
50595 
50835 
51075 
51123 


51363 
51411 
51675 
52323 
52395 


52635 
53235 
53475 
53715 
53907 


54075 
54195 
54387 
55083 
55323 


55515 
55563 
55611 
55683 
55923 


56187 
56427 
56667 
56883 
57123 


57915 
58035 
58275 
58875 
59067 


59235 
59403 
59595 
59715 
59883 


b (181, 127) 

b (211, 67) 

b (191, 113) 

¢ (198, 109, 19) 
b (211, 71) 


a (223) 

¢ (211, 71, 31) 
b (223, 29) 

b (179, 137) 

¢ (211, 79, 17) 


b (223, 37) 

e (199, 107, 17) 
b (211, 83) 

@ (227) 

e (199, 109, 29) 


b (199, 113) 
a (229) 

b (227, 41) 
b (223, 61) 
b (191, 131) 


b (229, 37) 
b (211, 97) 
b (229, 41) 
a (233) 

b (223, 73) 


b (229, 53) 

¢ (181, 149, 23) 
¢ (229, 53, 17) 

c (229, 53, 19) 

b (233, 37) 


b (229, 59) 
b (229, 61) 
b (211, 109) 
b (223, 83) 
b (227, 73) 


a (239) 
b (233, 59) 
b (233, 61) 
a (241) 

b (239, 41) 


b (239, 43) 
b (223, 97) 
b (233, 71) 
b (241, 37) 
b (233, 73) 
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60027 
60195 
60315 
60555 
60795 


60915 
61107 
61275 
61443 
61491 


61539 
61611 
61875 
62115 
62163 


62427 
62667 
62907 
62955 
63003 


63795 
63963 
64227 
64347 
64515 


64755 
64947 
65163 
65403 
65643 


65787 
66003 
66267 
66843 
66987 


67155 
67323 
67587 
67755 
67995 


68163 
68307 
68523 
68787 
69003 





b (241, 41) 
b (241, 43) 
b (193, 151) 
b (241, 47) 
b (233, 79) 


b (211, 127) 
b (239, 61) 

b (197, 149) 

b (233, 83) 

¢ (241, 53, 23) 


¢ (233, 83, 17) 
¢ (238, 83, 19) 
b (239, 67) 
b (229, 97) 
¢ (241, 61, 17) 


b (239, 71) 

b (199, 151) 

b (229, 101) 

b (181, 173) 

¢ (229, 101, 17) 


a (251) 
b (233, 97) 
b (251, 31) 
b (179, 179) 
b (199, 157) 


b (233, 101) 
b (251, 41) 

b (233, 103) 
b (193, 167) 
b (197, 163) 


b (181, 181) 
b (233, 107) 
b (241, 89) 

a (257) 

b (251, 61) 


b (223, 131) 
b (233, 113) 
b (239, 101) 
b (199, 167) 
b (239, 103) 


b (257, 43) 
b (251, 71) 
b (257, 47) 
b (191, 179) 
b (197, 173) 





69267 
69963 
70155 
70395 
70563 


70803 
70875 
71115 
71355 
71475 


71643 
71907 
72027 
72243 
72315 


72555 
73155 
73323 
73587 
74235 


74475 
74667 
74835 
75075 
75123 


75387 
75555 
75723 
75915 
76107 


76347 
76563 
76755 
77523 
77667 


77883 
77955 
78195 
78363 
78435 


78675 
78843 
79035 
79755 
79947 


Decompositions into Squares of Primes 


b (239, 109) 
a (263) 

b (251, 83) 
b (263, 31) 
b (227, 137) 


b (257, 67) 

c (241, 109, 29) 
b (197, 179) 

b (257, 71) 

b (229, 137) 


b (263, 47) 
b (199, 179) 

b (229, 139) 

b (263, 53) 

¢ (241, 89, 79) 


b (257, 79) 
a (269) 

b (233, 137) 
b (269, 31) 
a (271) 


b (269, 43) 
b (271, 31) 
b (269, 47) 
b (271, 37) 
¢ (269, 43, 29) 


b (271, 41) 
b (271, 43) 
b (257, 97) 
b (271, 47) 
b (269, 59) 


b (199, 191) 
b (223, 163) 
b (233, 149) 
a (277) 

b (241, 139) 


b (197, 197) 

¢ (271, 59, 31) 
b (271, 67) 

b (277, 37) 

¢ (251, 109, 59) 


b (199, 197) 
b (277, 43) 

b (271, 73) 

a (281) 

b (271, 79) 





80187 
80883 
81075 
81315 
81483 


81723 
81795 
82035 
82203 
82443 


82707 
82827 
82995 
83235 
83475 


83715 
83907 
84075 
84315 
84507 


84747 
84915 
85155 
85395 
85635 


85683 
85755 
85803 
86067 
86643 


86691 
86955 
87075 
87315 
87363 


87603 
87795 
87963 
88203 
88443 


88635 
88875 
89043 
89307 
89427 


b (281, 31) 
a (283) 

b (281, 43) 
b (283, 31) 
b (277, 67) 


b (227, 173) 

¢ (271, 89, 19) 
b (283, 41) 

b (263, 113) 

b (257, 127) 


281, 59) 
269, 101) 
241, 157) 
277, 79) 
257, 131) 


229, 179) 
241, 163) 
271, 107) 


¢ (271, 109, 17) 
¢ (271, 109, 19) 
¢ (257, 139, 19) 
b (251, 151) 

a (293) 


¢ (263, 131, 17) 
b (293, 29) 

b (293, 31) 

b (233, 181) 

¢ (277, 101, 19) 


b (277, 103) 
b (293, 41) 
b (293, 43) 
b (263, 137) 
b (277, 107) 


b (281, 97) 

b (277, 109) 
b (227, 193) 
b (211, 211) 
b (281, 101) 





89595 
89835 
89955 
90147 
90387 


90603 
90867 
91107 
91155 
91395 


91635 
91803 
91995 
92235 
92475 


92523 
92571 
92643 
92883 
93123 


93363 
93435 
93483 
93531 
93603 


b (223, 199) 
b (251, 163) 
b (229, 193) 
b (239, 181) 
b (241, 179) 


o (283, 79, 19) 

c (283, 109, 23) 
e (271, 137, 19) 
b (257, 163) 

b (283, 113) 


b (233, 197) 

¢ (269, 139, 41) 
c (229, 199, 37) 
¢ (257, 163, 29) 
e (211, 211, 67) 


Hansraj Gupta 


93867 
94083 
94155 
94179 
94251 


95043 
95307 
95475 
95523 
95763 


96027 
96195 
96363 
96483 
96723 


97515 
97563 
97827 
97995 
98763 


99003 
99195 
99363 
99555 
99747 


99915 
100083 





b (239, 191) 
b (263, 157) 

b (277, 131) 

¢ (263, 157, 17) 
¢ (263, 157, 19) 
a (307) 

b (251, 179) 

b (307, 31) 

e (269, 151, 17) 
b (277, 137) 


b (283, 127) 
b (307, 47) 
a (311) 

b (293, 107) 
b (311, 29) 
b (307, 59) 
a (313) 


b (307, 67) 
b (313, 31) 
b (263, 173) 
b (307, 71) 
b (251, 191) 
b (313, 41) 
b (313, 43) 
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7. Introduction. 


In 1922 Edser! discussed a theory in which liquids are regarded as con- 
sisting of attracting force centres (molecules), each of which keeps clear 
around it by its thermal motion, a spherical space of diameter o. Edser 
assumed that o is independent of temperature, and that the force coefficient 
u varies with it. In previous papers? the present author has developed a 
modification of Edser’s theory, which involves regarding pu as independent 
of, and o as varying with temperature. The spherical spaces are considered 
as closely packed, and a is therefore related to V by the equation, 

Noe =V V2 we - Gen. ae 
Introducing the relation given te (1) into Edser’s conaiiiien: the following 
relations have been obtained for temperatures of low vapour pressure. near 
the melting point :— 


4a 
K = 3__o"r _ a de - we 


‘4 = Tao oe e- oe Air ee (3) 
£2 2V2 mN 
A; = Zn) oT ve oa = es © 
The following equations additional to Edser’s have also been deduced :— 
eee [1+ =e] 
= (= +) = Mier Big, «tay [2 4 Se : net) (6) 
Cy—Cy = Lja ; - sf ie ve +» (7) 
It will be noted that (3) and (1) give immediately, 
_ (m+) 
— eT = i. a he .. (8) 
which is a general parachor law. 


(5) 








1 Brit. Assoc. Fourth Report on Colloid Chem., 1922, 40. 
2 Ind. J. Physics, 1934, 8, 521; Proc. Ind. Acad. Sciences, 1934, 1, 105; cf. Cur- 
rent Science, 1934-35, 3, 23, 347. 
3 Cf. Tyrer, Z. Phys. Chem., 1914, 87, 178. 
795 
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As the usual parachor law is, 
Ppt 

aa oe ee sy oe o ~- (9) 
(8) indicates that for liquids obeying this — law, 

=I .. ee . (10) 
For most liquids p is not ‘known, ‘but we can express it in terms of 5 y ‘from 
(3) and insert the values in (4) to obtain 

9 ie 

A; = 242. mo ° Nyo 2 “3 ss = . .. (0) 
This value of A; can be inserted in (5), (6) and (7) to obtain equations 
which it has been found‘ do reproduce the experimental results for tem- 
peratures of low vapour pressure near the melting point, if m be given the 
value, 10, approximately. 


The equations can immediately be extended5 to include the effect of 
the repulsive forces, and the following expressions have been deduced :— 

K = 2 i 

3(m—4)o"** ~~ 3(n—4)o"*? 
TL aA 
YS m=)" ~ I(n—5)or 
2 /2npN 2V2nAN 
A; iar a an oy ! .. (14) 
2 V2myN T(m—4)a 2V27AN T(n—4)a 

Li = gente [2+ Oe | - ger [1 + SS] a 
Corresponding expressions can be written for (6) and (7). a has been 
shown that if », A, m and ” be calculated from the second virial coefficient 
by the Lennard-Jones method for He, Hz, Ne, Ar and Np, and the values 
inserted in (13) and (15), then these equations reproduce satisfactorily the 
experimental results. As a general rule the terms relating to the repulsive 
force can be neglected in comparison with those relating to the attractive 
force. It may be mentioned that for normal liquids pw is related to the 
parachor by the equation 

4 
po ee S ia :5 is + (16) 


7 


(12) 


. (13) 


which is deduced from (9), (3) and (1), m being put equal to 11. 

The equations so deduced require a knowledge of the mean distances 
of the molecules from one another, but do not involve their thermal 
motions. The present paper is concerned with these motions which are 





4 Ind. J. Physics, loc. cit. 
5 Proc. Ind. Acad, Sciences, loc. cit. 
6 Proc. Ind, Acad, Sciences, loc. cit. 
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expressed with reference to a temperature-variable factor 8 involving the 
fractional amplitude of vibration of a molecular centre within its spherical 
space. It has been found possible to relate B to (a) frequency of vibration 
of a liquid molecule, (4) internal thermal pressure, (c) density, (d) internal 
latent heat, (e) surface tension, (f) viscosity, (g) vapour pressure. The 
equations so deduced on the whole express satisfactorily the experimental 
results. Semi-empirical equations for (h) the coefficient of thermal expan- 
sion, and (7) the compressibility, have also been obtained. 


2. Frequency of Vibration of a Liquid Molecule. 


We assume with Andrade’ that a theory on simple classical lines is 
initially more profitable than one involving the introduction of quantum 
conditions. Further we follow Andrade in regarding the molecular centres 
of a liquid near the melting point as vibrating for the most part about a 
mean position of equilibrium ; the progressive motion through the liquid is 
slow compared with the vibratory motion. There is a good deal of 
evidence for this quasi-crystalline character of a liquid near its melting 
point. We look on each molecule then as confined in its thermal motions 
inside the”spherical space of diameter o, which we have associated with 
each attractive force centre and we assume that, at a given temperature, 
the average amplitude of the displacement of the centre of a molecule from 


° . ° . Co . 
the centre of its spherical space is given by Ee. As the index of the 
repulsive force is large, a molecule in repulsion behaves very much as rigid 
body, and can be considered as a rigid core moving within its own sphere. 
If a molecule has an average velocity wu normal toa plane during a vibra- 


tion, the associated frequency of vibration will be 


nae ee oe o- ee ee ee (17) 


Assuming the usual distribution law, the mean frequency will be given by 
re a” _ u 
ia | bv™ | >Bo° du .. ni - .. (18) 


—u2/b? 
where 


2kT 
b=) ie ee oe . ee ee (19) 


1 i 1 
Von “m ” Bo ue 


.. (20) 





7 Phil. Mag., 1934, 17, 497. 
8 Cf. Bradley, J. Chem. Soc., 1934, 1910. 
A3 
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and inserting (1) and the values of the constants, 
_ 2-76x10" = T 
wii B mM? y% 
Lindemann’s formula for the frequency at the melting-point may be 
written 


.. (21) 


¥y 


Pg 
Vm.p, == (2-3) x10” — mh Hh: Ae “H (22) 
q 2 73 
Vim.p. 
depending on whether v is deduced from specific heats, elastic constants, 
and so on. If we equate (21) and (22), we find 
Bag 2 OL .. ‘ a es .. (23) 
This value is of the same order as the value obtained for 8,,.4. in solids 


from specific heat and other data.® 


3. Internal Thermal Pressure. 


The internal thermal pressure at low external pressures will balance the 
cohesive pressure (2), if it be assumed that the repulsive force term in (12) 
can be neglected. This internal thermal pressure can be piculated as 
follows :— 

We consider a unit plane in the liquid, and suppose that all the 
molecules with the centres of their spherical spaces on one side of the plane 


are removed, and that the plane itself generates all the forces due to the 
molecules removed. It is further assumed that where a spherical space, 
belonging to a molecule not removed is cut by the plane, the vibration of 
the molecule is not affected, that is, the molecule passes through the plane 
to the limit of its usual amplitude, and returns, being throughout under 
the forces generated by the plane which substitutes the molecules removed. 
The thermal pressure on the plane will be the product of the number of 
molecules in contact with it, the frequency of vibration of these molecules, 
and the change of momentum in each vibration towards the plane, due to 
the repulsive force generated by the plane. 

The number of molecules per unit area in contact with the plane is 
given by the close-packing formula, 
J 9 


V3 o° 
The fraction of these molecules which will have an average velocity lying 
between u and u+ du perpendicular to the plane during a vibration is given by 
2 —u?/b? 


de! = os ¢ du ve ee én + .. (25) 





® Gruneisen, Ann. d. Phys., 1912, 39, 298. 
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The frequency of each of these molecules will be Ba" and the change of 


momentum when sent back by the plane is 2mu. 
Hence the thermal pressure generated by the molecules with velocities 
lying between u and «+ du will be, 
y —u?/b? 9 
owe du .. a .- (26) 


and the total internal thermal pressure will be 
= 4 ™ 1 a ge 
0 


Integrating and inserting (19), 
ee 
Pe = V3 Bo* 


or combining (1), 
a je it 
é / a a 


Under equilibrium conditions, 


6. Density. 


pr = K, 


and therefore from (2) and (28), 
4a 2 kT 


m—4) oF = 
whence 
ie V 3(m—4) 0”! kT 
Qa 
Inserting the values of the constants 
Ries 3°77 X10°*" (m —4) o”"'T 
pe 








From (32), 
1 
ate [ i 27pB a 
V 3k (m—-4)T 
and inserting the values of the constants, 
1 


os [ES «107° Be |m-) 
(m—4)T 


If 8 is put equal to 0-1, we have, 


1 
een [eseseecate ee 
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Again, 
M - 
d=. oa ee oe ee ee o> on 
which combined with (1) gives, 
M v2 
d= ss a 7 a se .« (38) 


so that from (35) we have 
-3 
iP M vy 2 Ee 
~ ON (m—4)T 
(36) is approximate since 8 is only approximately equal to 0-1 at the 
melting-point. Table I shows the application of (33) to calculate values of 





. (39) 

















TABLE I. 
77 217 a m= 2.65 15 m= 
(33) B = 3-77 x 10 = 4)o T (36) a la orl” 
| | 
Substance T r in ag | wi -_ # iat aie ney (aa) 
| | oes | 
He ..| 1-0 | 4-02 7 | 4+22x 10-45 5-77 1078° 0-083 | 4-15 
H, ..| 139 | 3-92 | 8 | 1-42x10-% 2-33 x 10°66 0-128 | 3-78 
Ne -| 24-5 | 3-35 | 7 | 1-41x10745 =| 2-55 x 10759 0-153 | 3-12 
Ar ..| saa | 4-02 | 8 | 1+70 x 10°52 1-41 x 10°85 0-151 3-79 
No | 68-1 | 4-23 | 8 | 2-42x10°52 | 2-02 x 10-85 0-114 4+16 
| 














B for some liquefied gases near the melting-point. The values of » and m 
are those derived from the gaseous second virial coefficients.* The values 
of B are of the expected order. The application of (36) to calculate 
approximate values of o,,.4 is also shown. The agreement between o (calc.) 
from (36) and o (obs.) calculated by means of (1) from the observed 
density* at the melting-point is satisfactory. 


7. Internal Latent Heat. 


It is desirable to obtain an equation for 8 which does not involve p, as 
the force coefficient has only been derived, from the virial coefficient, for 
10 See Proc. Ind. Acad. Sciences, loc. cit., p. 110. 


* The experimental results used in this paper have been taken from Landolt- 
Bornstein, and from the International Critical Tables. 
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the substances given in Table I. We therefore proceed as follows:—from 
(4) we have, 
(m—4) 0”! 2 2aN 
in ec “ di ‘a .. (40 
. (40) 


and hence from mn and (32), 


aM Jz: x uy ss 2 .. (41) 


and inserting (5), 








v2RTI1 - Tne 
ia a rf = ~ .. (42 
p V3 L; (#2) 
24 ar[l + aes) 
a be : se a i .. (43 
V3 Liceat.) (4) 
1-63 [1 + ha tel 
‘ elton eS ee ar Ep es .. (44) 
Lj (cal.) 


Table II shows the application of (44) to a few normal liquids. It will 
be seen that in each case B has a value of the order of 0-1. (44) when 











TABLE ITI. 
1: 63 T [14 Tim =e] 
(44) B = —— 
| BCT) , | B(12) 
Substance | Ty.. m* Ty | TLi(cal.) a calc. Teo | Li(cal.)| a calc. 
| | (44) \ | (44) 








(CoH;)20..| 156 | 10-5 | 233 | 7200 | 0-0014 | 0-09] 273| 6280 | 0-0015 | 0-13 
| 

(CH;).CO..| 179 | 11-5 | 213 | 8500 | 0-0013 | 0-07] 293| 7060 | 0-0014 | 0-14 

CyHi4(n)..| 179 | 10 203 | 8400 | 0-0010 | 0-06| 273| 7110 | 0-0014 | 0-11 





CHCl; -o| 210) 10 213 8400 0-0012 | 0-06 | 288) 6980 0-0012 O-ll 
CCly -o| 260); 9 250 | 7900 0-0012 | 0-08 | 273 | 7450 0-0012 0-09 
CeHe --| 279 | 9°5 oe ee ee ee 279 | 7700 0-0012 0-09 





























* Ind. Journal Physics, loc, cit., p. 532. 
{ From vapour-pressure curves, 
{ Observed. 
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applied to the substances given in Table I will yield the same values of g 
as (33), because the equation obtained by combining (4) and (5), 


 2V2 mN T(m—4) a 
<n 3(m—4) 0”? [2 ° 3 “7 
that is 
4-31 x10" p T(m—4) a 
Lica.) = (m4) oT [3 + a] . (46) 


has been shown to apply to these substances!! and (46) and (44) give (33). 


8. Surface Tension. 
From (5) and (11) we have, 








fete. 2 es) Tn—é)a 
=| : BST Nyo | [1+ 5 ] in MA .. (47) 
which we can combine with (42) to yield, 
a 12 2, 
~ § m—5 yo? ios. 
Now if we insert (1) in (47) we get, 
= 92316 m—5} : wt T(m —4) a 
Lj= = By Nv [i+ “Os ] . (49) 
which reduces to 
m—D5d T(m—4) a 
Taiceny = 9-61 2—E y VE [1 4 “PEP . (60) 


Since (50) has been shown to hold for normal liquids,!? (47) also applies, 
and hence (48) will give the same values of B as (42). 
We can also deduce from (3) and (32) that, 


—2 m—1 
pam po e—Oet (tl (te o(—5)] (mri) 3 .. (61) 








Since (3) has been found to apply to the substances given in Table I,! 
(51) will give the same values of 8 for these substances as (32). 


9. Viscosity. 


We apply the method of Andrade.!* He assumes that communication 
of translational momentum from one layer of a liquid to the next takes 
place at each extreme libration. If we regard each layer as moving asa 
whole with one unit of momentum faster than one neighbouring layer, and 
one unit slower than the other, then at each extreme libration, a molecule 
is in contact with molecules with one unit of translational velocity more or 





11 Proc. Ind. Acad. Sciences, loc. cit., p. 112. 
12 Ind, Jour. Physics, loc. cit., p. 532. 

13 Proc. Ind. Acad. Sciences, loc. cit., p. 110. 
14 Phil. Mag., 1934, 17, 497. 
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less than its average translational velocity. Hence two units of momentum 
are transferred for each half period of vibration, that is, four units for each 


period. 
The transfer of momentum per unit of area per unit time is given by 


7 © where n is the viscosity, and = is the translational velocity gradient. 


We can write, therefore, 
dv _dv WV2¢0 2 1 wt 
“ - . oe. 2 mae s _— .. (52 
1 dz (4) Maz V3 )\vse) (wee va Bo - 


is the perpendicular distance 





5) 
The factor 4 is explained above; — 
V 20 





between two adjacent layers, so that m ‘ is the difference in trans- 


v 
dz 
; ae 
lational momentum per molecule between two adjacent layers, Vio? 8 


the number of molecules per unit area, and y =: af = is the fre- 


27 m 
quency [See (20)]. (52) then reduces to 
sRt mT 
1 S¥qN Bo* 
We can substitute any of the equations deduced for B; (48), however, 
appears to be most suitable, and with (53) gives 


_ 64R+ m—5 yM? 


(53) 








° a oe. (Oe 

3V30 m—4 Tt - 
= _, m—5 yM? 

om FCS 0%. Tt ‘ (55) 


Table III shows that (55) applies to a variety of liquids with a fair 
degree of accuracy, particularly when allowance is made for the fact that 
for some of the liquids, data near the melting-point are not available. 

10. Vapour Pressure. 

The method at present used for the calculation of the vapour pressure 
of a liquid from kinetic considerations’ is open to objection, since it 
involves the assumption that a molecule is displaced through a liquid at the 
same rate as it is through a gas. The surface of the liquid is considered as 
being bombarded from the interior with molecules, and it is assumed that 
all molecules with a velocity “, normal to and towards the surface, con- 
tained within a prism of height u and unit base, will strike unit area of the 
surface each second. These assumptions neglect the finite size of the 
molecules. 





15 See, for example, Eucken, Lehrbuch Chem. Physik, 1931, p. 241, 
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TABLE III. 
(55) » = 7-61 x 10+. a8. 
| | | 

Substance Tm. m | mM? | rt] rt | m | me | ok. cle. = 

| 

| 
(C2H;),0..| 156] 74 | 8-59 | 198 | 14-1] 10-5 | 0-845 | 28-5] 0-011 0-009 
(CHs)2co | 179| 58 | 7-61 | 200} 14-1| 11-5 | 0-867 | 35-6| 0-013 0-013 
CoHis(n)..| 179] 86 | 9-27 | 273/ 16-5]10 | 0-833 | 20-5 | 0-007 0-004 
CHCl, ..| 210] 119-5| 10-92 | 263 | 16-2] 10 | 0-833 | 31-0] 0-013 0-008 
cc, ..| 250] 154 | 12-40 | 273| 16-5] 9 | 0-800 | 28-5| 0-013 0-013 
CoH,  ..| 279] 78 | 8-82 | 279/ 16-7] 9-5| 0-818 | 30-8 | 0-010 0-008 
Clo | 172] 71 | 8-42 | 201| 14-1] 8* | 0-75 | 33-0] 0-011 0-007 
HCl ..| 163] 36-5] 6-03 | 163/12-8| 8* | 0-75 | 27-9| 0-008 0-006 
HBr ..| 187] 81 9-0 | 187 13-7] 8* | 0-75 | 28-9] 0-011 | 0-009 
HI ..| 222] 198 | 11-3 | 225 15-0] 8* | 0-75 | 29-1] 0-013 0-014 
H2S ..| 190] 34 | 5-83 | 190/ 13-8] 8* | 0-75 | 33-2] 0-008 0005 
Het .| lo] 4 | 2-0 | 25 1-58] 7 | 0-67 | 0-30) 0-0002 | 0-0003 





























* From analogy with the liquefied gases given in Table I. 
+ Burton, Nature, 16-2-1935, p. 265. 

In the following method of treatment, we adhere to the considerations 
already advanced, and we consider the surface molecules of the liquid as 
vibrating in the surface layer until a molecule acquires a velocity normal tothe 
surface greater than a critical velocity, when it passes into the vapour phase. 

Frequency of a surface molecule.—It is necessary first to examine the 
frequency of the molecules in the surface layer. We may neglect the 
somewhat looser packing of the surface molecules discussed by Edser!é and 
assume that in the downward portion of a vibration normal to the surface, 
a molecule is displaced the usual distance. The average upward displace- 
ment from the mean position can be calculated as follows :—Edser!’ has 
shown that the work W done in removing a molecule a distance x measured 
upward from and normal to the surface is given by, 


ey. 2, Sk cage. abe 
W = hy lms Ped #2 2 .. (86) 





16 Loe. cit., p. 51. 
17 Loc. cit., p. 96. 
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As a first approximation we assume that at temperature of low vapour 


3 
pressure, = is small, and that (=) can be neglected. Hence 


es mNx 
W = (m—3) Vo os ee oe ee ss 


and inserting (1), 


i. ee 2 myx 
W ~ (m—3)o" °° o. ee *- ee .- (58) 


The average kinetic energy of an escaping molecule normal to the 


=, and hence, 


V2 mp2 kT 


surface will be 





jm—3) o* ~ > - 
so that, 

x (m—3) o%"* kT 

o/2 ae ™m - (60) 


and inserting (32), 


a= -=5 fi B es - i - -+ (61) 


in , —3 /2. ; 
For values of m within the range considered, ——5 / 3 iS approxi- 





mately equal to unity, so that 
| ae ee ee oe o's oe “ (62) 


and the upward displacement of a surface molecule in its average state is 
approximately equal to the normal displacement. Hence the frequency of 
the surface molecules is approximately the same as that of molecules within 
the liquid. 


Number of molecules leaving unit area of the surface per second.—We 
assume that the number of molecules in unit area of the surface is constant, 
that is to say, as soon as a molecule leaves the surface, its place is taken by 
a molecule arriving from the vapour phase. The number of molecular 
places per unit area is given by (24), the frequency associated with each 
place is given by (20), and the fractional number of vibrations normal to 
the surface associated with a velocity greater than m is given by 

2 oc =u? /b? 
sve / 


Ug 


du 
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Hence if t% is the critical velocity for return, the number of molecules 
leaving the surface per unit area per second is 


2 1 kT p —u? /b? 
N er —— ee ee —— —— «= ——— ee ee 
1 V80°' Vin le - (63) 


2T 1 
ee : , Sas e s+ (64) 


a [0 


mars 


2 pod —utpor a(+ ) (65) 


(1—A) ; wa rss -+ (66) 


o/b se 
where A a - " u(t .. + . ++ (67) 


0 


For values of w/b < 3, the corresponding value of A may be found 
from Tables.!8 For larger values of w/b we can use the approximation,” 
— Uy? |b? 


Vir u,/b 
From (64) and (66) we have 


— =a 

Ni = 4) 50m Bos (1A) - «a *" -+ (69) 

which on insertion of (19) gives, 
b 1 

——an « a «+ (JA) .. ee ee be -- (70 
Ten * figs ANA) (10) 

The number of molecules from the vapour phase which strike unit area 
of the surface of the liquid per second is given by 
; i 
Ve, 2Va4 
where V, is the molecular volume of the vapour. If the dilute vapour is 
considered to be a perfect gas, we can write, 


=e en aia “ wien a ++ (72) 


Ve 
where # is the vapour pressure. 


ee - (68) 


N; = 


ay ™ » (71) 





18 See Jeans, Dynamical Theory of Gases, 1916, Appendix B. 
19 See Hinshelwood, Kinetics of Chemical Change in Gaseous Systems, 1929, p, 11. 











es 


3) 


4) 
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Hence from (71) and (72), 
p 








b 
eer en Se (73) 
At equilibrium we can put, 
N, =N, ia oe on ie ig ++ (74) 
so that from (70), (73) and (74), 
Be iis By 
Van Bor U-A)= pn ove (75) 
.. » . 20—A) kT 
that is, p = V3 Bo® (76) 
Inserting (1), we have 
,  - LaS os vd si va 
p= 5 Sy (77) 
which with (41) gives, 
A,(1—A 
p= a .. an ey mm 4 ++ (78) 
Now as %p is the critical velocity for escape, 
A;=3Nmu? .. By rx ea én .. (79) 
and from (19) 
RT=4Nme?... . aa Pe - .» (80) 
so that from (79) and (80), 
Uo de A; 
;* RT +: 7 +“ 3 aii -- (81) 


= . | Aiea) 
=/ ae a as mA ‘ .. (82) 


when A; is expressed in cals. Thus A can be determined from Ait). 


If we express p in mm. of mercury, and A, in cals., (78) becomes, 


eon 4 i — 
Poe = LUEXW Ae OD). Z e .. (83) 


As the value of A is very sensitive to small changes in the value of A,, 
it is preferable for comparison between theory and experiment, to calculate 
A; and thence 1; from the observed value of », and compare the calculated 
and observed values of L,. 

Taking logarithms (83) gives, 

log Ajcea.) + log (1—A) = log pmmt+log V— 4-498 oe .. (84) 

It is convenient to write 


log Aiet) + log (1—A) = log Pym t+log V— log RT—4-498 .. (85) 
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that is, 


log Site) + log (1—A) = log pam +log V — log T— 4-799 .. (86) 


A 
and to determine - =iCoal) 


A; 


For the substances given in Table IV, , /* or is found to lie between 2 


and 3. In this range it has been found empirically by the use of Tables for 


A, that 


Aj(cal.) __ 


OT — 2-61 X — -53 - es oe + (87) 


where X = log —“S Aico + log (1— A) "e sia es .. (88) 
Hence from a and (87), 


Aven = — 2-61 (log pum + log V — log T) + 12-00 .. .. (89) 


and from (5) and (89), 
Licey = T [1 + “™E9*| [24 — 5-22 (log Pam + log V —log'T)] (90) 


As Table IV shows, (90) gives moderately good results. 


TABLE IV. 


(90) Licey = T[1 + A =98) [245.22 (log bum +1og V—log 1] 





Tim — 4)a . 
— : miilt~ 3 | ?mm a. calc, (90) 





1:75 | 0 | 1-0 27-5 | 18-6 21-2 
15-0 | 0-012 1-240 26-3 189 225 
87-1 | 0-0046 1-534 740 | 28-4 | 1326 























63-1 0-0048 1-403 91 31-9 1330 1360 








For the normal liquids given in Table V, aj a lies between 3 and 3-2. 
From (68), (82) and (83) we then have 


oe 3.15 X10*Aj(cay , @ 
mm V 





. (91) 











6) 


12 


or 
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which gives, 
Aj(cal.) oa, »434 Aj¢cal.) 
> 





} log —or qs = log bam + log V — log ‘T — 4-550 (92) 





For values of af Fite) within the range under consideration it has been 


found empirically that 





Site = — 2-44 ¢ log Sia) - tt ee) ) + 0-65 .. (93) 
Hence from (92) and (93) 

AiGaL) = — 2.44 (log Pam + log V —log T) +.11-77 .. .. (94) 
and from (5) and (94) 

ae [3 + Fim—we | [23-54 —4-88 (log pmm + log V —log T)] (95) 


As Table V shows the calculated values of L,; are higher than those 
observed. Better agreement is scarcely to be expected in view of the 
nature of the assumptions. 

















TABLE V. 
T(m— 4)a 

Ss es, [1 + in — 8 |[23.54 — 4.88 (log Pm + log V—log )] 

T(m—4)a . L; 

Substance T a m |1 ins Pimm V a no 

; (95) 

C,H,  --| 279 | 0-o012 | 95 1-615 | 37 | 87-3 | 7700 | 8250 
CHCl, ..| 253 | 0-0012 | 10 1-609 | 20 | 76-3 | 7600 | 8000 
cc, ..| 253 | 0-oo12 | 9 1-508 10 | 92-0 | 7800 | 7900 
CoHya(x) --| 253 | 0-0013 | 10 1-659 =| 14 |124 | 7500 | 8100 

| | | 




















11. Coefficient of Thermal Expansion. 


There still remain for consideration the coefficient of thermal expansion 
and the compressibility of a liquid. To derive formule for these proper- 
ties, it is necessary to examine the equations for the actual vibration of the 
molecular centre in its spherical space under the action of both the attrac- 
tive and repulsive forces set up by the other molecules. It is hoped to do 
this in a subsequent paper. Meanwhile the following approximate semi- 
empirical treatment may be of interest :— 





810 - TT. S. Wheeler 


As an empirical fact it is assumed that a is independent of temperature, 
and that we can write, 


o= (1+) on - wa oa -. (96) 
where op can be regarded as the diameter of the rigid core of the molecule, 
that is of the space within which the repulsive force increases very rapidly. 
We may also, if we regard the molecule as having a rigid core vibrating 
within a spherical space, put 

o = a (1 — B) ws os ws a -- (97) 
whence eliminating ap, 


B = /( +a T/3) “ a os .. (98) 
., of 
—-- 


ioe 
= TI . (100) 


== $6/T .. ss - as . (101) 

It should be emphasised that (98) to (101) are very approximate ; (101) 

for example indicates that f is directly proportional to temperature which 

is not so. The equations cannot be applied to the liquefied gases given 

in Table I since with these the value of a varies rapidly with temperature. 

Table VI shows the application of (100) using values of 8 taken from Table II. 
TABLE VI. 


(99) 


and a 


(100) a= mae 





a 
Substance ’ | : | 7 calc. 
(100) 











(CA <. | | 0-13 | 0.0015 | 0-0016 


(CHs)2CO_-. F 3| 0-13 | 0-0014 | 0-0015 


CoHis(n) —«-| 208 | 0-08 | ; 273| 0-11 | 0-0014 | 0-0014 
CHCl; ..| 213 | 0-06 | 288 | 0-11 | 000-12 | 0-0013 


CCl, ..| 250}. 0-08 273| 0-09 | 0-0012 | 0-0011 
| 

CeHe a me we 279; 0-09 0-0012 0-0011 
¥ 




















The agreement between the calculated and observed values of a is satis- 
factory. soni 





20 Cf. Bradley, Jour. Chem. Soc., 1934; 1911. 
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We can insert the equations relating a and B in the equations 
previously obtained and deduce some interesting results. Thus from (5) 
and (99) we have 
which with (41) gives 

L; = A; +/3 (m— 4) RT ie “ ue .. (103) 
This equation is interesting as it expresses L; in terms of A; without the 
introduction of a. Again (41) and (103) give 

ly =a/FRT FF + (m — 4)| m a .. (104) 
Again from (104) and (99) we have 


ty LORE, a/% (m —4)RT we = .. (105) 


V6R 
= L—a/m—DRT és oe = .. (106) 
4-89 
~ Dycea) —1-63(m—4)T 
Equations (102) to (107) must hold approximately as the equations on 
which they are based do so. As a matter of interest the application of 


(107) is shown in Table VII. 


a 








. (107) 


TABLE VII. 


4-89 


(107) a= Lyccal.) — 1-63(m—4)T 








| 
| 
a 
Lj (cal.) : 
an calc. 


(107) | 


| 
ee 

Substance | an 
| | 





(CzH5)20  ..| 273] 10-5 | 6280 | 0-0014 
(CH3)2cO ..| 293| 11-5 | 7060 | 0-0014 
CoHia() i 10 7110 | 0-0011 
CHCl, ..| 288 | 10 6980 | 0-0012 
cc, ..| 273] 9 7450 | 0-0009 


| 
C,H, ..| 279] 9-5 | 7700 | 0-0009 

















12. Compressibility. 
The compressibility of a liquid is given by the equation,” 





21 Cf. Tyrer, loc. cit., p. 170. 
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This combined with (7) gives”? 
cn 
aie 
From (99) and (109) we have 


(109) 


o= es we a va .. (110) 


The application of (110) is shown in Table VIII. ‘The agreement 
between the calculated and observed values is not unsatisfactory. 
TABLE VIII. 


(110) c¢ = ev 





“ 
Substance ae ‘ calc. 


c 
ll (110) obs. 





(C2H;)20 =" 2-63x10'2 | 0-13 14-9 x 1071! 15-0 10-11 


(CH,),CO~ .. 2-96X10!2 | 0-14 10-4 10711 12-4 x10-11 
Co Hi4(2) “ 2-98X1012 | O-ll 14-0 10-12 12+5 x 1071 


CHCl, oe | 2-92 x 1011 0-11 9-0x10-14 9°7X1071! 





CCl os | 3-12x10!2 | 0-09 8+1x10711 9-0x10712 


CoHe aa -3| 3-23x 1012 0-09 73x 10-11 8-2 x 10712 

















Summary. 


The theory which has been discussed in this and preceding papers 
regards a liquid as being composed of a number of force centres or molecules 
each vibrating within an associated spherical space kept free from other 
molecules by the thermal motion of the occupying molecule. The transi- 
tional motion of the molecules through the liquid is assumed to be small 
compared with the vibratory motion. Each molecule attracts and 
repels the others with forces varying as inverse powers of the distance. 
The diameter of a spherical space is calculated, assuming that these spaces 
are closely packed, so that it is taken to vary with temperature. In the 
calculation of properties, such as L; and y, it can be assumed that each 
molecule is on an average at the centre of its spherical space, and there need 
only be considered the attractive force since the repulsive force comes into 
play at distances much smaller than the diameter. 





22 Cf. Edser, loc. cit., p. 80; Lewis, Zeit. phys. Chem., 1911, 78, 24. 
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In the present paper an attempt has been made to consider the vibra- 
tory motion of the molecules, and the amplitude of vibration B has been 
linked with the density, internal latent heat of vapourisation, surface tension, 
viscosity and vapour pressure. Formule relating viscosity with surface 
tension, and vapour pressure with internal latent heat have also been 
obtained. Equations for the coefficient of thermal expansion and compres- 
sibility have also been derived, but only on the assumption that the coeffi- 
cient of thermal expansion does not vary with temperature. 


The formule given above, on the whole, reproduce satisfactorily the 
experimental results for a number of properties. In order, however, that 
the theory should be completely satisfactory, it is necessary that formule 
should be obtained which will give 8 in terms of the force coefficients, the 
force indices, and the temperature. If this can be done, then from the 
equations given above a number of properties of liquids can be calculated 
from the fundamental properties of a molecule, the forces which it generates. 


NOTATION ADOPTED. 

A See (67). 

A; Internal work of evaporation. Work done against van der Waals forces in 
evaporating isothermally 1 g.-mol. of a liquid to the state of infinitely dilute 
vapour. 

A;(cal) Aj expressed in cals. 

b See (19). 

ce Compressibility. 

Cy; Molecular heat of the liquid at constant pressure. 

Cyz Molecular heat of the liquid at constant volume. 

Cyg Molecular heat of the liquid vapour at constant volume. 

d_ Density of the liquid. 

K Internal pressure. 

k Boltzmann’s constant. 

L; Internal latent heat of vapourisation. 

Lj(cal.) Lj expressed in cals. 

m Index of the power of the inverse distance expressing the variation of the 
attractive force between two molecules. 

mp. Melting point. 

M Molecular weight. 

m Mass of a molecule. 

n Index for the repulsive force. 

n’ Number of molecules per unit area of a liquid layer or surface. 

N Number of molecules in 1 g.-mol. 

Ng Number of molecules froni the vapour phase which strike unit area of the liquid 
surface per second. 

Nz Number of molecules leaving the liquid surface per unit are a per second. 

A4 F 
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P  Parachor constant. 

p Vapour pressure of a liquid. 

Pmm pexpressed in mms. 

pr Internal thermal pressure. 

R_ Gas constant. 

T Absolute temperature. 

u_ Velocity of a gas molecule normal to a plane. 

u, Critical velocity normal to the surface for escape of a molecule. 
V_ Volume of | g.-mol. of the liquid in the normal state at T. 

Vg Molecular volume of the liquid vapour. 

v Layer velocity of the liquid. 

W Work done in removing a liquid molecule from the surface. 

x Distance a molecule is removed from the surface of the liquid. 


R 


Distance measured normal to the translational motion of the liquid layers. 
Coefficient of thermal expansion of a liquid. 


BWsR 


Fractional amplitude of vibration of a molecular centre within its spherical 
space, 


Viscosity. 

Surface tension. 

Repulsive force coefficient. 
Attractive force coefficient. 
Frequency of vibration. 


Qe BF Yer 3 


Diameter of spherical space which a molecule keeps clear around it by its 
thermal motion. 
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Introduction. 


SIncE the application by Simpson of the detailed absorption spectrum of 
water-vapour to the problem of atmospheric radiation, interest in the subject 
has revived and many papers have appeared dealing with different aspects 
of it. In a paper published recently,! D. Brunt has discussed the question 
of the net loss of heat by radiation from the ground and the air layers in 
its neighbourhood, and, from the analogy of radiative diffusion to eddy diffu- 
sion, has put forward a simple empirical formula for the downward radiation 
S incident on one square centimetre from the atmosphere, 
S =oT* (a+b ve) 
where T is the temperature in degrees absolute and e the aqueous vapour 
pressure of the air at the place of observation, oT is the hlack-body radiation 
at temperature T, and a and 6 are constants. Brunt observes that the values 
of a and b and b/a vary from one set of observations to another. The formula 
in common use for S was one suggested by A. Angstrom,” 
S/oT4= A — B-10>* 

where A, B and y are constants. The purpose of the present paper is to 
examine the values of the constants with the help of all available data and 
to point out the connection between the two formule. 


Brunt’s Formula. 


Brunt has given the values of a and 6 caiculated from observations at a 
number of places and also the correlation coefficients between S/oT* and /e. 
They are reproduced in Table I; e¢ is expressed in millibars. 


There appears to be an arithmetical error in Brunt’s calculation of the 
constants from Poona values. The values as calculated by the author are 
a=0-47, b=0-061 and r = 0-92. 


The correlation coefficients are high at most of the places but the follow- 
ing points are to be remembered in this connection. The radiation values 
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TABLE I. 





Height above 
Author Place sea-level in a b bla r Remarks 
metres 





Dines .. --| Benson oe +52 | -065 ee *97 | 12 monthly mean 
values. S was mea- 
sured at Benson while 
e refers to Kew. 





Askléf --| Upsala 24 -43 | -082 | -19 *83 | 28 individual observa- 
tions. 

Angstrom .-| Bassour 1160 -48 | -058 +12 -73 | 38 a 
Boutaric --| Montpellier 2859 *60 | -042 -07 -. | 6 mean values. 

and Pic du 

Midi | 

| 

Robitzsch .-| Lindenberg 40 -34 | -110 +32 | 1-0 11 grouped means 





from registration 
curves on 30 clear 
nights. 
Ramanathan and | Poona 564 *26 | -12 +46 -93 | 12 monthly means. 
Desai 























for Benson were 12 monthly means measured with Dines’s thermopile radio- 
meter, while the vapour pressures used in the calculation were from observa- 
tions at Kew. The values for Lindenberg* are based on 11 grouped means 
of 1350 individual observations obtained by Robitzsch from registration 
curves on 30 clear nights. As the correlation coefficient in this case is as 
high as 1-0 it is necessary to look into this somewhat closely. Robitzsch 
used a self-registering instrument for recording the night radiation. His 
apparatus consisted of two similar thin circular metal plates one blackened 
and the other polished, placed horizontally inside a Dewar’s flask and exposed 
to the zenith sky subtending an angle of 60°. The difference of temperature 
between the strips was recorded galvanometrically with thermojunctions. 
Robitzsch’s method of calculation and of extrapolation to obtain the radiation 
from the whole sky are open to objection as he apparently assumes that 
the sides of the Dewar’s flask contribute nothing to the net radiation received 
by the element. But actually the sides of the flask would be at different 
temperature from the receiver, and glass being a good absorber for infra-red 
radiation, the sides of the flask would contribute an appreciable amount 
to the net radiation. The values of S given by Robitzsch cannot therefore 
be used for testing the formula. The exceptionally low value of ‘‘a” calcu- 
lated from the observations of Robitzsch is without doubt due to this 
cause. 
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It was considered that it would be desirable to calculate the values of the 
constants in Brunt’s formula from longer series of individual observations. 
Besides the series of 144 night observations taken at Poona by Drs. Rama- 
nathan and Desai in 1930-31, a second series of 114 observations on clear 
nights taken by me in 1933-34 at the Agricultural Meteorological Observatory 
was available. A search in the literature showed that the following series of 
observations could also be made use of for the same purpose. 


(1) Two series of 121 observations by Kimball* at Mount Weather, 
Washington and other places; 
(2) 50 individual observations on 12 clear nights at Mount Whitney 
by Angstrom? ; 
(3) 28 observations at Kew made with the Benson radiometer®; and 
(4) 14 grouped means of observations near Vienna by O. Eckel.® 
In Table II are given the values of the constants a and b and the corre- 
lation coefficients between S/oT! and //e calculated from all these series of 
observations. 


TABLE II. 








Height | | 
Author Place i above a b bla r Remarks 
sea-level 
in metres 
Kimball .. -+»| Washington 137 +44 -027 | -061 | -29 | 22 clear nights. 
| 
Mt. Weather 540 | -52 | -066| -127| -84 | 50 do. 
Different places in 
U.S.A. es +53 -062 | -117 | -88 | 121 do. 
Angstrom --| Mt. Whitney 4420 -50 -032 | -064 | -30 50 do. 
O. Eckel .. --| Kanzelhdhe 1500 °47 -063 | -134 | -89 | 14 grouped means. 
( Austria) 
Observe iory Staff ..| Kew 5 +62 -056 | -090 | -64 | 28 observations with 
Dines’s radiometer. 
Ramanathan and | 
Desai, 1930 --| Poona 564 +55 -038 | -070 | -63 | 144 clear nights. 
Kaman .. -+| Poona 564 | -62 -029 | -047 | -68 | 114 do. 























The correlation coefficients calculated from the individual daily values 
are not so good as those from the grouped mean and the monthly mean values 
and there are two instances of very small coefficients, one at Washington and 
the other at Mount Whitney. The mean value of the constant ‘‘a” is 0-53 
and its variations are not so high as cannot be explained by the difference in 
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the nature of the instruments and the methods of their use. The average 
value of b is -047. The variations are, however, large. 


°o 
Angstrom’s Formula. 


We shall next consider Angstrom’s formula. This is based mainly on 
experimental observations, but Angstrom has given reasons? for choosing 
an exponential form for the vapour pressure in his equation. In one of his 
recent papers’? Angstrom has given the equation in the form : 

S/oT* = 0-75 — 0-32 x 107-060 
where ¢ is the vapour pressure in millimetres of mercury. The values of the 
constants calculated from a number of published series of observations and 
also from the two series. of observations taken at Poona are given in Table 
III. All the observations were plotted on graph paper, the mean curve drawn 
and the equation of the curve obtained assuming it to be exponential in 
form. 


TABLE ITI. 





Place of 


. Remark: 
observation Ss 


Author f Y No. of 
| observations 





Angstrom . : . oe As given by Angstrom? 


Askléf , . . oo | As given by Askléf? 


Angstrom e . ° oe As given by Mosby® 


Mt. Weather Kimball } . . 121 As calculated by the 
author 


Kanzelhéhe Eckel : . . 13 grouped do. 
means 


Poona Ramanathan and . ° . 144 do. 
Desai 








Poona Raman : . . 114 do. 

















The mean values of A, B and y are 0-77, 0-28 and 0-074 respectively. 
When e is expressed in millibars, the factor in the exponent will be changed 
to -055. 

It may be mentioned that although in a general way, the formula 
expresses the nature of the variation of atmospheric radiation with tempera- 
ture and vapour pressure, the fit in any individual series is by no means very 


good. 
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Relation between Brunt’s and Angstrom’s Formule. 


It is easy to show that Brunt’s form of the equation is only a variation of 
Angstrom’s, holding approximately good within the range of usual variation 
of vapour pressure and of the accuracy of the measurement. A — B-10°Y 
can be written in the form (A — B) + B(1 —10°%), the first term of 
which is nearly equal to Brunt’s ‘“‘a’”’ and the second term has the value 0 
when e = 0 and B when e =co. But we are generally concerned only with 
values of e up to about 30 millibars and within this range, the course of the 
curve can be roughly reproduced by the expression b Ve if b is suitably chosen. 
The following table gives the values of 0-28 (1 — 107-05) and of -05 Ve 
and -06 ve for values of e ranging from 2 to 30 millibars. 


TABLE IV. 





f 





e | +28 (1—107°9554) | .05 “| -06 Ve 
| | | 
2 -063 070 | +084 
4 | ‘1 -100 | -120 
6 +149 +123 | +147 
9 | -191 | 150 | +180 
12 -219 “173 | +208 
16 | 243 | +200 | +240 
20 | +258 1203 | -268 
25 - 268 +250 | -300 
30 | +275 | +273 | -328 





As the physical ideas underlying Angstrom’s formule are clearer,® this 
form of the relation is to be preferred to Brunt’s. 


Considering that the atmospheric radiation comes from the whole atmos- 
phere above a place, it is not surprising that there is not better agreement 
with formule which take into account only the surface temperature and 
vapour pressure. The observed agreement is due to the fact that water vapour 
has large absorptivity over a considerable part of the infra-red spectrum 
and that the concentration of water vapour is usually a maximum near the 


ground. oo Pk 
The Minimum Value of Atmospheric Radiation. 


”” 


he constant ‘‘a” in Brunt’s formula or ‘‘A — B” in Angstrom’s can 
be interpreted as the fraction of black-body radiation at the temperature 
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of the place of observation which is emitted by a small quantity of water. 
vapour. When the atmosphere is very dry, we should expect that S/oTs 
may even go below 0-5. It is interesting to examine the minimum value 
which this quantity takes under very favourable conditions. In the following 
table are collected together a number of selected values of S/oT4 observed 
by different authors when the aqueous vapour pressure was exceptionally small, 


TABLE V. 





| 
\Height aiild e Net 


Author Place re 
sea-level mm. radiation 








Eckel® -+-| Kanzelhéhe . 0-179 


0-168 
0-186 


Boutaric?® ..| Mt. Blanc 


re) 


~ 


Kimball* ..| Washington 0-194 


rs 


Angstrom!? | Abisko 0-186 


0-225 


a 


Do. _..| San Antonio 





0-221 
0-215 


+436 
+440 


Do. ..| San Gorganio 


0-193 
0-183 


-410 
*417 


Do. _ ..| Mt. Whitney 


m OF o_ 


0-226 
0-216 
0-248 


+380 
+379 
405 


-| Balloon ascent 


DI 


0-216 +343 
0-224 +140 364 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 +222 0-137 +359 
0 
0 
0 
0 
0 
0 
0- 
0- 


oooo ooo oo oo o o o oo 


0-226 +156 382 
0-185 +210 0+395 


ODA 


Mosby® .-| N. Polar 0-192 
Regions 0-144 


+224 0-416 
- 166 0-310 


+410 0-652 


Raman Poona . 0-242 
. +403 0-645 


0-242 


351 0-609 
353 0-595 


Do. Sinhagad . 0-258 
. 0-242 


























Measurements made at the surface of the earth whether at plain or mountain 
stations do not show a value lower than 0-49. A few observations made by 
the author at Sinhagad, a hill station 4200 ft. above sea-level and 15 miles 
to the south-west of Poona on a very dry night (9-3-1935, vapour pressure 
<0-2 mm.) showed a ratio as high as 0-57. Only Angstrom’s observations” 
taken from balloons at great heights show values as low as 0-38. More 





. 
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observations under exceptionally dry weather conditions or in high balloon 
ascents are to be desired. 

In conclusion the author desires to express his thanks to the Director 
General of Observatories for the facilities given for this investigation 
and to Dr. K. R. Ramanathan and Dr. I. A. Ramdas for their guidance 
and encouragement. 
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THE radiation SY coming from an isothermal atmosphere! at temperature T 
with water-vapour content w is given by 


Sp = 20 Typ Hx(0)dA—20 f Typ H,(leyw) ad * ~ = 
0 0 


where J)@A is the energy of radiation contained between the wave-length 
limits A and A + dA and emitted per unit solid angle by unit area of a black- 
body at temperature T in unit time, #)* is the (Naperian) coefficient of absorp- 
tion at wave-length A and 

H,(kw) = / exp (—kwé) -. 

1 

The first term on the right represents the full black-body radiation at 
temperature T and the second term the radiation received by unit area from 
an infinitely extended plane black surface at temperature T (parallel to the 
unit area) after passing through an atmospheric layer containing « gms. 
of precipitable water. 


To a first approximation? 
H;(kw) = $ exp (— + hw). 
Since H;(0) = 4 


SY a Tyr @A—n Sq dd exp (— 3 kyw). 





*Throughout the paper, k is used to indicate the absorption coefficient when the 
transmission is expressed as a power of ¢€, and a the coefficient when transmission is 
expressed as a power of 10. a = 0-434 k, 
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Now, we can divide the total radiation from a black-body into m groups, 
S), So, S3, ----, S, depending on the value of the absorption coefficient of 
the water-vapour in the order of increasing k. The radiation from an 
isothermal atmosphere will then be given by 

Ss". = S,—S, exp (—% k,w)+S,—S, exp (—} k,w) 

+,....+8,—S, exp (—% k,,). 

If k; is very small, exp (— 3 ,w) is very nearly equal to unity and if k,, 
is very large, exp (— 3 k,,w) is negligibly small. 

To a first approximation, we can divide? the wave-lengths of the atmos- 
pheric radiation into three groups. 

(a) those for which & for water-vapour is very small, (b) those for 
which & is a definite single value, and (c) those for which k is large. If 
the black-body radiation comprised within these three groups be Sj, Sg and Ss, 


S', = 8.+8,—S, exp(—§ kw) .. a ee osc: ae 
Equation (3) is similar in form to Angstrom’s empirical formula for atmos- 
S i 
— = A—B-10™, where A, B and y are constants, 
oT 


T is the temperature and e the aqueous vapour pressure at the place of 
observation. A and B have the values 0-77 and 0-28 and y = 0-074 when 
é is expressed in mm. 

From the absorptive properties of water-vapour, it is possible to evaluate 
the values of the constants in the above equation if we make reasonable sub- 
division of the spectrum into regions with different mean values of absorption 
coefficients. A suitable division is obtained if we group together (1) regions 
in which the decimal absorption coefficient a lies below 1, (2) regoins where a 
lies between 1 and 10, and (3) regions for which a is greater than 10. Using 
the absorption coefficients calculated from Hettner’s experimental results 
and the spectral curve of black-body radiation, it is found that at 290°-300° A, 
the fraction of the energy comprised within those wave-lengths for which the 
decimal absorption coefficient is less than 1 (8-5—10-5y and 3-5--4 -3y) 
isabout 0-14; the fraction with decimal absorption coefficient greater than 
10 (5-1 —7-9 and > 15-3u) is 0-54 and the remainder is 0-32. Expressed 
in terms of the full black-body radiation at temperature T, S,, Sp and Sz are 
tespectively equal to 0-14, 0-32 and 0-54 when the temperature is 295° A. 


S$” = oT*(0-54+0-32)—0-320T* exp (—$k,w). 
If we have to give a single mean value to the absorption coefficient between 
10-5 and 15-34, the decimal absorption coefficient a will be, on the basis of 


Hettner’s values, about 4. 
Si. /oT* = 0-86--0-32x 10° 


pheric radiation, v7z., 
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The above equation holds for an isothermal atmosphere. Actually, how. 
ever, the temperature decreases with height and the constants would there. 
fore require some modifications. As S3 refers to wave-lengths for which the 
absorption coefficients are large, the effective radiating part of the atmos- 
phere for these wave-lengths will be very near the place of observation (except 
at great heights where w will be very small or when the atmosphere is very 
dry) and will have nearly the same temperature as the air at the place of 
observation. Expressed in figures, a layer of the atmosphere containing 
1 mm. of precipitable water will absorb 9/10 of the radiation coming from a 
black-body in the region where a = 10. When the aqueous vapour pressure 
is e millimetres, this amount of precipitable water can be contained in a 
layer 960/e metres thick. With the ordinary vapour pressures and lapse-rates 
prevailing in the atmosphere, the mean temperature of this layer will differ 
little from the temperature at the place of observation. S3 will therefore 
be only slightly less than 0-54. 


Let us now consider the variable part S.. If the mean absorption 
coefficient for this region be taken as 4, the exponential in the equation 
for radiation is, as we have seen, —6w where w is the amount of precipitable 
water in centimetres. According to Hann, the amount of precipitation 
water in the atmosphere is on the average given by the equation w = 0:2le 
where ¢ is the aqueous vapour pressure at the surface in mm. of mercury and 
the value of 3 kw/2 becomes 1 -26e. 


This value is far too high compared with the empirical constant (-07) 
determined from observations of atmospheric radiation. The reason for 
this discrepancy seems to be that Hettner’s values of absorption coefficient 
are too high in the region 10-5--l5y. Both Fowle’s measurements’ as 
well as the recent ones made by I,. R. Weber and H. M. Randallé 
show this. The latter authors used long columns of water-vapour 
and larger resolution than Hettner. The values of a calculated from 
their results are compared to those obtained from Hettner’s measure- 
ments in Figs. 1 and 2. Even in the region of large absorptivities, there 
seem to be gaps of smaller absorption as for example between 21-5 and 
22-54. The mean absorptivities from Fowle’s measurements are: -04 for 
11—12u, -17 for 12—13p, -42 for 13~--14y and 3-0 for 14—15y. If we use 
the average value of the absorption coefficient between 10-5 and 15y obtained 
from Weber and Randall’s observations, which is near 0-3, the multiplier 
in the exponent in Angstrom’s equation will be very nearly -09, which nearly 
agrees with the value obtained from observations of sky radiation. Decisive 
measurements of the absorption coefficient of water in different regions of 
the infra-red spectrum are very much to be desired. 
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d Fie. 1. H = Hettner; W & R = Weber and Randall. 

r The scale for Hettner’s curve is given on the right hand side and 


that for Weker and Randall’s on the left. 


If the average coefficient of absorption in the regions of moderate absorp- 
tion be as low as 0-3, Se» will come from more distant and cooler layers. The 
moisture required to produce a depletion of energy of 9/10 will now be 3-3 cm. 
of precipitable water and to contain this a thickness of atmosphere of 
33x 960/e metres of air will be required. If the average value of e 
be 2 millimetres, the thickness will be 15840 metres. It is thus not 
permissible to regard the temperature of the atmospheric layer responsible 
for S; as that near the place of observation. The effective temperature will 
be lower, the greater the dryness of the atmosphere. The ‘“‘constant’’ B in 
Angstrom’s formula corresponding to S2 radiation may be expected to be 
markedly smaller than 0-32; A also will be smaller than 0-86. 
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Fia. 2. H = Hettner; W & R= Weber and Randall. 


Nocturnal Cooling of Air Layers near the Ground. 


From an altogether different line of evidence, the conclusion had been 
reached by the authors that air itself should be considered as exchanging by 
radiation appreciable quantities of energy with distant layers of the atmos- 
phere. On calm, clear nights in winter, the lowest temperature is observed 
to occur, not in immediate contact with the ground but at a distance of half 
to one foot above ground.*7 

The following table gives the temperatures at different heights above 
ground observed at the Agricultural Meteorological Observatory, Poona, on 
a calm, clear night in January 1933 (5th to 6th). 





* It has been verified by observations at distant places and also by simultaneous 
observations in the neighbourbood of the Agricultural Meteorological Observatory at 
Poona that this effect is not due to advection and is also not peculiar to any particular 
locality. 
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TABLE I. Temperature (°C.) 





3 G d Air just . m a : . ‘ ‘ . 
Time | Ground | above 1 3” | 6 1 2 4 6 10 
hrs. (surface) ground 


























| | 
1700 | 33-9 | 29-0 | 28-5 | 28-5 | 28-5 | 28-3 | 28-3 | 28-0 | 28-0 | 27- 
3 


1800 | 29-7 27-0 | 27-0 26-7 26-5 | 26-5 | 26-5 | 26- | 26-3 26- 


bo 
bo 
bo 


1900 20-0 | 19-5 | 19-0 | 19-0 | 19-0 | 19-5 | 20- | 21-0 21- 


a: 82. 2: 


2000 | 19-7 17-5 | 17-0 16-5 | 16-5 | 17-0 | 17-0 | 17-5 | 18-5 | 19- 





| 13-5 | 14-7 


2 
5 
2200 | 17-2 15-2 | 15-0 14-5 | 14-5 | 14-5 | 15-0 16-0 | 16-5 15-5 
2400 | 15-0 13-0 | 12-7 12-5 | 12-2 | 12-0 | 12-2 13-0. 
0 


0600 | 11-7| 10-0) 9-5, 9-2) 9-0} 9-0] 10-0; 11- 


11-5 | 12-0 
| 























Throughout the night, there is a shallow layer of unstable lapse-rate close to 
the ground and it is only above this that the well-known night inversion exists. 


The usual explanation for the formation and development of night inver- 
sions near the ground is that when the sun’s radiation is withdrawn, the 
ground cools as a black-body exposed to the dark radiation of the atmosphere 
and although the fall of temperature due to this is partly compensated by 
the flow of heat from inside the earth to the surface, the net effect is a fall 
of temperature. The fall of temperature of the air above the ground is 
primarily due to the spreading upward of the ground cooling by the processes 
of eddy diffusion and radiation exchange. If these were however the only 
causes operative, we should expect that the lowest temperature should occur 
at the surface of the ground, the distribution of temperature near the ground 
after the inversion sets in being somewhat as shown by A B C in Fig. 3. 
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The actual distribution of temperature is however like A’ B’ C’. 


The difference in the character of the curves can be explained if, besides 
the cooling which spreads upward from the ground, there is an additional 
general cooling of the air layers. The effect of such an addition will be to 
change the curve A BC to A B” C’. 


A mechanism for such general cooling is provided by the exchange of 
radiation of the air layers with the upper atmosphere. ‘The portions of the 
heat spectrum for which water vapour has either very low or very high absorp- 
tion will be ineffective for this purpose—the former because there will be no 
radiation from the air layer in that region and the latter because the radiation 
loss will be balanced by sadiation income from neighbouring layers. Only 
the region of the spectrum which we have designated as S, will be effective. 

Let the temperature of the air near the ground be 300° A. and the 
moisture-content 5 x 10°* gm./c.c. corresponding to a vapour pressure 
of 5mm. The decimal absorption coefficient in the region of Se absorption 
(10-5--15-3) is 0-3 and the fraction of the energy of black-body radiation 
contained in this region about 0-32. Assuming that the effective temperature 
of the distant layer contributing to radiation in the region 11—16y is 270°A., 
the rate of fall of temperature due to this cause comes out to be 0-11°C./hour. 
If the effective temperature of the radiating layer be taken as 250°A., the 


rate of cooling will be increased to 0-16°C./hour. The minimum temperature 
which is observed at 0-5 to 1-5 ft. above ground is presumably therefore due 
to the fact that the air cools not only by eddy diffusion and radiation exchange 
with the ground but also by radiation exchange with the upper atmosphere. 
The coolest air does not settle down to the ground because the effects of 
viscosity and heat conduction keep the thin ground layer in stable equilibrium 
in spite of higher density above.’ 


The processes taking place in the neighbourhood of the ground on radia- 
tion nights are, as we have seen, complicated’ by a number of factors. For 
their full elucidation, the changes taking place both in the soil and at higher 
levels in the atmosphere have to be studied. Such a study has been 
commenced. 

Our thanks are due to Mr. P. K. Raman, Research Scholar, for his help 
in the computation and the preparation of the diagrams. 
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Introduction. 


THE emission bands due to CaCl have been known for a long time. Olmsted! 
tabulated a number of bands in the ultra-violet while Meisenbach? measured 
under low dispersion, a number of bands in the orange and red regions. The 
present writer had photographed the visible spectrum as produced in the 
carbon arc fed with calcium chloride, in the first order of the 21 ft. Rowland 
concave grating in King’s College, London. Before the work on the bands 
was complete, however, Hedfeld* presented data of these same bands which 
were obtained by him under various conditions of excitation and _ photo- 
graphed in the first order of a 3-5 metre concave grating. He analysed 
the bands into two distinct systems and though he did not develop the usual 
equations for them, it was clear that his analysis was in the main correct. 
Recently, fresh interest in these bands was stimulated by a paper of Lessheim 
and Samuel‘ in which, among other things, they show that in the case of a 
number of molecules, e.g., MgF, CaF, SrF, the excited *J7 term showing an 
energy of dissociation bigger than in the ground state, involves the anomalous 
term due to the simultaneous excitation of both the outside s-electrons of 
the atom. The CdF spectrum® also indicated asimilar behaviour. It was 
therefore thought desirable to undertake a detailed vibrational analysis 
of the CaCl bands. A preliminary report of the results obtained has been 
already published® and details are presented in this paper. 
Experimental Data. 

The present measurements of the band heads agree almost completely 
with those of Hedfeld. Following Jevons,? we shall denote the two sets of 
bands as the red doublet and the orange systems. The individual bands in 
both systems degrade towards the shorter waves. In the orange system, 
however, the sequences degrade towards the red. These and other physical 
peculiarities of the bands are also described by Hedfeld. In the former 
system each band consists of two Q and two P heads. Bands comprising the 
Av=0 and —1 sequences only have been utilised in the present analysis. 
Hedfeld has included some bands which are classified as the Av = +1 
sequence. All these bands are very faint and diffuse. Some of them, however, 
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were also obtained on my plates. It was ultimately found that they come 
up more intensely along with more bands in the CaO arc and it is therefore 
quite likely that they are not due to CaCl but to CaO. On this basis they 
seem to be the Av=O sequence of a transition *J7 —32, in the CaO molecule 
giving three P and three Q heads for each band. They are provisionally 
so arranged in Table I which gives the wave-numbers im vacuo of the various 
heads indicated. 











TABLE I. 
% | | 
vo’ —v" P, Q: | P, Q: P | Q, 
, | 
0—0 | 16393°6 16409°3 16414-2 16426-1 | 164153-0 16469 -3 
1—1 94-8 11-5 16-0 28-9 56-9 70-3 
2—2 | 96°4 13-7 17-8 30:9 | 59-9 71-8 
3—3 | 97°9 15:2 20-0 32-1 62-5 73-7 
4—4 17°2 61-3 75-5 
5—5 77-3 
6--6 79-0 




















Investigation on these bands is in progress and results will be presented in 
a future paper. 

The orange system shows double-headed bands, the doublet structure 
being very probably due to two P heads arising out of p-type doubling as is 
observed in analogous systems of CaF’, SrF, CdF, etc.8 The data of Hedfeld 
do not contain most of these subsidiary heads and therefore for the analysis 
of these bands the data obtained by the present author have been used. 
Hedfeld has tabulated three heads each of o intensity as forming the Av=-—1 
sequence. These heads do not appear on the present plates and are not 
taken into consideration. It has been possible to identify the isotopic heads 
due to the Ca#Cl37 molecule and thus obtain the correct assignment of 
vibrational quantum numbers. In analogy with homologous molecules 
and from theoretical considerations, the red doublet bands are evidently 
due to 2J7->22 and the orange to 22-»Z transitions in the CaCl molecule. 


Analysts. 


Table II gives the initial and final vibrational term differences for the 
Q, heads of the red doublet system. 
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TABLE II. 





Initial (A @’) Final (A @") 








362-3 359-6 
360-3 | 357-6 
| 356-1 


3 
8 353 +8 
3 


351 -6 
349 -6 
347 +4 
345-5 
343 +8 








With these differences the following equation+ representing the band heads 
was derived by the method of least squares.? 
VQ) heads = 16094 -6 +(363 -76v’ —1 -16v’2 +0 -00120’) 
—(360 -81v” —1-O0lv”2 —0 -001v"3) me + 2 
Table III gives the observed minus calculated values according to this 
equation. 
The Orange System. 


This also consists of two sequences Av=0and +1. Each band shows 
the p-type doubling so that the heads should in reality appear double. But 
here the separation between the P, and Pz» heads is bigger than the distance 
between successive members of the sequence so that the satellite accom- 
panying each band is not necessarily its P, head. As a matter of fact, the 
P, heads of each band actually lie very near to the P,; head of the band 
preceding it in the sequence. These facts are clearly disclosed by the micro- 
photometer plates Figs. 1 and 2 of the Av=0 and -+-1 sequences respectively. 
Fig. 2 also shows the isotopic heads due to the CaCl37 molecule. Table IV 
gives the wave-numbers im vacuo of the band heads arranged into sequences. 





+ This and also equation (I1) can be easily transformed to meet the requirements of 
the new quantum theory, when necessary. 
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TABLE III. 
eo | Qvamt | Suet | o 
0-0 16094 -6 16094 -60 0-00 
1-1 16097 -3 16097 -40 —0-10 
2-2 16100 -0 16099 -91 +0 -09 
3-3 16102 -2 16102 -16 +0 -04 
4t-+ 16104 -2 16104 -14 +0 -06 
5-5 16105 -9 16105,-88 +0 -02 
6-6 16107 -4 16107 -38 +0 -02 
7-7 16108 -7 16108 -65 +0 -05 
8-8 16109-8 16109 -62 +0-18 
9-9 16110 -7 16110,-60 +0-10 
0-1 15735 -0 15734 -80 +0 -20 
1-2 15739 +7 15739 -62 +0 -08 
2-3 15743 -9 15744-18 —0-28 
3-4 15748 -4 15748 -45 —0-05 
4-5 15752 -6 15752 -49 +0-11 
5-6 15756 +3 15756 -27 +0 -03 
6-7 15760 -0 15759 -82 +0-18 
7-8 15763 +2 15763 -16 +0 -04 
8-9 15766 -0 15766 -30 —0-30 
9-10 15769 -0 15769 -05 —0 +05 
10-11 15771 -5 15772 -13 —0 -63 
11-12 15773 -7 15774 -12 —Q +42 

















833 









R. K. Asundi 













































TABLE IV. 

v’—" P, P, | v’—v" A P, 
0-0 | 16847-6 1-0 | 17207-4 

1-1 844-1 2-1 200 +2 

2-2 840-1 16843 -4 3-2 192-8 17201-3 
3-3 836 -2 839-8 | 43 184-9 193-8 
4—4 831-5 835 -9 | 5-4 177-6 185-8 
5-5 826-9 831-8 | 6-5 168 -2 178-8 
6-6 821-7 827-3 | 7-6 \58-8 172-0 
1-1 816-4 822-3 8-7 150-3 163 +1 
8-8 810-7 817-2 9-8 154-7 
9-9 804-7 811-7 

10-10 798-3 805 -9 

11-11 791-6 | 

12-12 784 +2 ! 

13-13 777-0 

14-14 768-7 




















a 22 level. 


For purposes of calculation the P; heads which stand out more prominently 
have been utilised. The following equation representing these heads was 
deduced as in the red doublet sequence. 

vP, heads= 16847 -6 +(361-38v’ — 1 -68v’2 —0 -015v’S) 


— (364 -5lv” — 1-46v"2—0-020v"3) .. * .. (I) 


Discussion. 


Table V contains O--C values according to this equation. 


In analogy with similar molecules the ground state of CaCl is undoubtedly 


This, it is assumed, is the level involved in the red doublet system. 


The lower 22 of the orange system is probably identical with it. The vibra- 
tional functions of the two levels are, however, not identical and the value 
1-5 volts (see Table VI) for the dissociation energy which is less than half 
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TABLE V. 
v’—v" O-C | v’—v" O-C 
0-0 0-00 | 1-0 +0-12 
1-1 —0+15 | 2-1 —0-29 
2-2 —0-40 | 3-2 —0-39 
3-3 —0-16 4-3 0-53 
4-4 +0°77 | 5-4 +1-53 
5-5 +2 -08 | 6-5 +1-84 
6-6 —0 +28 | 7-6 —0-81 
7-7 ~0+52 | 8-7 40-03 
8-8 —0+34 
9-9 0-45 | 
10-10 —1-00 
11-11 —1-60 
12-12 —2 +50 
13-13 —3-71 | 
14-14 —5 +68 | 














the value for the 22 state of the other system, appears to indicate as already 
pointed out,® that it is a different level, presumably an excited state of the 
molecule. Still, it must be remembered that the orange system has only 
P heads and the distance of the origin from the heads is large and probably 
not constant for all bands, while the equation for the other system is derived 
from Q heads. Hence the discrepancies need not be over-emphasized. Of 
course P heads could equally be used in the red doublet system but as is 
known from other similar cases> the agreement is not expected to be better. 
On the other hand, if this discrepancy is assumed real, and the *2 lower 
state of the orange system is not identical with the *2 lower state cof the red 
doublet system which is also the ground level of the molecule, the following 
appears to be the only plausible explanation. If we assume that the final 
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stage of the orange system arises out of the same constituent atoms as the 
22’ state of the red doublet system but is an excited state of the molecule, 
then the upper level of these bands will be situated at about 4 volts above 
the ground level of the molecule and will have the same frequency of vibra- 
tion as that of the initial state of this system. Such an explanation, though 
by no means improbable, appears to have no experimental evidence. The 
only other level known in the CaCl molecule lies at 3-28 volts with a fre- 
quency of vibration of about 330 cm.-! The Olmsted bands that originate 
in this level are weak and there is no trace of even these on the present 
plates; presumably also not on Hedfeld’s. 


Energies of Dissociation. 


As is well known, extrapolation of the vibrational levels accompanying 
the electronic term of a molecule is one of the methods of evaluating the 
energy of dissociation of the molecule in that state. The limitations of this 
method are well known. There are also other methods,!° mostly graphical, 
of utilising the more commonly observed non-regular vibrational levels to 
derive this important information about the molecule. Here, however, 
such an elaboration is not undertaken and the values of dissociation energy 
(D) in volts obtained by the usual extrapolation in which also the coefficient 
of v3 is included, are given in Table VI in which also the vibrational func- 
tion G(v) and the difference in energy (W) in volts, of the products of 
dissociation, are tabulated. 

TABLE VI. 





Red doublet system 





Level G(v) 





UpperA 217 | 363-760’—1-16»’2 +0-00120’8 
Lower X 22’ | 360-8lv”—1-0lv”2 —0-0010z”3 





Orange system 





Level | G(v) 





Upper 7 361-382’—1-68v’? —0-015’8 





| 
| 
Lower 27 | 364-510”—1-46v"2 —0-0200"8 





It is clearly seen that the energy of dissociation is not the same for the lower 
levels assumed identical, of the two systems of bands. This is so because 











e 
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— == ee. 
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of the discrepancies already pointed out especially in the unharmonic con- 
stant, but after all it may be genuine. Though not so glaring, however, 
similar discordant results are already met with especially in other alkaline 
earth halides.¢ In the absence of any experimental evidence to the contrary, 
we have to assume that the discrepancy is not genuine, and that the two 
levels are identical. However, more reliance has to be placed on the values 
obtained by the use of Q heads both for the vibrational function and the 
dissociation energy. The value 3-5 volts is of the right order of magnitude 
for the dissociation energy of the normal state of the molecule, the corres- 
ponding values similarly calculated for BeF, MgF, CaF and SrF being 5-4, 
3-7, 3-8 and 3-1 respectively. The energies of dissociation in the orange 
system are however assumed to be relatively correct with respect to each 
other. 
Structure of the Molecule. 


Quite empirically, these values can be correlated with the atomic states 
of the dissociation products equally well in two different ways. In the first 
place, a little calculation! will show that it is possible to get a correlation 
like the following : 

Ground 22 from Ca (4s? 159) + Cl (2p5 2P% J»). 

Excited 22 from Ca (4s 4p 3P%) + Cl (265 2 P%1o). 

Excited 2/7 from Ca (4s 46 !P,) + Cl (25 2P% 0). 
But as we know to-day, this is rather fortuitous. The Ca atom in its ground 
state has a closed s? group of electrons which normally acts repulsively and 
therefore cannot link itself with a halogen atom which has five p-electrons, 
for the formation of a molecule unless through the operation of Hund’s 
g-functions.!2. In other words, for such a linkage to occur it is essential 
that the wave-function of the s-electrons hybridises, that is to say, the 
electron acquires the properties of a p-electron and will then enter the com- 
mon molecular orbital with the true p-electron of the halogen. It is shown 
that such hybridisation of s-functions does not take place in BeO or in CQy:.!3 
It is therefore improbable in view of the absence of perturbations, in the 
observed bands, that such a linkage occurs for the formation of the CaCl 
molecule. It is also clear that this fortuitous coincidence arises from the 
fact that the Ca atom possesses already a number of terms near its ground 
level. Similar fortuitous coincidences can at once be predicted also for 
molecules formed by similar atoms. But if we pass on for instance to Cd 
(i.e., an atom in the subgroup), we find that in CdF® such a correlation is 
entirely impossible. In this case the energy difference between the !S, 
ground level of the atom and the first excited term (°P%) is so big that it 
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is nearly double the observed excitation energy of the products of dis- 
sociation of the molecule. Also in BeF and MgF such a correlation is 
not possible ; the bond energies in the molecules are strong and the term 
difference 3P—!S of the metal atoms comparatively small; the energies of 
excitation of the products of dissociation are about 30 to 40% higher than 
the energy of the resonance line of the atoms. Thus this type of 
hybridisation is not brought about at least in these molecules. Similar 
remarks apply to CO». 


The second correlation which avoids these difficulties is the following. 
The normal state of the molecule arises out of Ca (4s 4p 3P%) + Cl (255 2P%).). 
In this state, the molecule has a dissociation energy of 3-5 volts. In the 
excited *J7 level which lies at 1-99 volts, the dissociation energy increases 
to 4-6 volts. Therefore the energy difference between the products of dis- 
sociation is 4-6+1-99--3-5=3-1 volts. Actually in Ca we have the ano- 
malous term (4p°) 3Po, 2-87 volts above the (4s 4p) 3P% term. The agree- 
ment can be said to be satisfactory. It may be pointed out however that 
the anomalous term (3d 4p) 3Dy which is 2-84 volts above the 3P% term fits 
equally well. In any case, this correlation definitely proves that in this 
as in similar other molecules, the term with a dissociation energy higher 
than in the ground level, always arises out of an anomalous term. The upper 
22 level is, as is shown by the orange system at 2-1 volts with a dissociation 
energy of 1-5 volts. The lower level 22 of this system also vields the same 
dissociation energy. (As explained above, values deduced from the same 
band system are comparatively more reliable for the two levels.) Thus the 
difference in energy of the products of dissociation in the two states is 
1-542-1—1-5=2-1 volts. The term (4s 5s) 3S, in Ca lies 2-04 volts above 
(4s 4p) 8P%. The agreement is remarkably good. Here, the only existing 
linkage is due to the 5s electron of Ca and one of the p-electrons of Cl. With 
due reservation then, we may say that the existence of the molecule in this 
state indicates that these two electrons possess bonding power or enter the 
same molecular orbital even if their wave-functions, here the s- and 
p-functions respectively, are not identical. 

Note :— 

Since the above was written, there came to hand a paper!4 which partly 
deals with the band systems of the CaCl molecule. In this paper the author 
has proposed that the v’ v” assignment given by Hedfeld for the red doublet 
system which is also accepted here, should be increased on account of some 
more band heads observed by him. But it seems very likely that the whole 
of the Av= +1 sequence and the bands at 15722-1 and 15727-8 cm." re- 
corded there, are part of the CaO spectrum mentioned above, So also are 
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certainly the weak bands recorded in Table X of his paper. Evidently the 
bands beginning from 15646-9 cm.-! are part of the Av= —1 sequence of 
the above system of the CaO molecule. In view of this we do not propose 
to change the v’v” assignment given here. The Olmsted bands are also 
newly recorded but on the whole they are rather fragmentary and the dis- 
crepancy between the constants for the final state of these bands and those 
for the ground level need not he seriously emphasised so that we assume that 


their final state is identical with the ground level of the molecule. 


But it is interesting to find that a new band system originating at about 
33686 cm.-! has been recorded. The data are meagre, only the o —o 
sequence being found. Some of these band heads show a doubling pre- 
sumably of the p-type observed in the orange system. They are probably 
due to the transition from a 2Z level at 33686 cm.~! to the ground level of the 
molecule. If so, they throw considerable light on the question of the 
identity of the lower 22 level of the orange system and the ground level 
of the molecule. It has been already pointed out above that the discre- 
pancies in the constants of these two levels are rather glaring and a tentative 
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explanation attributing the orange system to a transition from the upper 
excited 22 level at about 4 volts to another lower but excited 2 level situated 
at about 2 volts from the ground level of the molecule was put forward. 
Such an explanation was discounted in view of the absence of any trace of 
such a level at 4 volts. These new bands however definitely show that the 
explanation given is correct and that in reality the lower 22 state of the 





840 R. K. Asundi 


orange bands is not identical with the ground level of the molecule. On 
this basis we are now in a position to understand the spectrum and structure 
of CaCl in a more satisfactory way. We now know, therefore, five electronic 
levels of the CaCl molecule. Of these, X 22, A 2J7 and C 2/7, have been 
correctly described already in literature. D *2 is a new level discovered by 
Parker. The level till now recognised as B 22, however, has no existence, 
Instead of this, the level B! °2’ which happens to have almost an identical 
excitation energy but differs from it widely in its constants and pro- 
perties is newly located. This level is the final state of the orange system 
which has the new D 22 for its initial state. Extrapolating for the energy 
of dissociation of the initial state of Olmsted bands and using the already 
calculated values of the dissociation energy in the various states of the mole- 
cule, we correlate them with the products of dissociation in Fig. 3, which is 
self-explanatory and which vindicates completely the structure of the mole- 
cule already described above. 
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THE DYNAMICAL THEORY OF THE DIAMOND LATTICE. 


Part I. The Elastic Constants of Diamond. 
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1. Introduction. 


In Part I,! it has been pointed out that the vibration of the two cubic 
face-centered lattices composing the diamond lattice relative to one another 
is Raman-active but infra-red inactive and that it has the frequency 
1332 cm.-! In this note, the expressions for the elastic constants of 
diamond have been found in terms of the molecular force constants and 
their values have been evaluated approximately. 

M. Born? was the first to calculate the elastic constants of diamond 
from theoretical considerations. He obtained the value 1-59 x 10!2 dyn./cm.? 
for the bulk-modulus of diamond. This is of the same order of 
magnitude as the experimental value 2x 10! dyn./cm.? obtained by 
Richards? in 1907. The latter determination has not however been 
confirmed by later work. As was pointed out by Landé‘ Richard’s value 
for the bulk-modulus of diamond is less than the value 2-6x 10" dyn./cm.? 
obtained for corundum by Madelung and Fuchs® and its correctness is 
therefore highly improbable. Adams® and Williamson’? determined the 
bulk-modulus of diamond experimentally as 6-25x10!% dyn./cm.? and 
5-56 10!2 dyn./cm.? respectively. These later determinations are in close 
agreement with the value 5-6 x10!2 dyn./cm.? calculated theoretically by 
Sir J. J. Thomson.’ Frenkel has also made a theoretical calculation of the 
bulk-modulus of diamond and has found it to be 14x 10!? dyn./cm.2 which 
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is rather too far out from the experimental values. In the present note, 
we investigate the values of all the three elastic constants of diamond on 
the basis of the known crystal structure of diamond and the binding forces 
operative between the atoms in it. 


2. The Calculation of the Elastic Constants. 
A general homogeneous distortion! of a crystal lattice can be repre- 
sented at the point v, where & is the ‘ basis-index’ and / is the ‘ cell-index’ 
by the distortion vector ai, whose cartesian components are given by 


1 ' f mae y 
Gi, = Age + 2 try % FH HE > 0 
where {@{,, corresponds to the inner distortion and 2' u,, y, corresponds to 
y 


the homogeneous distortion of the lattice from the continuum standpoint. 


The change in the energy density of the homogeneously distorted 
lattice from its original undistorted configuration can be represented by 
second order terms in the distortion components. In the case of a regular 
diatomic lattice it is given by 


By 
Us = > 2 a + ao 2 {Uzx Uyy + 4 (tUxy + Uyx)?} 
* £ - xy | 
xy 5 (2) 


+ Cz (Th. ba Ge) (tye + Uzy) + > 2 (Hix = 2)? | 


where the suffixes 1 and 2 refer to the two types of atoms. The forces at 
the atoms (‘ Einzelkrafte’) 1 and 2 and the stresses per unit area are given 
by 


fir = — D (Giz — Ge) — C (u,, + my) 

fio. _ D (Tix bis Q2,) +C (Uy. + Uzy) 3 
K xy =-C (Gi. Bites Ga, ) = (Uxy + Uyx) 4 =e Ba ( 
Kine = — A thx — B(tyy + Uzs) | 


In the case of the pure elastic deformation of the lattice, the forces at 
all the atoms are zero. Hence 
Ky, = — (B— C/D) (try + yx) -+ (3) 
The various elastic constants of the crystal are given by 
Ci, = Cop = C33 = A 
Cio = Cig = Co3 = B ne -» (4) 
C44 = C55 = Cog = B — C?/D 
The remaining elastic constants are all zero. 





10 Max Born and M. Goppert-Mayer, Handbuch der Physik, 1933, Vol. 24 (2), p. 623. 
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Now, let us first calculate the elastic constants c,; and cj. in the case 
of diamond. Let the stresses K,,, K,, and K,, act on the crystal and let 
Ky = Ky, = Kix = 0. From this it follows from (3) that 

Uys + Usy = Ugy + Ugg = Uzy + Uye = 0 
and @, = G,, Gy, = Gy, and G), = Gs,. 
Without any loss of generality we can consider here all @’s to be zero. 

Let the origin of the axes of reference be at an atom 1. In the 
following table, the co-ordinates of the nearest atoms of the origin-atom, 
the direction cosines of the lines joining them to the origin-atom and the 
components of the distortion vectors at those atoms calculated according to 


(1) are given. 











TABLE I. 
Co-ordinates Direction cosines Distortion components 
(0) ye & ¢ e & ss 
(1) a &. a os & 4 Ay hy OP 
(2) l, —l, —l a, —a, —a A; —p, —v 
(3) —l, —l, I —a,—a, a —A,—p, v 
(4) —l, 1, —l —a, a,—a —A, p,—v 








where a = 1/ 73 and #,, = 4A/d, uy, = 4p/d and u,, = 4v/d where d (d = 41) 
is the length of the cubic cell. 

The above table shows that all the primary valence bonds are extended 
by a(A+pt+v). Let d,, denote the change in the internuclear distance 
between the atoms 7 ands (r,s = 0, 1, 2, 3, 4) and let 6,, denote the 
change in the valence angle bound by the atoms 7 and s at the origin-atom 
from the equilibrium configuration (r,s = 1, 2, 3, 4). Then 

do, = dog = do3 = dog = a (A+ m+): 
Similarly one can find that 





dig = dy = 28 (u + ») 1 
dog = dy = 2B (v + A) p= 73 
dg, = dag = 2 B (A+ yp) 
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Also, 
Oz = Ou = — {28 V3 (e +») ~ Say2 Ra ew) 
er ae 5 2B VS(y +2) —2av2(A+p+»)} 
93, = 94 = 5 2B V3 (A+ wl —2aV2(A +p + v)} 


4p=Vv3d 
where # is the distance between the atom at the origin and any of its 
nearest neighbours. 
Referring to Part I (page 339), the change V2 in the energy of a 
unit cell due to the primary valence forces, the directed valence forces, the 


repulsive forces and the intra-valence forces can be shown to be given by 
2V. = 8K-4- {4a? (A+p+v)3} 


+ 8K" b- [SE ((Atmye + (ety)? + V+ A?}] 
8 (K’ + K’”’) 
p° 





[2 {6 X (u+v)? + 8 (A+pt+y)? 

— 5 (A+pt+y) 2 (u+v)}] 
Now it is easy to see that the change U; in the energy density of the crystal 
per unit volume is given by 





Ss) / , i. Weer 
2 = 3 [K +13 K+ oe | 2 Px, 
1 | » 6(K'+K’”) , ' ee 
+3 | K + 1a ——] Ean Me | 
ey 


By comparing the coefficients of (2) and (5) with the help of (4), it follows 
that 


» wr 2 ote 
cy = 2 [K +12 K"+ 12(K'+K ] 
3d 2 

3d a 


The bulk-modulus which is the reciprocal of the compressibility « is given 
by 


1 = Oy 2 ey, r 1 


i. oo ee 

We shall now calculate the third elastic constant ¢y,. To do this let 

us consider all the stresses in the lattice to be zero except K,,. Then it 
can be shown from (3) that 





{K+8K"} 


Ug, = Uy = 4, = 0, 
Uyz Mf Uzy = Usy + Uz, = 0, 


Gi. = Ge, and Ghy = Qy,. 
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Without loss of generality we can have G@’s in the above as zero» In the 
case of the pure elastic deformation, the relation 
C (try + Ux) + D (Gy, — Gs.) = 0 
holds good. The resulting energy expression is 
2 Us, = (B — C2/D) (ty + yx)? 
The analogous table of Table I in this case can be easily constructed. 








TABLE II. 
| | 
Co-ordinates | Direction Cosines | Distortion Components 
(0) 0, 90, O 0, 0, % 
(1) i: | Cee es & «¢ a. mw & 
(2) l, —l, —l a, —a, —a —A,; py & 
(3) —l, —l, 1 —a,—a, a —A,—p, 2% 
(4) —l, JU, —l | —a, a —a A, —pP, 








where ux, = 4 A/dand uy, = 4y/d. (d = 4l). 
It can be easily seen that 

dy, = dog = a(A +p + 2% — 2) 

dog = dyy = —a (A tpt 2% — %) 
If the primary valence forces should cause no net resultant force at any 
atom, it follows from the above that 

A+pt+2—-—%4=0 

or do = doz = doz = dy = 0 

Also it can be found that 


djza= d3y=0 
dog = dy, =0 ' 
ds, = dygg = 2 B(A+p) 
and 
O12 = Oy =0 
623 = 44, =0 


O53; = — O42 = 2 V3 B(A+yp)/p 
It can be seen that the repulsive forces, the directed valence forces and the 
intravalence forces do not cause any inner forces for the distortions given 
in Table II. 
A6é F 
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Now, the change U2 in the energy density of the crystal is given by 
9 ee Ree = 
2 U> = | K" 4 3 (K'—K ) 
PY 
‘ 3 (K’—K’”’ 
Hence ¢yy = ; | K’ + | 


py 
C4, is the rigidity modulus for any pair of the axes of reference. 
Collecting our formule for the elastic constants, we have 
1 ‘ 12 (K’ + K’’’) 
ee. tee eS 
“il 3d [K a. F Pp" | 
au [x eer — 0+! 4 


p 


2 for , 3(K’—-K"” 
C44 d |K a a 





1 1 ” 
~ * = {K + 8 K”} 
It will be noticed that a relation between the elastic constants 
C4) F Cin + Cys 
exists when K'"'|p? the intravalence constant is negligibly small. 

In calculating the lattice frequency of diamond, we assumed K& 4x 105 
dyn./em. and (K’—K’”’)/p2 & 0-2 x 105 dyn./em. On this assumption the 
contribution of the primary valence forces towards the bulk-modulus of 
diamond is 3-8 x 10! dyn./cm.? using the value 3-552 x 10-8 for d given 
by Bragg." 

Assuming that the remaining portion of the bulk-modulus 6-25 x 10! 
dyn./cm.? of diamond is contributed by the repulsive forces we find that 
K” & 0-34 x 10° dyn./em. With the above values for K, K’ and K’ 
(neglecting K’’’), we find that 

C1) 9-8 x 10! dyn./cm.2 
Cjo FR 4-5 x 102 ~ + -» (7) 
Cas -3 x 1012 


where, as remarked above, ¢); = C2 + C44 


” 


The Poisson constant o, for a stress acting along the cubic axis is given 
by 
Co, = — = 0-31 
C11 1 Cre 
The Debye value of the Poisson constant assuming the crystal to be a 
homogeneous and isotropic continuum is 0-26. 





1) W. H. Bragg and W. L. Bragg, Introduction to Crystal Analysis, 1928, page 58. 
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The Young’s modulus FE along a direction whose direction cosines are 
(l, m, n) with respect to the axes of reference is given by!” 


5 =(s=- ) + mt + m8) 


ry “Se 9 
) Oi, — Cis 26, 





— 


a [ fer: aes 1 
(Gera) (CF 2 C2) a 
= [-094 (4 + m* + nt) + -05] x 10-2 

The end point of the radius vector from the origin whose magnitude is 

and whose direction cosines are (l/, m,m) describes a surface. The 
sections of the surface perpendicular to a cubic axis and bisecting a pair of 
cubic axes are drawn in figures (1) and (2). If E», Ky and E, be the 
Young’s moduli along a cubic axis, a diagonal of the cubic cell and a 
diagonal of the face of a cube respectively, then we have 

Ey z 6-9 x 10! dyn./cm.? 

E, #2 12-3x 102 
E, & 10-5 x 10! ta 


4 


Sections of the Elastic Surface of the reciprocal of the 
Young’s modulus. 


W 











Ww 


Fia. 1. Section perpendicular to the cubic axis. 
12 A. E. H. Love, The Mathematical Theory of Elasticity, 1927, page 191; and F. Auerbach 
and W. Hort, Handbuch der Physikalischen und Technischen Mechanik, Bd. 3, pages 249 & 254, 
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Fig. 2. Section perpendicular to the dodecahedral axis. 


The rigidity modulus G for a pair of orthogonal axes whose direction 
cosines are (1, m, n) and (l,, mj, ) respectively is given by 


PAs SR (+ 3 ~~ ) (12 1,2 + m2 m2 + n2 m2) 
G Cy, 2¢,, C11 —Che 
If we take a rod of the crystal with a circular section with the axial 
direction cosines (/, m, n), the torsion is given by 
9 9 
Tae 2y 1(—+- — 1) (m2 n2 +n? 242 m2) 
Cus C11 —Ci2 Ou 


In the case of diamond 
Ta [-38 + -75 (m2 n? + n2 1/2 + [2 m?))] x 10°72 
= [-75 — -38 (l4 + mt + n4)] x 1072 


1/T,, & 2-7 x 10!2 dyn./cm.? 
1/Ty & 1-6 x 1012 
1/T, & 1-8 x 102 


The sections of the torsion surface are drawn in figures (3) and (4). 


” 


The foregoing values of the moduli are all only approximations as they 
have been calculated on an inexact knowledge of the values of the force 
constants. In view of this, the experimental investigation of the elastic 
constants of diamond would be of the greatest interest: as it would enable 
us to get a correct idea of the magnitudes of the chemical binding forces in 
diamond. 


The author is highly thankful to his professor Sir C. V. Raman for his 
great interest in this work. 
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Sections of the Torsion Surface. 
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Fie. 3. Section perpendicular to the Fig. 4. Section perpendicular to the 
cubic axis. dodecahedral axis. 


Note :—The author takes this opportunity of rectifying a remark made in PartI. The 
author made the remark that Sir Robert Robertson and his collaborators suggest that 
the normal mode of vibration responsible for the principal Raman line is also responsi- 
ble for the strong infra-red absorption with the frequency 1289 cm.-!. The above 
statement was based on their remark in their paper (p. 523)—‘‘ the strong peak at 1289 
em."! is near the Raman frequency 1332 cm.-! and differs from it in the same manner 
as has been observed between the Raman lines and the infra-red bands in other sub- 
stances”—. From a private communication the author learns that this interpretation 
was not intended by them. He therefore wishes to withdraw the remark made by 
him. 
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7. Introduction. 


THE Raman effect in a large number of metallic halides has been studied in 
great detail by several investigators with interesting results. Prof. Schaefer! 
was the first to observe that the cubic crystals like Sodium chloride, Potassium 
chloride, Sodium fluoride, Lithium fluoride and Calcium fluoride do not 
exhibit any Raman lines. This negative result has been explained by Fermi 
and Rasetti? in the case of rock-salt, in which they succeeded in obtaining 
the Raman spectrum of the second order, the first order according to them 
not appearing because of the equal and opposite changes of polarisability 
of the neighbouring ions in the crystal lattice. As a result of very careful 
and systematic investigations in numerous halides of metals in the form of 
crystals, belonging to different groups in the periodic system, Krishnamurti? 
has arrived at the important conclusion that co-valent bonds are necessary 
for the production of Raman lines and that the strength of such bonds could 
be determined from the intensity with which these lines appear. Com- 
pounds like Sodium chloride possessing only electro-valent or ionic linkage 
fail to show any line. These conclusions are amply supported by the results 
obtained by other experimenters'®78 with aqueous solutions of inorganic 
halides. Placzek? has pointed out that Krishnamurti’s observations are 
justified on theoretical grounds. This is also in agreement with the fact 
that while hydrochloric acid, both in the gaseous and liquid states, gives 
strong Raman lines, a solution of it in ionising solvents gives no lines at all. 





Schaefer, Cl., Ze:t. fur. Phys., 1929, 54, 153. 
2 Fermi & Rasetti, Zeit. fur. Phys., 1931, 71, 689. 
3 Krishnamurti, P., Nature, 1930, 125, 892. 
Krishnamurti, P., Jnd. Jour. Phys., 1930, 5, 113. 
5 Daure, P., Compt. Rend., 1928, 187, 940. 
5 Gerlach, W., Nature, 1930, 18, 182. 
Braune & Engelbrecht, Z. Phys. Chem., 1930, B10, 1. 
Braune & Engelbrecht, Z. Phys. Chem., 1931, B11, 409. 
9 Placzek, Leipsiger Vortrage, 1931, 92. 
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Thus, besides the information that is obtained regarding the molecular 
structure of the compounds studied, the Raman spectra observations with 
salts indicate in a unique manner the nature of the chemical bond between 
the atoms in them. 

The works of the earlier investigators particularly of Krishnamurti?.4 
and Schaefer! in crystals and of Gerlach,® Carelli-Pringsheim-Rosen,!° Daure!! 
and Woodward” in aqueous solutions have shown that the halides of alkalies 
and alkaline-earths give no lines and are electro-valent compounds. On 
the other hand Daure,t Bhagavantam™ and others have shown that the 
halides of many non-metals, metalloids and a few metals, namely carbon, 
silicon, phosphorus, titanium, tin, arsenic, antimony and bismuth show 
the Raman spectrum in a marked manner. The metals of the zine group, 
namely, beryllium, magnesium, zinc, cadmium and mercury, occupy a position 
midway between the strongly electro-positive alkalies and alkaline earths 
on the one hand and the metalloids and non-metals on the other. The Raman 
spectrum of the halides of these metals should furnish important information 
regarding their structure and chemical constitution. According to the in- 
vestigations of Krishnamurti, Braune and Engelbrecht'* and Woodward!2 
the halides of mercury (both mercurous and mercuric) give strong Raman 
lines while those of zinc and cadmium show either weak or no lines at all. 
The results so far obtained with the zinc and cadmium halides appeared 
however to be meagre and a thorough investigation of them appeared desirable. 
Accordingly, using improved experimental technique, the present writer has 
obtained the Raman spectra of these substances both in the state of solid 
and in solution in different solvents. The investigations have been extended 
also to magnesium chloride, magnesium bromide and aluminium chloride 
with negative results. 


2. Experimental Arrangements. 


The investigations were carried out with arrangements similar to the 
one described by Wood.!5 The experimental tube, 10 inches long and 1} inch 
in diameter, containing the solution was held vertically ina stand. The tuhe 
was illumined by three air-cooled low density mercury arcs in pyrex which 
was specially constructed and sealed off at a very high vacuum. Under 





10 Carelli-Pringsheim-Rosen, Zeit. fur. Phys., 1928, 51, 511. 
11 Daure, P., Compt. Rend., 1929, 188, 61. 

12 Woodward, L. A., Phys. Zeit., 1930, 31, 792. 

13 Bhagavantam, S., Ind. Jour. Phys., 1930, 5, 35. 

14 Toc. cit. 


15 Wood, R. W., Phil. Mag., 1928, 6, 729, 
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these conditions the continuous spectrum from the arc was found to be at 
a minimum. The scattered light was focussed on the slit of a Fuess glass 
spectrograph of large dispersion by means of a right-angled prism and a 
condensing lens. The intensity of illumination was so great and the align- 
ment of the optical parts was so good that the water bands could be seen 
visually without any difficulty. The same arrangement was found to work 
well with the solids, the diameter of the tube alone being made smaller for 
the finer crystalline powders. 

The substances were Kahlbaum’s or E. de Haen’s purest chemicals and 
were further purified by repeated crystallisation. The aqueous solutions were 
prepared with water freshly distilled over potassium permanganate and caustic 
potash. The methyl and ethyl alcohols used in the investigation were carefully 
purified by distillation over metallic calcium. The solutions were rendered 
dust-free by two or three filtrations through several layers of filter paper. 

3. Results. 


The Raman frequencies obtained for these substances are given in 
Tables I and II. Table III gives the frequencies for the halides of mercury, 
TABLE I. 

Zinc Halides. 





Substance Exciting line} Raman line Intensity 





ZaClz 4358 +34 22660 Medium, diffuse. 
(70% Aq.) 


ZaCle 4358 .34 22665 
(50% Aq.) 


ZnCl2 4358 .34 22668 Weak, diffuse. 
(30 % Aq.) 


ZnCle 4358 -34 (1) 22644 Strong, sharp. 
(30% EtOH) (2) 22638 Very weak. 


4358-34 22648 Medium, sharp. 


ZnCle 
(30% MeOH) 


ZnCle 4358-34 | (1) 22706 Medium, sharp. 
(crystals) (2) 22698 Very weak. 


ZnBre 4358-34 22765 Medium, diffuse. 
(100% Aq.) 5461-73 18133 Weak. 


ZnBre 4358-34 22770 Medium diffuse. 
(50% Aq.) 5461-76 18138 Very weak. 


ZnBr2 4358-34 22778 Very weak. 
(crystals ) 
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cadmium and zinc for comparison. Exposures varying from 2 hours to 12 
| hours were given on Ilford Hypersensitive Panchromatic plates, speed 2500 
H and D and an iron arc comparison spectrum was photographed on each 
plate. The wave-length was calculated by linear interpolation from the 
nearest known lines. 
TABLE II. 


Cadmium Halides. 











Substance Exciting line | Raman line Ov Intensity 
‘ | 
CdCl, (50% Aq.) 4358-34 22696 232 | Very weak, 
CdCl» (crystals) 4358-34 22696 242 % % 
4046-50 24467 239 a a 
CdBre (50% Aq.) 4358-34 22783 155 “ zs 
5461-73 18154 153 ” ” 
CdBr2 (in excess of 4046-50 24872 166 | Medium, diffuse. 
KBr) 24542 164 | Strong, diffuse. 
4358-34 23105 167 | Medium, diffuse. 
22771 167 Strong, diffuse. 
CdBrg (crystals) 4046-50 24553 153. | Weak. 
Cdl, (25% Aq.) 4358 .34 22819 119 | Medium, diffuse. 
4046-50 24585 120 ” ” 
Cdl (crystals) 4358-34 22826 113. | Medium, sharp. 
Cdl, (in EtOH) 4358-34 22806 132 | Strong, sharp. 
4046-50 24575 131 6 bs 
Cdl, (in MeOH) 4358-34 22813 126 * ‘i 
4046-50 24832 126 | Weak. 
24579 126 | Strong, sharp. 
Cdl. (in excess of KI) 4358 -34 22819 119 | Medium, diffuse. 
CdlIz (in excess of 4358-34 22812 126 | Strong, diffuse. 
KBr) detest 
4046-50 24832 126 | Weak. 
24582 125 | Strong, diffuse. 























4, Discussion of Results. 


Among the compounds studied here, Krishnamurti** has obtained for 
crystalline zinc chloride a single faint line at 234cm.! with indications of 
two more faint lines of an extremely doubtful character. The author has 
obtained for this compound a line of medium intensity whose frequency value 
agrees closely with that given by Krishnamurti and another faint companion 
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TABLE III. 
Raman Frequencies. 





Cadmium 
Mercuric 





| 


Author | Others Author Others 





- 39s one 4 4 
Solid 313;, 381 | 240, » 232m, 2402 234°") 


Chloride 


w we 


Aq. soln. 320 @ 237 wy 2431) 278)» | 297m», 39607) 
238 (22) - 
Solid 187 8 153z ra 160z 


Bromide 
Aq. solution 160 ws 173 


Solid 1139 : oon 
le 1052, 3457y,395 


Aq. solution 119, 

















N.B.—s =strong, m=medium, w= weak, tw=very weak. 

The index numbers denote references contained in the text of the paper. 
at the longer wave-length side. In aqueous solutions this line becomes 
rather diffuse and is considerably shifted. The line sharpens and gets 
relatively less intense as the dilution is increased and a slight shift towards 
shorter wave-lengths is also observed in the less concentrated solutions. 
For aqueous solutions of zinc chloride of varying concentration, Hibben! 
reported lines at 297 cm.-! the former shift, according to him, having an 
intensity approximately six times greater than the latter. In very dilute 
solutions, the ratio of the intensities became less, the two lines having approxi- 
mately equal intensity at half molar concentrations. The second of these 
is not found by the present investigator, while the first is somewhat higher 
than the value 278 cm.~! found for a 70% solution by the author. 

The results obtained for the zinc bromide are similar to those for the 
chloride, frequency shifts being smaller corresponding to the increased mass 
of the halogen atoms. A very long exposure of 48 hours for a 15% solution 
of zinc iodide in water failed to yield any line, but in this case the solution 
was so intensely coloured that even the green line of mercury was not heavily 
exposed. 





* While this paper was being sent to the press, a note has appeared in the Journal of 
Chemical Physics, 1935, 3, 241, by Salstrom and Harris, giving the Raman frequencies 
for zinc chloride and zinc bromide in the fused states and the higher frequency shifts given by 
them are in good agreement with the values obtained by the author for the crystalline substances. 

16 Silveria, Compt. Rend., 1932, 195, 416. 

17 Hibben, Proc. Nat. Acad. Sci., 1932, 18, 532. 
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Among the cadmium halides, Krishnamurti** obtained for cadmium 
jodide in thin flakes three weak lines at 105 cm.~!, 345 cm.7!, 395 cm.*! by the 
green excitation of mercury which were rendered doubtful by the presence 
of diffraction lines. But the author has succeeded in getting only one line 
at 113 cm.~! of medium intensity by excitation with the 4046, 4358 and 5461 
radiations, and there was no trace of any other line of greater shift. In 
the solutions of the iodide in different solvents also only one line has been 
observed. ‘The other halides of cadmium gave one line each, both in solid 
aud solutions; but they were relatively very weak. 


From Table III it can be seen that the frequencies obtained for zinc 
and cadmium are of the same order of magnitude as for the coresponding 
mercury compounds. ‘There is a progressive diminution of frequencies from 
chloride to bromide and from bromide to iodide, according to the increased 
mass of the halogen atom. Crystals of zinc chloride where the line was 
fairly intense, gave a faint companion as in the case of mercuric chloride. 
Therefore in all the cases studied the line that has been obtained is presumably 
due to the symmetrical oscillation of a linear triatomic molecule as has been 
indicated for the mercuric halides by its Ramian spectrum‘ as well as from 
the measurements of their dipole moments.!8 From the values of the fre- 
quency, the binding force between the metal and the halogen is calculated in 
each case on the basis of Dennison’s theory!® for the linear triatomic molecule, 
neglecting of course the repulsive forces between the extreme halogen atoms 
and is given in Table IV. The frequency shifts in the aqueous solutions 








TABLE IV. 
| 
Halogen Zinc Cadmium Mercury?° 

H | 

| 
Chloride | 1-6 X 105 Dynes/cm. 1-2 x 105 Dynes/cm. 2-3 xX 10° Dynes/cm. 
Bromide ..| 1-4 x 105 Dynes/cm. 1-2 X 105 Dynes/cm. 1-9 X 105 Dynes/cm. 
lodide = 1-05 x 10° Dynes/cm. 1-5 xX 105 Dynes/cm. 





have been taken for the purpose of calculation. From Table IV it is clear 
that the magnitudes of the binding forces are of the same order for zinc, 
cadmium and mercury and diminish for all the metals in the direction, 
chloride bromide iodide. The fact that all the halides of zinc and 





18 Smart, H. A., Ziolekul siruktur., p. 153. 
19 Dennison, Phil. Mag., 1926, 1, 195. 
20 Kohlrausch, Der Smekal-Raman Effect. 
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cadmium show Raman lines is indicative of the existence of co-valent linkage 
in them. 


Mention may be made of the fact that the fundamental frequencies of 
cadmium compounds are lower than those of the corresponding compounds 
of zinc as is to be expected from the greater atomic weight of cadmium which 
belongs to the same homologous series as the former; but the frequencies 
obtained for either of them are considerably lower than those for mercury, 
in spite of the greater atomic weight of the latter. This is to be attributed, 
as has been pointed out by Pai,?! to the greater stability of the mercury 
salts and the corresponding greater strength of the co-valent bond between 
mercury and the halogen atom. 


5. Effect of Different Solvents on the Raman Frequencies. 


In no case hitherto studied does the Raman frequency vary as much 
as in the case of zinc chloride and cadmium iodide when dissolved in different 
solvents. The sharp intense line at 232 cm.~! in the crystalline zinc chloride 
was replaced by a diffuse line of medium intensity in water solutions. In 
methyl alcohol solution the line was less diffuse and had approximately a 
shift of 290cm.-!. In ethyl alcohol the line was stronger, sharper and had 
a shift of 294cm.-!. Similar observations were made on cadmium iodide 
for which the crystal gave a sharp line at 113 cm.~!, aqueous solution gave 
a diffuse line of medium intensity at 119cm.~!, solution in methyl alcohol 
gave a line of greater intensity at 125cm."! and solution in ethyl alcohol 
gave a sharp intense line at 132 cm."! with well-defined antistokes. Such 
shifts have been observed by the previous workers in the case of mercuric 
chloride also. ‘The presence of similar halogen ions in the solutions seems 
to have pronounced effects on the intensity of the lines of cadmium halides. 
Thus the cadmium iodide line which was slightly diffuse and of medium 
intensity in water solutions, became very intense with well-defined anti- 
stokes, in the presence of potassium bromide or potassium iodide, but did 
not change appreciably in frequency. Similar strengthening of the spectrum 
was also observed for cadmium bromide in the presence of potassium bromide. 
Braune and Engelbrecht’? failed to get any definite line in aqueous solu- 
tions of cadmium halides ; but obtained intense lines in the solutions of mixtures 
of cadmium iodide and cadmium bromide and the corresponding alkali 
halide whose frequency shifts were smaller than those of the alcoholic solu- 
tions. They attributed the line in the solutions of the mixtures to the forma- 
tion of the complex ions of the types CdX,4” (X=halogen) in them and the 





21 Pai, N. G., P.R.S., 1935, 149, 29. 
22 Braune & Engelbrecht, Zeit. Phys. Chem., 1932, B19, 303. 
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line in the alcoholic solutions to the oscillations of unionised cadmium iodide 
molecule. But according to the results of these authors and Krishnamurti,?* 
with solutions of mixtures of mercury halides and alkali halides, the forma- 
tion of any complex compound in solution gives a new line whose frequency 
shift is decidedly smaller than that of the corresponding mercury halide 
itself. But in the solutions of cadmium halides in the presence of excess of 
potassium bromide or potassium iodide only the line of almost the same 
frequency has been obtained as in the solutions of cadmium halide and there 
was no indication of any feeble line of shorter shift. Secondly, these changes 
in the position and intensity of the lines in these compounds are similar to 
those of the zinc chloride which is not known to form any complex compound. 
From these it is concluded that the Raman effect data of the solutions of 
cadmium halides do not offer any evidence for the formation of complex 
ions in them as has been supposed by the previous authors. The increase 
of the intensity of the lines of cadmium iodide and zinc chloride in the alcohols 
and of the cadmium halides in the presence of the alkali halides is presumably 
due only to the lower degree of ionisation of these compounds under those 
conditions. The change in the frequency shifts as well as in the sharpness 
of the lines, indicates the great influence of solvent molecules on the possible 
oscillations of these compounds, the nature of which, however, is not fully 
understood. 

The other halides —Hibben" has reported three frequencies for aqueous 
solutions of aluminium chloride. In spite of the most careful attempt of 
the present writer no line was observed in the crystalline solid or in the solu- 
tions of this compound either in water or in ethyl alcohol. But there was 
a great strengthening of the middle band of water followed by a weakening 
of the two other bands. Aqueous solutions of the chloride and bromide of 
magnesium also showed no line and an effect similar to that of aluminium 
chloride was produced by them in the water band. 


In conclusion, the author wishes to express his best thanks to Prof. 
Sir C. V. Raman, for his kind and helpful guidance in the course of the pre- 
sent work. His thanks are also due to Dr. P. Krishnamurti for his keen 
interest in the work. 

6. Summary. 

The paper describes the results of the study of the Raman spectra of 
the halides of cadmium and zinc as well as of magnesium chloride, 
magnesium bromide and aluminium chloride. All the halides of cadmium 
and the chloride and bromide of zinc have yielded lines which show the 





23 Krishnamurti, P., Ind. Jour. of Phys., 1931, 6, 7. 
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existence of homopolar binding in them. The spectra of zinc chloride and 


cadmium iodide were fairly intense in contrast to the weak and doubtful 
lines obtained by the previous investigators, and indicate a linear triatomic 
model for them analogous to those of mercuric halides. 

Marked differences in intensity, sharpness and frequency have been 
observed in zinc chloride, cadmium bromide and cadmium iodide from crystal 
to solution and with different solvents. The presence of halogen ions in 
solution also affect the characteristics of the spectra considerably. These 
are explained partly by the change in the degree of ionisation in different 
solvents and partly by the influence of the solvent molecule on the fundamental 
oscillation frequencies of these compounds. It has been pointed out that 
the Raman effect data obtained for the cadmium halides do not furnish 
sufficient evidence for the formation of complex ions of the type CdX,” in 
solution. 





Magnesium chloride, magnesium bromide and aluminium chloride gave 
no Raman lines. A pronounced effect on the bands of water was noticed 
in each case. 
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1. Introduction. 


PaPER II of this series! which appeared under the sub-title ‘Colours of 
Laminar Diffraction’’ dealt with various optical effects exhibited by nacre 
which owed their origin primarily to the laminated structure of this substance. 
Owing to the circumstance that the laminations are, in practice, not quite 
parallel to the external surface of the substance but intersect it, the phenomena 
cease to be identical with the simple interference effects exhibited by strati- 
fied films in which the laminations are parallel to the external surfaces. 
Instead of the familiar coloured reflections exhibited by films of the latter 
description, we obtain a series of diffraction-spectra produced by the grating- 
like structure of the external surface due to the laminations meeting it 
obliquely. The characteristic iridescence of the shell manifests itself in one 
or other of these diffraction spectra being specially intense and approximately 
monochromatic in character, besides also influencing neighbouring orders 
of spectra in their intensity and colour distribution. The distribution of 
intensity in the spectra is found to depend greatly on the condition of the 
external surface and especially the degree of its optical polish. 

In the present paper, we shall concern ourselves with a group of optical 
effects exhibited by nacre which have till now received little or no attention 
in the literature of the subject and which are nevertheless of interest and 
importance as they play an essential part in the appearance and colours of 
nacreous shells as ordinarily observed. These effects have no analogue 
in the optics of transparent stratified films and owe their origin to the granular 
and colloidal structure of the nacreous substance. As was remarked in 
Paper I of the series”, the laminze of which the nacreous substance is composed 
are not continuous but consist of a great many individual crystalline parti- 
cles arranged in some kind of order and cemented together by the organic 
substance conchyolin. These individual particles in their environment 





1 ¢. V. Raman, Proc. Ind. Acad. Sci., 1935, 1, 574. 
2.C. V. Raman, Proc. Ind. Acad. Sci., 1935, 1, 567. 
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should obviously be capable of diffracting or diffusing light in a manner 
determined by their size, shape, orientation and grouping relatively to each 
other in the laminz. Direct evidence that such diffraction effects occur 
is furnished by the “‘diffusion-haloes” exhibited by thin plates of nacre 
which we shall describe in the course of the paper and which will be found 
illustrated in Figs. 1 to 10 in the accompanying plates. These diffusion- 
haloes form a unique method of revealing the structure of the nacreous 
substance, and indicate that this structure is entirely different in the three 
great divisions of the mollusca, namely, the Bivalves, the Gastropods and 
the Cephalopods, and that it also exhibits notable variations as between 
individual families and species. The recognition of the great differences 
in the structure of nacre in different kinds of shell and a consideration of the 
important part played by the structure in determining the optical properties 
of nacre are fundamental to our subject. It will be seen in the sequel that 
the phenomena considered in this paper all arise, in one way or other, as 
consequences of the diffusion of light within the substance of nacre. 


2. Translucency of Nacreous Shells. 


One of the most beautiful properties of the nacreous substance is its 
“‘translucency”’ to light, a property which, it may be added, is also exhibited 
by shells which do not contain nacre but are porcelain-like in appearance, 
e.g., the Indian Chank (Turbinella Pirum). The translucency of nacre is 
however specially remarkable in consequence of the fact that the light which 
diffuses through the substance exhibits colours which in many cases, ¢.g., 
with shells of Turbo, Haliotis or Nautilus, rival in richness the colours 
observed in reflection. To observe these diffusion colours, it is necessary to 
expose the nacre by removing the superincumbent conchyolin and prismatic 
layers and desirable also to polish the external surface formed by such removal. 
The shell should be viewed interposed between the eye and the source of 
illumination. The effects are most striking when the observations are made 
in a dark room and the shell is held up against an aperture illuminated by a 
powerful source, ¢.g., sunlight. The penetration of light through the substance 
of the shell accompanied by diffusion which is observed in these circumstances 
should not be confused with the phenomenon of transparency or regular trans- 
mission. When a beam of light enters the substance of the shell, the 
extinction of its energy due to diffusion is so rapid that its path as a coherent 
pencil of radiation travelling in a specific direction is practically very limited, 
and the light that penetrates the shell, except in the case of relatively thin 
layers, consists almost entirely of diffuse radiation. Light which diffuses 
through and exhibits colours may readily be observed with shells which are 
much too thick to transmit any light in the regular way. 
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Large shells of Nautilus pompilius and of Turbo form most beautiful 
objects when examined in the manner described in the preceding paragraph. 
Fig. 11 reproduces a photograph of the shell of Nautilus pompilius seen 
in a dark room when held against an aperture illuminated by sunlight. 
The photograph, of course, does not reproduce the beautiful colours 
actually seen. The internal septa characteristic of the Nautilus shell and 
the thickening of the walls of the shell at the regions of attachment of 
the septa are however strikingly visible in the photograph. It must not be 
imagined from this photograph that the shell of the Nautilus is transparent 
to light ; on the contrary it is remarkably opaque even compared with other 
nacreous shells, and does not allow any light to be transmitted through 
it in the regular optical way except in the thinnest layers. Fig. 12 
teproduces a photograph of a Turbo shell taken in similar circumstances. 
The most noticeable feature in this photograph is the progressive weaken- 
ing due to the spiral structure of the shell, of the light that diffuses 
through as we approach the vertex of the shell. 


Gorgeous colours are exhibited by the nacreous shells of many species 
of Haliotis when héld up against a window and viewed as “translucencies’’. 
The Californian species of the Haliotide (known as abalone) which exhibit 
remarkably rich colours by reflected light form however a noteworthy 
exception. A shell of abalone when held up against a window illumined by 
sunlight is observed to allow very little light to diffuse through. Of three 
different species of shell which have been examined, the one which exhibits 
the most striking colours of all by reflection on both sides of the nacreous 
layer (Fig. 1 in Plate XV accompanying Paper I of the series) is completely 
opaque in some areas and only allows a little deep red light to filter through 
in other areas. A second species exhibiting rippled markings on the convex 
side, and richer colours on the concave than on the convex side (Fig. 2 in 
Plate XV of Paper I) behaves very similarly, but is somewhat less opaque, 
and in some relatively more translucent areas gives hints of diffusion colours 
other than a deep red. A third species which is the least striking in respect 
of the colours shown by reflection (weak and almost silvery-white on the 
convex side, stronger on the concave side) is the least opaque of all, and allows 
some smoky-red light to filter through almost everywhere. Thin sections 
cut transversely through the nacre of the three species of abalone and 
examined under the microscope disclose the existence of dark layers traversing 
the nacre which appear to be responsible for the exceptional optical behaviour 
of these shells. 

The diffusion colours of translucent nacreous shells are found to depend 
both on the angle at which the incident light falls on the first surface and on the 
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angle at which the second surface is viewed. ‘The simplest case is that in which 
the light is incident normally on the first surface and is observed in a direction 
nearly normal to the second. ‘The colours are best seen under these condi- 
tions, and if the plate is of moderate thickness, are roughly complementary 
to the colour of the iridescence at the first surface. This is readily understood, 
if we assume that the part of the spectrum which is strongest in the iridescent 
reflection is missing in the light which diffuses through the shell. This does 
not, however, account for the richness of colour of the light that diffuses 
through, nor for the change of this colour with the direction of observation 
when the angle of incidence remains constant. It is evident that for a fuil 
understanding of the phenomena, we have to consider the changes in spectral 
character which occur in the process of diffusion through the substance of 
the shell, especially those which occur in the layers adjacent to the second 
surface prior to emergence of the light from it. A fuller consideration of 
these matters may conveniently be deferred to a later paper describing spectro- 
scopic observations on the colours of nacreous shells. Meanwhile, it will 
be sufficient to draw attention to two important features. Firstly, the 
colours of diffusion, besides shifting their position in the spectrum when the 
directions of incidence or of observation are altered, tend to weaken and 
disappear as these directions are made more oblique. Secondly, when the 
thickness of the shell is very considerable, the light that diffuses through 
it tends to assume a pronounced reddish hue, submerging the characteristic 
colours arising from the laminated structure of the shell. 


3. Body-Colours. 


The diffusion of light by the granular structure of the shell naturally 
occurs in all directions with reference to the incident beam, namely, for- 
wards, backwards and laterally. The preceding section dealt with the colours 
in the light diffused forwards and observed after it has penetrated through 
the thickness of the shell. We may reserve the designation of “diffusion 
colours’’ for the phenomena arising from such forward diffusion, and indicate 
by the term ‘“‘body-colours,” the very significant effects due to backward 
diffusion of the light which are observable on the same side of the shell as 
the iridescent reflection. The phenomenon of body-colour is shown by all 
varieties of iridescent nacre, including Margaratifera, Turbo, Trochus, Haliotis 
and Nautilus pompilius, and its recognition is essential to an understanding 
of the colour-effects exhibited by nacre. The body-colours are, in fact, 
quite striking when observed in directions adjacent to that of the iridescent 
reflection and are then complementary to it in hue. They determine to a 
surprising extent the appearance of mother-of-pearl as seen in ordinary 
circumstances. Either the iridescence or the complementary body-colour 
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may reach the eye from any given part of the surface of a mother-of-pearl 
| object depending on the optical conditions, namely, the relative positions 

of the source of the light, the object, and the eye, as well as the inclination 

of the internal laminations responsible for the iridescence and the degree of 
) polish of the external surface. If the conditions are favourable, the iridescent 

reflection reaches the eye, while if they are unfavourable, it is the comple- 
mentary body-colour that is perceived. When a mother-of-pearl object, 
é.g., a polished Turbo shell, is viewed inside a room, the reflections of the 
: window or of the lamps in the room by the internal laminations exhibit the 
: iridescence, while the shell as a whole exhibits the complementary body- 
: colours. The complementarity of the colours is readily observed and appre- 
/ ciated in such circumstances. 

Fig. 13 illustrates a polished bowl made of Turbo shell when viewed 
with the light behind the observer. ‘The upper portion of the bowl exhibits 
a brilliant arch of light (just over the fret-work) due to a fold in the internal 
laminations which reflects the light in the direction of observation and shows 
the characteristic iridescence. ‘The rest of the surface of the bowl is so greatly 
inclined to the direction of observation that the coloured reflections cannot 
teach the observer’s eye. The bands so strikingly visible on the lower part 
of the shell are, in fact, bands of body-colour. Bands having the same 
configuration but of complementary colours and exhibiting the brilliant 
iridescent reflections are seen when the bowl is moved to a position between 
the eye and the source of light. 

Figs. 14 (a) and (b) are intended to illustrate the complementarity of the 
iridescence and the body-colours exhibited by a shell of Margaratifera. Seen 
from inside the room, the light from a door or a window reflected by the 
shell exhibits brilliant bands of colour, while if the shell be slightly tilted 
so that the reflection does not reach the eye, the complementary body-colours 
are observed over the whole surface of the shell. An attempt has been made 
to exhibit this complementarity by photographing the shell in the two posi- 
tions with a panchromatic plate and a red filter covering the lens of the 
camera. ‘he exposure given in taking picture (b) was considerably greater 
than that required for picture (a). On carefully comparing the two pictures, 
especially the bands of light and darkness seen to the left of the central 
elliptic area, it will be noticed that the areas which appear dark in (a) are 
bright in (6) and vice versa. Some complications however arise from the 
irregularity of the internal structure of the shell which is very evident in the 
photograph, especially in picture (a), and which does not exist in the smoothly 
worked exterior surface of the shell. 


When, as is generally the case, an extended source of light is employed 
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and its reflection at the surface of a shell is observed, the iridescence and the 
body-colour would in general be seen superposed, and since they are comple- 
mentary in hue, they tend to neutralise each other’s colours. The striking 
extent to which the iridescence and body-colour dilute one another is most 
clearly realised when a fairly flat plate of nacre such as that illustrated in Figs, 
14 (a) and (6) is viewed, first inside a room and then is taken outside and 
viewed under the open sky. An astonishing change is observed ; the gorgeous 
colours observed within the room disappear, and the plate appears dead white 
and flat under the open sky. The explanation of this result is that the 
iridescent reflection of a particular part of the sky, and the body-colour due to 
the illumination of the plate by the whole hemisphere of the sky are seen 
superposed. Since, in these circumstances, no colour is observed, we may 
draw the inference that the two phenomena are essentially complementary 
to each other, in other words, that a plate of nacre returns as a bedy-colour 
diffused in various directions the whole of the light that falls upon it and is not 
specularly reflected as the characteristic iridescence. 


We must here recognise two limitations to the correctness of the fore- 
going statement. It is obviously necessary that a plate of nacre should be of 
sufficient thickness if the whole of the light that falls upon it is to be returned 
either as iridescence or as body-colour. Secondly, we must assume that no 
material absorbing light per se is present in the nacre, as otherwise the light 
that penetrates would disappear by absorption before it can be returned by 
diffusion. The thickness necessary for the full development of the body- 
colour would be considerable for relatively clear varieties of nacre, ¢.g., 
Mytilus viridis and may not actually be available, while small thicknesses 
may be quite sufficient in the case of strongly diffusing varieties of nacre, 
e.g., Nautilus pompilius. It is significant in this connection that the shell 
of Nautilus pompilius, though comparatively thin, exhibits on its surface 
the stripes of body-colour complementary to the iridescent reflections in 
a most conspicuous manner. For the same reason, it follows that if we 
wish to observe the iridescence of any variety of nacre with the maximum 
of spectral purity, we should work with comparatively thin plates of the 
material so as to reduce to a minimum the intensity of the complementary 
body-colour which appears superposed on it. 

It has already been remarked that the shells of the Californian abalone 
contain layers of some darker material traversing their nacreous substance 
and that these layers appear to be responsible for the remarkable opacity 
of these shells. The presence of absorbing layers within the nacre must, 
as remarked above, greatly diminish the intensity of the body-colour. ‘This 
appears to be actually the case, as is indicated for instance by the fact that 
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the abalone box illustrated in Paper II (unlike the shell of Margaratifera) 
exhibits under the open sky, an iridescence which is perceptibly but not 
greatly inferior to that visible under less extended illumination. These 
remarks and observations suggest that the richness of the reflection colours 
shown by the abalone shells is at least partially to be ascribed to the pre- 
sence in their necre of absorbing layers and the consequent weakening of 
the complementary body-colours. 

A detailed study of the spectral characters of the body-colours is 
reserved for a future paper. It may be remarked that the colours naturally 
vary with the angle of incidence of the light on the surface of shell, and also 
it may be noted, to an appreciable extent with the angle of observation. 
The complementarity with the iridescence-colours for directions adjacent 
to that in which the latter colours are observed appears however to be main- 
tained in all cases. The body-colours of nacre may be exhibited in an ob- 
jective manner on a screen by allowing a narrow beam of sunlight to fall 
on the surface of the shell and receiving the reflected and diffused light on 
a white bristol board. The effects observed naturally depend on a variety 
of circumstances including especially the variety of nacre employed, the 
degree of its optical polish and the angle of incidence of light. With shells 
of Turbo, a disk of diffuse light having a well-defined outer margin and 
exhibiting a colour complementary to that of the iridescent spectrum appears 
surrounding it. That this disk of diffuse radiation is due to the internal 
structure of the nacre and not to external surface irregularities is indicated 
by the fact that it does not disappear when the surface is covered with a 
layer of canada-balsam and a cover-slip of glass. Other varieties of nacre 
also exhibit similar phenomena but differing in detail and not always so 
well-defined. 

An alternative method of studying the body-colours and their angular 
distribution is to observe the surface of the shell under the hollow-cone 
illumination provided by the Leitz ultra-opak microscope as described in 
Paper II, using for this purpose, one or the other of the series of objectives 
with varying angles of illumination and, if desired, also the sector diaphragm 
provided with this instrument. The change from iridescence to body-colour 
is readily demonstrated by slightly tilting the specimen under the micro- 
scope so as to bring one or the other into view. Effects of surprising 
brilliance may be observed in this way with suitable specimens. 

4. Diffusion-Haloes. 

We now pass on to consider the diffusion-haloes already mentioned 
in the introductory section of the paper and illustrated in Figs. 1 to 
10. To observe them, all that is necessary is to rub down a piece of 
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nacre to a sufficient degree of thinness, polish both its faces with the finest 
rouge on chamois leather, and then to mount the piece in canada-balsam 
between cover-slips of glass, and thus minimise the disturbances due to the 
imperfections of the external surfaces. The diffusion-haloes may then be 
studied either subjectively or objectively. For subjective observation, all 
that is necessary is to hold the mounted specimen in front of the eye and 
view a bright source of light, e¢.g., a filament lamp from a distance 
in a dark room. For objective demonstration of the diffusion-haloes, 
a thin pencil of sunlight is allowed to pass through the specimen and is re- 
ceived on a white piece of bristol board held at a suitable distance from the 
specimen. The haloes may also be readily photographed using a small 
aperture illuminated by an electric arc as the source and placing the speci- 
men close to the lens of the camera. 


The photographs reproduced in Figs. 1 to 10 disclose a remarkable 
variety in the configuration of the diffusion-haloes. It will be noticed that 
the Gastropod shells, Turbo, Trochus and Haliotis give haloes that form more 
or less complete circles. The halo of the Cephalopod Nautilus pompilius 
is of very peculiar form, consisting of two roughly circular but incomplete 
arcs of about 60° angle on either side of the direct beam. The bivalve shells, 
of which five different species have been studied, give again quite a different 
type of halo, namely, two spots or rather diffraction-spectra, one on either 
side of the central diffraction disk and distinctly separated from it. It will 
thus be seen that the three great groups of molluscan shells are strikingly 
differentiated by the general type of diffusion-haloes exhibited by their 
nacreous layers. 


Closer study reveals further and very interesting differences in the 
character of the haloes obtained with the nacre of individual families and 
species of molluses. Perhaps the most striking type of halo is that given 
by the nacre of the species of Turbo examined (Fig. 1). This consists of a 
well-defined circular halo which with white light exhibits the regular colour- 
sequence corresponding to a proportionality of the size of the halo to the 
wave-length employed. The halo is separated from the image of the source 
of light by a dark region, and there is hardly any corona seen surrounding 
the source. It should be mentioned that to obtain a symmetric circular 
halo with the nacre of Turbo, it is necessary to carefully orientate the spe- 
cimen in front of the eye till the complete circle is obtained. With an in- 
correct orientation, only parts of the circle are observed. It is to be inferred 
from the effects noticed that the complete circular halo is obtained when 
the plane of the internal laminations containing the diffracting particles 
is exactly normal to the line joining the source of light and the eye. 
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The diffusion-haloes given by the nacre of Trochus and of Haliotis, though 
resembling that of Turbo in having circular symmetry, differ strikingly in 
detail. With Trochus, the central corona surrounding the image of the source 
is much more inarked, and the outer ring is therefore much less clearly separated 
from the latter. The halo of Haliotis is intermediate in type between those 
of Turbo and Trochus. (The transverse bar of light seen running across the 
halo in Fig. 3 is due to scratches on the surface of the specimen not having 
been removed during polishing). The halo of the species of Californian abalone 
examined is of very curious form, being of distinctly elliptic shape, with a 
dark bar running along the major axis. This type of halo evidently deserves 
further examination with more specimens and other species of abalone. 


Though the five different species of bivalves examined show the same 
general type of diffusion-halo, they differ considerably in such details as the 
angular separation of the two spectra and their brightness, both absolutely 
and relatively to the central corona surrounding the image of the source. 
In some bivalves, e.g., the species of Parreysia examined (Fig. 7), the two 
spectra are very bright and clear, and rather close together. In others, 
e.g., Pinctada lentigunosa (Fig. 8), they are weak and rather further apart, 
while with the nacre of Mytilus viridis, the spectra are so weak and so widely 
separated that it is not easy to observe or photograph them. 

It is not difficult to infer in a general way, the size and arrangement 
of the crystalline particles in the laminze which give rise to the diffusion 
phenomena, from the observed angular size of the haloes as well as their 
general character. For instance, in the case of Turbo, we may infer that 
the crystal particles are about 4 in diameter and are arranged with a con- 
siderable approach to regularity and circular symmetry. On the other 
hand, in the bivalves, the particles are distinctly smaller in size and are 
evidently arranged in a manner which simulates the lines of a coarsely ruled 
grating. Since the crystalline particles in nacre are accessible to microscopic 
observation, it should be possible to check the foregoing inferences directly 
and to closely correlate the observed form of the diffusion-haloes with the 
microscopically determined orientation and arrangement of the particles. 
Meanwhile, it is gratifying to note that an X-ray examination of different 
species of nacre, carried out by Dr. Rama Swamy and published in the same 
issue of these Proceedings (see following paper) indicates differences of the 
crystal orientation in the nacre of Gastropods, Cephalopods and Bivalves, 
closely analogous to and evidently connected with the differences in the 
spatial arrangement of the particles deduced from the foregoing observations 
of the optical haloes. A fuller discussion of the optical and X-ray results 
may advantageously be reserved for a future occasion. 
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5. Transmission Colours. 


In the second section of the paper, we have already had occasion to 
remark on the rapid extinction of the primary beam of light which occurs 
as the result of diffusion in its passage through the substance of nacre, and 
also on the great difference between different species as regards the trans- 
parency of their nacre. How small is the actual transparency of shells will 
be readily appreciated on attempting to view through them a bright source 
of light, e.g., the sun or the electric arc. It will be found that except when 
relatively thin layers of the order of a few tenths of a millimeter are employed, 
the image of the source is either invisible or else is seen very feebly with a 
deep red colour. The observations clearly indicate that the colours of the 
transmitted light are a composite phenomenon and are a function of the 
thickness of the shell. Firstly, owing to the iridescent reflection at the sur- 
face of the shell, certain well-defined regions of the spectrum are removed 
and are consequently missing in the transmitted light. Secondly, there is 
a rapid attenuation of the beam in passing through the substance of the 
shell as the result of scattering or diffusion of light. Observations with thin 
sections of nacre suggest that such scattering or diffusion is only in part due 
to the relatively coarse crystalline particles present in the laminz of the 
nacre, and that a much finer colloidal structure is also present in the nacre 


which is responsible for a selective scattering through large angles of the 
shorter waves in the spectrum. On this view, we should expect a rapid 
extinction of the blue end of the spectrum in the transmitted light in its 
progress through the specimen. Thirdly, we must also consider the possi- 
bility of a genuine absorption of light in the substance of the nacre, parti- 
cularly in the case of those species where a marked colour, independent of 
the angles of incidence and observation is exhibited by the nacre. 


It is clear from what has been said above that the colour of the trans- 
mitted light must progressively alter with increasing thickness of the speci- 
men, and that only with comparatively thin pieces can we expect it to be 
roughly complementary to the colour of the reflected light. Such a progressive 
change of colour in the transmission is actually observed with all varieties 
of nacre; as already remarked, the colour of the transmitted light tends 
to a deep red with increasing thickness of the nacre, irrespective of what 
the colour is for relatively thin pieces of the same nacre. One curious conse- 
quence of this is that pieces of nacre which have their characteristic reflection 
in the red region of the spectrum transmit much less light for the same thick- 
ness than pieces which exhibit a blue or green reflection ; the reason obviously 
is that in the former case, two causes of extinction operate simultaneous ly 
in the same region of the spectrum. 
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Further details regarding the spectral character of the transmitted 
light and the relative importance of the three causes of extinction specified 
above in different species of nacre are reserved for future consideration. 


6.. Lateral or Transverse Diffusion of Light. 


We may conclude this paper by a brief discussion of some remarkable 
effects which are observed in a very simple experiment with a plate of nacre- 
ous shell. A small aperture, say 5 millimeters in diameter, is illuminated 
with sunlight, and the plate of nacre is pressed closely against it. The ob- 
servations are conveniently made in a dark room. When the plate employed 
is a millimeter or two thick, the incident beam of light is unable to penetrate 
the shell. The light is however observed to diffuse laterally in the plate 
through surprisingly large distances. For instance, with a shell of 
Margaratifera two or three millimeters thick, the light penetrates laterally 
to a distance of twenty or more millimeters in all directions. The phenomenon 
is illustrated* in Figs. 15 (a) and (b). ‘The latter, in particular, shows clearly 
the central spot which is the portion of the plate in contact with the illumi- 
nated aperture as also an extended area of fainter luminosity surrounding it. 
The central spot corresponds to the area of nacre illuminated by the incident 
beam and by the forward diffusion, while the outer luminosity represents the 
regions illuminated by lateral diffusion. As already remarked, the ordinary 


transmission of light through nacre is limited to a few tenths of a millimeter, 
while its penetration by forward diffusion is limited to a few millimeters. 
The lateral diffusion to distances up to twenty millimeters or morg must 
therefore be regarded as a very remarkable phenomenon. 


The natural interpretation of the effects described above is that nacre 
considered as a diffusing medium is very anisotropic in its properties, and 
that iight can penetrate by diffusion to far greater distances parallel to the 
laminations than perpendicular to them. Why this should be so is a question, 
the answer to which may be reserved for a future occasion. We may how- 
ever point out that the interpretation given above is favoured by several 
of the observed details regarding the phenomenon. We have already 
remarked (sections 2 and 5) that the colour of the transmitted light tends to 
a deep red with increasing thickness of the nacre, and the same feature is 
also shown by the forward diffusion. In the experiment described in the 
present section, the same feature is noticed as regards the colour of the 
central spot which tends to a deep red with increasing thicknesses of the nacre 
employed. The laterally diffused light shows however quite a different 





* Fig. 15 (a) reproduces a photograph taken in a lighted room, and the whole of the 
shell is visible. The central spot is submerged in the lateral diffusion. 
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colour, except in its outermost edges where it tends again to a deep red. 

This observation indicates that the lateral diffusion is quite a distinct phe- 

nomenon and possesses characters different from that of the forward or 

backward diffusion. It may be remarked that different types of nacre differ 

greatly in this as in other properties. ‘The phenomenon of lateral diffusion 

is, for example, hardly to be observed with the shell of Nautilus pompilius, 
7. Summary. 

The paper describes a group of interesting optical phenomena which 
have their origin in the granular and colloidal structure of nacre and have 
no analogue in the optics of transparent stratified films. Section 1 points 
out that the crystalline particles present in nacre diffract or diffuse light 
in a manner determined by their size, shape and arrangement and in con- 
sequence give rise to various optical effects. Section 2 describes the forward 
diffusion of light through nacre and the colours arising therefrom exhibited 
by iridescent shells observed as “‘translucencies’’. These colours depend 
both on the angles of incidence and of observation. Section 3 describes 
the phenomena of backward diffusion of light or body-colours which are 
complementary to the iridescent reflections and tend to dilute the latter to 
an extent determined by the circumstances of observation. Section 4 
describes the diffusion-haloes observed when a source of light is viewed 
through a thin polished plate of nacre. These haloes assume very different 
forms for the three great groups of molluscs, namely, the Gastropods, the 
Bivalves and the Cephalopods, and indicate that the arrangements of the 
crystalline particles in nacre are very different in these three groups and also 
show distinct differences as between individual families and species. Section 5 
deals with the colours of the transmitted light which are a function of the 
thickness of the nacre and indicates the existence of three distinct factors 
which determine the extinction coefficient. Section 6 deals with the phe- 
nomena of lateral or transverse diffusion of light which occurs through sur- 
prisingly great thickness in several kinds of nacre and which indicates that 
nacre is a highly anisotropic medium in this respect. 

Numerous photographs of the diffusion-haloes and other phenomena 
illustrate the paper. 

In conclusion, I have to express my thanks to Mr. C. S. Venkateswaran 
who assisted me in these studies and obtained the photographs illustrating 
the paper, as also to Mr. P. Pattabhiramayya who prepared numerous thin 
sections of nacre for optical and microscopic observation. ‘The Research 
Assistant of the Fisheries Department at Ennur has been very helpful in 
the supply of suitable specimens for the work. 
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Turbo Sp. FIG. 2. /faliotis Sp. 


FiG. 3. Zrechus Sp. FIG. 4. Abalone Sp. 


Nautilus pompilius. FIG. 6. 7. Margaratifera. 


FIGS. 1—6. Diffusion- Haloes of Iridescent Shells. 
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FIG. 7. Parreysia Sp. 





Fic. 8. Pinctada lentigunosa. 





FIG. 9. Lamellidens marginalis, 





Fic. 10. Pinctada vulgaris. 


Diffusion-Haloes of Iridescent Shells. 





Fics. 7—10. 
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Fie. 11. Shell of Nautilus pompilius photographed as a translucency. 
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Fie. 12. Shell of 7'urbo sp. photographed as a translucency. 
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Fic. 13. Bowl of J'urbo Shell: Upper surface showing bright arc of iridescent reflection and 
lower surface, bands of body-colour. 
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(a) Iridescence. (6) Body-Colour. 


Fic. 14. Plate of iridescent shell of 47. Margaratifera photographed with panchromatic plate 
and red filter, 
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Fie. 15. Shell of 4/7. Margaratifera showing lateral diffusion of light. 
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1. Introduction. 


THE study of the iridescence of the nacreous layer of the shell of the pearl 
oyster and other molluscan shells has engaged a good deal of attention and 
the pioneer investigations of Brewster in this line are common knowledge 
to students of physical optics. More recently Pfund! and Lord Rayleigh® 
have carried out further investigations connected with this problem. In 
the more recent investigations of Sir C. V. Raman* the subject has been placed 
on a broader foundation by a fuller study and the discovery of several interest- 
ing features which had not been noticed by previous authors. 

A study of the structure of the shells from the point of view of the X-ray 
crystallographer becomes highly interesting because of the regular orienta- 
tion of the crystallites of calcite or aragonite forming the various layers in 
these shells. Shaxby,* Dauvillier5 and others’ have made some interesting 
studies on these lines confining their attention, however, mainly to the 
nacreous layer of shell of the pearl-oyster. Investigations such as these 
have led to methods of distinguishing ‘‘real’’ from “culture” pearls.7: § 
They all find that the minute crystals of aragonite of which the nacreous 
layer consists, are arranged fibrously with the pseudohexagonal c axis normal 
to the surface of the shell. Dauvillier® assumes that the nacreous layer in 





1 A. H. Pfund, Jour. Frank. inst., 1917, 183, 453. 

2 Lord Rayleigh, Proc. Roy. Soc. A, 1923, 102, 674. 

3 Sir C. V. Raman, Proc. Ind. Acad. Sci. A, 1934, 1, 567; and Proc. Ind. Acad. Sci. A, 
1934, 1, 574. 

4 J. H. Shaxby, Phil. Mag., 1925, 49, 1201-1206. See also Comptes Rendus, 1924, 179, 
1602-1603. 

5 Dauvillier, Comptes Rendus, 1924, 179, 819. 

6 W. V. Mayneord, Brit. Jour. Radiology, 1927, 23, 19-30; Tsutsumi, Kyoto Coll. Sci. 
Mem., 1928, 11, 217-221; and Kyoto Coll. Sci. Mem., 1928, 11, 401-405. 


7 J. Gaiborg and F. Ryziger, Rev. d'Optique, 1927, 6, 97-133. See also Comptes Rendus, 
1926, 183, 960-962. 


8 B. W. Anderson, Brit. Jour. Radiology, 1932, 5, 57-64. 
9 Loc. cit. 
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the shell of the pearl-oyster consists of triple twin crystals of aragonite 
deposited in a honeycombed skeleton of conchyolin built up by the epithelial 
cells of the mollusc. From examination of the shells with the polarising 
microscope, Schmidt” has put forward the view that the aragonite crystals 
in the nacreous layer have their c axes normal to the surface of the shell and 
are cemented together with conchyolin. Other iridescent shells, a complete 
description of which has been given by Sir C. V. Raman,!! have not been 
studied, however, by X-ray methods. The present investigation was 
taken up in order to find out whether the orientation and other characteristics 
of the aragonite crystals in these shells are the same as those in the shell of 
the pearl-oyster or present any differences. It was also thought desirable 
to investigate as to how perfect is the orientation of the crystals in the shells 
and also to obtain an idea of their average size. The shells examined were— 
Pinctada (Margaratifera) vulgaris, Nautilus pompilius, Turbo sp., Trochus 
sp., and Mytilus viridis. 
2. Method of Examination. 

Two methods of examination with X-rays were adopted. In the first 
method, photographs of the diffraction pattern produced by a monochromatic 
X-ray beam incident normal to the surface of the shell were obtained. In 
the second method similar photographs were obtained with the X-ray beam 
parallel to the surface of the shell. Suitable specimens for examination 
were obtained by cutting pieces from the shells either normal to the lines 
of growth or parallel to the lines of growth. These were ground or filed after 
mounting suitably in order to get a thin portion of the nacreous layer only. 
The thickness of the prepared specimens varied from 0-6 to 0-1 mm. depend- 
ing upon the thickness of the nacreous layer. For examination with the 
X-ray beam normal to the surface of the shell the specimens were about 
three or four millimetres long and about half a millimetre wide. 

For obtaining photographs with the X-ray beam normal to the surface 
of the shell, the longer specimens were mounted on the goniometer table of 
an X-ray goniometer camera and adjusted by using a carbon arc in the 
place of the X-ray tube. The specimen was so adjusted as to reflect the 
beam of light coming from the lead slit of the camera, back into the slit. 
Thus the specimen was set perpendicular to the axis of the camera ensuring 
normal incidence of the X-ray beam on its surface during the exposure. 

For examination with the X-ray beam along the surface of the shell, 
specimens of about a millimetre or so in length were cut from those used 





10 W. J. Schmidt, Die Bausteine Des Tierkorpers in Polarisertem Lichte, F. Cohen, Bonn, 
1924. 
11 Loc. cit. 
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for the first method. ‘These were mounted on a glass rod about a millimetre 
jn diameter and 3 or 4 mm. long with a trace of canada-balsam so that the 
glass rod was as nearly normal to the shell surface as possible. The glass 
rod was mounted on the previously mentioned X-ray goniometer camera 
and adjusted so that the surface of the shell was perpendicular to the vertical 
rotation axis of the goniometer. In order to facilitate the accurate mounting 
of the specimen the goniometer camera was placed in front of a carbon arc 
as before, so that the light from the arc, after passing through the lead slit 
of the camera, fell on the film cassette in the position of the directly incident 
X-ray beam. In a goniometer camera the X-ray beam is coincident with 
the axis of the camera which is itself perpendicular to the vertical rotation 
axis of the goniometer. Consequently, when the surface of the specimen 
is perpendicular to the vertical rotation axis, the beam of light from the arc 
is parallel to the shell surface and is not reflected. But if the specimen is 
ever so little inclined the spot of light reflected by it appears on the film 
cassette. The specimen was so adjusted as to eliminate this reflection for 
all settings of the goniometer about its vertical rotation axis. By rotation 
. of the goniometer about the vertical axis the specimen could be adjusted 
with the lines of growth on it making any specified angle with the X-ray 
beam which however would always be incident parallel to the shell surface. 
Photographs were taken with the X-ray beam perpendicular or parallel to 
the lines of growth. Various other settings of the goniometer were also 
chosen thus keeping the lines of growth inclined at various angles with the 
X-ray beam. 


i tie a ee 


' we 
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In the above methods of setting it is assumed that the laminations are 
nearly parallel to the surface, so that the X-ray beam is adjusted either 
normal to the laminations or parallel to them. But the laminations are not 
parallel to the surface of the shell as shown by Sir C. V. Raman.” The re- 
sulting error in setting the specimen in the goniometer could be eliminated 
by considering the iridescent reflection from the laminations instead 
of the regular white reflection from the surface. This was done for 
setting the specimen in all the experiments. In the case of the Nautilus 
shell however this precaution was found unnecessary due to the large error 
in orientation of the crystallites as discussed later. Tilting the specimen 
by about five or ten degrees about a horizontal axis from the correct position 
did not alter the nature of the pattern obtained. 


Molybdenum Ka and K& were the radiations used and with an applied 
kilovoltage of 50 and a tube current of 12 to 15 milliamperes good pictures 





12 Loc. cit. 
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could be obtained in about two hours working with a 25 cycle supply with 
single wave rectification. Some of the photographs obtained are reproduced 
in Figs. 3 to 16. 

3. Turbo and Trochus. 

Photographs obtained with finely powdered nacreous layer of Turbo 
and Trochus were identical with Debye-Scherrer patterns of powdered 
aragonite. Thus the nacreous layer in these shells consists of aragonite. 
Patterns obtained with the X-ray beam incident normally on the nacreous 
layer of these shells (Figs. 3 and 4) consist of complete circles, but with X-rays 
incident parallel to the laminations a spot pattern is obtained (Figs. 5 and 6). 
This spot pattern, however, is always the same irrespective of the direction 
of the X-ray beam with reference to the lines of growth in the shell. The 
spots in the pattern obtained lie on the layer lines of aragonite drawn for 
rotation about the c axis. This shows that the c axes of the crystallites 
are normal to the shell surface while the a and 6 axes are parallel to the 
surface and oriented at random. Thediffraction spots in the above patterns 
are much longer than the part of the specimen which is irradiated by the 
X-ray beam. This is because the orientation of the c axes is by no means 
perfect. Half the angle subtended by the ends of the spots at the centre 
of the pattern is roughly equal to the maximum tilt of the c axes from the 
normal orientation, after allowing for the finite length of the specimen as 
mentioned in an earlier paper.!* This is of the order of about 7° for Turbo 
and about 10° for Trochus. 


The random orientation of the a and the d axes may be either a true lack of 
orientation or it may be a result of continued twinning combined with a large 
error in orientation. In both cases complete rings will be obtained normally 
to the shell and the spot patterns with different orientations of the lines 
of growth will be identical. 

The optical diffraction haloes observed by Sir C. V. Raman! with thin 
sections of Turbo and Trochus cut parallel to the laminations are complete 
circles. 

4. Nautilus pompilius. 

Finely powdered nacreous layer of Nautilus pompilius obtained during 
cutting the shell with a wire saw gave a Debye-Scherrer ring pattern cha- 
racteristic of powdered aragonite. Photographs were obtained by the second 
method starting from a position in which the lines of growth were parallel 
to the X-ray beam and then rotating the goniometer table in steps of 30° 





13 S$. Rama Swamy, Proc. Phys. Soc., 1934, 46, 739. 
14 Sir C. V. Raman, Proc. Ind. Acad. Sci., previous paper in this number. 
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over one complete revolution. Patterns obtained with the lines of growth 
at various inclinations with the X-ray beam are given in Figs. 7 to 12. Con- 
sidered as a whole the spots in the patterns obtained along the lines of growth 
and perpendicular to the lines of growth are different from each other (Figs. 
9 and 10). They are both symmetrical about a horizontal and a vertical 
axis. Another interesting feature of these photographs is also to be observed. 
Patterns obtained with inclinations of 30° on either side of the above posi- 
tions are unsymmetrical about the vertical axis and are mirror images of 
each other (Figs. 7, 8, 11 and 12). They are symmetrical about a horizontal 
axis. A consideration of the structure of the aragonite lattice shows, however, 
that this type of symmetry cannot be obtained with a single crystal. But 
a suitable arrangement of crystals consistent with the structure of aragonite 
can explain the nature of the patterns obtained. 


The crystal structure of aragonite has been thoroughly studied by 
Bragg.!5 He has classed it as belonging to the holohedric group of the 
orthorhombic system. It belongs to the space-group Q,!° according to the 
Schoenflies notation, with fundamental axes a, 6 and c measuring 4-94, 








Fic. 1. Projection of lattice of simple Fic. 2. Suggested arrangement of 
aragonite twin on the ab plane. twins in Nautilus. 


7-94 and 5-72 A respectively. Aragonite twins across the plane 119. ‘The 
projection of the lattice of a simple twin of aragonite on the ab plane, taken 
from the paper by Bragg, is givenin Fig. 1. The unit cells in the two elements 
of the twin are also marked. From this figure it is easily seen that the a 





15 W. L. Bragg, Proc. Roy. Soc. A, 1924, 105, 16-39. 
A2 
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and b axes in the lattice of the second element are inclined to the respective 
axes in that of the first at an angle of about 240° (or —120°). The a axis 
is normal to the 010 plane of the crystal in both cases. 


An arrangement of four aragonite lattices of the type shown in Fig. 2 
exhibits the kind of symmetry necessary for obtaining the patterns discussed 
before. This figure is a projection normal to the c axis and the lattice points 
are omitted for clearness. ‘The outlines of the crystals (7.e., the projections 
of the 010, 110, 110, planes) and the positive directions of the a and b axes 
only are drawn. Such an arrangement is provided by a set of simple twins 
pointing one way in some layers and the opposite way in others. Thus in 
Fig. 2, J and JI represent a twin in one layer and JJJ and IV represent a 
twin in another layer, presumably the next. This arrangement of aragonite 
lattices is symmetrical about AB and CD (Fig. 2). Thus diffraction patterns 
obtained with the X-ray beam along AB and CD will be symmetrical about 
the horizontal and the vertical axes. But they will be different since the 
inclinations of the axes and hence the reflecting planes, with AB are not the 
same as with CD. Also the pattern obtained with the X-ray beam along a 
direction EF will be a mirror image about AB of that obtained about E’F’ 
where EF and E’F’ are equally inclined to AB. A similar thing holds for 
directions equally inclined on either side of CD. This is found to be the case 
with X-ray patterns of Nautilus. It follows from this reasoning that one 
of the two directions AB and CD in the above arrangement is to be identified 
with the directions of the lines of growth. The pattern obtained with X-rays 
incident normally on the shell surface also exhibits the symmetry of Fig. 2, 
and is given in Fig. 15. The error in the orientation of the a and 0 axes is 
of the order of 15°. 


The optical diffraction halo observed by Sir C. V. Raman for a thin 
section of this shell consists of two arcs on either side, which roughly sub- 
tend an angle of 60° at the centre. The line joining the centres of the two 
arcs is perpendicular to the lines of growth. 


5. Pinctada (Margaratifera) vulgaris and Mytilus viridis. 


The diffraction pattern of the nacreous layer of Margaratifera vulgaris 
obtained with an X-ray beam incident normally is given in Fig. 16. The 
arrangement of the spots in this pattern is seen to be unsymmetrical and 
the error in orientation of the plane of the a and 0d axes obtained from these 
is of the order of about 5° or 6°, which is much smaller than for Nautilus. 
The patterns obtained by the second method with the lines of growth per- 
pendicular and parallel to the X-ray beam are given in Figs. 13 and 14. 
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These patterns are also unsymmetrical. Other photographs obtained with 
the lines of growth inclined at different angles to the X-ray beam are also 
found to be unsymmetrical and different from one another. This may be 
due to the existence of untwinned crystals in the shell since the characteristics 
of the patterns mentioned are all to be found in a single aragonite lattice. 
The error in the orientation of the c axis obtained from these photographs 
is of the order of 10°. Mytilus viridis has a highly iridescent nacreous layer 
which is less than a quarter of a millimetre thick. Specimens of this shell 
had, therefore, to be ground to about 0-2 mm. or less. The patterns obtained 
show the same general characteristics as those of Margaratifera vulgaris. 
The optical diffraction haloes obtained by Sir C. V. Raman with thin sections 
of these two shells consist of two spots, the line joining them ae perpendi- 
cular to the lines of growth. 

6. Conclusion. 


It is significant that there is a close correspondence between the results 
of the X-ray investigation and the diffraction haloes observed by Sir C. V. 
Raman. ‘The diffusion haloes for shells of the species Turbo and Trochus 
obtained with a pencil of light incident normal to the laminations are complete 
circles. The corresponding X-ray diffraction patterns with a normally 
incident pencil are also complete circles. These results can be explained 
by the assumption of crystallites whose a and 6 axes are oriented at random. 
But the c axis is normal to the laminations and hence a spot pattern is ob- 
tained with the X-ray beam parallel to them. Since the a and } axes have 
no preferential orientation such an arrangement is in effect equivalent to a 
single crystal rotating about the c axis. A pencil of light incident on such an 
arrangement of crystallites would also produce a circular diffraction halo. 


The effects observed with the Nautilus pompilius are particularly inter- 
esting. The results of the X-ray analysis indicate an arrangement of twinned 
crystals, of the type discussed previously (Fig. 2). If this arrangement 
were perfect and did not have an error of orientation, the corresponding 
optical diffusion halo would not be a complete circle but consist of four spots, 
at the corners of a rectangle the shorter sides of which subtend an angle of 
60° at the centre. But the existence of the error in orientation results in 
a fusion of these spots to form two arcs which subtend nearly the same angle 
at the centre. This has been observed by Sir C. V. Raman. 

The other two shells in which presumably there are no twins but oriented 
single crystals also show a similar correspondence between the optical and 
X-ray results. Single crystals arranged parallel to each other form parallel 
fibres, the optical diffusion halo from which will consist of two spots. The 
haloes observed by Sir C. V. Raman with Mytilus viridis and Pinctada 
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(Margaratifera) vulgaris are of this type. The X-ray results are in agreement 
with this observation. 


Thus it is found that the structure of the nacreous layer is not the same 
in all the shells. It is of the simplest type in Pinctada (Margaratifera) 
vulgaris and Mytilus viridis and much more complex in Nautilus, Turbo 
and Trochus. Margaratifera vulgaris and Mytilus viridis may be considered 
to approximate to a single crystal. Turbo will be at the other end of the 
scale with random orientation in the plane perpendicular to the pseudo- 
hexagonal c axis. Nautilus occupies a position midway between these two. 
Another significant fact is that in all cases the spots in the patterns with 
the X-rays normal to the shell are much longer than those in the other 
patterns. This indicates a greater error of orientation in the ad plane than 
normal to it. "Presumably, during the formation of the shell the aragonite 
crystals are restricted from an upward or downward tilt by layers below 
or above them much more than from a slight rotation about an axis normal 
to the shell surface. From photometric measurements of the widths of 
the diffraction spots or rings it is possible to get an idea of the size of the 
crystals in the shells. This will form the subject of another paper along 
with more accurate measurements of the error in orientation. 


I take this opportunity to express my sincere thanks to Sir C. V. Raman, 
Kt., F.R.S., N.L., for suggesting the above investigation and for his continued 
interest in its progress. I am very grateful to him for permitting me the 
use of specimens from his collection of beautiful shells. I wish also to thank 
Professor . Rama Rao for the gift of an aragonite crystal which was used 
for taking powder patterns of aragonite. 


7. Summary. 


X-ray diffraction patterns of the nacreous layer of iridescent shells have 
been obtained using a monochromatic X-ray beam incident along various 
directions. From a study of these patterns it is found that the nacreous 
layers of all the shells consist of aragonite crystals orientated with their c 
axes normal to the surface. But the orientations of the other two axes 
vary with the particular kind of shell examined. For instance, the ab 
plane is randomly orientated in Trochus and Turbo. In Nautilus evidence 
for twinning is found combined with a specific orientation of the ab plane. 
The abd planes of the crystals in Mytilus viridis and Margaratifera vulgaris 
are found to exhibit specific orientation with respect to the lines of growth. 
The error in orientation is also much smaller than in Nautilus pompilius. 
The results obtained closely correspond with the optical observations of 
Sir C. V. Raman. 
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EXPERIMENTS were carried out to study the dielectric properties at room 
temperature (26°C.) of some common vegetable oils and their dipole character 
has been established by studying the variation of the dielectric constant of 
their solution in benzene as a function of their concentration. The oils 
studied were: (1) Castor Oil; (2) Olive Oil; (3) Sesame Oil; (4) Cocoanut 
Oil. These were particularly chosen as each represents the group of oils 
possessing its own physical and chemical characteristics.1 It was necessary 
to work on a particular sample of reliable purity and to complete the 
observations before it underwent any change. For each sample, measurements 
were made of the density, the refractive index and the dielectric constant 
and that sample which agreed most with the standard data in the literature 
was selected. Table I shows the comparative values. 














TABLE I. 
Density Refractive index Dielectric constant 
Oil 
(Obs. ) (Lit.) (Obs. ) (Lit.) (Obs.) (Lit.) 
Castor Oil .. --| 0+9612 0-960 —0-967 1-4745 1-4546 4-478 4-540 
Olive Oil .- --| 0-9125 0-914 —0-920 1-4665 1-4410 3+252 3-185 
Sesame Oil -- --| 0-9132 0-921 —0-924 1-4675 1-4661 3°365 
Cocoanut Oil --| 00-9204 0-9259 1-4521 1-4295 3+ 254 























A sample of Merk’s extra pure crystallisable benzene was similarly 
experimented upon. The constants agreed well with those found in the 





1 “Chemical Technology and Analysis of Oils, Fats and Waxes” by Dr. Lewkowitsch, 
6th Edn., 1922, II. 


880 














wT wow OTTrlhlCCMCChlCrhlUlCtCrO]FCUe! 








881 





Dielectric Properties of Some Vegetable Oils 


literature? and hence no elaborate purification of benzene was considered 
as of any material value in the present investigations. 

Glass-stoppered bottles were used to prepare solutions of oils in benzene. 
The liquids were thoroughly mixed to form a clear solution. The densities 
were determined both by the specific gravity bottle and the pyknometer, 
care being taken to prevent any loss by evaporation. Simultaneously an 
Abbe direct reading Refractometer was used to determine the refractive index. 
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The methods of calculating the mole fraction as well as the equations 
for polarization require a knowledge of the molecular weights of the oils. 
Further, errors in molecular weight cause differences in the calculated values 
of moment. The values for molecular weight available in the literature, 
however, widely differ.' The expedient adopted by Stoops* in a similar 
investigation, of calculating the molecular weight from the known composi- 
tion, is at best only an approximation. It was therefore thought necessary to 
repeat and extend the measurements of Stoops by determining independently 





2 (a) International Critical Tables, I, 1928. 
(b) Smyth, J. Amer. Chem. Soc., 1928, 50, 1536. 
(c) Williams and Krchma, J. Amer. Chem. Soc., 1927, 49, 2408. 
(d) Hartshorn and Oliver, Roy. Soc. Proc., 1929, A123, 664. 

3 W. N. Stoops, J. Phys. Chem., 1931, 35, 1704. 
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the molecular weights of the actual samples 
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used. The cryoscopic 


method was adopted, using benzene as solvent, and the best mean of a number 
of observations for each oil, together with the values reported in the literature, 


are presented in Table IT. 











TABLE II. 
Normann* 5 6 
Authors Beker Hate Stoops® 
F.P.Method FP. mE. Calculated 
+h Method | Saponificae | F.P.&B.P. | Method Method ae 
tion Method Methods 
Castor Oil 935 904-7 834 to 1078 | 844 to 1031 | 827 to 1068 933 
Olive Oil 830 917-0 501 to 691 803 829 to 949 
Sesame Oil 848 800 
Cocoanut Oil 638 613 


























The dielectric constants were determined at 30 meters (10,000 Kc.). 
The resonance was observed by a valve-voltmeter? which has the unique 
qualities of absorbing practically no power from the circuit and possessing 
low capacitance. The measuring variable condenser was- of 100 pF 
capacity with a scale reading up to 0-025 of a degree and was so constructed 
as to satisfy all conditions for no loss at high frequencies. It was calibrated 
with the leads, etc., by means of a standard variable air condenser. 

The test condenser had a capacity of 4-500 cms. and was designed of 
two silver plates bent cylindrically and fixed between the two walls of a 
Dewar’s flask which was cut at its base and inverted. The thickness of the 
plates was such that the elasticity was sufficient to keep the plates in position 
without any support. The capacity of the very short and fixed leads con- 
necting this condenser to the measuring condenser was taken into account 
while calibrating the latter. Only a small quantity was sufficient to fill the 
condenser so that the plate up to the leads was completely immersed in it. 
The condenser satisfied the conditions as laid down by Hartshorn and Oliver.?¢ 
The rigidity of the test condenser-plates and the constancy of its value were 
put to test by a number of preliminary experiments which showed that the 
condenser could be used reliably for quantitative work. 





4 Normann, Chem. Z., 1907, 3, II. 

5 Baker, Chem. Weekblad., 1915, 1034. 

6 Held, Jnaug. Dissert., 1909, Libertwolkwitz. 

7 Constructed according to F. M. Colebrock, Wireless World, 1931, 29. 

8 Moullin, Wireless World, 1922, 10, 1; J. Inst. Elec. Eng., 1923, 61, 295; Austin, Phys. 
Rev., 1929, 34, 300. 
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Table III gives the net results of these experiments. 
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Discussion. 


In Fig. 2 curves 


are drawn by plotting the dielectric constant (E) of the solution against the 
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Fie. 3. Molar Polarization P,,. of 
Solution of Oil in Benzene against Mole 
Fraction f, of Oil. 








TABLE ITI. 

Castor Oil| Olive Oil | Sesame Oil| C°°ganut 
Molecular weight “ 935 830 848 638 
Density ee ea 0-9612 0-9125 0+9132 0-9204 
Dielectric constant .. 4-478 3°352 3-+365 3+254 
Refractive Index 1.4745 1-4665 1+4675 1-4521 
Molar polarization P, .. 521-7 399-6 409-3 297-4 
Molar polarization at infinite 

dilution P., 554 437 434 352 

Electronic polarization P, 273-6 246-8 258 187 
Orientation polarization P, .| 280-4 190-2 176 165 
Electric Moment x 10+** 3-68 3°03 2-91 2-82 
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2 They all show a similar nature of variation 
with concentration with a steep initial rise up to 0-1 to 0+2 mol. fraction, 
and then a flat course. This may be attributed to the association of the 
oil molecules. Curves in Fig. 3 show the variation of the molecular polar- 
ization (P) 2) of the solution with the mole fraction of the oil. P), 2 was calcu- 
lated by the equation : 
“— E-1 Mf, + Mf, 

2 E+2 d 

In all cases P)} 2—f2 curves have a small yet definite curvature in: the 
dilute region though at higher concentrations they tend to be linear. The 
tendency of the curves to be linear at higher concentrations indicates that 
at these concentrations the molecules affect one another in such a way that 
the average field of the molecules is neutralised by the interaction resulting 
from the orientation of the molecules. With increasing concentration the 
molecules associate to form complex molecules which will have a resultant 
moment less than that of the individual molecule. The external field now 
acts not on the individual molecule having a large moment but on a complex 
molecule having comparatively small moment. These complex molecules, 
therefore, contribute little to the orientation polarization. Hence P; »—/, 
curves and also the P,—f2 curves become practically linear in the region of 
high concentrations though the individual molecule has strong electrical 
moment. 

A study of the change in the electronic polarization of the different oils 
with concentration was also undertaken with a view to determine how far 


mole fraction (fo) of the oil. 
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the values of the total polarization are affected by it. The values of P,i,2 
(observed) were calculated from the equation : 
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rp. -@—! MAtMA 
ae +2 * d 
which gives the total effect, » being the refractive index determined experi- 
mentally. The values P,) » (calculated) were computed from the equation : 
Pyi_2 _ P., BA + P,, fe 
on the assumption that the total polarization follows the additive law. The 
difference between the two values is so small that the effect of the surround- 
ing molecules on the electronic polarization seems to be negligible. In other 
words P,,; and Py are constant as far as can be measured through the 
mixture, the contribution to the polarization by the electronic shifts induced 
in a molecule being practically independent of the surrounding molecules. 
The so-called fixed vegetable oils and fats consist chiefly of triglycerides® 
and the glyceride forming the highest percentage component of the oil may 
be considered as representing that oil. The structural formulz of the chief 
constituents of the four oils are given below. In view of a reasonable agree- 
ment between the values of the molecular weights of the oils as determined 
actually and those calculated from these glycerides, it may be supposed 
that the assumption that these oils are represented by the respective glycer- 
ides is not without any foundation. ‘The formula for the glycerides can be 
written, as Stoops has done, thus: 


Castor OIL, Triricinolein, C3Hs (CigF13303)s. 


OH i 
C-C-C-C-C-C-C-C-C =-C-C-C-C-C-C-C-C-C-0-C 
O 
OH I | 
C-C-C-C-C-C-C-C-C =C-C-C-C-C-C-C-C-C-0-C 
O 
OH I | 
C-C-C-C-C-C-C-C-C =C-C-C-C-C-C-C-C-C-0-C 


OLIVE O11, Triolein, C3H; (CigH330.)3. 
O 
| 
C-—C-C-C-C-C-C-C-C =C-C-C-C-C-C-C-C-C-0-C 
O 
I 
C-C-C-C-C-C-C-C-C =C-C-C-C-C-C-C-C-C-0-C 
# 
ll | 
C-C-C-C-C-C-C-C-C =C-C-C-C-C-C-C-C-C-0-C 





® Thorpe, Dictionary of Applied Chemistry, 4, 645. 
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SESAME O11, Triolein, C3H; (Ci gH 3302). 
Same as for Olive Oil. 


Cocoanut O11, Trilaurin, CgH; (C)2H2302)3. 
O 
I 
C-C-C-C-C-C-C-C-C-C-C-C-0-€ 
O 
I 
C-C-C-C-C-C-C-C-C-C-C-C-0-C 
oe | 
| 


I 
C-C-C-C-C-C-C-C-C-C-C-C-O0-C 
The hydrogen atoms are omitted in these formule. 


These formule can sufficiently account for the observed differences in 
moment. The value for cocoanut oil containing mostly trilaurin is in fair 
agreement with the value 2-7 x10-!8 found by Stoops for pure Tristearin. 
A double bond in each of the side chains of triolein apparently causes the 
slight rise in moment of olive and sesame oils, and the further presence of 
the three strongly polar OH groups in triricinolein of castor oil brings about 
the sharp rise in moment of the latter to 3-7 x 10718. 


The oils studied here give a fairly complete range, castor oil containing 
hydroxyl and hydroxy esters, olive oil and sesame oil the unsaturated ones 
and the cocoanut oil completely saturated ester. The values for the electric 
moments of these oil molecules therefore support the statement of Stoops 
that reasonably moments of vegetable oils and fats (also animal oils and 
fats) should have values in the range 2-7 to 3-7 depending on the consti- 
tution of the acids of which they are composed. 


Summary. 


The density, the refractive index and the dielectric constants at room 
temperature (26°) are determined for the solutions of castor oil, olive oil, 
sesame oil and cocoanut oil in benzene. The dielectric constants were 
determined at 30 meters (10,000 Kc.) by observing the resonance with the help 
of a valve-voltmeter. It is found that in very dilute solutions the molecules 
of these oils are more or less free from association. Experiments on very 
dilute solutions of these oils therefore give fairly reasonable values for their 
electric moments which are in these cases 3-68x10-8; 3-03 x10-!8; 
2-91 x10718; and 2-82 x107!8 for castor oil, olive oil, sesame oil and 
cocoanut oil respectively. 
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A. G. PERKIN has studied the colouring matter of cotton flowers belonging 
to several species and shown that most of them contain flavonols in the form 
of glucosides. The ordinary Indian yellow cotton flower, Gossypium herba- 
ceum, contains Gossypitrin and Isoquercitrin whereas the Egyptian, 
G. barbadense contains besides the above two substances Quercimeritrin as 
the main component. The red flowers of G. arboreuwm contain Tsoquercitrin ; 
the yellow flowers G. neglectum contain the same pigments as the Herbaceum 
whereas the white variety possesses only a very small quantity of a glycoside 
resembling Apiin. The pink flowers of G. sanguinum contain only traces 
of flavones. The flowers of the American upland cotton G. hirsutum which 
are described as yellow have been examined by Viehoever who isolated from 
them Quercimeritrin and Isoquercitrin. 

The Cambodia which is widely grown in South India under irrigated 
conditions is of American origin and belongs to the species Hirsutum. The 
fresh petals have only an ivory colour and the yellow is not prominent. As 
the flower withers, it turns red due to anthocyanin formation. We collected 
the fresh flowers from CO2, a selection made in Coimbatore during two seasons, 
1932 and 1933. The petals were isolated and dried in the sun as rapidly 
as possible and preserved. The first collection gave a good yield of Querci- 
meritrin (about 3% of the dry flowers) along with a very small quantity of 
Quercetin. No trace of Isoquercitrin could be detected. From the second 
collection, about 75% of the pigment was found to be Quercetin, the remainder 
being Quercimeritrin. It could therefore be concluded that the composi- 
tion of the pigment from the flower petals varies with the variety, with the 
locality and with the season. 

Experimental. 
Sample Collected in 1931. 

The sun-dried powdered petals (1 kg.) were extracted with boiling 96% 

ethyl alcohol. Each batch was twice extracted for eight hours each time. 
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The combined extracts were distilled over a water-bath in order to remove 
most of the alcohol. Water was then added to the distilling flask, the whole 
transferred to a large basin and heated again to evaporate the remaining 
alcohol. A large quantity of brown resin was formed and the clear yellowish 
brown solution containing the pigment was separated from it by decanting 
it while hot on to a filter and rapidly filtering. On leaving overnight a 
crystalline yellow deposit was formed. This amounted to about 2-5% of 
the dry petals. 


After repeated crystallisation from aqueous pyridine, the substance was 
obtained in the form of yellow flat needles, m.p. 246-248°C. (Found :— 
C47-8%, H5-6%; CoyH2Oj2, 3 HO requires C48-6%, H5-1%.) A 
solution of the pure substance in aqueous alcohol gave a scarlet red precipi- 
tate with neutral lead acetate and an olive green colour with ferric chloride. 
These properties agree with those of Quercimeritrin. The identity was 
further confirmed by acetylation with acetic anhydride and sodium acetate, 
when the acetyl derivative was obtained, m. p. 216—217° (octacetyl derivative 
according to Perkin melts at 214-216° C.), and by hydrolysis with boiling 7% 
aqueous sulphuric acid (2 hours) yielding an aglucone, m. p. 310—312° (decom.) 
which gave all the reactions for Quercetin. Its acetyl derivative meited at 
197-198° C. (Perkin gives for pentacetyl Quercetin 197°C.). (Found :—In 
air dried specimen, C 52-6%, H4-6%, CisHj9O7, 2 H»O requires C 53-2%, 
H 4-2%; Specimen dried at 110° C 59-0%, H3-8%, CisH 907 requires 
C59-6%, H 3-3%.) 


The acid filtrate after the hydrolysis was treated with an excess of Barium 
Carbonate, filtered and the filtrate was concentrated and examined for the 
sugar. It gave glucosazone having the characteristic crystalline shape and 
melting at 205-206° C. 


The aqueous mother liquor obtained after the separation of the crys- 
talline deposit of Quercimeritrin was twice extracted with ether. Except for 
a little resinous matter, no pigment was taken up by the ether. Excess of 
neutral lead acetate was now added to the aqueous solution, the bulky red 
precipitate was filtered, washed with water, made into a thin paste with a 
large volume of water and decomposed by repeatedly saturating with hydro- 
gen sulphide. Lead sulphide was then filtered off, and the filtrate concen- 
trated to a small bulk over a steam-bath and finally in a desiccator over 
sulphuric acid. A yellow solid (yield 0-5% of the weight of the flowers) 
was deposited ; this was readily obtained crystalline from aqueous pyridine, 
m.p. 248° and was found to be identical with Quercimeritrin obtained above. 
No other crystallisable substance could be obtained from this fraction. 
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It was noticed that Quercimeritrin crystallises in two forms depending upon 
the conditions, either as fine needles or as plates which were partly rectangu- 
lar and partly triangular. On allowing the hot solution in aqueous pyridine 
to stand undisturbed a light brown oil came down and when the supernatant 
liquid was decanted off, the oil rapidly turned into a mass of yellow needles. 
The decanted liquid slowly deposited plates. The latter form seems to be 
more common. However, the two forms have identical properties. 


The filtrate obtained after the removal of the neutral lead acetate pre- 
cipitate was treated with basic lead acetate. The resulting precipitate was 
rather small in quantity. It was decomposed just as above and the resulting 
pigment repeatedly recrystallised from aqueous pyridine. It melted at 
312° (decomp.), gave an acetyl derivative, m.p. 196° C. and resembled 
Quercetin in all its reactions. 


Sample Collected in 1933. 


The material was extracted with alcohol and after removing the alcohol, 
the aqueous extract was obtained as before. But this time it did not deposit 
any Quercimeritrin on standing. When it was extracted with ether, the 
ether layer was brownish red and hence extraction with ether was repeated 
till the ether failed to remove any appreciable quantity of colouring matter. 
The combined ether extract on-evaporation gave a yellow solid which after 
recrystallisation from alcohol and then pyridine yielded flat needles, m.p. 
312° and was found to be identical with Quercetin obtained from the previous 
experiment. On acetylation it gave acetyl Quercetin, m.p. 197°. 


The aqueous solution after ether extraction, however, gave a crystalline 
precipitate on leaving for 24 hours. It was recrystallised from aqueous 
pyridine and subsequently from aqueous alcohol, m.p. 246—248°C. It gave 
an acetyl derivative melting at 216° C. and in all reactions was identical with 
Quercimeritrin obtained already. 


After separating Quercimeritrin, the aqueous solution was treated first 
with neutral lead acetate and then with basic lead acetate and the precipi- 
tates were separately collected and decomposed as usual. The first precipi- 
tate was rather bulky and the pigment obtained from its decomposition 
was found to be almost pure Quercetin. After recrystallisation from aqueous 
pyridine, it melted at 312°C. and gave an acetyl derivative melting at 197° 
and no other substance could be obtained from it. 


The basic lead acetate precipitate was rather small and the pigment 
obtained from it was also Quercetin and no glucoside could be isolated from 
this fraction. 
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Summary. 


The Cambodia cotton flowers (G. hirsutum) contain a good amount of 
pigment (3%) in spite of their feeble ivory colour. In one sample the pig- 
ment was found to be mainly Quercimeritrin along with a small quantity 
of Quercetin, whereas in another sample collected next year Quercetin formed 
75% of the total pigment and Quercimeritrin only 25%. In the nature of 
the pigments these flowers differ from the yellow American upland cotton 
(G. hirsutum) which have been reported to contain Quercimeritrin and Iso- 
quercitrin. It is therefore concluded that the nature of the pigments vary 
with (1) the variety, (2) the locality, and (3) the season. 
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7. Introduction. 


THE results of various investigators on the spectrum of mercury vapour 
excited by a d.c. arc and the high frequency electrodeless discharge have 
shown significant differences as regards the relative intensities of the lines. 
Clarke! noticed a relative strengthening of a group of lines in a tube excited 
by high frequency oscillations of a triode at a wave-length of 300 meters. 
Rossignol? studied the variations in the spectrum caused by changing the 
frequency of oscillations within wide limits (2:4 meters to 4300 meters). 
But the results of both are rendered uncertain by the presence of impurities 
in the discharge tube, as it is known that the presence of small impurities 
profoundly modifies the character of the spectrum obtained. Ponte*® found 
an increase in the intensity of the two singlet series 61P,—m 1S, and 
61P,—m‘D,. He mentions that he could find no effect of the frequency of 
the exciting system upon the spectrum, but he does not say whether he 
investigated the spectrum for various frequencies keeping the pressure and 
other conditions the same. Tolansky* has worked out in detail the intensity 
modifications of the lines both in d.c. arc and the electrodeless discharge 
using a 7-meter oscillator for the purpose. In a subsequent paper the same 
author® has observed that these differences vanish if the pressure of mercury 
in the discharge tube is increased to that corresponding to a temperature 
of 150°C. 


McKinnon*® trying to ascertain the origin of the electrodeless discharge 
discovered that with continuous wave excitation two types of discharges 
were obtained in mercury vapour; one obtained with feebler excitation was 
of electrostatic origin while the other obtained with stronger excitation was 
of electromagnetic origin. Now if the origin in the two cases is different 
it is to be expected that the resultant spectral character varies. In view 
of these considerations, it seemed desirable to study systematically the high 
frequency spectrum of pure mercury vapour and with special reference to 
McKinnon’s work regarding the two types of discharge alluded to, as no 
investigation has been reported on the spectral differences due to the two 
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types. The present paper is a report of experimental work done in this 
direction with continuous wave excitation. Observations were made for a 
frequency range corresponding to wave-lengths from one to fifty meters 
and the spectra thus obtained were compared with the usual spectrum of 
a d.c. are. It is proposed to carry out investigations on the spectral differ- 
ences in the ring discharges obtained by a spark discharge and continuous 
wave excitation in different elements. 


2. Experimental. 

A discharge tube of fused silica—10 cms. long and 2-5 cms. in diameter— 
containing a drop of redistilled mercury was evacuated by means of a mer- 
cury diffusion pump backed by a Cenco Megave. It was baked at about 
800° C. in an electrical furnace and liquid air was kept on the vacuum line 
to arrest any condensible impurity. The process of evacuation and baking 
was continued for twenty-four hours at the end of which the tube was sealed 
off from the apparatus. 


The discharge was started by placing the tube in a coil connected to 
a circuit in which powerful oscillations were maintained at frequencies corres- 
ponding to wave-lengths of one to ten meters by a split anode magnetron. 
Fig. 1 shows this circuit. For frequencies corresponding to fifteen meters 
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and higher a series-fed Hartley circuit shown in Fig. 2 was used. It was 
found to be the most suitable of some of the circuits described by R. L. Smith- 
rose and McPetrie, because brightest discharge could be obtained by placing 
the tube in coil L. V is a Mullard DO 40 transmitting valve requiring six 
volts for its filament. R is a high resistance of 12500 ohms and condensers 
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C, and C, have values of 0-001 and 0-01 microfarad respectively. The coil 
L one inch in diameter is made from %” copper wire; three coils having 
7, 20 and 30 turns of wire were made to cover up a range of fifteen to seventy 
meters with the same turning condenser C of 0-00025 microfarad capacity. 
The tappings on L, were found necessary to obtain the maximum power 
in the discharge tube at a particular frequency. The high tension was 
supplied from a generator through a filter circuit and the voltage could be 
varied by means of a rheostat placed in series with the motor. The filament 
was always heated at full six volts, hence the input power was controlled by 
means of the above-mentioned rheostat. 
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The discharge had to be initiated in the tube placed in coil L by touching 
it externally with the secondary terminals of an induction coil before it was 
maintained by the oscillator. The input power was measured by a voltmeter 
and a milliameter. It was difficult to measure the a.c. output at such high 
frequencies without an elaborate circuit. Usually with 450 volts and a 
current strength of 50 milliamperes in the circuit the discharge is bluish in 
colour and has a peculiar shape. However, when the input power is increased 
by increasing the voltage till at a certain stage depending upon the frequency 
the discharge is intensely white and fills the tube. The current value is 
75 milliamperes at 600 volts. If the power is again reduced the discharge 
assumes the former character. The spectra of both the forms are different 
in so far as a number of lines are present only in the blue discharge and absent 
in the white discharge. 


The wave-length of oscillations within ten meters was measured on a 
pair of Lecher wires by means of a vacuum thermojunction and a galvano- 
meter. Beyond ten meters an absorption wavemeter calibrated against a 
precision wavemeter was used. 
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The tube was placed in an end-on position and the light from the dis- 
charge was focussed on the slit of the spectrograph by means of a quartz 
condenser. For A 7000 to A 3650 a Fuess glass spectrograph was used with 
Ilford panchromatic plates. Beyond this range a Hilger E, quartz spectro- 
graph was used with Wellington Speedy plates, 10” x4” in size to photograph 
the spectrum upto A 2200. Exposures varying from two minutes to two 
hours were given to photograph the spectra. A Heraus mercury arc lamp 
taking 3-5 amperes at 110 volts was used for comparison. 

3. Results. 


The spectra have been reproduced in the Plate: (a) gives the photograph 
taken on the glass spectrograph while (b) and (c) were taken with the quartz 
one. On comparing various spectra it will be noticed that in general there 
are many more bright lines in the H.F. discharge than in the arc. The ac- 
companying table (Table II) gives the list of all the lines with their intensities 
both in the arc and inthe H.F. discharge. The values of intensities given have 
been estimated visually taking A 3341 as standard as remarked by Tolansky. 
On account of the varying sensitivity of the plates the relative intensities 
of the lines in the same spectra will not be true values. However, the in- 
tensity of any one line in the high frequency spectra relative to the corres- 
ponding line in, the arc will be correct. Itis found that the singlet series 
74S9—m 'P,, 6 1P,—m 'D, and 6!P,—m Sq are strengthened. Among the 
triplets the series 7 9S,-—-m °P,, 7 *S,—m °P, show an increase, while the 
rest show a diminution in intensity. Nevertheless, in general, the higher 
members of all the series show a distinct strengthening. Among the inter- 
combination lines those belonging to the series 61P,—m°S,, 61P,—m °D,, 
61P, —m 8D, and 7 °S, —m'!P, have increased in intensity while those belonging 
to the series 63P,-—-m14S,, 63P,—m'‘#D, and 6°P,—m'#D, remain unchanged. 
The lines A 5460, 4358 and 4046 have been markedly reduced in relative 
intensity. Among the unclassified lines about twenty-nine lines have been 
observed in the H.F. spectrum while they are absent in the arc spectrum ; 
also about eleven lines which show the reverse behaviour. The line A 3984 
which is a spark line has undergone a diminution but it is interesting to 
observe that it is very strong in the ring discharge. 


As regards the difference between the two types of high frequency dis- 
charges it is found that the line A 4797 has come out very strongly in the feeble 
blue discharge and it is totally absent in the high power one. But it is 
curious that at a frequency corresponding to 20 meters it comes out brightest 
of all so much so that it is feebly present in the high power discharge of that 
particular frequency, whereas for other frequencies of exciting system this 
is not the case. 
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Again there is a striking group of lines, near the resonance line A 2536, 
: which is present in the feeble H.F. discharge but absent in the high power 
| discharge. All these lines belong to 6P,—m Dj series. 


In addition the following table gives a list of lines which are present 
only in the blue discharge. The designations E,, E,, E, taken after Bloch, 




















' refer to whether the line belongs to the first, the second or the third spark 
spectrum. 
TABLE I. 

A E, E, E, 
; 3606 -79 res aa 1 
3558 -08 2 Fe 1 (T.S.8.) 
3 3550 -28 1 . 

3533 +44 =f ne i ae eo 
3452 -41 1 

3385 -63 ae oF i 

3312 -68 aia at 1 (Paschen) 
| 3264 -37 aa ae ] 
| 2947 -08 i = 1 

2935 +7 I 

2552 1 

2492 -08 oe ee 1 

2407 -35 ay as 1 

2265 -81 Are line .. 

2263 -76 ‘te ns 1 

2213 -56 Arc line .. 

It will be seen from the above table that most of the lines belong to the 





first spark spectrum of mercury and only two lines have come out which are 
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ascribed by some investigators to Hg III but which have been shown by 
analysis to belong to Hg II itself. 


TABLE II. 





Intensity 
Are | HLF. 





A (air) Origin Designation 





6907 «2 oa a 2 738, —8 8P, 
6716- = me 5 718,—8 1P, 
6234- a 71S,—9 P, 
6123 - 
6072 -6 S 738,—81P, 
? Hg IT (Paschen) 
79S, —93P, 
718,—101P, 
61P,—6 1D, 
6'1P,—6 °D, 
73S,—9'1P, 
74§,—111P, 
6 8P,—7 38, 
Hg II (Paschen) 
718,12 'P, 
7 38, —10 °P, 
73S, —10 5P, 
73S, —101P, 


73S, —11°P, 





7 3s, —l11 sp, 
7 38, —11 1p, 
61P, —8 88, 
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Intensity 

A (air) | Origin | ag | =m . Designation 
4980 -65 2 798, —12 °P, 
4970 -45 1 7 38,—12'P, 
4916 -04 . 11 61P,—8 18, 
4890 -27 1 73S, —13 8P, 
4887 -10 ? 798,13 1P, 
4822 -30 <1 738,—141P, 
4797 -00 Hg III (Bloch) 3 
4782 -10 ? 7 38, —15 °P, 
4358 +34 16 14 6 °P, —7 38, 
4347 -46 + 10 61P,—7 1D, 
4343 -63 3 5 61P,—7 5D, 
4339 -16 6 8 61P,—73D, 
4140 -03 <1 4 6'1P,—9 38, 
4108 -02 3 8 61P, —9 18, 
4077 -82 10 10 6§P,—7'S, 
4046 -50 15 12 6 §P, —7 °8, 
3983 -95 Hg II (Paschen) 6 2 
3906 -44 4 9 61P,—8 1D, 
3903 -64 2 61P,—8 8D, 
3901 -94 2 6 61P,—8 8D, 
3861-08 Hg II ? 
3820 -13 _? Hg I (Bloch) 1 
3801 -63 1 5 61P,—10'8, 
3790 -13 ? Hg I (Bloch) 1 
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Intensity 





Origin Designation 


Are H.F. | 





? Hg I (Bloch) 
6 1P,—9 1D, 
6 1P,—9°D, 
6 °P,—6 1D, 
6 §P, —6 °D, 
6 §P,—6 *D, 
Hg II 
6 1P,—10 1D, 
Hg I (Bloch) 
Hg II? 
Hg II 
Hg II 
Ag I (Bloch) 
Hg IT 
61P,—11 'D, 
Ag I 
61P,—12 'D, 
Hg III 
Hg II 
61P,—13 'D, 
Hg II 

? 
Hg IT 
? Hg IV (Bloch) 


























High Frequency Spectrum of Mercury Vapour 





899 





















Intensity 

A (air) | Origin re | a Designation 
3341 -47 10 10 6 §P, —8 38, 
3312 -68 Hg III (Bloch) 1 
3264 -37 Hg II 1? 
3208 -14 Hg II 3 
3131 -83 11 10 6 §P,—6 1D, 
3125 -66 11 10 | 6*P,—6°D, 
3085 -29 ? 1p,—3 ps? 
3027 -48 5 5 6 *P,—7 1D, 
3025 -61 ? 3 2 
3023 +47 5 4 6 §P,—7 ®D, 
3021 -50 6 5 6 ®P,—7 8D, 
2967 -27 10 7 6 °P,—6 3D, 
2947 -08 Hg II 2 
2935 -70 Hg II 1 
2925 -40 8 6 6 *P,—9 38, 
2916 -26 Hg II 1 
2893 -59 9 6 6 °P, —8 38, 
2856 -93 6 5 6 8P, —8 18, 
2847 -66 Hg II 1 4 
2820-01 Hg II (Bloch) 1 
2815 -00 ? 1 
2806 -84 3 5 6 *P,—8 1D, 
2804 -46 3 5 6 *P,—8 8D, 
2803 -47 5 5 6 §P,—8 °D, 
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Intensity 


Are | HLF. 





Origin Designation 





2 1 
Hg I (Bloch) 
6 SP, —10 38, 
6 *P, —8 38, 

? Hg I (Déjardin) 





6 3P,—9 8D, 


Hg I (Déjardin) 


| 


Hg 1? (Déjardin) 
6 §P,—7 1D, 
6 §P, —7 8D, 
6 *P,—7 *D, 
2642- 6 Hg I (Déjardin) 
2641 - a on 6 §P,—10 'D, 
2639 -95 os 6 §P,—10 *D, 
2625 - Ws 6 §P, —12 °S, 
6 *P,—11 'D, 
6 ®P, —13 %8, 
6 °P, --12 1D, 
6 §P, —9 38, 

6 §P, —14 38, 


2563 ™ oe 6 a --9 1S 





2561 « i 6 3P,—13 *D, 


6 8P,—15 38, 
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| Intensity 

A (air) Origin er oP. Designation 
2548 +55 2 6 *P,—14 8D, 
2536 -519 =P 12 12 61S, —6 °P, 
2534-77 s 2 3 6°P,—7 8D, 
2531 -69 ss a z 6 §P,— 16 *D, 
2525 -84 =f i 1 6 *P,—17 °D, 
2521 -23 se - 1 6 §P,—18 °D, 
2517 -45 ae Me 1 6 §P,—19 8D, 
2514 -26 ee e 1 6 *P,—20 9D, 
2492 -08 ..| Hg It (Déjardin) ‘ts 1 
2483 -82 4 6 6 *P,—8 1D, 
2482 -72 ai 4 3 6 °P,—8 8D, 
2482 -00 5 5 6 *P,—8 3D, 
2478 -65 + Hg I (Déjardin) at ? 
2464 -06 . 5 4 6 °P, —9 38, 
2446 -90 Nie + + 6 §P, —10 38, 
2441 -03 ¥ 1 1 6 §P, —10'8, 
2414 -126 = Hg II ay 1 
2407 -35 .. HgII 1 
2400 -57 | 2 5 6 *P,—9'D, 
2399 -38 : | 5 7 6 §P, —9.8D, 
2379 -99 | 3 3 6 8P, —11 38, 
2378 +33 5 4 6 *P)—8 3D, 
2376 -72 ..| Hg II (Déjardin) si 1 

Hg III 
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Intensity 














































A (air) Origin pote | aap. Designation 
2352 -48 2 3 6 *P,—10 *D, 
2345 -43 2 2 6°P, —1038, 
2340 -60 1 2 6 3P, —12 38, 
2323 -02 1 6 °P,—11 8D, 
2322 -60 Hg II 1 2 
2315 -22 1 1 6 3P, —13 38, 
2303 -52 1 2 6 8P, —12 3D, 
2302 -09 2 2 6 *P,—9 8D, 
2297 -70 1? | 63P,—1438, 
2289 -70 1 2 6 §P,—13 *D, 
2283 -90 1 1 6 3P, —11 5S, 
2279-51 1 1 6 °P,—14 8D, 
2271-70 Hg I (Déjardin) 1? 1 p,—I11 a, 
2269 -76 | 1? | 63P,—1758, 
2265 -81 | 17?| 6%P,—15°D, 
2263 -76 | Hg II (Déjardin) Be 
2262 -21 j Hg II 1 2 
2260-41 E Hg II 1 
2258-77 | 1 1 6 ®P,—10 8D, 
2252 -92 | Hg II 1? 

2247 -58 - 1? | 63P,—1258, 

2231 -66 ; 1 1 6 3P,—11 °D, 

2224 -82 ; 1 6 3P, —13 °8, 
6 §P,—12 *D, 
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4. Discussion. 


It is found that no modification in the H.F. spectrum of mercury vapour 
has been obtained which could be attributed to the variation in the frequency 
of the exciting system. ‘The cause of the remarkable intensity modifications 
of the lines in the H.F. spectrum and in the arc spectrum is undoubtedly 
the density® of mercury vapour which is very low in the H.F. discharge. At 
lower pressures as the effective electron voltage becomes higher and as the 
mean free path is large the electron acquires sufficiently high velocity before 
striking a mercury atom. In this way Tolansky has explained the strengthen- 
ing of the singlet series and the intercombination lines beginning on the 
singlet levels. 

However for the explanation of the difference in the high frequency 
spectra obtained with high and low excitation it is not sufficient to say 
that they are due to different current densities through the tube because 
it has been observed that unless the discharge changes its form the spectral 
character remains the same. Nor can this be explained merely by consider- 
ing that with higher currents the temperature of the tube increases. 

McKinnon has observed that with lower excitation with continuous 
waves the discharge is of electrostatic origin and with high excitation it is 
of electromagnetic origin. The results given in Table I show clearly 
that in the feeble blue discharge conditions are more favourable for bringing 
out the spark lines as well as some higher members of arc lines both of which 
are absent in the high excitation spectrum. This shows that the electro- 
static discharge produces a greater potential difference than the electro- 
magnetic in so far as it is able to bring forth higher excitation lines. 

In conclusion, the author takes this opportunity to express his gratitude 
to Prof. C. V. Raman for his kind help and suggestions. His thanks are 
also due to Mr. S. K. Kulkarni Jatkar for the help he rendered. He feels 
obliged to Prof. B. Venkatesachar for his criticism of the paper. 


5. Summary. 


Simple circuits for the efficient production of high frequency discharge 
have been given, and results have been given of the spectroscopic investi- 
gation on the two types of high frequency discharges. The results obtained 
lend evidence supporting the suggestion that the electrostatic discharge 
produces a greater potential difference than the electromagnetic discharge 
inasmuch as the former brings forth higher excitation lines. Further, the 
results of the intensity modifications in the high frequency spectrum and the 
mercury arc spectrum have been given in a comprehensive table and they 
are found to be in agreement with those of previous workers. 
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A. H.F. spectra (1) with feeble excitation; (2) and (3) with strong excitation ; (4) is the spectrum of 
mercury arc. 


B. H.F. spectra of the bright discharge taken with the quartz spectrograph. (1) is the spectrum of Hg 
arc and the rest at oscillator wavelengths of 1-5, 10, 20, 30, 40 and 50 metres respectively. 


C. HF, spectra of the feeble blue discharge. (1) is Hg arc and the rest at 50, 40, 30, 25, 20, 15, 10 and 
1-5 metres respectively. 
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1. Introduction. 


In 1932 the author! described a simple method for the calculation of the 
electrostatic potential of cubic crystal lattices, and showed that the results 
obtained for caesium chloride, fluorite and zinc blende were in close agreement 
with those deduced by more elaborate methods based on transformations of 
Epstein’s? formule, for the generalised zeta-function. On applying the method 
to cuprite, the numerical coefficient obtained was 3-162, which did not agree 
with the value 4 -7522 given by Emersleben.* The author was unable to explain 
the discrepancy, nor did correspondence with Dr. Emersleben resolve it. 

Sometime later Sherman‘ published a note stating that Emersleben’s 
value was correct, as the present author in deducing the potential of cuprite 
froin that of fluorite had omitted to allow for the difference between twice the 
potential of the oxygen ions with respect to a copper ion at (43), and that 
of the fluorine ions with respect to half a calcium ion at the centre of one of 
the cubes. After correspondence, Dr. Sherman® agreed that the reason that 
he gave for the discrepancy between the two values was invalid, and stated 
that although he felt certain that the value 3-162 was incorrect, he was unable 
to point out where the mistake of the present author might be. He also stated 
that he had recalculated the value of the potential of cuprite by Emersleben’s 
method; and obtained the value 5-129724. Quite recently Hund® has also 
recalculated Emersleben’s value and obtained 5-1297, in complete agreement 
with Sherman’s privately communicated value. Accordingly the author has 
agian examined the application of his simplified method to cuprite, and has 
found that in passing from fluorite to cuprite he had omitted to take into 
consideration certain changes in the potentials of the edges of the lattices 
involved in the transformation. In the other crystals considered, these edge 
potentials cancelled out. The corrected calculation is given below and, as 
will be seen, the result agrees with Sherman’s and Hund’s value. 

2. Outline of the Method. 


The method is based on the calculation of the potential of a simple 
cubic lattice with regard to the central lattice point, and the relating of the 
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potentials of the crystals considered to the results of this calculation. The 
fundamental formula giving the potential of the mth layer (n>1) of a cubic 
lattice with regard to the central lattice point is 


na() a [2st (4)-mr()) a 


=(£) 19-041 » i Z 4 3 << ae 


where ¢ is the charge at each point, a is the lattice distance, and the poten- 
tial is taken positive for repulsion. 


The potential of the » layers of the cubic lattice with regard to the 
central lattice point is 


P,= (5) [19-103 +-19- 041 (24+ 3444 ----n)] ~ . 


The following further formule were deduced from this result :— 


Potential of the edge of a layer of a cubic lattice with regard to the 
central lattice point :— 


R= (<) 2 sinh" (—;) wi ies ad bes (4) 


= (=) 1-316, “a Ls os ising) nage 


a result independent of ». When is large, this also applies to lines of lattice 
points near and parallel to the edges. 

The potential of layers of a cubic lattice with regard toa point at 
the centre of one of the cubes :— 


P2= (=) [9-238 + (FP) 45+7+---- @n—1)] 


The potential of » layers of a face-centred cubic lattice with regard to 
the central lattice point :— 


P;=(<) (4) [(19-108— 1-748) +19-041 (2+3+4+----m)] 2. (2) 


Here a is half the distance between two charges measured along an axis 
of the lattice. 


The potential of m layers of a cube-centred lattice with regard to the 
central lattice point :— 
— (5) [9-238 + 19-103 + (=) (S+445+ -+++m) | a 
24 


a 





where a is half the distance between two charges measured along an axis of 
the lattice. 
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3. Electrostatic Potential of Cuprite. 

Fig. 1 shows the unit cube of cuprite. It contains a central oxygen 
ion, {th oxygen ion at each corner, and four copper ions symmetrically, 
arranged as shown on the diagonals about the central oxygen ion. The 
oxygen ions are on a cube-centred lattice, and the copper ions on a face-centred 
lattice. Half the edge of the unit cube is taken as the unit distance and put 
equal to a. 























oe... mal 
ee Fig. ? 
\ e-0. 
a" * e-w 





We consider a crystal constructed by placing m layers of unit cubes 
around a central unit cube. There will then be (2”+-1) layers of copper ions 
and 2” layers of oxygen ions around the central oxygen ion. There will be 
in addition an external layer with one-eighth oxygen ions at the corners, 
one-quarter oxygen ions on the edges, and one-half oxygen ions on the faces 
of the layer. 

Fig. 2 is a plan of the top face of the mth layer (n =4) of unit cubes. As we 
proceed inwards there is first the (22 +1)th layer of oxygen ions which has half 

x= = AT CORNERS 

° = $ AT EDGES 

@ = F mH Gn+1)™ LAvER OF OXYGEN IONS 
x = @ IN 2nt LAYER OF OXYGEN IONS. 


+ = Ci IN @n+d™ LAYER OF COPPER IONS. 
O = Cw IN 2nth LAYER OF COPPER IONS 





+ 
+ 


x 
. 
x 
* 
x 
x 
« 
7 
« 


* 





+ 
x 
+ 





~ 


>; 





+ 


x 
x 
x 
x 
~ 


+ 





+ 


x 
x 
x 
x 
x 


+ 





‘ ” . 
. +109 #+]0 +10 ¢]0o +]0 ¢]0 +10 e]o + 
+ 


x 


7 
, 19 *]0 +]/0 +])° +10 ,+4+)0 +10 #10 + 


“ x 
+jo0 #198 ¢]0 +¢]/0 +}/0 +|0 #+|/0 +]0 + 


+ 
« 





+ 


” 
x 
x 
x 
x 


* 





+ 


x 
k 
+10 +]0 #{|9 «¢j0 +j0 +]0 #jo0 +]0 + 
x 
x 
x 


+ 





” 
7 
x 


























+ ob+ of ¢ of] + Git oft of + oY se of + 
+ OLe ait oie S8f+ of+iot+ ate aof4 
+ G+ Of+ Ole oie SGI oie ole aie 


+ Off+ of ef+ of+ of + co f+ oft of ¢ 


. 
+ 
o 
¢ 
co 
* 


x 
. 
+ 


x 
+ 











ONE FACE OF «nth Laver OF UNIT CUBES, 
(m=4) Fig. 2 


ions at each point in the face where four cubes meet (each cube contributes 


one-eighth an oxygen ion), quarter oxygen ions on the edges where two 
A4 
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unit cubes meet, and one-eighth oxygen ions at the corners which are also 
the corners of unit cubes. Next below is the (2-+1)th layer of copper ions, 
then the 2th layer of oxygen ions,and finally the 2mth layer of copper ions. 


The total potential of a crystal is obtained by multiplying the potential 
of all the ions with regard to a central molecule by N/2, where N is the 
number of molecules in the crystal. Division by 2 is required because in 
summation over the crystal each molecule is counted twice. Alternatively, 
we can, as is done below, calculate the potential of all the ions in a crystal 
with regard to a central half-molecule and multiply the result by N. The 
half-molecule is made up of half of the oxygen ion at the central point, and 
one of the adjacent copper ions. 


4. Potential of the Copper Ions with regard to Half the Central Oxygen Ion. 


We can regard the copper ions as being placed symmetrically at half 
the points of a cubic lattice of which a is the side of a unit cube. The 
half oxygen ion carrying charge e is at the centre of the central cube of this 
lattice. Hence from (6), 


re ines (=) g-238+ (St) (B+54+7+----(4n+1)}] a 





2 
5. Potential of the Oxygen Ions with regard to Half the Central Oxygen Ion. 


There are 2” layers of oxygen ions with charges 2e on a cube-centred 
lattice witi: side 2a. In order to make the (27+1)th layer of oxygen ions, a 
complete layer with charges e at the lattice points, it is necessary to double 
the charges on the edges, that is, to add to the crystal 12 edges with quarter 
the normal density of charge, that is, 3 edges with the normal charge density 
of e per unit length. We neglect adjustments required in the charges of 
the corner points, as these potentials involve n™, while the potential to be 
calculated does not involve m. Single points can be neglected when 1 is 
large. 

On adding 3 edges we have 2” complete layers of oxygen ions, and half 
the (2n+1)th layer. Applying (8) for the potential of a cube-centred lattice 
and (5) for the edge potential, we have 


ae =) [9-288 + 19-103 + (FS )(s+4+5+ 11a BES) 
o- 2a 2 2 








3e? 
* (=) (1-316) a .. (10) 
6. Potential of the Crystal with regard to Half the Central Oxygen Ion. 


Adding (9) and (10), we have for the potential of the crystal with regard 
to half the central oxygen ion, 
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Cc 


? . 
p? = (<)[ 9-238 + 19-103 + (-?*) {6+84+10+----4n+ (2+ 1)} 








a 
— 4.619 — QOrO8) S _ TOE (E+ T+ 94 +++(4n—1) + (4n+ 1)}] 
-£ . 3.948, 2 ia ‘s re oh 

= —£ (0.079+3-948) és sa da (12) 
_ -£ (4-027) = vin mn sib oa A 


7. Potential of the Copper Ions with regard to a Central Copper Ion. 

If we consider one of the copper ions in the central unit cube, we find 
it is surrounded by 2m layers of copper ions, and three faces, that is half 
of the (2n+1)th layer less three edges. This can be seen from Fig. 3. If 
abcdefgh is the 2nth layer of copper ions, then of the (2n-+1)th layer we have 
the faces, jklm, lmno, jmnp. These three faces will be equivalent to half 
the (2n+1)th layer if they have the equivalent of six copper ion edges.. They 
possess three edges, lm, mj, mn, so that three edges must be added to make up 
the half layer. The potential of an edge of copper ions is E/2 because the 
copper ions are at twice the unit distance from one another. Hence the 
potential is altered by 3E/2 by the completion of half the (2% -+1)th layer. 





Fig. 
Hence as the copper ions are on a face-centred lattice applying (7) and (5), 
Cu 


4 2 
p™ ao [ (19-103— 1.748) +19-041(2+344+ 2m + RET)! 
Cut @ 2 


-<. 1-316 a “et sd a! 





bol Go 


8. Potential of the Oxygen Ions with regard to a Central Copper Ion. 

A copper ion in the central unit cube is surrounded by 2" complete 
layers of oxygen ions, and two further incomplete layers. These oxygen 
ions are on a cube-centred lattice. We replace this by a cubic lattice of 
unit distance a having the same axes as the oxygen lattice, and with charges 
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e/2 at each lattice point. The original oxygen ions are arranged on one- 
fourth of the points of the new cubic lattice. This new lattice will have 
the same potential with respect to the central copper ion as the oxygen 
lattice. 


Thus in Fig. 4, the charges 2e at a and f contribute a total charge e¢/2 
to the cube abcdfghk ; charges e/2 at the eight corners of the cube also contri- 
bute the same total charge to the cube; further the potential of the two 
charges of 2e at a and f with regard to the copper ion at /, is equal to the 
potential of eight charges of e/2 at abcdfghk with regard to the same copper 
ion. 









































c 
oe o 
~4 
yo he 
a 
3 v1 
\ Fig. a 
‘ @e= Oy 
@= Cu; 


The exterior faces of the lattice will contain, in place of charges e (half 
oxygen ions) at axial distance 2a from one another, charges e/4 at distance a, 
and the edges will contain in place of charges ¢/2 (quarter oxygen ions) at 
distance 2a, charges e/8 at distance a from one another. 


The copper ion is now surrounded by 2m faces containing charges e/2 
at each lattice point. The (2n+1)th layer abcdefgh (Fig. 3) has three faces 
abgf, bchg, abcd with charges e/2 at each point (neglecting the edge points), 
and three faces, adef, cdeh, efgh with point charges e/4. Hence we can regard 
this layer as possessing three-cighths unit charge density. Corresponding 
to this charge density the layer should have the equivalent of 4-5 unit edges 
with charges e at distance a. Actually this layer has three edges, ab, bc, bg 
with charges e/2 at distance a and therefore equivalent to 3/2 normal edges. 
It has also six edges ad, dc, ch, hg, gf, fa, with charges e/4 at distance a, and 
therefore equivalent to 3/2 normal edges. Finally there are three edges 
ed, ef, eh, with charges e/8 at distance @ equivalent to 3/8 unit edge. The 
edge deficit is, therefore, 4-5—1-5—1-5—-375=1-125 unit edges. 

In the (2%+2)th layer there are three faces jklm, lmno, jmnp to be 
considered. The total layer is muvwgrst. Neglecting the edges, the faces 
contain charges ¢/4 at the lattice points, except along the lines, 7p, pn, no, 
ol, Lk, kj where the charges are ¢/8. We must, accordingly, add the equivalent 
of 6/8 that is 0-75 a normal edge to complete these lines. 


We may now regard these three faces as equivalent to 1/8th a full normal 
(2%+2)th layer. Such a fractional layer should have the equivalent of 
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12/8 that is 1-5 normal edges. Actually the layer has three edges lm, mj, mn, 
which are equivalent to 3/8 a normal edge. The deficiency is therefore 
1-125 edges. 

The total deficiency for the (2”+2)th layer is, therefore, 1-125-+-0-75 
=1-875 edges. Hence from (6) and (5) the required potential will be, 


o-- e? 19-041 
po =-7-f [9-238 + so (845+7+...-(4n—1) + 








2. (4n+1)+ mFS) |-(-1-128 es 1-316) 


e” 


=f 1018 - 1-316 ‘i i (8 
( = ba) 


9. Potential of the Crystal with regard to a Central Copper Ion. 


Adding (14) and 15), we have for the potential of the crystal with regard 
to a central copper ion, 











Cc e? 19°041 
pe ,=<[8-078 4 TOO 4+ 648+ +1 dnt (n+ 3] 
—S] 4619+ SP 134547 4.... + (4-1) +8 (4n+)) 
—* a. 
+ ]+3-¢ 1316. J .. (16) 
=~ (3-081—1-974) Re os Ma sn 
=—£ (1-107) J ia 3; 3 .. (18) 


10. Potential of the Crystal with regard to a Central Half Molecule. 
Adding (13) and (18) we have, 


Cc e* 
nator Za y (#087 41-107). - ‘ (19) 
=—£ (5-134). cf bs e . (20) 


The numerical coefficient is in close agreement with the Sherman-Hund 
value, 5-130. 


11. Potential of Cuprite calculated from that of Fluorite. 


The method used in the previous paper for relating the potential of 
cuprite to that of fluorite can also be employed. When in Section (8) we 
replaced the oxygen lattice in cuprite by a cubic lattice of unit distance @ 
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with charges e/2 at the lattice points, we obtained the equivalent of a fluorite 
crystal with, however, only half the charges of fluorite at the lattice points. 
For in fluorite the points abcdfghk (Fig. 4) contain fluorine ions with charges 
e in places of charges e/2 postulated in Section 8, and the copper ions with 
charge e are replaced by calcium ions with charge 2e. 


From the nature of the transformation of one crystal into another, it 
is clear that, 


ti. ¥ * Se .. (21) 
F~ a 
Catt Cut 
om 9 ea 5h ees ue ae 22 
Cat 2 * ot ( ) 
F” a 
P =: 2 P es sea G be 23 
and a eal? - (23) 
Hence P| = P* [2—PF fa+P° a i (24) 
Ccuto~ Catr- F* o- 


Now the potential of the fluorine ions with respect to the central fluorine 
is given by, 
pr fa = $_[19-103+19-041(2+3+44.... 204+ ~)| 
“ - 
3 2 


é 
sq * 1316 ie in se . (@B 


«- 





The derivation of the edge correction will be clear from Section (5). 
Hence from (10) and (25), 








— PP a4 pe = ( —-251-3 1-316) én -+ (26) 
a o- @ 2 
Now 
2 . 
pe j2--2 95 : s ‘ .. (27) 
CatF- a ~ 
Hence from (24), (26) and (27), 
z =—£ (3-160 + 5. 1-316) * ve . 
Cuto~ a 4 
e 
=—< . 5.134 (29) 








The error in the value (—3-162) previously reported by the present 
author was due to the neglect of the edge correction. 


12. The Edge Potentials of Caesium Chloride. 


Although in the previous paper, the potential of caesium chloride was 
correctly calculated, the cancellation of the edge potentials was taken for 
granted and needs elaboration. 
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The crystal consists of two interpenetrating cubic lattices, the ions of 
one kind being at the centre of the cubes formed by the other ions. 

We consider a crystal with a caesium ion at the centre, surrounded by * 
layers of caesium ions, m layers of chlorine ions, and an (n+1)th layer of 
chlorine ions with half charges on the faces, and quarter charges on the edges. 

There is no edge deficiency arising when calculating the potential of 
the caesium ions with regard to the central caesium ion. The potential of 
the chlorine ions with regard to the central caesium ion is given by, 


17 2 . 
p° =—</9.238422" (3+5+7+....(2n—1) 47" ] 


cst 
+ 3E ie * ‘a (30) 
the (n+1)th layer requiring addition of three edges to make it a full half 
layer. 








The potential of the caesium ions with regard to a central chlorine ion 
is given by 
cst 


2 . 
P =—£[ 9.2384" (S+5+7+ .... (2n—1) + eth ] 
cl- a 2 2 








+3E .. me eis ‘4 a. : 
because the three faces jmnp, jklm, lmno (Fig. 3) which form half the (n+1)th 
layer require the addition of three edges to make up half a complete layer ; 
they should have the equivalent of six edges, and possess only the three 
edges, lm, mj, mn. 


cl Cst 
It will be seen that P. , equals e which also follows from consider- 
Ss 


ations of symmetry. 
Finally we have, 
po’ =19-103 + 19-041 [2+S+4+....(n—1) +B, et) 
ae 
—2} E—1}E—2} E 


—6E 

The edge deficiency is calculated as in Section (8) thus :—The three full 
faces abgf, cbgh, abcd (Fig. 3) and the three half faces adef, cdeh, efgh which 
make up the mth layer can be taken as equivalent to three-quarters of a 
normal layer. Such a layer requires the equivalent of 9 edges, the given 
layer possesses three full edges, ab, bc, bg, six half edges, gf, fa, ad, dc, ch, hg, 
and three quarter edges, ed, ef, eh and is in consequently 2} edges short. 
The three faces with half charges jmnp, mnol, lkjm, can be put equal to a 
quarter of the (w+1)th layer, if the following deficiencies are made good. 
The six lines with quarter charges, lk, kj, jp, pn, no, ol, require to be converted 





(32) 
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to lines with half charges by the addition of six quarter, that is, 14 full edges. 
The layer should also possess the equivalent of 12 quarter edges that is, three 
full edges, and only has the three quarter edges, /m, mj, jn, so that there 
is a deficiency of 2} edges. 

Comparison of (30), (31) and (32) shows that the various edge deficiencies 
cancel out. The rest of the calculation has been given in the previous paper. 


Summary. 
A simple method for the calculation of the potential of cubic crystal 
lattices, has been applied to the calculation of the electrostatic potential of 


cuprite. 
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7. Introduction. 

It is well known that certain binary liquid mixtures, e.g., those of phenol 
and water, carbon disulphide and methyl alcohol, etc., exhibit a marked 
opalescence or turbidity at a temperature known as the critical solution 
temperature, slightly higher than that at which they separate into two layers. 
This phenomenon of opalescence in liquid mixtures has been experimentally 
studied by many investigators. The theoretical explanation of critical 
opalescence put forward by Smoluchowski and later more completely formulat- 
ed by Einstein, stimulated quantitative studies of the phenomenon by several 
physicists. The spectral character of the opalescent light was studied by 
Firth? for a mixture of phenol and water, while Zernike? quantitatively 
studied the intensity of opalescence in methyl iodide-pentamethylene mixtures. 
But the observations of these investigators were restricted only to a small 
range of temperature above the critical solution temperature. Later, how- 
ever, V. S. Tamma working at Calcutta made a study of the scattering of 
light by phenol-water mixtures over a range of some thirty degrees Centigrade 
above the critical solution temperature, while Kamesvara Rav*-studied in 
detail the intensity and state of polarisation of the light scattered by mixtures 
of carbon disulphide and methyl alcohol over a wide range of temperatures 
above and below the critical solution temperature. Very recently, Rousset 
has reported some quantitative data regarding the state of polarisation of 
the light scattered by binary liquid mixtures in the neighbourhood of the 
critical solution temperature. 

The investigators mentioned above studied the scattering by liquid 


mixtures using incident unpolarised light alone. The importance in such 
investigations of making comparative studies with the incident light in 





1 B. Furth, Wiener Berichte, 1915, 124, 577. 
2 F. Zernike, Thesis Amsterdam, 1915. 

3 C. Kamesvara Rav, Proc. Ind. Assoc. Culti. of Sci., 1925, 9, 19. 
4 A, Rousset, Compt. Rend., 1934, 198, 2152; 199, 716. 








916 R. S. Krishnan 


different states of polarisation has been stressed by the author in recent 
papers in these Proceedings. Using incident unpolarised light, as also light 
polarised with the electric vector respectively vertical and horizontal, different 
measures of the state of polarisation of the transversely scattered light are 
obtained, namely p,, py, and p, corresponding to these three cases. So long as 
the optical heterogeneity of the scattering medium can be identified as due 
to the individual molecules (as in the case of an ordinary gas or liquid), it is 
not necessary to measure all these three quantities separately, for 

px= 1, and p, = 2 p,/ (1+ pr) + (1) 
When, however, the above condition is not satisfied, 7.e., when the optical 
heterogeneity of the scattering medium cannot be identified as due to the 
individual molecules (as in the case of emulsions and colloids), p; does not 
have its limiting value unity, but will be definitely less than 1 and the 
relation between p, and p, quoted above is not satisfied. It is then insufficient 
to measure p, alone and a determination of p, and preferably also of p, should 
be made in order to give us a correct idea of the state of dispersion of 
the particles in the medium. The measurement of pz, would be the most 
sensitive indicator of the state of dispersion (e.g., cluster formation, etc.), 
as any departure of its value from unity would indicate an appreciable size 
of the scattering particles. The present author® has shown that there is a 
very general relation connecting p,, p, and pz namely 

Pu= (1+1/px) [(1+ 4px). ee . (2) 
of which equation (1) is a special case and which follows theoretically as a 
consequence of the dynamical principle of reciprocity. It is useful, however, 
to measure all the three quantities p,, p, and p, as the accuracy with which 
the data satisfy the theoretical relation (2) serves as a check on the reliability 
of the experimental measurements. 

In a recent paper the author® has reported preliminary observations 
with mixtures of carbon disulphide and methyl alcohol which showed clearly 
that the depolarisation p, of the transversely scattered light falls to values 
considerably less than unity as the critical solution temperature is approached. 
These observations furnished for the first time positive evidence for the exist- 
ence of large clusters in liquid mixtures not only at the critical solution 
temperature but also at temperatures considerably above that temperature. 
In the present investigation a more detailed study has been made of the 
opalescence of a series of binary liquid mixtures, and the results confirm the 
preliminary report and also prove the validity for such mixtures of the reci- 
procity formula quoted above. The experimental results have obviously 





R. S. Krishnan, Proc. Ind. Acad. of Sci., (A), 1935, 1, 782. 


6 R. S. Krishnan, /bid., 1934, 1, 211. 
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an important bearing on the theories of critical opalescence, including those 
which have been put forward subsequent to the work of Smoluchowski 
and Einstein. 

2. Details of the Experiment. 

The chief difficulty in the work is to prepare perfectly dust-free mixtures 
having the correct critical composition. ‘This is necessary as the phenomenon 
of critical opalescence is most pronounced for a mixture having exactly a 
certain composition. The mixtures were prepared in the following way. 
The component liquids were taken from freshly opened bottles and after being 
purified by distillation, were mixed in the exact critical proportion. About 
75 cubic centimetres of the mixture was then transferred into a clean dry 
double bulb, one bulb of which was smaller than the other. The capacity 
of the smaller bulb was about 100 c.c. and its walls were comparatively thick ; 
before being attached to the second bulb, this was properly annealed to relieve 
any strain present. The bulb containing the mixture was cooled by immersing 
it in freezing mixture, and the double bulb was evacuated and sealed off. 
Dust-free mixture was then obtained in the smaller bulb by repeated slow 
distillation and washing back ; for the final distillation, the mixture was almost 
completely distilled into the smaller bulb, the process being carried out very 
slowly. The bulb containing the dust-free mixture was then sealed off from 
the other, and was painted black outside leaving three windows for entry and 
egress of the light. 


The experimental arrangement employed in the present investigation 
was similar to the one described in the previous paper. But the following 
alterations were made in order to get a very intense beam and to avoid 
experimental errors as far as possible. The carbon arc was replaced by a 
20-ampere projection lantern. The light from this lantern was first condensed 
on a square aperture (2 mm. square). The light emerging out of this aperture 
was passed through a long focus lens of small aperture (4 cms. diameter). The 
image of the slit was brought to focus at a distance of about 50 centimetres 
from the lens. This portion of the track passed through the bulb containing 
the mixture to be examined. The bulb was kept immersed in dust-free 
distilled water contained in a rectangular brass vessel provided with three 
glass windows, one for the entrance of light, the second for its exit and the third 
for the observation of the transversely scattered light. The vessel was heated 
electrically when required. A square-ended Nicol (aperture 2-5 cms. square) 
was used for polarising the incident beam. The method of Cornu was adopted 
for the measurement of depolarisation of the transversely scattered light. 


The particular mixture to be studied was kept immersed in the bath 
the temperature of which was maintained slightly above the critical solution 
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temperature. The incident beam being polarised with vibrations horizontal 
or vertical as desired, the transversely scattered light was viewed through 
a double-image prism. It was found that in the immediate neighbourhood 
of the critical solution temperature, when the incident beam was polarised 
with its electric vector horizontal, the horizontal component in the scattered 
light was distinctly greater than the vertical component, 17.¢., p,; was less 
than 1. The temperature of the mixture was then slowly raised up to the 
point at which the horizontal component and the vertical component of the 
scattered light when the mixture was illumined with light polarised with 
vibrations horizontal, were equal in intensity, 7.e., p, was equal to 1. At 
this temperature the depolarisations p,, p, and p, were measured using res- 
pectively incident unpolarised light and incident light polarised with vibra- 
tions vertical and horizontal. The mixture was then slowly cooled down, 
and the measurements of p,,, p, and pz were made for a series of temperatures 
up to the critical solution temperature. The mixture was thoroughly shaken 
before each measurement. 

As has long been recognised, the main source of error in the study of 
“Rayleigh scattering’’ is fluorescence. This is caused to a large extent by 
the presence of impurities, but in a smaller degree it is attributed to photo- 
chemical action of light on the medium. The former type of fluorescence 
was avoided by using freshly distilled liquid mixtures. The latter type 
of fluorescence may be avoided by not exposing the mixtures unduly to 
light. In the mixtures employed, whether flourescence existed or not was 
tested out by using complementary filters, and it was found that none of 
the mixtures employed was sensibly fluorescent. 

Another possible source of error in the measurement of low depolarisa- 
tions is the convergence of the incident beam. Strictly speaking, the de- 
polarisation of the transversely scattered light should be measured with an 
incident parallel beam of light. Since, however, the molecular scattering 
of light is a comparatively feeble phenomenon, it is necessary to have a 
very intense source of illumination, and this necessitates recourse to a lens 
which gives a convergent beam. In the present experiment the angle of con- 
vergence was about 4° which was further reduced to 3° inside the medium by 
the liquid in the rectangular cell. According to Gans’ the convergence correc- 
tion for p,, is = 
angle of 3°, the correction would be 0-0003. It should be remarked, however, 
that Gans derived his correction on the assumption that the rays reaching 
the focus are incoherent with each other. We know, however, that this is 


, where w is the angle of convergence, and for a convergence 





7 R. Gans, Phys. Zeits., 1927, 28, 661, 
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not the case and that the individual rays are more or less completely coherent 
at the focus. Nevertheless, the error that would be introduced due to 
convergence is the same as that given by Gans’s formula. For p, the 
correction is one-half of the correction for p, as has been shown in detail 
by Mr. R. Anantakrishnan. In view of the theoretical position, measure- 
ments of p,, p, and p, were made for a mixture very near the critical solution 
temperature using an iris diaphragm to vary the aperture of the lens. It 
was found that when the aperture of the lens was reduced from 4 cms. to 
less than 1 cm. there was practically no change in the values obtained for 
Pu» Pv and p,. ‘Thus at least in the present case, the neglect of the convergence 
correction appears to be justified. 

Another important source of error in depolarisation measurements 
is the background illumination which becomes appreciable in the neighbour- 


_hood of the critical solution temperature. This type of error was avoided 


in the present investigation by viewing the two components against the 


same background. 
3. Results. 


The values of p,, p, and p, for various mixtures at. various temperatures 
are tabulated below. In every case, the measurements were made from the 


Critical Composition and Critical Solution Temperature of the Mixtures used. 








TABLE I. 
Weight % sin ; 
Mixture of the first perro ergy 
component ns 
1. Carbon disulphide-methyl alcohol .. 85 40°C. (upper conso- 
lute point.) 
2. Methyl alcohol-normal hexane ee 30 29°C. i fe 
3. Water-isobutyric acid - 50 25°-5C. ,, ¢ 
4, Aniline-cyclohexane a 46 30°C, se ‘ 
5. Nitro benzene-normal hexane os 50 14°C, “ - 
6. Aniline-normal hexane va 52 56°-5C. ,, a 
7. Phenol-water me 34 69°C. ™ of 
8. Water-triethyl amine iia 70 19°C. (lower conso- 
lute point.) 
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Carbon disulphide-Methyl alcohol Mixture. 


TABLE II. 





Temperature of 
the mixture 


Ph 


Px» 


P, (observed) 





P, (calculated) 





62° -2 C. 
57°-5 C. 
55° C. 
52°-5 C. 
50° C. 





100 % 
93 % 
90 % 
83 %, 
73% 
68 % 
59 % 
45-5 %, 
27 % 


25 % 





4-1 % 
2-8 % 
2-1 % 
1-7 % 
1-3 % 
LEY 
0-93 % 
0-62 %, 


0-34 %, 





8% 
8 git 
14 % 
0% 
5% 


5% 





” 0 
79% 
7 0 
5-7 % 


4-3 % 





Methyl alcohol-Normal hexane Mixture. 
TABLE III. 





Temperature of 
the mixture 


Pu 





p,, (observed) 





p, (calculated) 











50° C. 
7°-5C. 
45° C. 
42°-5C. 
40° C. 
37°-5 C. 
32°-5 C, 
29° -5C. 
29° ©. 











1% 
T% 
«4 A 
1% 
-0 y A 
9 % 
1-7% 
1-5 % 
1-5 % 





2-3% 
2:3% 
2%, 
2-0 % 
95 % 
0% 
3% 
5%, 


7% 
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(c) 


Water-Isobutyric acid Mixture. 
TABLE IV. 





Temperature of 
the mixture 


Px 





p, (observed) 


p, (calculated) 





40° C, 
37° -5 C. 
35° C, 
32°-5 C. 
30° C, 
28° C. 
26° C, 


5°-5 C. 





1-8 % 
1-5 % 
1-3 % 
11% 
0-7 % 
0-6 % 


0-5 % 





0-34 % 





% 
% 


0 ; 
1-8 % 
1-5 % 


15% 








36% 
3-1% 
2-9 % 
6% 
9% 
7% 
8% 


0/ 
“6 /0 





Antline-Cyclohexane Mixture. 


TABLE V. 





Temperature of | 
| Ph 


the mixture 


Pr 


p,, (observed) 


p, (calculated) 





5B° C. 
50° C. 
47°-5 C. 


45° C. 





5) % 
0% 
“5 % 
4% 


2% 











‘7% 
6% 
1% 
5% 





49% 
4-0 % 
2 % 


6% 
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(e) Nitrobenzene-Normal hexane Mixture. 
TABLE VI. 





Temperature of 


the mixture Py p, (observed) | p, (calculated) 





45° C. A 1% 7.7 0% 8% 
40° C. 0% 7% 3%, 
35° C. 2-3 % 4% 50% 
30° C. 0% “4% 6 % 
25° C. 1-3 % 0% 2% 
22° C. 93 % “2 % 4% 
18°-5 0. 5% 7% 7% 


14°-5 0. 27 %, 11% 13% 


0 
0 

16°-5 C. 0-37 % 1-3 % 1-5 % 
0 
0 


14°C. 16 % 12 %, 0-93 % 0-87 % 























(f) Aniline-Normal hexane Mixture. 
TABLE VII. 





Temperature of 


the mixture (observed) | p, (calculated) 





83° C. : 2-5 % 2-75 % 
77° -5 C. 1° 22% 2-3 % 
75° C. ' 2-1% 2% 
72° ©. 2-0 % 1% 
69° C. : 1-5 % 5% 
66° C. -49 ° 13% 3 %, 
62° -5 C. . 11% 3% 





59° C. : 11% 0% 
57°-5C, 32 ° 10% 2% 








56° -5 C. . 1-0 % 1% 
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(g) Phenol-Water Mixture. 


TABLE VIII. 














































Temperature of PA Py p, (observed) | p, (calculated) 
the mixture 
95° C. 75 % 1-00 % 2-2% 2-3 % 
90° C. 66 % 0-7% 15% 1-7% 
87°-5C, 61 % 0-6% 14% 1-6 % 
83° 0. 51 % 0-43 % 11% 13% 
80° ©. 47 %, 0-34 % 0-93 % 10% 
77°C. 39 % 0-27 % 0-77 % 0-96 % 
74°C, 31 % 0-23 % 0-75 % 10% 
71°C. 26 % 0-19 % 0:7 % 0-93 % 
69° -5 C. 16% 0-12 % 0-62 % 0-87 % 
69° C, 12% 0-07 % 0-62 % 0-65 % 
(4) Water-Triethyl amine. 
TABLE IX. 
Temperature of PA Py | p, (observed) | p, (calculated) 
the mixture 

2° C. 81 % 17% 35 % 33 % 
5° C. 76 % 14% 28 % 29 % 
9° -5 C. 70 % 9-3 % 20 % 21% 
12°C. 66 % 8-5 % 16% 20 % 
14°-5 C0. 63 % 5-3 % 13 % 13 % 
16° -5 C, 55 % 2-7% 6-7 % 74% 
18° C, 42 % 0-85 % 3-1 % 29% 
19° C. 33 % 0-38 % 13% 145% 
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temperature above the critical solution temperature at which p, was equal 
to unity up to the critical solution temperature. This range of temperature 
was about 25° for most of the mixtures. In the case of phenol-water mixture 
the temperature of the bath which contained water could not be raised up 
to the point at which p, was equal to 1. In the case of triethyl amine water 
mixture the temperature had to be lowered instead of being raised, since 
the temperature of 19°C. corresponded to its lower consolute point. The 
opalescence of this mixture was rather weak probably owing to the concentra- 
tion being slightly different from the critical concentration. As the tem- 
perature approaches the critical solution point, p,, p, and p, for all the mixtures 
fall down in value considerably attaining the minimum value at that tem- 
perature. The values of p,, p, and p, at the critical solution temperature 
vary from mixture to mixture. p, is of the order of 15% to 25%, p, of the 
order of 0-2% to 0-3%, while p, is of the order of 0-8% to1-5%. Phenol- 
water mixture gives the lowest values of p,, p, and p, and the range of tem- 
perature over which p, is less than one is maximum for this mixture. The 
intensity of the horizontal component of the transversely scattered light 
when the incident electric vector is horizontal was found to increase as the 
temperature approached the critical solution temperature. As soon as the 
critical solution temperature was passed and the critical fog or the emulsion 
had begun to appear, a considerable increase in the value of p, was observed. 

4. Validity of the Optical Reciprocity Principle in Liquid Mixtures. 

With the aid of two double-image prisms, one in the path of the incident 
light and the other in the path of the scattered light, the scattered light was 
visually observed and subsequently photographed. One of the mixtures 
was examined thus at various temperatures. It was visually observed that 
the two middle tracks (out of the four tracks observed) which were respectively 
the horizontal component of the scattered light arising from the vertical 
component of the incident light and the vertical component of the scattered 
light arising from the horizontal component of the incident light were equal 
in intensity, proving the applicability of the very general ‘‘Principle of Reci- 
procity’’ to light scattering in liquid mixtures. 


Four photographs are reproduced in Plate XLVII, obtained with a 
carbon disulphide-methyl alcohol mixture and the arrangement mentioned 
above, one at about 41°C., the second at about 44°C., the third at about 
48°C. and the fourth at about 60°C. In Fig. 4 the last two tracks are almost 
equal, 1.¢., p, is equal to unity. The first track is very intense because it is 
the vertical component of the scattered light arising from the incident vertical 
vibrations. A slight difference in intensity between the second and the 
third tracks will be noticed in the pictures. This is due to the fact that the 
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photographic halation has slightly increased the apparent intensity of the 
second component since it happens to be very near the intense first compo- 
nent. A comparative study ofthe photographs shows that as we approach 
the critical temperature, the fourth component increases in brightness in 
comparison with the middle two and consequently the value of p, falls down 
below unity. Since the reciprocity principle holds good in the case of mixtures 
the relation 
Pu = (1+1"/p,) | (1+1/pz) ; 
should be satisfied. In the tables appearing above, the last column gives 
the values of p, calculated from the observed values of p, and p,;. In all 
cases satisfactory agreement is obtained between the observed and the calcu- 
lated values of p,. 
5. Relation to X-ray Evidence. 

X-ray evidence® goes to show that there are, broadly speaking, two 
types of liquid mixtures, one type giving X-ray diffraction rings due to the 
two components separately at approximately the same angles as in the pure 
liquids, the other type giving an X-ray diffraction pattern consisting mainly 
of only one ring, the ring due to one component having contracted and the 
ring due to the second component having expanded. Phenol-water mixture 
and such pairs of partially miscible liquids belong to the first type, while 
completely miscible liquids such as ethyl alcohol-water mixture, etc., belong 
to the second type. The tendency for the formation of two distinct rings 
in the case of the first class of mixtures is explained by postulating the forma- 
tion of large molecular clusters. The present optical evidence offers full 
support to this view. In this connection it should be remarked that no evi- 
dence was obtained for the existence of large molecular clusters in completely 
miscible liquids such as benzene and chlorobenzene, benzene and carbon 
tetrachloride, etc. 


6. Relation to Theories of Critical Opalescence. 


Smoluchowski® and Einstein!® were the first to propose a theoretical 
explanation of the opalescence in liquid mixtures in the immediate neighbour- 
hood of the critical solution temperature. These authors regarded the 
opalescence in liquid mixtures as due to local fluctuations in composition 
and consequent optical inhomogeneity. The theory of Smoluchowski and 
Einstein predicts an infinite intensity of scattering and also complete polari- 
sation of the opalescent scattering. The results of the present experiment 
show clearly that the theories of Smoluchowski and Einstein are inadequate 





8 P. Krishnamurti, Jnd. Jour. of Phys., 1929, 3, 331. 
9 M. Smoluchowski, Ann. der Phys., 1908, 25, 205. 
10 A, Einstein, Ann. der Phys., 1910, 33, 1275. 
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to explain the observed phenomena. Ornstein and Zernike™ put forward 
a modified theory of opalescence which takes into account the mutual 
influence of fluctuations in density in neighbouring small elements of volume 
in the fluid. ‘This theory has already been adversely criticised by Rocard 
and Ponte’ and it has been shown that some of the conclusions derived from 
the Ornstein-Zernike theory do not agree with the observed results. An 
attempt has been made by Rocard" to explain the finite value of the depola- 
risation of the opalescent scattering. He takes into consideration the scatter- 
ing arising from the fluctuations in the molecular field which according to 
him become appreciable at the critical solution temperature. According to 
Rocard, the law of distribution in direction of this ‘‘fluctuation scattering” 
is the same as that of the orientation scattering and consequently if the 
incident light is polarised with electric vector horizontal the light scattered 
by the mixture in the transverse horizontal direction must be completely 
unpolarised, 7.¢., p, should be equal to 1. The results obtained by the present 
author however indicate a definite fall in value of p, from 1 to about 0-2. 
Any value of p, less than unity can only be explained by the formation of 
molecular clusters of size not small compared with the wavelength of light. 
From the results obtained it is clear that molecular clusters are formed at 
the critical solution temperature, T,. The clusters have their maximum 


size at T. and the size progressively diminishes as we go away from T... 


The total scattering in liquid mixtures in the neighbourhood of the 
critical solution temperature is made up of (1) the scattering due to the 
fluctuations in composition which is completely polarised, (2) the scattering 
arising from the varying orientations which is depolarised to the extent of 
6/7, and (3) the scattering arising from the finite size of the clusters which 
is also depolarised if the incident light is unpolarised. At the critical solution 
temperature the composition scattering becomes large and the scattering 
due to the finite size also becomes appreciable. The combined effect gives 
a finite value for the depolarisation p,. Owing to the preponderance of the 
composition scattering which is proportional to A~* over the size-scattering 
which is proportional to A~*, the A~* law is found to be in better agreement 
with the observed result** than A~* law. 

Further experimental work with pure liquids in the immediate neighbour- 
hood of the critical temperature is in progress. 





41 Ornstein and Zernike, Proc. Amsterdam, 1914, 17, 793; 1916, 18, 1520; Phys. Zeits., 
1918, 19, 134; 1926, 27, 761. 

12 Y. Rocard and M. Ponte, Nature, 1928, 126, 746. 

13 Cabannes-Rocard, La Diffusion Moleculaire de la Lumiere, 1929. 

14 Rocard and Ponte, loc. cit. 
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In conclusion the author takes this opportunity to express his grateful 
thanks to Prof. Sir C. V. Raman, Kt., F.R.S., N.L., for suggesting the problem 
and for rendering valuable help and guidance during the progress of this 
investigation. 

7. Summary. 

The earlier investigations on the intensity and depolarisation of the 
transversely scattered light in liquid mixtures in the neighbourhood of the 
critical solution temperature are briefly reviewed. It is pointed out that 
it is important to make comparative studies of the state of polarisation of 
the transversely scattered light with the incident light in different states 
of polarisation in order to get a correct idea of the state of dispersion of the 
scattering elements in the medium. Measurements of the depolarisation 
Pu» Po and py, were made, using, respectively, incident unpolarised light and 
incident light polarised with vibrations vertical and horizontal, for mixtures 
of eight different pairs of liquids over a range of temperature of about 30° 
above the critical solution temperature. The results obtained fully confirm 
the author’s preliminary report regarding the existence of clusters in liquid 
mixtures, not only at the critical solution temperature but also at tempera- 
tures considerably removed from it. ‘The validity for such mixtures of the 
optical reciprocity principle has been verified experimentally. It is also 
shown that the observed values of p,,, p, and p, satisfy the relation 


Pu = (1+"/pp) | (1+1/p0) 
The X-ray evidence regarding the state of dispersion of the molecules in 
liquid mixtures of the type phenol and water is in agreement with the optical 
evidence presented in this paper. The bearing of the experimental results 
on the various theories of critical opalescence including those which have 
been put forward subsequent to the work of Smoluchowski and Einstein is 
also discussed in the paper. 
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1. Usrtnc the notation and methods of earlier papers! in these Proceedings 
I prove 


Theorem 1. N (4) = 5. 
Theorem 2. N (9) < 12. 
Theorem 3. N(18) < 60. 
These are improvements on previous results. 
2. We have 
(1) 1,743,5 
applying Tarry’s lemma? to (1) with y= 6, 10, 14 in succession, we obtain 


(2) 1, 9, 17, 33, 35 43, 5, 21, 29, 37. 
Hence Theorem 1. 
3. If we apply Tarry’s lemma to 
(mH 2.4438 
with y= 3, 4, 5, 7, 11, 9, 13, 17 in succession, we obtain 
(4) 1, 6, 7, 20, 30, 36, 38, 44, 54, 67, 68, 73 
Zz 2, 3, 10, 18, 33, 34, 40, 41, 56, 64, 71, 72. 
Hence Theorem 2. 
4. Weapply Tarry’s lemma to? 
(5) 1, 5, 11, 24, 28, 30, 42, 47, 58, 59 
5 2, 3, 14, 19, 31, 33, 37, 50, 56, 60 
with y= 17, 19, 6, 4, 1, 10, 7, 15, 23, 16 in succession (the order is relevant) 
and obtain 
(@ @-*-, me Mem, >>, Wome 
where the values of a), - - -, ago are 


1 Proc. Ind. Acad. Sci. (A), 1935, 1, 534-535 and 528-530. 


2 Equation (3) of the paper on pp. 534-535. 
3 Formula (5) occurs in the paper on pp. 528-530 of Vol. 1 of these Proceedings. 
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1, 4, 6, 9, 17, 18, 18, 23, 26, 30, 32, 32, 35, 37, 40, 43, 43, 47, 57, 59, 59, 
68, 71, 72, 76, 79, 84, 84, 88, 90, 90, 93, 93, 96, 101, 102, 104, 105, 115, 119, 
121, 126, 129, 130, 140, 141, 143, 143, 146, 146,°152, 154, 155, 155, 163, 166, 
168, 172, 177, 177. 

Hence N(18) < 60. Previous results were 

N(18) < 80 (Wright) and N(18) < 68 (Chowla). 
5. From (4) we deduce the following example of (6)* = (6)8: 

18 + 78 + 178 + 308 + 318 + 368 = 38 + 48 + 198+ 278 + 348 + 358. 











A THEOREM ON SUMS OF POWERS WITH APPLICA- 
TIONS TO THE ADDITIVE THEORY OF NUMBERS (III). 


By S. CHOWLA, 
Andhra University, Waltair. 


Received May 20, 1935. 


1. Let G(R) denote the least value of s such that every large number is a 
sum of at most s kth powers of positive integers. Vinogradow! has 
recently announced the results : 

(1) G(R) < 32 (R log R)? [k > k,]. 
More recently Vinogradow? claims to have proved [for k > ,] 

(2) G(Rk) < 2 {k(R—2) log 2 + 2h}. 
1.€., 

(3) G(R) < 2k? log 2+ 0(k?) 

From (3) it would follow immediately that 

(4) v(k) < 2 (log 2) k? + o(k?) 

In II it was proved that 

(5) v(k) < k?+7R—2 
is true for infinitely many #, and this result cannot be deduced from (4), since 
2 log 2> 1. 
2. From (5) it can be deduced that 

THEOREM. There are infinitely many odd k such that for any given e, 
every positive integer is a sum of at most {(2+¢)k?} kth powers of integers 
(positive or negative). 

This is also a consequence of Vinogradow’s (2). 
3. ImpoRTANT CORRECTION. In my preceding paper the last line at the 
bottom of page 704 is incorrect. For ‘‘is true for 0< k+m but not 
true for 0=(k+m+1)” read “is true for 0< t(k+m) but not true for 
§@=t(k+m+1)”. The argument that follows remains unaltered. 

NotEe.—The theorem (proved in I and II) that 

nye F¥ 44 


has also been proved independently by E. Maitland Wright. 





1 C. R. Acad, Sci. U.R.S.S. (1934). ‘* A new solution of Waring’s problem.” 


2 C. R. (Paris), 1934. ‘‘sur quelques résultats nouveaux -:- ” 
The numbers I and II in the sequel refer to the earlier papers of this title in Proc. 
Ind. Acad, Sc, (A), 1935, 1, 698-700 and 701-706. 
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Introduction. 


THE object of this investigation is to extend the classical theory of the normals 
to a system of confocal quadrics to n-dimensional space and to study in 
detail such configurations of points and lines as demand attention in consi- 
dering their relations to a given linear complex. A special feature of the 
treatment is that the results apply equally to Euclidean or non-Euclidean 
space so long as a particular, though unspecified, member of the quadric 
system is taken as the Absolute. 


The concept of the axial spaces of a confocal system of quadrics dis- 
cussed in §3 constitutes a generalisation of Reye’s complex of axes. An 
r-flat is defined to be an axial space if its polar (n—v—1) —flats with respect 
to any two quadrics of the confocal system intersect in an (m—r—2)—flat 
(3-1). This property reduces the freedom of the axial spaces of any dimen- 
sions, say 7, from (r+1) (n—r) to ». The axial [7] spaces have also the inter- 
esting property that the contact points of the (n—r) quadrics of the confocal 
system that touch them coalesce (3-6). 


The normals to a quadric Q of the confocal system are shown to belong 
both to the complex of axes (axial one dimensional regions) and also a com- 
plex of order called the Focal Complex of Q. This complex may be defined 
as the totality of lines joining the contact points of any axial [7] and its polar 
axial [n—r—1] with respect to Q (4-8). 


The introduction of the linear complex into the geometry of confocal 
system of quadrics has prepared the way for an extension of the theory of 
concurrent normals to a conic to those of a quadric. It is shown in (5-1) 
that the locus of points whose polar primes with respect to Q and the null 
primes in a linear complex C are mutually conjugate is the Apollonian quadric 
H associated with C. As a consequence it follows that the Apollonian 
quadric associated with a special linear complex contains the singular region 
of the special complex. ‘This is the extension of the fact that the Apollonian 
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hyperbola in the plane passes through the normal pole and the Apollonian 
quadric in [3] contains the directrix of the special complex (9-1). 


The region of intersection of an Apollonian quadric with Q has been 
termed the pedal cyclic (quadri-quadric locus). Such a cyclic has the pro- 
perty that it is the locus of points on Q the normals at which belong to the 
linear complex. The apolarity specification of pedal cyclics given in (5-7) 
is an extension to [] of the result in two-dimensions given by Dr. Vaidyanatha- 
swamy.! The Kinematical property of pedal cyclic, namely, that it is the 
intersection of Q with the quadric obtained from it by an infinitesimal move- 
ment is discussed in §7. 4 


The analogue in [”] of the Steiner parabola in the plane has been termed 
the Steiner quadric. It is symmetrically related to all the quadrics of the 
confocal system and is characterised by the property that its polar reciprocal 
with respect to any quadric Q of the confocal system is the Apollonian 
quadric associated with the linear complex, with the base quadric Q. 


The last section, which deals with properties special to three-dimensional 
space, is devoted to the geometry of the Apollonian quadrics. It is found 
that if 5,, 52 are any two tetrahedra forming a desmic system with the common 
self-polar tetrahedron A of the confocal system, the two nets of linear com- 
plexes associated with the Apollonian quadrics through (A, 8)), (A, 83) are 
mutually apolar; further the lines common to each of the two nets of com- 
plexes are the two reguli of a quadric ¢ through the vertices of 8), 52. It is 
shown further, that the normal. planes of a pair of axes which are polar 
lines with respect to ¢ correspond in a desmic cremona cubic transformation. 


Two important cases which call for special notice are those when ¢ is 
identical with Q or Q, (4-6). In the first case the intersection of correspond- 
ing planes generate the Focal complex of Q (§4); while in the second case 
the pair of corresponding planes meet Q in conic sections the normals at 
points of which to Q belong to the same linear complex. This latter trans- 
formation has an analogue in m-dimensions (5-13). A consideration of this 
transformation explains the reciprocal nature of the relations between Q 
and Q,. Such properties are discussed under the title of reciprocity theorems 
between Q and Q). 


The (1—1) correspondence which is seen to exist between linear com- 
plexes and their associated Apollonian quadrics leads to a representation of 
the Apollonian quadrics by the points of [5] through the representation of 
their associated linear complexes. The Apollonian quadrics corresponding 





1 “On the feet of Concurrent Normals of a Conie,” Jour. Ind. Math. Soc., 1930, 18. 
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to special linear complexes, called complex quadrics, fall into two distinct 
systems of co? nets. These two systems are discussed in §9. 

I wish to acknowledge my indebtedness to Prof. A. Narasinga Rao for 
his very valuable guidance throughout this investigation. I am also 
indebted to Dr. R. Vaidyanathaswamy for several helpful suggestions. 


Section I. 
1. The “Confocal’’ System of Quadrics. 


Consider a projective m-dimensional manifold, denoted by [m], with 
(n+1) homogeneous point coordinates x; and the contragredient prime? 
coordinates u;. Any tangential pencil of quadrics: 

= (aj;+pb;;) uuj;=0 (aja, and b;=b; 1, 7=0, 1,--,m) .. (1-1) 
will be called a ‘‘confocal’’ system (c.s.) of quadrics, and the (~+1) singular 
members defined by the values of p satisfying | a;;+/b,; | =0, the ‘focal 
quadrics” of the c.s. The (w+1) primes containing these focal quadrics 
will be termed the ‘‘fundamental primes’’ and they form the faces of the 
“fundamental simplex’? A which is self-polar g.3 every quadric of the c.s. 

The terms ‘‘confocal’’, “focal quadrics’’ and “‘normal” are used in 
this paper without any metrical significance and are defined projectively. 
The investigation which follows has, however, been developed along lines 
suggested by the metrical geometry of quadrics, especially in three-space, 
and it has been considered desirable to retain the terminology of metrical 
geometry. If so desired, every result could be given metrical significance 
by taking any one specified member of the quadric system as the Absolute 
of a Caylean metric. In particular, if the quadric chosen as the Absolute 
be one of the ‘‘focal quadrics’” the space is Euclidean. For the validity 
of the results of the paper, it is unnecessary to specify whether the Absolute 
is a proper or a singular quadric or which particular quadric of the c.s. is 
chosen as the Absolute. 

The axes of a confocal system of quadrics. 
It is easily seen that: 


The locus of poles of any prime a (other than the fundamental primes)¢ 
q. the quadrics of the c.s. is a straight line a which will be called the 
axis of the prime a. The prime a will be called the normal prime of a 
and the point of intersection of a and a, the contact point of a and 
also of a. a oA Pe sie os - 





2 A prime is an n-1 flat in an m-space. 
3 The abbreviation gq. (i.e., quod) meaus “with respect to”. 
4 The axis of a fundamental prime is any line through the opposite vertex of A. 
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The pole of a prime a in regard to a focal quadric should be taken to be 
the pole g. this quadric of the [7—2] in which a meets the prime containing 
this quadric. This pole must lie on a. We have thus the result: 


Any prime a meets the prime faces of A in [m—2]’s whose poles g. the 

corresponding focal quadrics are collinear, and lie on the axis of a. (1-3) 

Let a be the axis of a prime a, and a’ any prime through a. Since the 

poles of a g. the quadrics of the c.s. lie on a’, the poles of a’ g. each of them 
must lie on a. Hence: 


If the axis of a prime a lies on a prime a’, the axis of a’ lies ona. Two 
such primes a, a’ will be termed conjugate primes,5 and their axes 
conjugate axes q. thec.s. .. a i - .. (1-4) 


With this definition of conjugate primes it can be shown that: 


The tangent primes to the ” quadrics of the c.s. that pass through an 

arbitrary point are mutually conjugate by pairs. .. -- (EB 

If a prime a touches any two quadrics of the c.s., it touches every other 
quadric of the system ; its axis a contains all points of contact and there- 
fore lies on its normal prime. The totality of such common tangent primes 
are co”-2 and they envelop® a variety V”"! of class 4. Every common tangent 
prime a to the quadrics of the c.s. will touch the variety V*" along its axis. 
Hence the V*! considered as a locus is generated by the oo”? axes and is 
of order? 4n—4. Now, since three conditions are sufficient for a line to lie 
on any quadric, there are co”3 axes on any quadric and in particular on every 
quadric of the c.s. Thus, of the co”? common tangent primes to the quadrics 
of the c.s., there are co” 3 whose axes are generators of any quadric 2 of the 
system. ‘These will be called the cyclic primes of Y and their axes, the cyclic 
generators of 2. 

2. The Complex8 of axes of the c.s. 

The axes of a c.s. form an aggregate of co” lines, being in (1 —1) corres- 
pondence with the primes of [”]. Let a be an arbitrary prime and a its axis: 
With each point Ap of a we can associate a definite member 2p of the c.s., 
such that Ap is the pole of ag. Xp. Thus, since the points Ap on a are pro- 
jective with the parameters of the associated confocals, the meets of a with 
the prime faces of A form a range of (n+1) points whose parameters are 


5 “Conjugate” primes are “orthogonal” in a metrical [n] (with any member of the c.s. 
as the Absolute). 


6 Vide Encyklopadie der Mathematishen Wiss., iii, C7. 
7 Ency., loc. cit. 


8 The word “complex” is used here (except in the case of a linear complex) to mean 
an assemblage of lines of any order. 
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the same as those of the (n+1) focal quadrics of the system. Since the 
latter parameters are constants of the c.s., it follows that: 

The complex of axes of thec.s. meet the faces of A in ranges of (n+1) 

points which are projectively equivalent. .. “se ». (2-1) 

The singular regions of the complex of axes consist of the linear regions 
joining two or more of the fundamental points (viz., the vertices of A). 

Now, there is only one member 2 of the c.s. that touches an arbitrary 
prime a. If we call the axis of a tangent prime a to a quadric & of the c.s. 
the normal® to X at the contact point, it follows that: 

The complex of axes is also the totality of normals to all the quadrics 

of the c.s. ve i - i +“ .. (2+2) 
The Group of Collineations determined by pairs of quadrics of the c.s. 

Let 2, and 2» be any two arbitrary quadrics of the c.s. and let us denote 
by T,, Te the polarities in regard to these quadrics. If # is an arbitrary 
point, the operation T, namely, [T: (T,)] establishes a collineation which 
carries the point p into a point T(p). Since p, T(p) are the poles of the 
prime T)(~) g. 2), 2» the line PT(p) is the axis of the prime T)(p). Hence: 

The complex of axes may also be defined as the lines joining corres- 

ponding points in any of the oo? collineations T. .. .. (2-3) 

The axes of the confocal system which pass through a point # lie on 
a cone of degree n—1 (t.¢., a ary with its vertex at p. These oo? colli- 
neations T form a group, and carry a point p into the oo? points on the com- 
plex cone of #. 

Let ~, T(p) be any two associated pairs of points in a collineation T. 
The complex cones of p, T(p) have the line PT(p) for a common generator 
and intersect further in a twisted »-ic which passes through , T(#) and the 
fundamental points. This n-ic has the property!® that every chord and also 
every tangent is an axis of the c.s. Such an m-ic will be said to belong to 
the complex of axes and there are oo” of them. 


Let the c.s. be given by the equation : 


Zp: (aotp) uo2+(ait+p) wy2+........ +(a,+p) U,2=0 and let Q be the 
quadric: Q: do Up?+a, %?+4-.... +4, U,?= a .» (2°5) 
If pj;=%;, ¥j;—%; Vi ate line coordinates, the axis of the prime 2u;x;=0 
({=0....m) has coordinates p;;=u,ju; (a;—a;) - .. (2+6) 





9 It will be obvious that the normal is orthogonal to the tangent prime, in the case of 
a metrical [7]. 

10 The feet of the normals from a point p to a quadric of the c.s. lie on one such n-ic 
which passes through p and the fundamental points and has the axis of the polar prime of pq. 
the quadric for the tangent at ). 
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and satisfy relations of the type 
bij Pre , Pin Daj , Pie Pik _ 
a;— a; a;—a, a;— Ap 
when =3, there is only one relation of this type, v7z., 
C, ; fos p23 + Poe Pas + Pos Piz _o 
—Aapo eos ag —ao 
which is Reve s Plier bi complex of axes (for ”=3). 











3. The axial regions of the confocal system. 

An r-flat [7] is said to be an axial!! space, if its polar [n—r—1]’s q. any 

two and therefore all the quadrics of the c.s. intersect.in an [n —r—2], 

(3 +1) 

Since this property imposes r (n—r—1) linear conditions on [7] the 

totality of axial [7]’s is co* which is the same as the totality of axes. 

From the definition (3-1) it is evident that any [rv] passing through 7 funda- 

mental points is an axial [7]. We easily see from the definition of an axial 

space that the polar of an axial space g. any quadric of the c.s. (and in general 

g. any quadric having A for a self-polar simplex) is also an axial space. 
Further we note that: 

An axial [7] is the intersection of the (n—r—k) polar spaces of a suitably 

chosen axial [k] g. (n—r—k) quadrics of the cs. .. .. (3-2) 


In general, the polar (n—r—1) spaces of an [7] g. the quadrics of the 

c.s. will generate a non-linear region, V,_, lying entirely in an [n—r+1]. 
If, however, [7] is an axial space (using 3-1) we have the result : 

The polar [n—r—1]’s of an axial [r] g. the quadrics of the c.s. lie in an 

axial [n—r] and osculate a twisted (n—r—1)-ic in the axial [n—7]. 

We call this [" —r] the normal conjugate of the axial [vy] and the point 

of intersection of the two spaces, the contact = of the axial [7] and 

also of the axial [n—r]. .. os mn .. (3-3) 


From (3-3) 7 follows that through each point p of an axial [7], there 
pass y axial [y—1)’s osculating the twisted (r—1)-ic of the complex of axes 
in the axial [vy]. These 7 axial [y—1]’s are the polar spaces of the axial [m—7], 
viz., the normal conjugate of the axial [7], g. y quadrics of the c.s. and there- 
fore any (y—1) of them must by (3-2) intersect in an axis through p. Thus: 

Through each point of an axial [7] there pass 7 axes of the c.s. lying 

entirely in the [vy]. Further, the 7 axes through the contact point 
of the axial [vy] are mutually conjugate. .. si .. (3-4) 





11 From the point of view of metrical geometry, an axial [r] is perpendicular to its 
polar [n-r-1] q. any quadric of the c.s. Hence any chordal [r] (i.e., any [r] which meets 
the n-ic in [r+-1] points) of a twisted n-ic of the complex of axes will be an axial [r]. 
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From the results (3-1) and (3-4) it is seen that out of the axes that 
pass through the contact point of an axial [7] and its normal conjugate ( —7], 
y axes lie in the axial [vy] and the remaining (m—r) axes lie in the normal con- 
jugate [n—r]. 

Now, it is known that: 

An arbitrary [7] is touched by (” —r) quadrics of the c.s. and their tangent 

primes at the points of contact with [7] are mutually conjugate. (3-5) 

If, however, [7] is an axial space and A its contact point, of the ” axes 
that pass through A, , lie in [7] and (w—7) lie in the normal conjugate of the 
axial [vy]. Since these m axes are mutually conjugate, the tangent primes 
to the (n—r) quadrics of the c.s. that pass through A whose axes lie in the 
normal conjugate [m—r] contain the given axial [v]. Thus, the (n—7) 
quadrics of the c.s. that touch an axial [7] touch it at its contact point. 
Conversely, let the points of contact of the (n—r) quadrics of the c.s. that 
touch an [7] coalesce into a single point A in [vy]. Since the tangent primes 
to the » quadrics of the c.s. that pass through a point should be mutually 
conjugate, [7], the region of intersection of the tangent primes to the (”—7) 
quadrics of the c.s. that touch [vy] at A must (by 3-2) be an axial [7]. It 
follows from the above reasoning that : 

The necessary and sufficient condition that an [7] should be an axial 

space is that the points of contact of the (n—r) quadrics of the c.s. 
that touch it should coalesce. dn a ‘a .. (3-6) 
In particular, 

The complex of axes is also the totality of lines for which the (n—1) 
points of contact of the line with the (~—1) quadrics of the c.s. that 
touch it coalesce. F - a sis .. (3-7) 

4. The “ Focal Complex”’ of a quadric Q of the c.s. 
The pairs of incyclic and circumcyclic Tetrahedra of Q in [3]. 

It is instructive under this heading, to study first the case of 3-dimen- 
sions. It can be seen from the last paragraph of Art. 1, that on every quadric 
Q of the c.s. there are eight cyclic generators, four of each system ; and their 
normal planes, viz., the cyclic planes, are tangent planes to Q at their contact 
points. Thus these eight cyclic planes as well as their points of contact 
with Q fall into two groups of four according as the cyclic generators belong 
to the one or the other system of generators on Q. The two sets of four 
cyclic planes determine the two circumcyclic tetrahedra A b A 2 and the tetra- 
hedron formed by their points of contact the two incyclic tetrahedra Ay, Ao. 


The fundamental tetrahedron A of the c.s. may be designated as A or A 
according as we consider it as formed by the fundamental planes or by the 
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fundamental points. The three tetrahedra A,, As, Aas wellas Aj, As, A 
form desmic! systems (i.e., any two of these are in quadruple perspective, 
the centres of perspective being the vertices of the third tetrahedron). 


The triad of desmic tetrahedra A, A b A 2 determine an involutoric cubic 
cremona plane transformation I’ such that if a, [(a) are transforms in [ 


the two planes are conjugate g. the net N of quadrics inscribed in iy Bes 
Also the transformation J” has the fundamental planes for singular planes 
and the eight cyclic planes of Q for fixed planes. 


The Cubic (Focai) Complex Cz of Q. 


Consider the Cubic complex C; (which has been called the Focal complex" 
of the quadric Q) generated by the lines of intersection of pairs of planes 
which are transforms in [. They are also the totality of lines the pairs of 
tangent planes through them to the quadrics of the net N form an involution. 
But every such line must be a generator of some member of the net. Hence 
C3 is also the totality of generators of the quadrics of the net N. Now, 
since the confocal system is contained in the net, the double members of the 
involution formed by the pairs of tangent planes to the quadrics of the net 
N through a line of Cs must be the tangent planes to the two quadrics of 
the c.s. that touch the line at their points of contact and these two planes 
are mutually conjugate g. the c.s. Hence: 

The two planes through a line of C3; which are transforms in [* are the 

tangent planes to the two quadrics of the c.s. that touch the line at 
their points of contact; and these two are mutually conjugate 4. 
the c.s. ; o- (SR 
Now, the eight cyclic stent of Q are given by the onsidtiinn: 
+ VAp % + VA; % £ VAe % + VAg xg = 0 a ~. (4-2) 
a 
where Ap = (a, —a,) (a, rw (a, —a,) etc., Py sti .. (4-3) 
Hence the transformation of planes defined by I’ are given by the equations : 
T: w;=A,/u; (¢ = 0, 1, 2, 3) the : .. (4-4) 
It is seen at once that the cubic complex C3 has the epiaiiogs 
AoPoiPo2Po3 +Aipi2p isp 10 t+AcpaipospootAspsipsepio=0. «.. (4-5) 
The quadric Q, g.which A, A,, Az are self-polar is 
Q, : Ag %? +A, %12+AyQ %o?+Azg %32=0 .. mn .. (4-6) 








12 For a discussion of the properties of involutoric cubic transformations determined 
by three desmic tetrahedra ref. “Cubic Transformations associated with a desmic system” by 
Dr. R. Vaidyanathaswamy, Supplement to the Jour. Ind. Math. Soc., 1927, 17. 

13 Ency. der Math. Wiss., loc. cit. This name is due to Staude (iii, C2). It is also 
called the Kubishen hexahedralen complex of Q. 
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From (4-4) it is seen that the axes of a plane a and its transformed plane in 
I are polar lines g.Q. Hence :!4 

The Focal complex of the quadric Q is the totality of.lines of intersection 

of pairs of planes whose axes are polar lines g. Q. (In other words 

thus: The Focal complex is the totality of lines joining the contact 

points of an axis and its polar lineg.Q.)_ .. i -« (boF 


The twelve faces of the three tetrahedra A, Ais, A> are the singular 
planes of C3 (and the twelve vertices of the conjugate desmic system are its 
singular points). The three bilinear congruences determined by a pair of 
opposite edges of A are contained in Cs. 

The Focal complex of a quadric Q of the c.s. in [n}. 

The totality of normals to a quadric Q of the c.s. is co”!, These lines 
besides being the ‘axes of the c.s. (2-2) also belong to another complex of 
eo” lines which (in conformity with the name given in [3]) will be called the 
Focal complex of the quadric Q. This complex can be defined in a manner 
suggested by definition of the Focal complex in [3] given in (4-7). 

We have already seen in (3-1) that the totality of axial spaces of any 
dimensions, say 7, is the same as the totality of the axes of c.s. We define 
the Focal complex of a quadric Q of the c. s. thus: 

The Focal complex!® of a quadric Q of the c.s. is constituted by the 

totality of lines joining the contact points of an axial [vy] and its polar 

axial [{n—r—1] 9. Q. via * a ‘in .. (4-8) 
This implies that every line of this complex is the line of intersection of an 
axial [»—r] and an axial [y-+1] whose normal conjugates are polar spaces 
q.Q. These lines being in (1—1) correspondence with the axial [r]’s and, 
therefore, with the totality of axes constitute a complex of co” lines. The 
lines of this complex through an arbitrary point # lie on a cone of degree n 
through #. 





14 Vide Ency. der Math. Wiss., Loc. cit. Zindler Linen geometric. From the point of 
view of metrical geometry, the plane q and its transformed plane J(a) are perpendicular 
to each other; and their line of intersection (which is also the join of the contact points of 
their axes) which is a line of Cc, is' the common perpendicular to their axes. (F. Machovec). 
We have thus: ‘The line of shortest distance between an axis and its polar line g. Q is a line 
of the Focal complex associated with Q. 


15 The same totality of co” lines of the Focal complex is obtained, no matter whatever 
axial space is taken and polarised g.Q. From the metrical point of view, the line of shortest 
distance between an axial [r] and its polar [n-r-1] is a line of the Focal complex; for if A and 
B are the contact points of [r] and [n-r-1], the [n-r] determined by A and the [n-r-1] is 
the normal conjugate of the axial [r] and is therefore perpendicular to [r], ie., AB is 
perpendicular to [r]. Similarly AB is perpendicular to [n-r-1]. 
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Let a be an axis of the c. s. also belonging to the Focal complex of Q. 
Then through a there pass two axial spaces, say [v —r] and [y +1] whose normal 
conjugate axial spaces [7] and [~—r—1] lie in the normal prime a of a and 
are polar spaces g. Q. Since [7] and [n—r—1] lie in the same prime a and are 
conjugate g. Q, the prime a is the tangent prime to Q at their point of inter- 
section. Thus a, the axis of a tangent prime to Q (7.e., by definition a normal 
to Q) belongs both to the complex of axes and the Focal complex of Q. Since 
the fundamental primes are singular regions for the complex of axes and 
also for the Focal complex, it follows that: 


The complex of normals to the quadric Q is the partial intersection 
of the complex of axes and the Focal complex associated with Q. (4-9) 


SECTION II. 
Introduction of a Linear Complex. 


A linear complex in [”] is an assemblage of co2*3 lines, satisfying a 
linear equation in the coordinates of a line. The complex lines through a 
point # lie in a prime a, called the null-prime of #, and those in a prime a 
pass through a point # of the prime called the null-point of the primea. Such 
a correspondence between a point p and a prime a has been called a Null 
correlation or a Null system. 


From the point of view of correlations in space, a Null correlation is 
characterised by the property that every point is incident with its corres- 
ponding prime in the correlation. The transformation matrix is skew sym- 
metric and is of order (+1). Hence if » is an even number, the determinant 
of transformation must vanish identically. Further in this case the rank of 
the determinant of transformation can only fall short of (n+1) by multiples 
of two. 


On the other hand if ” is odd, the determinant of transformation will not 
vanish in general. If, however, it vanishes the rank of the determinant 
can only differ from this by multiples of two. We have thus the following 
result :16 

A non-singular Null system cannot exist in a space of even dimensions 

2r; further, the singular region of the Null system will only be of 
dimensions 2r—2, or 2r—4.... or 0 (a point). Also a non-singular 
Null system can always exist in a space of odd dimensions 27+1. 
If, however, the Null system is singular, the singular region will 
only be of dimensions 2r—1, or 27—3.... 1 (¢.e. a line). 





16 Vide Ency. der Math. Wiss., iii, C7—Null System. 
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5. The Apollonian quadric associated with a Linear Complex C. 

Let / be an arbitrary line and L its polar [n—2] g. a quadric Q of the 
c.s. Now, the polar lines of Lg. the quadrics of the c.s. and the axes of 
primes through L constitute!? the two reguli on a quadric K touching the 
fundamental primes. Hence the lines of the regulus on K constituted by 
the axes of primes through L all intersect / and there are only two of them 
say, 4, a2 also belonging to the given linear complex C (since the section of 
the linear complex C by the [3] in which K lies is a linear complex in [3]}). If 
these two lines meet / in ~,, po, these are two lines, one through each point 
pi, p2, of the complex of lines common to the complex of axes and the given 
linear complex C. Since the null prime of #, is a prime through a, the polar 
prime of p; with respect to Q which is the normal prime of a, is, therefore, 
conjugate to the null prime of #), in the linear complex C. And on the arbi- 
trary line /, there being only two such points ~;, p2 the locus of such points 
is a quadric H which evidently passes through the fundamental points and 
the null’ points of the fundamental primes. We call this quadric H, the 
Apollonian quadric associated with the linear complex C, the base quadric 
being Q. We have thus: 

The locus of points whose polar primes g. Q and null primes in the linear 

complex C are mutually conjugate is the Apollonian quadric H. (5.1) 

Thus for each linear complex there is an Apollonian quadric and conversely 
also. If the linear complex has the equation 

C: Le; py =O, = —cy 1,7 =0....m) .. “is .. (5-2) 
the associated Apollonian quadric is given by 


H: 2c;(a;—a;) ai —=0 (i, j = 0....n) ye i .. (5-8) 
Z 





Now, since the Apollonian quadrics pass through the fundamental points, 
they are outpolar to every quadric of the c. s. and hence they constitute a linear 
cok(n+2)(2-1) system of equilateral!8 quadrics. Also since the coefficients 
of H are linear in those of C (5-3), the correspondence between a linear complex 
and its associated Apollonian quadric is (1—1). 

It is interesting to consider what peculiarities will the Apollonian quadric 
possess when C is a special complex. If p be any point of the singular region 





17 Let @;, G2 be any. two primes through Z and a, a2 their axes. These two axes lie entirely 
in a [3]. Further, the poles of @,, G2 g. the quadrics of the c.s. determine on a,, a2 two bomographic 
ranges of points; the join of two corresponding points on aj, a2 being the polar line of Z g. some 
quadrics of the ¢c.s., generate a (3-dimensional) regulus of a quadric K, and the lines of the other 
regulus on K are constituted by the axes of primes through Z. 

18 We mean by an equilateral quadric any quadric outpolar to the Absolute. Here H is 
outpolar to any quadric of the c.s. 
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of the linear complex, all lines through p belong to the complex. Since 

the axis of the polar prime of # q. Q is also a line through #, it follows that : 
The Apollonian quadric associated with a special linear complex contains 

the singular region of the special complex. 

It follows from this that in order that the Apollonian quadric may not 

degenerate into a pair of primes, the singular region of the associated special 

complex must not be of higher dimensions than half (when 1 is odd) or half of 

one less than (when ” is even ) the number of dimensions, v7z., (n—1) of the 

Apollonian quadric. 

The pedal cyclics'® on Q. 


If A is the cyclic of intersection of the Apollonian quadric H and the 
base quadric Q, the null prime qg. the linear complex C of any point ~ on h 
must contain the axis of the tangent prime to Q at p; that is tosay, the normal 
at p to Q belongs to the linear complex C. In other words: 

The locus of points on Q, the normals at which belong to the linear complex 

C, is the cyclic of intersection—called the pedal cyclic—of Q and the 

Apollonian quadric H associated with C (with the base quadric Q). 

For the case » =3 the above cyclic will be termed the pedal quartic.(5 -4) 
Since every Apollonian quadric cuts Q in a pedal cyclic we have coft2\r1) 
pedal cyclics on Q. We thus see that: 

The pedal cyclics on Q are cut out by the linear cof*+2) (x1) system 

of Apollonian quadrics, viz., the equilateral quadrics which pass through 

the fundamental points. . vib .. (5-5) 
Any cyclic on the quadric Q can be cenvined as the intersection of Q with 
another quadric. We use the following theorem”? relating to apolar cyclics 
on Q, v7z.: 

If a quadric Q, is outpolar to the quadrics Q and Q, the intersection 

cyclic of Q and Q, is apolar to the aint cyclic of Q and Qy.. (5-6) 
The pedal cyclics on Q form a linear oot (+21) system. The system 
of cyclics apolar to this must be a linear co”! system. Let H be an 
Apollonian quadric and Q’ any quadric having A for a self-polar simplex. 
Then h, the cyclic of intersection of Q and H is the contact cyclic of Q and 
the polar reciprocal H’ of H g.Q. If Q” is the quadric in the pencil deter- 
mined by Q and Q’ outpolar to Q, it follows that Q” is also outpolar to H’. 
Hence by (5-6) the cyclic of intersection of Q”, and therefore of Q’ with Q 
is apolar to the pedal cyclic h. Thus a quadric Q’ having A for a self-polar 





19 We use this word in analogy with [3] and mean by it the co”? region of intersection 
of any two general quadrics in [mn]. 


20 “Cubic Trans.”, Loc. cit., p. 79. 
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simplex intersects Q in a cyclic apolar to the linear oot (*+2X#l) system 
of pedal cyclics. Since we may choose Q’ outpolar to Q without prejudice to 
the intersection, the apolar system of cyclics is a linear'oo*! system. Thus 
we have the following apolarity specification of pedal cyclics on Q, v1z.: 
The pedal cyclics on Q are apolar to the linear oo”! system of cyclics 

cut out on Q by quadrics having A for a self-polar simplex... (5-7) 
Consider the linear co”~! system (say N) of quadrics having A for a self-polar 
simplex and inpolar toQ. ‘The quadrics of this system can be represented by 
the equation : 

Dotto? +b,u,2-+. + b,u,2 =0 ts “a bas .. (5-8) 
with 2b;/a;=0 (i 0, —S i -- (5-9) 
Such a system of quadrics defines an imvalaboeis n-ic Cremona prime trans- 
formation } such that if a and (a) are transforms in y, the two primes are 
conjugate g. the system N of quadrics. Thus the transformation » is defined 
by the eqnationn 


y: uj; =l/au; (¢=0.... n) ye we .. (5-10) 
The fixed primes of 7 are at once seen to be the gn primes 
+ x/ Va,  */ Va, £ %/ Va, --+- %,/ Va, = 0 .. (5-11) 


Now, since there are }n(n+-1) linearly independent quadrics through the 
fundamental points all outpolar to the system N of quadrics and Q is another 
quadric also outpolar to the system N but not passing through the fundamental 
points, the linear con (x+1) system of quadrics determined by these are all 
the quadrics outpolar to the system N. Hence a prime pair (a, a’) which 
together make up a quadric locus outpolar to the system N must be contained 
in the above linear oof” (#+1) system, and must therefore belong to the 
pencil determined by Q and a quadric through the fundamental points. Thus: 
If a, a’ are transforms in y, the pencil determined by Q and the prime 
pair contains a quadric through the vertices of A. .. (5-12) 
Now, if a pedal cyclic h splits up into two primal sections of Q, the primes 
of the two sections together make up a quadric locus outpolar to the linear 
cot-l system of quadrics N (5-12), 7.e., the two primes are transforms in 
y. In other words: 
Any two primes which are transforms in » meet Q in sections the normals 
at points of which to Q belong to the same linear complex. (5-13) 


6. The Steiner quadric of a Linear Complex. 


Any linear complex C, determines a sub-complex (analogous to a congru- 
enc in [3]) whose lines belong both to C and the complex of axes. If L be 
an arbitrary [n—2], the axes of primes through L generate a regulus (vide 
foot-note 17). Since there are two lines of this regulus also belonging to C, 
it follows that through L, there are two primes which are the normal primes 
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of two axes of the c. s. also belonging to the given linear complex. Hence the 
aggregate of oo”! normal primes of the lines common to the complex of 
axes and the linear complex C envelope a quadric S evidently touching the 
fundamental primes. We call S the Steiner quadric of the linear complex C. 
We have thus: 
The envelope of primes whose axes belong to a linear complex C is 
the Steiner quadric S associated with C. 93 3) ky 
This quadric is symmetrically related to all members of the c. s. If the linear 
complex is given by the equation : 
C: 2c, pj; =0 (3,7=0.... mn) 
the associated Steiner quadric has the equation : 
S: 2¢;;(a;—a;)u; u; rit ($, j= eer .. (6-2) 
If a is a tangent prime to §S, its axis a iene to C. _— if p is the pole 
of aq. any quadric Q of the c. s., the null prime of p q. the linear complex C 
contains the axis a of the polar prime of pq. Q. In other words, p is a point 
on the Apollonian quadric H associated with C when the base quadricis Q, 
1.e. to say, 
The polar reciprocal of the Steiner quadric of a linear complex C q. 
any quadric Q of the c. s. is the Apollonian quadric associated with C, 
when the base quadric is Q. ' .. (6-3) 
From the above result we have the ithenlog sinernate spaltiualnn of pedal 
cyclics on Q, v2z.: 
The pedal cyclics on Q are the contact cyclics of the linear oobi +2\(x-1) 
system of Steiner — viz., the — which touch the funda- 
mental primes. va , _ .. (6-4) 


7. The Kinematical property of iit cyclics on Q. 


A linear transformation of point coordinates in a metrical [] which 
leaves the Absolute of the space invariant is a ‘‘movement’’.2! Consider 
the infinitesimal transformation 

C: 4;=20;; (3,7=0....”) .. ; oe. (RFI) 
where ¢;;=(1 ae aie Cz (1-49), e; are infinitesimals. Taking the Absolute 
Qin the form: 

Q: x92 [Cot+ X2/C, +--+ + +%,2/C, = 0 i : .. (7-2) 
We require (neglecting squares and products of ‘uaitestinels involved) that 
the coefficients of like terms in 2 and its transform in C, v2z., 

z oe (1+2¢) +22 x'jx'; (ciletey¢) =0 .. . ee 


4 





21 For the theory of non-Euclidean movement in [3], vide R. S. Ball, The Theory of 
Screws, pp. 459, 460, 
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should be proportional. The conditions for this are: 
i Oe Le = ¢, =e (say) - $< <é .. (7-4) 
and ¢;,/¢;+c/¢;=0 (1,7 =0.... m) a - .. (7-5) 
Without loss of generality we can take e= 0 (which i is equivalent to dividing 
the constants in the R.H.S., of (7-1) by (1-+e), and then there are 
jn(n+1) —1 ratios of the constants ¢;; sia j). If for simplicity we take 
Gg=tCj mm... =C, =1 and e=0 we have c;;= —c;; so that the determinant of 
the transformation is skew symmetric. Because of the indeterminate quantity 

e in the equation of transformations we see that: 

With any linear complex in [”], there are associated co! linear transforma- 


tions which leave the form of a given quadric 2 unaltered. .. (7-6) 
Now if we give a general non-Euclidean movement in [m] to a quadric 
Q :2%;7/a; = 0 “ . oo Pay 


which has a given self-polar natin of Q, the Ateslane, = a self-polar 
simplex it will be transformed by the equations (7-1) (subject to 7-4, 7-5) 


into : 

Q’: (1+2e) 2x’ ;?/a;+22%';x'; (c;;/a;+c,/a;) = 0 — .. (7-8) 
1.e., Q’: (1+2e) Q+8H where 6d is small and 

H: x “i (a a;—a;) jj (i, 7=0....m) 55 Ss .. (79) 


a ae 
is a circum quadric of the simplex of reference. Hence if, with proper inter- 
pretation of the constants c,; in relation to the Absolute, any non-Euclidean 
movement can be associated with a linear complex whose constants are 
c;; subject to (7-4) and (7-5), the quadric H can, nevertheless, be called the 
Apollonian quadric of the linear complex C with the base quadric Q. Hence 
considering only the case when 2 is any quadric of the c.s. we have the 
following kinematical property of pedal cyclics, viz. : 

If an infinitesimal non-Euclidean general movement in n-dimensions 
(with any quadric of the c.s.as Absolute) be given to a quadric Q of 
the c.s., it will cut its transform ina pedal cyclic (through which passes 
an Apollonian quadric). .. ob % es .. (7-10) 





Section ITI. 
Special properties in [3}. 
8. Systems of Apollonian quadrics. 
Consider the linear oof system of Apollonian quadrics through an 
arbitrary point ». By the definition of the Apollonian quadric it follows 
that : 


The linear cof system of complexes associated with Apollonian quadrics 
through a point #, contain the axis of the polar plane of p g. Q. (8-1) 
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Any point (x’;) in space (in fact any one of the eight points +x’;) 
uniquely determines two tetrahedra 8), 5. forming with A a desmic system. 
It is easily seen from the equations that the two nets of linear complexes 
associated with Apollonian quadrics through (A, 8), (A, 5) are mutually 
apolar. Further, since the two nets of Apollonian quadrics have no member 
in common, so are the nets of linear complexes. In such pairs of apolar 
nets of linear complexes, the regulus of lines common to either net are the 
directrices of special complexes of the other net. The two reguli determine 
uniquely a quadric ¢ on which they constitute the two systems of generators. 


In symbols the equation of ¢ associated with any one of the points +2’; is 
a, A, 2,” a, A, @,° a, A, 2," a, A, %" 


Q: pao yp t+ et 3 = 0 
a wv, a’, a’ ,? 
where hig=—ag/l— —a)) (ap —as) (ap —4s3) ete. én y -- (8-2) 
This quadric evidently passes through the vertices of 5, 5. and by (8-1) 
contains the axes of the polar planes of the vertices of 5), 52 g. Q. These 
are the eight generators of ¢ belonging to the tetrahedral complex of axes ; 
the generators through the vertices of 5, belonging to one system and those 
through the vertices of 5, belonging to the other system on ¢. As we vary 
the point (x’;) we get different quadrics ¢ all having A for a self-polar tetra- 
hedron. Hence: 
In every quadric ¢ having A for a self-polar tetrahedron, there is a unique 
pair of inscribed tetrahedra 8), 5, forming with A a desmic system. 
The two reguli on ¢ are such that they are the lines common to one 
or other of the nets of linear complexes associated with Apollonian 
quadrics through (A, 8,), (A, 83). * =" .. (8-3) 
This result leads to a theorem relating toa linear complex and a tetrahedron. 
Suppose we are given a linear complex C and H is the Apollonian quadric 
associated with C. It is known”? that a tetrahedron A inscribed in the quadric 
H is desmic only to one other inscribed tetrahedron 8,; also it is desmic 
only to one other tetrahedron 8, self-polar in regard to H, so that A, 8), 3, 
form a desmic system. The two tetrahedra 5), 5: uniquely determine the 
quadric ¢ (8-3) having A for a self-polar tetrahedron and one of whose 
reguli belongs to C. We have thus: 
Given a linear complex and a tetrahedron A there is a unique quadric 
¢ which has A for a self-polar tetrahedron, one of whose reguli belongs 
to the complex. “it ie .. (8-4) 
The quadric ¢ corresponding to the eee cceuiils 
C: Corpor t.---Cospog+.... = 0 
is - > Co, Co2CogX yp" +€19C12€13% 12 +.... = 0 ea Pan .. (8-5) 





22 “Cubic Trans.,” Loc. cit., p. 51. 
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If A’ be the tetrahedron formed by the null points of the fundamental 
planes in the linear complex, A, A’ form two Méebius tetrads and are both 
self-polar in regard to ¢. 

Let p be any point on the Apollonian quadric H of C and let the axis 
of the polar plane a of p g. Q, which is a line of C meet H again in p’. Then 
since the null plane of p’ is a plane through pp’ and the axis of the polar 
plane a’ of p’ g. Q (both being complex lines) the axis of the null plane of #’ is 
the line of intersection of a, a’ (since a, a’ are the normal planes of two inter- 
secting axes and therefore intersect in the axis of the plane determined by 
the two axes), which is, evidently, the polar line of pp’ g. Q. It therefore 
follows that : 

The reciprocal of the Apollonian quadric in the Null system C is the 

Steiner quadric of the polar complex of C q. Q. a .. (8-6) 
Also since a and the null plane of #’ are the normal planes of two axes which 
are polar lines q. Q, it follows from (4-7) and (8-6) that: 

The Steiner quadric of the polar complex of C qg. Q is the transform of 

the Steiner quadric of C in the cubic transformation 7’. .. (8-7) 

Further, from the equation of ¢ in relation to a linear complex C (8-5) 
it is easily seen that the polar reciprocal of the Apollonian quadric of C q. ¢ 
is the same as the reciprocal in the Null system C of the Apollonian quadric. 
Also from (8-3) since ¢ is circumscribed to the tetrahedra 8), 52 and H is 
circumscribed to the pair (A 58), they belong to two different desmic nets 
of quadrics. Hence by a known theorem** on such desmic nets of quadrics, 
H and ¢ are doubly apolar. Consequently H and its polar reciprocal H’ 
q. @ must intersect in two pairs of polar lines g. ¢. But since H’ is also the 
reciprocal of H in the Null system C, the lines common to H and H’ are the 
two generators of each system on H belonging to C. Thus: 

The two generators of each system on the Apollonian quadric H (asso- 

ciated with a linear complex C) belonging to C are two pairs of polar 
lines q. ¢. We a bi ae ; (8-8) 

From the result contained in (8-3) we see that with every quadric ¢ 
having A for a self-polar tetrahedron we can associate a certain cubic point 
transformation I(¢) (and therefore also a plane transformation I'(¢) by 
reciprocating g. Q) whose singular points are the vertices of A and fixed 
points, the vertices of the two tetrahedra 3), 52. Geometrically the trans- 
formation I'(¢) can be defined thus: 

A point # and its transformed point I(p) in the transformation I(¢), are 

the normal poles*‘ g. Q of a pair of axes which are polar lines g. ¢. (8-9) 





23 “Cubic Trans.,” Loc. cit., p. 51. 
24 The normal pole g. Q of an axis is the pole qg. Q of the normal plane of the axis. 
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It is interesting to consider the case when ¢ is identical with 0.% The 
point (x’;) for which this happens is the point (a; VA;) and the pair of tetra- 
hedra determined by this particular point are the two incyclic tetrahedra 
A, As of Q so that: 

The two nets of complexes which contain a regulus of Q correspond 
to Apollonian quadrics circumscribed to one or other of the two 
incyclic tetrahedra inscribed in Q. . : . (8-10) 

Let us call the two systems of sien on Q the hapa ond the p- 
svstem. From (8-1) it is seen that the directrices of special complexes in 
the net of linear complexes associated with Apollonian quadrics through 
(A, A,)or(A, As) are those intersecting the minimal generators through the 
vertices of A, (or A») which we suppose to belong to the p-system of gene- 
rators on Q. Hence an Apollonian quadric H, associated with a special 
linear complex whose directrix is a line / of the A-system on Q contains the 
generator / and intersects Q further in a twisted cubic?é L through the 
vertices of A,;. Now, since H; must intersect Q in the pedal quartic h it 
follows that: 

The feet of the normals drawn to a quadric Q from poirts of any gene- 

rator (other than the generator itself) lie on a twisted cubic through 
the vertices of one or other of the two incyclic tetrahedra of Q. (8-11) 


The Reciprocity between Q and Q). 


It is known*’ that the tetrahedron A self-polar in regard to Q is desmic 
only to two other tetrahedra 5), 5, also self-polar g. Q. Let us consider the 
involutoric cubic plane transformation y [this is the particular case of (5-10) 
for the case nm =3] whose singular planes are the faces of A and fixed planes 
the faces of 5,, 59. The equations of transformation are easily seen to be 

y: Ww; =1/au; (¢=0, 1, 2, 3) a : .. (8-12) 
If a, }(a) are transformed planes in y it is seen Sein (4-6) that : 

The axes of a and }(a) are polar linesg.Q). .. ete .. (8-13) 

The sith ealidiaaillieas planes of » are those whose axes are generators 
of Q,. Now there are four generators of each system on Q, belonging to 
the complex of axes ; and the normal planes of these axes are the fixed planes 
of } thus: 


25 The tetrahedra 5,; 5, (8.3) inscribed in a quadric Q’ of the c.s. are the two incyclic 
tetrahedra of Q’. 

26 1¢ J", i. Fr are the cubic transformations defined by the three desmic tetrahedra A, Ay, Az 
the transformation I” 1 having for singular points the vertices of 4, and for fixed points the vertices 
of Ay, A and similarly I,, I’, Z is the transform of the A-generator / in J’, and Mis the 
transform of m in I", (Z and M respectively pass through the vertices of A,, Mo). 

27 “Cubic Trans.,” Loc. cit., p. 91. 
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The faces of 8,, 5) are the normal a of the axes of the c.s. that are 
generators of Q). ve : ia . (8-14) 
The poles of these fixed planes q. Q, viz., the vertices of 5), 52 lie on their 
axes and therefore, on Q;. Hence: 
The quadric Q, g. which A, A, A>» are self-polar circumscribes the 
unique pair of tetrahedra 3,, 5. forming with A a desmic system such 
that the three tetrahedra 5), 52, Aare all self-polar in regard to Q. (8-15) 
The lines of intersection of pairs of corresponding planes in » generate 
a cubic complex C’; which has the equation : 





C's: Por Por Pos 4. Pro Piz Pr; phat Pos , P30 Psi Paz _ gy Ae (8- 16) 
ao a, a, 
Let a be an axis of the c.s. ‘the hice to C’s. Through a there pass two 
planes a), ag whose axes @), a lie inthe normal plane a of a and are polar lines 
g. Q; (8-13). Since a), a are coplaner conjugate lines of Q, their plane a 
is a tangent plane to Q, at their point of intersection ; 1.¢., the line @ is the 
axis of a tangent plane to Q). Thus: 


The axes of the c.s. that also belong to C’s are the axes of tangent planes 
ta). .«. ia je .. (8-17) 
Now from the general onal (5- 12) we infer that : 
If a,a’ are transformed planes in » the pencil determined by Q and the 
plane pair contains a quadric through the vertices of A. 
For a similar reason (in this particular case, 1.e., n=3) 


If a, a’ are transformed planes in [ the pencil determined by Q, and 
the plane pair contains a quadric through the vertices of A. 
Since Q) is an equilateral quadric (7.e., outpolar to the quadrics of the c.s.) 
such a plane pair must be mutually conjugate g. any quadric of the c.s. which 
is co-existent with the result (4-1). It follows, further, from (5-13) that 
the two planes meet Q, in conic sections the normals at points of which to 
Q, belong to the same linear complex. 


9. The Apollonian quadric associated with a special linear complex. 


Let us now proceed to investigate the further peculiarities which the Apol- 
lonian quadric possesses when C is a special complex. In this case, the lines of 
C are those meeting a line d, namely, the directrix of the special complex. 
The points on Q the normals at which belong to C are the feet of the normals 
to Q from the various points p of d. The feet of the normals from # to Q lie 
on a twisted cubic which passes through # and the four fundamental points. 
The locus generated by these cubics for all points f on d is easily seen to be 
a quadric surface through the fundamental points and containing the points 
on Q the normals at which intersect d. Hence this locus is the Apollonian 
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quadric H associated with the special complex C and is seen to contain the 
directrix d. (Vide §5 para 2.) 

Suppose / to be any point of H and g the generator through # of H, of 
the system opposite to d. The null planes of points of this generator is the 
same plane, viz., (g, d) while their polar planes g. Q form an axial pencil 
through the polar line g’ of g g.Q. Hence by the definition of the Apollonian 
quadric, it follows that g’ is the axis of the plane (g, d). Therefore g, the 
polar line of g’ g. Q is also an axis of the c.s. Thus the regulus on H meeting 
d, belongs to C and the complex of axes. Hence :%8 

The Apollonian quadric corresponding to a special linear complex C 

has a regulus of lines belonging to C and the complex of axes. (9-1) 
Conversely also : 

If an Apollonian quadric has a regulus of lines belonging to the 

complex of axes, the associated linear complex is special. (9-2) 

Let H be the Apollonian quadric”® and g a generator belonging to the 
complex of axes. Now, there is a point p, on g such that /, is the pole of 
the normal plane of g g. Q, 7.e., g is a line of the linear complex. Again since 
the polar plane of a point p on g is a plane through g’, the polar line of 
g q. Q, the axis of this plane must lie on the normal plane G’ of g’ by (1-4). 
Thus the null plane of any point on g is the plane G’ which proves (9-2). 
If we call an Apollonian quadric which contains a regulus of the complex 
of axes a quadric of the tetrahedral complex or merely a complex quadric 
we see that: 

The necessary and sufficient condition that an Apollonian quadric 

should correspond to a special linear complex is that it must be a 
complex quadric. a vs *s . .. (9-3) 


The two systems of nets of complex quadrics. 

The Apollonian quadrics have already been seen to be in (1 —1) corres- 
pondence with the linear complexes in [3] (as a particular case of the general 
theorem in []). If we represent®° a linear complex in [3] by a point in [5], 
to every point in [5] there will correspond a linear complex and also an 





28 Otherwise thus: Since d meets the cubics of the complex of axes on H in one point, 
the generators on H of the system opposite to d must meet these cubics in two points and 
are, therefore, the chords of these cubics; i.e., these generators are axes of the c.s. 

29 We may also note that if H is not a complex quadric, i.c., does not contain a regulus 
of lines belonging to the complex of axes, the four lines of each system on H which are 
axes are the generators through the fundamental points. 


30 For the mode of representation of linear complexes in [3] by points of [5] ref. 
Baker’s Principles of Geom., Vol. IV, pp. 41-50, 
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Apollonian quadric. Hence a study of the geometry of [5] will afford a 
parallel study of the Apollonian quadrics. 

The special linear complexes in [3], correspond in our representation 
to points on a quadric variety V,? in [5]. On this qaudric3! there are two’ 
systems of generating planes, such that the members of the same system 
intersect in a point and members of opposite system either do not intersect 
at all or intersect in a line. It is, therefore, expected that the complex 
quadrics of Q must fall into two distinct systems of co nets. 

Now, a complex quadric H can be completely specified by the directrix 
d of the associated special complex. Also the two systems of generating 
planes of V,? correspond in [3] to a sheaf of lines and a plane of lines. Thus 
a net of one system of complex quadrics are those having all lines through a 
point » for the directrices of the associated special complexes. It follows, 
therefore, that this net of complex quadrics must contain the twisted cubic 
which gives the feet of the normals to Q from ~. Hence: 

A net of complex quadrics of one system are those containing a cubic 

of the complex of axes. .. : .. (9-4) 

The second net of complex nities: can be nnd by noticing that 
in this case the directrices of the associated special complexes are lines lying 
in a plane 7. Now, there are two normals to Q on the plane 7; let these 
be the normals at ~, f2 of Q. These normals meet each other and belong 
to any linear complex whose directrix d is a line of the plane 7. Hence the 
line p)f2 is an axis of the c.s.; and the Apollonian quadric H of C contains 
the axis pf. since it contains three points of p)/2 which is the same for all 
special linear complexes whose directrices lie on 7. Thus: 

A net of the second system of complex quadrics are those containing 

an axis of the c.s. am .. (9-5) 

The relations between the ‘atte of cuagiiie enniiis corresponding to the 
incidence relations of the generating planes of V,? are consequences of the 
known?? facts: 

(i) Any two twisted cubics of the complex of axes have only one regulus 

of common chords, and therefore belonging to the complex of axes, 

(ii) Any two axes have only one regulus of common transversals belong- 
ing to the complex of axes. 

(iii) Any twisted cubic and an axis of the c.s. have no regulus of lines 
common to them and belonging to the complex of axes when the 
line is not a chord of the cubic; but when the line is a chord of 
the cubic there are oo! such reguli. 





31 Baker, Loc. cit., Vol. IV, p. 46. 
82 Jessop, Treatise on the Line Complex, pp. 120-22. 





HOMOGENEOUS METRICS. 


By D. D. KOSAMBI, 


Fergusson College, Poona. 


Received May 10, 1935. 


Usinc the notation of my former papers on the same subject,! I discuss 
the necessary and sufficient conditions for the existence of a metric 
homogeneous in the direction components 2’. The general result may be 
restated as follows: for trajectories described without an external force 
(c’ = 0), the velocity is homogeneous in the velocity components x‘ of degree one 
or zero. ‘This is a loose dynamical equivalent of the discussion which 
follows in geometrical terminology. For the presupposed results and 
unproved identities, the paper referred to will be useful.? 


The Euler equations associated with 6 Pf J (x, 2) dt = 0 may be written 
in the tensor-invariant form 
[1] 8; f = D fii wT Si = (D fi - 2 fi sina a? fsysj + aw” f oi =—J4 
Suppose the paths of the space to be given by 
[2] “ +a' (x,7) = 0 t= 1---n 
Then [1] may be regarded as a system of partial differential equations 
for the unknown metric f. This system of the second order breaks up into 
nm+1 equations of the first order if and only if Df=0 i.e. f = const. 
along the paths. The resulting equations 
[3] Df= —a’ f,, +a’ fy = 0 fiefs —toey f, =0 
may be discussed by the standard methods for linear partial differential 
equations of the first order, and the existence of f is a matter of pure 
algebra, the conditions involving merely the coefficient of successive derived 
equations: 
[4] ee” fi,» = 0 
Pr; fy = 
Ri fr 0 





1 The Quarterly Journal of Mathematics [Oxford Series], 1935, 6, 1-12. 

2 Journal Ind. Math. Society, Jubilee Volume, 185-188, will also be of use in this 
connection. It should be kept in mind that the parameter t is taken as nowhere expli- 
citly present in this note, The identities as used derive from those in the two papers 
cited, often for ef = 0. 
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The matrix of all these coefficients must be of rank less than m for a 
solution to exist. 


These special metrics have the fundamental property that any function 
of any given set of possible metrics which satisfy [3] is also a metric of the 
same type. We call these metrics ‘‘ invariant metrics ”’ 


All metrics, whether invariant or not, must satisfy the energy 
integral 
[5] a’ f., — f = const. along the paths. 

Now if this and the integral f= const. (which an invariant metric 
allows) be not independent, there must subsist a relation of the type 
(6) a” f,, = $(f) 

In this case, we apply the following lemma: 
LEMMA: A necessary and sufficient condition that a function f (yy, V2,°-¥x) 
be of the- type f(Ay,) =a (A, f) ts that y; fyi =¢(f). In this case, 
either f is homogeneous of degree zero in y (p = 0), or there exist functions 
of f homogeneous of any given degree, one of the first degree being H (f) 


where H (z) = exp. f auld (z). 
This shows that if the two first integrals available when an invariant 


metric exists be not independent, there is a homogeneous metric for the 
space. 


The foregoing results are necessary preliminaries to the main deductions 
of this note. It is clear that if there is a homogeneous metric of any degree 
but the first, then ee = 0. This can be shown directly, as such a metric is 
automatically an invariant metric with related integrals as above. From 
[6], we obtain 
[7] @” fersi = (%' — 1) fr 

Applying the operator D, and keeping in mind the results D f,;.; = 0 
(for any metric) and D f.; = 0 (for invariant metrics) we obtain 
[8] D {a” fir} = — & fir;9 = 0 

This gives e = 0, provided the metric is non-degenerate 7.e. | f,;.; | +0 
a necessary assumption. The Finsler metric, the most important of all, is 
left out of this deduction. But if we recall the fact that for a Finsler 
space the corresponding problem of the calculus of variations is not regular, 
and that it is usually regularized by the assumption that / = const. along 
the extremals, we see that the Finsler metric in use is also an invariant 
metric, to which the discussion then applies. Therefore, ¢@ = 0 is a 
necessary condition for the homogeneity of the metric. 
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There is nothing new in this result, except the approach. It is the 
converse which is of interest and.importance. Suppose «= 0. Then for 
any tensor, 

[9] Dy; = Tijir 27 + IT4/2 


This gives, for the fundamental tensor, f;;.;,, 2%” = 0. For any vector, we 
have j-/\¢ — Wiki = } Uy "33372. For any metric, f.i;— fj; = 0. These 
lead to f,;:; 27 = 0, i.e. either f,=0, or f is the sum of a function 
homogeneous of degree one in g, and a function independent of g. It can 
be seen directly from [1] that when «(= 0, the a’ being homogeneous of 
degree two, the second part of f must be identically a constant. If there 


exist a metric, then, either it is an invariant metric, or a Finsler metric. 


If the metric for e = 0 is an invariant one, we can show at once that 
it must admit the integral 2” f.,—¢(f). Infact, regard this as a further 
equation for f, and add it to the system [3]. In the system [3], the first 
equation is a consequence of the remaining » when «¢?=0. The com- 
patibility conditions for f,; = 0 and a” f,, = ¢ are identically satisfied. The 
condition «’ f,,=¢ and the equations [4] are seen to be compatible in 
virtue of the identities P’, a7 = 0, R%%., 2” = R4z, etc. which can be proved 
from the fundamental identities that hold between the differential invariants 
of the space, keeping in mind that here, e*=0, da’/%t=0. Thus, if [3] has 
a solution, it has one with #” f,, = ¢ added on. 


Therefore, even if the metric is an invariant metric, it must be 
homogeneous. All the results may be summed up as follows: 


i 
THEOREM: If there exist a metric for a given path space where = 0, «@ 


necessary and sufficient condition for the existence of a homogeneous metric 
giving the same paths as geodesics is that a'—4a’a'.,=0. In this case, 
either a Finsler metric is available for the space, or the only possible metric is 
homogeneous of degree zero in x. 
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PLATINUM is one of the few elements which has so far not yielded its isotopic 
constitution by the mass-spectrograph method. Generally the hyperfine 
structure data have been interpreted in the light of the isotopic constitution 
as revealed by the mass-spectrograph. The present knowledge in regard to 
the hyperfine structure of spectral lines, especially with reference to isotopic 
effect, is often adequate for the determination of the isotopic constitution and 
nuclear spin. A study of the hyperfine structure of the are lines of 
platinum was therefore undertaken. 


Experimental. 


The hollow cathode employed in this investigation is a double-walled 
copper cylinder (Fig. 1) hard-soldered at both ends with the inside hollow 
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about 1 cm. in diameter and 6 cms. in length. Inlet and outlet tubes are 
provided so as to maintain a continuous flow of water in the space between 
the two cylinders during excitation. On to the shoulders cut in the outer 
copper cylinder are fitted pyrex glass tubings with a quartz window on one 
side and a ring anode on the other. The metal glass joint is rendered air- 
tight by Apiezon sealing wax and due to the continuous flow of water in 
the hollow cathode the joint continues to be air-tight under all conditions of 
discharge. The apparatus is set up im situ with a cylinder of platinum foil 
fitting tightly in the hollow cathode. The apparatus is next exhausted with 
a mercury diffusion pump backed by a Cenco Hyvac pump. The backing 
pump is then cut off and the activated charcoal is cooled by liquid air con- 
tained in a triple wall Dewar cylinder. Helium is now let in slowly, further 
purification being effected by its passage through the liquid air cooled char- 
coal. When the required pressure of helium (about 1 or 2 mms. of mercury) 
is reached the supply is cut off. Requisite amount of helium is thus allowed 
to circulate continuously through the hollow cathode by the operation of the 
diffusion pump. The repeated passage of helium through the liquid air 
cooled charcoal maintains its purity. A direct current dynamo of | kilowatt 
capacity is employed to send a discharge through the hollow cathode. For 
the excitation of the platinum lines a discharge current of 150 mA at 1500 v. 
is found satisfactory. At this stage the hollow cathode glow is intense and 
is accompanied with little or no positive glow. The discharge conditions 
can be maintained steady for hours together by replenishing the liquid air 
from time to time. 


The hollow cathode glow is concentrated on a Hilger Lummer Gehrcke 
plate of quartz (3-45 mms. thick and 20 cms. long) by means of a quartz lens 
carrying a double image prism. One of the images is cut out and the light 
of the other, with its electric vector parallel to the plate, passes through. The 
pattern is focussed by a quartz achromatic lens on to the slit of a Hilger E 1 
spectrograph with a quartz train. The hyperfine structure patterns of the 
platinum lines are photographed on hypersensitive panchromatic plates. 


Results. 


Ten arc lines of platinum are examined for hyperfine structure, two of 
which however do not exhibit their complete structure for want of sufficient 
exposure. Below is given a table containing the wavelengths of the lines, 
their classification and their hyperfine structure components. The intensities 
of the components inserted in brackets against each component are eye- 
estimates and are therefore subject to further confirmation by microphoto- 
metric study. 
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ee am Classification’ Structure inem.? | Remarks 
-U. | } 





3408-13 a *F,—z 5D,° -161 (5), 0.000 (18) | Fig. 2 (Pl. XLVIII) 
-086 (7), —0-176 (1) 
-314 (4) 


a *F,—z 5G,° -162 (5), 0-000 (18) 
-087 (7), —0-174 (1) 
+314 (4) 

a *F,—z *F,° -000 (18), 0-154 (12?)|/Exposure insufficient, 
a *F,—8 ,° -000 (18), —0-145 (12?)|Exposure insufficient. 
a °F,—z 5F,° -171 (5), 0-000 (18) | Pattern faint and 


-120 (7), —0-296 (4) measurements 
approximate 





-240 (5), 0-000 (25) 
-304 (4) 


-172 (5), 0-000 (25) 
+227 (4) 


-201 (5), 0-000 (25) 
+262 (4) 





79 a *D;—z °F, | +0-160 (4), 0-000 (25) 
—0-+141 (5) 


2659-44 a °D,;—z *F,° | +0-248 (4), 0-000 (25) 
—0-187 (5) 














The two lines 3408-13 and 3042-63, besides having a common lower 
level in 5d® 6s? a °F4, are identical in structure ; this leads to the conclusion 
that in either case the spin splitting of the upper levels is negligibly small. 
An examination of their structure leads to the indubitable conclusion that 
the three central components 0-000 (18), —0-086 (7) and —0-176 (1) have 
to be respectively ascribed to the even isotopes 196, 194 and 192, all of which 
have zero nuclear spin. The remaining two components 0-161 (5) and 





1 A. C. Haussmann, Astrophys. Jour., 1927, 66, pp. 333-346; J. J. Livingood, Phys. Rev., 
1929, 34, pp. 185-198. 
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—0-314 (4) belong to the odd isotope 195; the relative intensity of the 
components as well as their number fixes the nuclear spin moment of Pt 195 


h ; 
as $=—. The centre of gravity of these components falls at —0-050 cm. 
27 


between the components ascribed to the isotopes 196 and 194 ; this fact makes 
the interpretation of the extreme satellites as being due to Pt 195 a certainty. 
The centre of gravity, as in the case of other elements like mercury, lies 
nearer to the lighter isotope 194 (Pl. XLVIII). The level a°F,, arising as it 
does from an electronic configuration of the type d® s?, is expected to show 
even isotope shift as in other spectra. The deeper levels a°D3. show no 
measurable isotopic displacement. The hyperfine levels of a®I’, are inverted. 
The spin separations and the interval factors for the multiplet levels here 
examined are given in Fig. 3, where it is seen that the hyperfine levels are 





Total Spin | Interval Even Isotope 
Separation | Factor Displacement 





5d°6s6p z5F,;° 
5d°6s6p 83° 
5d*6p = z° F,° 
5d*6s6p 62° 
5d°6p = z3 F3° 
5d*6s6p z5G;° 
5d*6s6p z°D,° 


2650.84 


5d® 6s? a? Fy 0-475 —0-106 
5d® 6s a®D»2 0-476 — 0-190 
5d® 6s a®Dsz - 0-368 +0-105 

















Fie. 3. Arc Lines of Platinum Analysed. 
inverted in some cases and erect in others. The scheme suggested is the result 
of an adjustment to cover the observational data recorded in this paper. Fig. 4 
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Fie. 4. Even Isotope Displacement. 
gives the observed even isotope displacements in lines arising from transitions 
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Hyperfine Structure of Pt. I lines arising from a nuclear spin of 


1 in the Odd Isotope 195 of Platinum. 
277 


to the level a°Fy. Fig. 5 accounts for the remaining components as arising from 
f-f transitions in the isotope 195. All transitions that are too faint to be 
observed are shown by broken lines. The observed structure, when compared 
with Figs. 4 and 5, shows complete agreement with theoretical expectations. 
Any complication arising out of self-reversal is entirely ruled out, because 
the lines arising from transitions to the ground term a3D3, such as 2929-79, 
show sharp main lines without any doubling due to self-reversal. The observed 
isotope shift in 3408 -13 is not due to any such cause as the two bright central 
components are of unequal intensity ; besides this line is poorly absorbed as 
compared with any other line here examined.? The observed intensity of 
absorption is in the ratio of 4: 30 for 3408-13 and 2929-79 in under-water 
spark discharge. 





2 W. F. Meggers & O. Laporte, Phys. Rev., 1926, 28, pp. 642-664. 
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Neglecting isotopes of small abundance, whose presence cannot be dis- 
covered by hyperfine structure study, the isotopes of platinum, in decreasing 
order of their relative abundance, are 196 (18), 195 (9), 194 (7) and 192 (1), 
The relative isotopic abundance here given is from eye-estimates of the 
intensities of the components. It is needless to attempt any calculation of 
atomic weight, until their relative abundance is definitely fixed by micro- 
photometric measurement. As platinum is at present devoid of any mass- 
spectrum data,’ this derivation of its isotopic constitution purely from hyper- 
fine structure study is of interest. 

Platinum exhibits a positive isotope shift consistent with our previous 
generalisation that even atomic number ‘‘elements whose nuclei contain an 
odd number of a-particles exhibit positive isotope shift and those with even 
number a negative displacement’’.4 

Abstract. 

An examination of the hyperfine structure of some ten lines in the arc 
spectrum of platinum has led to the determination of the isotopic constitution 
and the nuclear spin of this element. The isotopes are 196 (18), 195 (9), 
194 (7) and 192 (1). The relative abundance of the isotopes will be checked 
by microphotometric study. The nuclear spin of the odd isotope 195 


is 4 = The isotopic displacement is observed to be positive. 





3 F. W. Aston, Proc. Roy. Soc., 1935, 149, p. 404. 
4 B. Venkatesachar & L. Sibaiya, Proc, Ind, Acad. Sci., 1934, 1, pp. 8-13. 
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